
EDITORIAL STAFF 
Editor, J. J. JAKLITSCH, JR. 

Production, CORNELIA MONAHAN 
Art Editor. WALTER UESAROS 

HEAT TRANSFER DIVISION 
Chairman, S. J. GREENE 

Secretary, R. W. GRAHAM 
Senior Technical Editor, S. P. KEZIOS 

Technical Editor, J. A. CLARK 
Technical Editor, W. H. GIEDT 
Technical Editor, L. H. BACK 

POLICY BOARD, COMMUNICATIONS 
Chairman and Vice-President 

DANIEL C. DRUCKER 

Members-al-Large 
F. J . HEINZE 

K. A. GARDNER 
J. O. STEPHENS 

R. E. ABBOTT 

Policy Representatives 

General Engineering, W. R. LARSON 
Industry, JEROME VEGOSEN 

Power, G. P. COOPER 
Research, N. H. JASPER 

Codes and Stds., M. C. BEEKMAN 
Dir., Coin., C. O. SANDERSON 

OFFICERS OF THE ASME 
President, DONALD E. MARLOWE 

Exec. Dir. & Sec'y, O. B. SCHIER, II 
Treasurer, ARTHUR M. PERRIN 

EDITORIAL OFFICES are at ASME Headquarters. 
United Engineering Center. 

345 East 47th Street, New York, N. Y. 10017. 
Cable address, "Mechaneer," New York. 

PUBLISHED QUARTERLY at 20th and 
Northampton Streets, Easlon. Pa. 18042. 

Second-class postage paid at Easton. 
CHANGES OF ADDRESS must be received at 

Society headquarters seven weeks before 
they aie to be effective. Please send 

old label and new address. 
PRICES: to members, $2.25 a copy, $7.50 

annually; to nonmembers. $4.50 a copy. 
$15.00 annually. 

Add 50 cents for postage to countries outside 
the U. S. and Canada. 

STATEMENT from By-Laws. The Society shall not 
be responsible for statements or opinions 

advanced in papers or . . . printed in its 
publications (B13, Par. 4). 

COPYRIGHT 1970 by The American Society of 
Mechan cal Engineers. Reprints from this 

publication may be made on condition that full 
credit be given the TRANSACTIONS OF THE 

ASME. SERIES C—JOURNAL OF HEAT 
TRANSFER, and the author, and date 

of publication be stated. 
INDEXED by the Engineering Index, Inc. 

transactions of the ASME 
Published Quarterly by 
The American Society of 
Mechanical Engineers 
Volume 92 • Series C • Number 1 
FEBRUARY 1970 

^H 

journal of 
heat 

transfer 

1 An Induced-Convection Effect Upon the Peak-Boiling Heat Flux (69-HT-48) 
./ H. Lienharel and K. R. Keeling, Jr. 

6 Opt imum Arrangement of Rectangular Fins on Horizontal Surfaces for Free-Convection 
Heat Transfer (69-HT-44) 

('harles I). Jones and Lester F. Smith 

11 Effect of Density Change on the Solidif ication of Alloys (69-HT-45) 
R. II. Tien and V. Koump 

17 ThermalContact Resistance of Anisotropic Materials(69-HT-47) 
N. VutzandS, W. Angrist 

21 Natural Convection in Enclosed Porous Media With Rectangular Boundaries (69-HT-46) 
H. K. C. Chan, C. .17. Ire,/, and J. M. Barry 

28 Nongray Radiative Transport in a Cylindrical Medium (69-HT-38) 
r.S. HabibandR.Grtif 

33 Turbulent Heat Transfer in Concentric Annuli With Constant Wall Temperatures (69-HT-

Alan Qaeirmbt/ aeiel H. A. Anand 

46 The Effect of Thermocapil lary Flow on Heat Transfer in Dropwise Condensation (69-HT-40) 
. / . . / . Lorenzand R. li. Mikic 

53 Loca I Heat Transfer Downstream of Abrupt Circular Channel Expansion (69-HT-35) 
R. P. 'Armanickand R. S. Dnngall 

61 Thermal Instabil ity in Plane Poiseuille Flow(69-HT-37) 
I f . Xakageuna, G. J. Hwang, and K. C. Cheng 

69 New Analytical Approach to the Evaluation of Configuration Factors in Radiation From 
Spheres and Infinitely Long Cylinders (69-HT-J) 

A • Feinejald and K. G. Gupta 

77 HeatTransfer to Horizontal Gas-Solid Suspension Flows (69-HT-62) 
('. A. Depew and E. R. Cramer 

83 Analysis of Combined Free and Forced Convection for Fully Developed Laminar Flow in 
Horizonta I Tubes (69-HT-39) 

P. II. Newell, Jr., and A. E. llrrgles 

94 A Dynamic Programming Approach to Stabilize Forced-Convection Two-Phase Flow Sys­
tems With "Pressure-Drop" Oscillations (69-HT-43) 

C.J.Madau 

101 Taylor-Goertler Vortices and Their Effecton HeatTransfer(69-HT-3) 
1>. I). McCnrmark, H. Welher, and M. Kelleher 

113 Radiation Heat Transfer for Annular Fins of Trapezoidal Profi le (69- HT-6) 
/ / . H. Keller and E. .S. Haldreelge 

117 Turbulent Flow, Heat Transfer, and Mass Transfer in a Tube With Surface Suction (69-
HT-4) 

R. li. Kinney and E. M. Sparrow 

126 Surface Wetting Through Capillary Grooves (69-HT-19) 
R. G. liresslerandP. I I" . WyaU 

133 Solution of the Incompressible Turbulent Boundary-Layer Equations With Heat Transfer 
(69-HT-7) 

'/'. Cehee-i, A. M. O. Smith, andG. Mosinskis 

144 Condensation of Steam on a Rotating Vertical Cylinder (69-HT-36) 
A. A. Xie'ol and .17. Gacesa 

153 Heat Transfer From the Wall of a Porous Solid Involving Gas Injection and Vaporization 
(68-HT-46) 

I I ' . . / . Free, and J. II. Hamelink 

,159 _ Heat Transfer by Laminar Natural Convection Within Rectangular Enclosures (69-HT-42) 
.17. E. Xe well and F. I f . Schmidt 

169 On the Deposition of Small Particles From TurbulentStreams(69-HT-41) 
P. O. Rouhiainen and J. W. Stacliiewicz 

(Conten ts Con t inued on page 213) 

Downloaded 04 Feb 2011 to 194.85.80.107. Redistribution subject to ASME license or copyright; see http://www.asme.org/terms/Terms_Use.cfm



C O N T E N T S 
( C O N T I N U E D ) 

TECHNICAL BRIEFS 
178 A Note on the Radiative Interchange Among Nong ray Surfaces 

B. F. Artnaly and C. L, Tien 

179 The Thermal Conductivities of Some 400 Series Stainless Steels 
T. S, Ashley, L. Carruth, and H. A. Blum 

180 Transient Cooling of a Sphere in Space 
D. L. Ayers 

182 Approximate Solution of Heat-Conduction Problems in Systems With Nonuniform Init ial 
Temperature Distr ibut ion 

H. H. Bengston and F. Kreilk 

184 Flow in the Entrance Region of a Concentric-Sphere Heat Exchanger 
./. I). Bozeman and C. Dalton 

186 Convection in a Closed Rectangular Region; TheOnsetof Motion 
Ivan Cation 

188 Conduction to an insulated Cylinder From a Semi-Inf inite Region 
S. W. Churchill 

190 Stability of Natural Convection Within an Incl ined Channel 
V. H. Kurzwey 

191 Laminar Free Convection From Vertical Cylinders With Uni form Heat Flux 
H. R. Nagendra, M. A. Tlrunarayanan, and A. Haniachandran 

194 Combined Convective Heat Transfer From Horizontal Cylinders in Air 
P . H. Oosthuizen and S. Madan 

196 Transient Response of Fin-Tube Space Radiators 
R. W. Pal/nyuisl, L. J. Moriarly, and W. A. Beekman 

198 Absorption of Thermal Radiation in a Hemispherical Cavity 
H. H. Safwal 

201 Heat Flux Through a Strip-Heated Flat Plate 
R.A.Schnitz 

202 ASchl ieren Interferometer Method for HeatTransfer Studies 
V. Sernas and L. >S'. Flelcher 

204 Temperature Depression at the Base of a Fin 
E. M. Sparrow and D. K. Hcnncclce 

206 HeatTransfer From the Rear of a Cylinder in Transverse Flow 
P S. Virk 

207 Time-Temperature Charts for One-Dimensional Conduction With Uniform Internal Heat 
Generation 

F. M. Young and C. R. Savino 

211 Discussion on Previously Published Papers 

Journal of Heat Transfer FEBRUARY 1 9 7 0 , / 213 

Downloaded 04 Feb 2011 to 194.85.80.107. Redistribution subject to ASME license or copyright; see http://www.asme.org/terms/Terms_Use.cfm



J. H. LIENHARD 
Professor of Mechanical Engineering, 

University of Kentucky, 
Lexington, Ky. Mem. ASME 

K. B, KEELING, JR. 
Engineer, Genera l Electric Co., 

Louisville, Ky. 

An Induced-Confection Effect Upon 
the Peal-Boiling Heat Flux1 

An induced-convection effect upon the peak pool-boiling heat flux is identified and de­
scribed. A method is developed for correlating this effect under conditions of variable 
gravity, pressure and size, as well as for various boiled liquids. The effect is illustrated, 
and the correlation verified, with a large number of peak heat-flux data obtained on a 
horizontal ribbon heater. The data, obtained in a centrifuge, embrace an 87-fold range 
of gravity, a 22-fold range of width, a 15-fold variation of reduced pressure, and five 
liquids. 

Introduction 

I HE peak heat flux in saturated pool boiling, qmux, is 
a transition value dictated by the onset of a hydrodynamic in­
stability in the removal of vapor from a heater element. The 
Zuber-Kutateladze equation for this transition on an infinite flat 
plate, gwxF, references [1-3]2 is3 

g,M*F = 0.131/i/op„ I- V ag{pf - pg) •*/! + V1 
Pj/ 

Pf 
(1) 

Two kinds of parameters are entirely absent from equation (I). 
There is no characteristic length and there are no transport prop­
erties. Accordingly, Lienhard and Schrock [4] were able to 
use the Law of Corresponding States to write equation (1) in 
terms of a reduced peak heat flow, F(pr), such that 

9„>«XF = \F(pr) (la) 

where X is a complicated function of gravity critical data, and 
other constants characteristic of the liquid being boiled, and pr is 
the reduced pressure. 

In 1965, Lienhard and Watanabe [5] found that a previous 
analytical expression for the minimum heat flux on horizontal 
wires [6] could be written as the product of the minimum heat 
flux for a flat plate, and a function of the geometric scale pa­
rameter, L', defined as 

1 This Work was supported under the cognizance of the Lewis Re­
search Center, by NASA Grant NGR-18-001-035. 

2 Numbers in brackets designate References at end of paper. 
3 Symbols not defined in context are explained in the Nomenclature 

section. 
Contributed by the Heat Transfer Division of THE AMERICAN 

SOCIETY OF MECHANICAL ENGINEERS and presented at the ASME-
AIChE Heat Transfer Conference, Minneapolis, Minn., August 3-6, 
1969. Manuscript received by the Heat Transfer Division, March 
24, t969; revised manuscript received, May 5, 1969. Paper No. 69-
HT-48. 

L' = L ^ ^ 
P») 

( 2 ) 

They then provided broad experimental support for the notion 
that a similar separation would describe the qumx in finite geome­
tries. Their correlating equation was 

<?.„„ = XF(pr)-f(L') 

«.»:» 
\F(-Pr) 

2- = f(L') 

(3) 

(3a) 

Very little attention has been given to date to the fact that the 
bubbles rising above a heater of finite size should drag upon the 
surrounding fluid and induce a secondary flow about the heater. 
In 1964, the late Costello and his co-workers [7] found that 
a flat ribbon heater, mounted on a slightly wider block, induced 
strong side flows. When the side flow was blocked by vertical 
walls, qumx was much lower than it was when the side flows were 
allowed. Furthermore, they observed an increase of qw* with 
decreasing ribbon width when the side flow was permitted. 

Borishanski (see, e.g., [2]) proposed a parameter to describe 
such an effect as early as 1956. He suggested that his peak heat 
flux data could be well represented by an expression of the form 

(0.131 + 4AT-«- t)/. /A' / ! -V<rg(Pj = P„) 

where 

M2 l f / ( P / 

( 4 ) 

( o ) 

and p. is the viscosity. We shall see shortly that the parameter, 
Ar, characterizes buoyant effects. Borishauski's expression indi­
cates that the influence of the parameter, N, is really pretty 
small in the flat plate geometry since 0.131 is generally »4A r~0 , 4 . 

The present study is motivated by a specific interest in the in-

.Nomenclature. 

/ ( ) = an arbitrary function of ( ) 
F(pr) = a function of pr equal to gwxi'A 

g = acceleration of gravity or other 
force field 

hfg = latent heat of vaporization 
/ = induced-convection scale pa­

rameter, VpjLa/p.2 

L = characteristic length 
L' = dimensionless size, equation (2) 
M = molecular weight 

Ar = 

p --

Pc ~-

Pr --

R -
Tc -

max ~ 

i.ixF = 

= induced-convection buoyancy 
parameter, P/L' 

= the parachor, Mcr'^/Cp/ ~~ Pg) 
~ constant, for any fluid 

= critical pressure 
= reduced pressure, system pres­

sure -T- pc 

= ideal gas constant 
= critical temperature 
= the peak pool-boiling heal flux 
= ((max for an infinite horizontal 

w = 
W = 

X = 

H = 
Pf = 

P„ = 
0" = 

flat plate, as given by Zuber's 
equation (1) 

width of horizontal ribbon heat­
ers 

dimensionless size based on IF 
g^pAP/MXSMpJSRTj'''* 
liquid viscosity 
density of saturated liquid 
density of saturated vapor 
surface tension between a liquid 

audi ts vapor 
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Iluence of variable gravity upon I J , „ . Accordingly the implica­
tions of the induced flow observed by Cost olio, ef al., are serious 
since the effects of this flow stand to be magnified by gravity. 
We have therefore created a configuration comparable to theirs 
and studied its performance under variable gravity. Before 
considering this experiment, however, let us first develop a corre­
lation, similar to equation (3), which accounts for induced flow. 

Method of Correlation 
The viscosity of the liquid, which has not appeared to be of 

great importance in prior studies of qmm must now be considered. 
I t is only through the viscous drag exerted by rising bubbles 
upon the surrounding liquid that flow can be induced. Thus the 
dependent variable (/max will depend primarily upon 7 independent 
variables4: pf, p„, h/g, a, L, g, and p.. These 8 variables are ex­
pressible in four dimensions: Btu, ft, sec, and lb,„. Therefore, 
we must write down (8-4) or four independent dimensionless 
groups to describe the phenomenon, in accordance with the Buck­
ingham pi theorem. 

The first and most obvious of these groups might be p0/pj. 
This has generally taken the following form in q,„,,x predictions: 

The second group is a dimensionless dependent variable: 

(lnv,Jhjllp,J
l/2(pl<Tg)l/t 

the denominator of which can be combined with V l - f pa/p/ to 
form Zuber's gml,xF: 

9™*. ^ gnmx//t / gP0^(P/O-g)^ 

<y,.„,xF o.iai vr+~pjpf(2 - [Vr-TP77p>)Vi 

A third group, Lvgpf/cr, can be multiplied by (2 

- [ V l T ^ 7 p > ) ' / 2 to get L>. 
The fourth group can then be obtained by elimination. The 

dependent variable, <jWx, and the only other variable containing 
the units of Btu, namely, ht , will be eliminated. So too will p0 

be deleted as unrelated to the viscous drag problem. If the 
method of indices is being used to establish the groups, this will 
leave 4 equations in 5 unknown indices, so one more choice must 
be made. Setting the index of g equal to zero gives the new-
parameter 

/ = VpfLa/p.* ~ Vm? (7) 

We shall call this the "induced-convection scale parameter." 
I t is analogous to the ratio of the square root of a Grashof number 
divided by L', and it characterizes the relevant forces in the 
following way: 

[(inertia force)(surface tension force)] '/-

viscous force 

If gravity is left in this parameter and the size, L, is deleted, 
the resulting group will be (cr/p2) V <rpf/g. This in turn can be 
divided by (2 - [ V l + p^/p,]2)1/* to give Borishanski's Ar for 
the fourth group. We shall call iV the "induced-convection 
buoyancy parameter" since it replaces L with g. I t characterizes 
the relevant forces in the following rather complicated way: 

(inertia force)(surfaee tension force)3/' 

(viscous force)2(buoyant force)1/2 

Combining the four groups, we obtain the desired correlating 
relation: 

4 Since the induced flow will act to disrupt the hydrodynamie 
process of vapor removal, we are using the word "convection" to de­
scribe a fluid mechanical action—not a heat removal process. The 
transport variables of conductivity or diffusivity are therefore not 
introduced. 

- ^ 2 - = f(L', I, v T + pJPl) or f(L>, N, V l + pjp) ( 8 ) 
Sfma*F 

or, if we choose to use the Law of Corresponding States, 

j ^ y - = KL',i,vr+jjp~f) or /(//,N,vr+p;/p7) $> 
Equation (9) implies that the generalized function, F(pr)t 

should be used to approximate gmaxF. This function was 
established in [4], based upon the flat plate data of Cichelli and 
Bonilla [8]. Equation ( la) is therefore inexact, and equations 
(8) and (9) represent slightly different means for correlating 
data. 

The choice of / or N as the correlating parameter for induced 
convection is arbitrary. If one is interested strictly in the in­
fluence of gravity, I is probably more convenient because it 
leaves the influence in the coordinates, gmax/?maxP and L', with­
out introducing it in a third parameter. The Borishanski 
parameter, Ar, however characterizes the buoyancy forces ex­
plicitly. 

Equation (3a) is of this form. The term pg/pf, which 
is almost exactly unity for pressures up to the neighborhood of 
the critical point, appears to be irrelevant at lower pressures and 
was not needed by Lienhard and Watanabe. Furthermore, 
their experiments were made on horizontal wires which provided 
little obstruction to, or interaction with, the movement of any 
flow that might have been induced. In their case (as in Bori­
shanski's) viscosity was no longer a relevant variable and the 
fourth-dimensionless group did not appear. Vliet and Leppert 
[9] found that strong forced-convection currents over cylinders 
altered gmiix significantly, but no such evidence has been given 
for induced convection. 

The present dimensional analysis therefore vindicates the 
separation of gIMxF from a function of geometric scale that was 
assumed to exist in previous studies. I t also shows that the pre­
vious correlation equation (3a) was limited by two implicit as­
sumptions. In the present work we shall retain the assumption 
that V l + Pg/Pf does not contribute, but we shall look for the 
influence of an additional parameter, / , or N. Our correlation 
equation will accordingly be 

i ^ - = f(/, IF') or f(N, W) (10) 

where W is an V based upon the width, W, of horizontal heaters, 
and g„,„xF is computed from equation (1). 

Experiment 

At least three things must now be checked experimentally. 
The first is whether or not equation (8) is based upon the correct 
physical variables and whether it will succeed in correlating data. 
The second is whether or not the parameter, / , really will exert 
significant influence on §,M,x. Finally, experimental evidence 
will be needed to locate the point at which scale effects vanish as 
the scale parameters are increased. 

Our experiments were made in the University of Kentucky 
Boiling and Phase-Change Laboratory on a general purpose 
centrifuge capable of developing as much as 100 earth-normal 
gravities. The centrifuge facility is described fully in reference 
[10]. Full details of the experiments, and the raw data, are given 
in reference [11]. Fig. 1 shows the centrifuge facility. The test 
capsule appears through an open hatch on the left-hand side. 
The peak heat-flux transition was observed with the help of a 
synchronized strobe-light through a plexiglas viewing window 
on the right-hand side. 

Fig. 2 shows a typical flat ribbon heater in place on a special 
ribbon mount within the test capsule. The inside of the capsule 
was 7 in. long, by 3 in. high, by 33/-f in. wide. I t is equipped with 
a vacuum manifold and a vacuum measuring line, a thermo-

2 / F E B R U A R Y 1 9 7 0 Transactions of the ASfVIE 
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Fig. 1 Gravity-boiling centrifuge facility

couple to monitor the liquid temperature, and power leads for
both the test heater and a preheater on the bottom. These lines
pass throngh appropriate vacnUIll seals and slip-rings to a pump,
a power supply, and a meter panel, outside.

Carefully e1eaned niduome ribbous, between O.(]4G lHld 1.000
in. wide, with a ,tOO heated length, were cut from 0.009, 0.002,
or 0.001-in. stock and stretched out on the 2 1/2-in-wide Illounting
block. The capsule was charged with reagent grade acetone,
methanol, benzene, isopropanol, or double distilled water, and
mounted on the centrifuge. During a run, the liquid level was
held in the range 1.0 to 1.5 in. above the ribbon surface and
noted to make a hydrostf\tic head correction, and the temperature
held to withill a degree of saturation. The angular speed of the
centrifuge was read, and (with the preheater turned oin the cap­
sule pressure was recorded. Finally, the power supplied to the
ribbon was increased until the peak heat-flux transition was ob­
served, and there it was reael.

About 8N observations were made-roughly 419 in acetone,
262 in methanol, 104 in isopropanol, 81 in benzene, and 8 in
water. These raw data are tabulated fully in reference [11] and
will not be reproduced here. The probable errors of the vari­
ables, computed in [11], are about ±6 percent for qmax, ±4 per­
cent for TV', and ±2 percent for I. The variabilit,y of observed
qmax values was on the order of ± 15 percent, as is typical of qma,
data. Data were measured over a reduced pressure range from
0.0016 to 0.02-16, and a range of gravity from 1 to 87 times earth
normal gravity.

Fig. 2 Test capsule with ribbon healer mount in place

Results and Correlation
Equation (to) indicates that these data, obtained over a very

broad range of conditiolls, should correlate onto a single surface
in q",a,/q"'a.,." IV', and I or iV, coordinates. And if ol~r sup­
position that induced convection is a significant etlect m tl1IS

configuration, then the surface should show that q",.x(q,"",F
varies significantly with either [ Or N.

To create these surfaces, we ploUed all of the present data, and
three points for water at olle atmosphere and one gravity, from
[7], twice: first on q"""lqmaxf" versus II" coordinates for com­
pamtively narrow ranges of I; then on q"""/q,,,axF versus I coor­
dinates for ranges of W', Fig.:3 shows a typical example of one
of these crossplots. An additional 20 crossplots not shown here
can be made available on reqnest. 5

Fig. 3 reveals some things that were generally true of all of the
datil. The great majOrity of the data for any substance elustered
within ± 15 percent of a mean surface through them, and a

; The method of correla·tion used in reference [11 J was based on
equation (9) instead of (8). This resulted ill a doubling of those errors
introduced by (,he Law of Corresponding States and an awkwa,rd
scaling of q","x. The present correlation over?omes these chf?cultles
but required replotting the data instead of usmg the curves III [11].
The ell'ectiveness of equation (8) was nH,de clear by Sun [12] who used
it with great success to correlate cylinder data. The shape of our re­
sulting surfaee dilIers somewhat from that; plotted III reference [11].

isopropanol data

W'::I.OO to L99

present correlating surface (lying amOllQ
the methanal datal

900800700
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l§~ __'0 0 0
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Fig. 3 A typical crossplot for peak heat-flux data in a range of W'
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Fig. 6 qirmx/c/mnxF versus W ' contours for 7 values of N 

geometrically similar family of surfaces could be drawn through 
all of the substances. Methanol was most representative of the 
substances used. Acetone and water presented the highest 
gmax/gmaxF values—about 25 percent above the methanol—and 
isopropanol the lowest—about 30 percent below the methanol. 
The benzene data lay between the methanol and acetone data. 

The resulting correlating surfaces are each presented here in 
sets of contours. The correlation function / ( / , W) is presented 
in Figs. 4 and 5 which give q,„^/qimxF versus IF' and Q,„ax/<7iimxF 
versus / contours, respectively, as obtained from the 21 cross-
plots. This surface generally follows the mean of the data for 
methanol and is consistent with trends that can be identified in­
dividually in each of the remaining substances. 

The correlation in terms of A" was obtained by transforming the 
curves given in Figs. 4 and 5 with the help of equation (7). I t is 
given in a single plot of gmox/gmaxF versus IF', with Ar as parame­
ter, in Fig. 6. 

Discussion 
The correlation surfaces reveal the strong influence of the 

parameters / and Ar, that we anticipated, and they also show that 
this influence vanishes when the scale parameters, / and IF,' be­
come large. This was to be anticipated since buoyancy com­
pletely overbalances both capillary and viscous forces as the 
scale is increased. Thus 

limit 
Q max 

SlmaxF. 

1 
-, large / and W ( I D 

This limit appears to be valid for all / > 1500, and W on the 
order of 50, depending upon the value of I. Since Ar is not a 
scale parameter we cannot propose a proper criterion in terms of 
it. However, the various lines of constant N seek gmax/9moxF 
= ' /»as an asymptote in Fig. 6. 
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That this limiting qamx is less than the flat plate value might 
reflect either or both of two factors: (a) The finite size of the 
centrifuge capsule doubtless results in a limiting high Reynolds 
number circulation which affects the peak heat flux; and/or (6) 
Zither's equation has not really been subjected to broad testing 
in a proper flat plate configuration, and some error in the constant, 
0.131, could conceivably contribute to a deviation of the present 
data from the supposed flat plate equation. 

When IF ' falls below unity, surface tension assumes very 
strong control over the peak heat-flux transition and q,miK rises 
sharply. The results of Lienhard and Watanabe, and other 
authors who have studied qm;a on cylinders, show a comparable 
increase of q„mlL as / / , based on cylinder diameter, falls below 
0.40. 

The fact that our data for different substances tend to cluster 
together, indicates that another parameter is needed to achieve 
a complete description on the present system. This would have 
to be a second scale parameter related to the finite size of the 
capsule. An " / " based upon capsule size, for example, would be 
smallest for isopropanol and progressively larger for methanol, 
benzene, acetone, and water—consistent with the order of sepa­
ration we observed in our crossplotting. Although this effect is 
a secondary one in the present study, it points up the limitation 
of the present data to a particular container. 

Conclusions 
1 Induced (or natural) convection can exert a strong influence 

on the peak pool-boiling heat flux, if the configuration is one 
which is susceptible to it. 

2 The present data should not be viewed as having broad 
applicability. They are restricted to a particular configuration 
of heater and container, and their value lies in that they illustrate 
the induced-convection effect. 

3 Equations (8) and (9) are the appropriate expressions to 
use to correlate g„mx data for any heater configuration, in a large 
container, over ranges of pressure, gravity, and size, and for dif­
ferent liquids. 

4 The peak heat flux for a horizontal ribbon heater (and 
probably for other geometries as well) approaches a constant 
minimum fraction of q„m%i! when the scale parameter, I and IF' , 
become large. I t also approaches this limit as the induced-con­
vection buoyancy parameter, N, increases. 
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Confection leat Transfer 
Experimental average heat-transfer coefficients for free-convection cooling of arrays of 
isothermal fins on horizontal surfaces over a wider range of spacings than previously 
available are reported. A simplified correlation is presented and a previously available 
correlation is questioned. An optimum arrangement for maximum heat transfer and 
a preliminary design method are suggested, including weight considerations. 

Introduction 

I KKK-CONVKCTION heat transfer from finned sur­
faces, including identification of optimum fin spacings, has been 
reasonably well established for several geometries including: 
vertical parallel flat plates [1-3], l vertical fins on horizontal 
tubes [4-8], and fins on vertical surfaces [0, 10]. However, 
rather limited data are available for an array of rectangular fins 
on horizontal surfaces [10, 11]. The purpose of this study was 
the examination of this latter configuration with the prime objec­
tive of establishing the optimum spacing of fins for maximum heat 
transfer from a given surface, in a form which can be con­
veniently used for preliminary design. 

The general nature of the phenomena involved is illustrated by 
one set of test data presented in Fig. 1. On a given horizontal 
surface, as the fin spacing is decreased (number of fins increased), 
the total heat-transfer area per unit base area increases. How­
ever, the average heat-transfer coefficient of the array sharply de­
creases at small fin spacings due to restriction of the free-eonvec-
tive fluid flow. Thus the total heat transferred per unit base 
area (the product of the previous two parameters for a given tem­
perature difference) exhibits a well-defined maximum value within 
a rather narrow range of optimum fin spacings. The data from 
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AIChE Heat Transfer Conference, Minneapolis, Minn., August 3-5, 
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Fig. 1 Typical effects of fln spacing on average heat-transfer coefficients, 
ratio of total surface area to base surface, and heat transferred per unit 
base area for 1.94-in-high fins at a temperature difference of 275 deg F 

this study permit prediction of optimum fin spacings as a function 
of fin height and temperature difference, as well as a general corre­
lation of average heat-transfer coefficients for the array. 

Experimental Method 
The experimental apparatus configuration is shown by the 

•Nomenclature-

Ab = base surface area = (S + t)Ln, ft2 

A, = total surface area = (S + t 
+ 2H)Ln, ft2 

a = free-convection modulus = 
gBptcJiik, l /degF-ft" 

volumetric expansion coefficient, 

1/degF 
specific heat, constant pressure, 

Btu/lb-deg F 
characteristic dimension (gen­

eral), ft 
e = Napierian base of logarithms 

Gr = Grashof number = gBp^D'-'AT/n2 

g = local acceleration of gravity, 
ft/hr2 

H = fin height, ft 

h = 

B 

I) 

convection heat-transfer 
ficient, Btu/hr-ft2-deg F 

temperature correction f, 
equation (7) 

pressure correction factor, 
tion (7) 

thermal conductivity, Btu 
deg F 

fin length, ft 
Nusselt number = hD/k 
number of fins in an array 
fin pitch = S + t, ft 

Pr = Prandtl number = c,,M/'A' 
p = pressure, lb/in.2 

Q — heat transferred, Btu /hr 
S = fin spacing, ft 
T = temperature, deg F 

K, = 

K„ = 

k = 

L = 
Nu = 

n = 
P = 

eoef-

actor, 

equa-

/hr-ft 

A 7' = temperature difference = To 
- Ta, deg F 

/ = fin thickness, ft 
w = weight (of fins), 11) 
n = viscosity, Uy/ft-hr 
p = density, lb/ft3 

Subscripts 

a = evaluated at ambient conditions 
/ = evaluated at film conditions 
L = fin length used as characteristic di­

mension 
0 = evaluated at surface temperature 

rd = radiation 
S = fin spacing used as characteristic 

dimension 
w = fin material property 
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surface, as the fin spacing is decreased (number of fins increased), 
the total heat-transfer area pel' unit base area increases. How­
ever, the average heat-t.ransfer coefficient of the array sharply de­
creases at small fin spacings due to restriction of the free-convee­
tive Huid How. Thus the total heat transferred pel' unit base 
area (the product of the previoLls two parameters for a given tem­
perature difference) exhibits a well-defined maximum value within 
a rather lwrrow range of optimum fin spacings. The data fmm 
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Experimental Method 
The experimental apparatus configumtion IS shown by \ h(' 

---Nomenclature-------------------....... ---................ ---

« 

D 

e 

Gr 

IJ 

Ii 

base surface area = (S + t)Ln, fP 

total surface area = (8 + t 
+ 2H)Ln, fV 

free-convection modulus = 

gBp 2cp / Ilk, l/deg F -ft3 

volumetric expansion c:oefIieient, 
Ijdeg F 

specific heat, eonstallt. preBsure, 
Btu/lb-deg I<' 

elmmcteristic dimension (gen-
eral), ft 

Napierian base of logarithms 

Grashofnumber = gBp2D31:!.T/1l 2 

loc:al acceleration of gravity, 
ft/h1'2 

fin height, ft 
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K, 

L 
Nu 

n 
p 

Pl' 

P 
Q 
8 
'1' 

convection heat-trallBfer ('081'­

licient, Blu/hr-ft2-deg F 
temperature corl'ection fadm', 

equation (7) 
pressure correc\.ioll flw(,or, Cll\ul­

tioll (7) 
thermal condudivity, Btu !hl'-ft. 

degI<' 
fin length, ft 
N usselt Humber = liD, I; 
IltlInber of fins in an arm." 
fin pitch = 8 + i, ft 
Prandtl number = c,,1l II; 
pressure,lb/in. 2 

heat transferred, Btu/hI' 
fin spacing, ft 
temperature, deg F 

temperature differ('IH'e 
- 'l'u,clegF 

fin thi<'imess, ft 
IV weight (of fins), III 
Il visco'li!'y, III 1ft-hI' 
P density,lb/ft" 

Subscripts 
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dimension 
10 f1n material property 
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Fig. 3 Interferogram for 1.94-in-h~h fins, spaced 0.5 in. with a 200 deg
F temperature difference

(2)(Nu)" = 0.54(Gr"Pr)Q.25

(Nu)" = (6.7 X 1O-4)(Gr)"Pr [1 - e(O.746 X 104/G['s1'r)0.44]1.7 (1)

Correlation of Data

which is commonly accepLed for heated Hat plates facing upward.
Included in Fig. 4 are the data of Starner and JVIcManus [10],

transposed from their Fig. '1 and nondimensionalizecl for lO-in
long fins. These data fall below, but are in fair agreement with,

Average free-convection heat-transfer coefficients for all arrays
tested were found to be reasonably correlated by the parameters
shown in Fig. 4, using the fin spacing as the characteristic dimen­
sion and with all physical properties evaluated at the film tem­
perature. This simple form implies that the heat-transfer co­
efficient is independent of the fin height. Statistical analysis of
the data suggest that a small height efTect exists (larger heat-trans­
fer coefficients being associated with larger heights); however,
since the size of this efTect lies almost within the experimental
scatter, it is not included. It should be noted that the fin length,
L, is known to be important [10, 11J but was not a variable in
this study. These data may be approximated by the empirical
equation:

determined by measurement of these loeal temperature gradients
on the interferenee photographs at 10 equally spaced points on
the perimeter of a pair of c:entrally loc:ated fius and the adjac:ent
prime horizontal surface. A typical interference photograph is
shown in Fig. 3. Information concerning the interferometer and
the tec:hniques used are inc:luded in reference [12J. The entire
apparatus was sufIieiently massive that, after being heated in an
eleetrie oven to approximately 3tlO re, a sequenee of interference
photographs could be taken during the period of free-convection
eooling. The apparatus cooling rate was between 1.0 and 0.1
deg F/min, and the photographic exposure speed 1/50 sec. Mea­
sured results with a single fin were in good agreement with avail­
able data for vertical Hat plates, indicating that quasi-static
eonditions were established. Temperatures measured by seven
thermocouples at a variety of extreme locations on the fins and
prime surface (spacers) indieated that the apparatus was iso­
thermal, within a few degrees, at the time eaeh picture was taken.
The average heat-transfer coefficient for the array was deter­
mined by meehanically integrating the local measured heat­
transfer coefficients. Thus the reported value should be ap­
plicable to large arrays and do not include an edge effeet.

The prime advantage of the interferomet,ric technique is that
the heat-transfer coefficients determined are for convection only
and are independent of the radiation. The overall experimental
error, including end effects associated with the interferometric
teehniqne and measured reprodncibility of test rnns, was deter­
mined to be within ± 10 percent. Verification of the experi­
mental method and associated errol' analysis, in addition to the
original experimental data, are contained in reference [13].

whieh for fin spacings, S, greater than about 2.0 in. reduces to:

31.
4

1
NS

ORIZONTAL

Fig. 2 Sketch of experimental apparatus

11 in.
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Table 1 Range of variables studied

0.16
0.16
0.16

0.25
0.2;)
0.25

0.094 to 0.19

0.082 to 2. 13
0.016 to 0.20

S/H
S/L

H/L

Range of relative dimensions

Fin spacing, S, Ill.

1. 00 0 .50 0 .33
0.50

0.75 0.50

10.0 in.
0.12;) in.

1. 25

2.00

Fixed dimensions

0.94
1.44
1. 94

Fin height
H, in.

Fin length L
Fin thickness t
Number of

fins n 7
(excepLn = ;jforS = 2.0)

Temperature difTel'ence, (:,.1', from 60 to 280 deg F in six steps

sketeh in Fig. 2 and c:onsisted of seven aluminum fins extending
through the top horizontal sUl'fac:e of a dosed eontaiuer. Fin
height was varied by adjustiug the loeation of the fin support
plate and the fin spac:ing maintained by spaeers, the entire as­
sembly being tightly c:lamped together. The ends of the channels
formed by the fins were open; thus ambient ail' tends to flow
horizontally in at the ends. Seventy-Lwo c:ombinations of fin
height, spaeing, and temperature diflerenc:e were studied as ont­
lined in Table 1, which also includes princ:ipal dimensions.

The apparatus was placed in the light path of a Zehnder-J\Iach
interferometer which gives local temperature gradients averaged
over the lO-in. length, and loc:al heat-transfer c:oefficients were
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Fig, 4 Recommended correlation of average free convection heat-
transfer data using spacing (S) as the characteristic dimension and with 
the properties evaluated at the film temperature, including fhe data of 
reference [11], Fin length (t) is 10 in. 

the authors. I t may be noted that the data of Startler and 
McMauus for vertical fin configurations also fell below com­
parable data reported by Welling and Wooldridge [9]. More 
recent data by Tlarahap and McManus [11] for 5-in-long fins on 
horizontal surfaces fall somewhat above (higher heat-transfer co­
efficients) the authors' data. I t may be concluded that the 
average heat-transfer coefficients and spacing effects reported in 
references [10, 11] are in fair agreement with the data presented 
in this study. 

Comparison With Other Correlations 
Since the array's studied by Harahap and McManus [11] were 

similar to those in this paper, a detailed comparison of the effects 
of each of the geometric variables may be made. Reference [11] 
recommends a correlation in the form: 

( N u ) t = C[(Gr)L(PrKnS/H)]«(S/L)"(H/Ly ( 3 ) 

where m the low range: 

C = 5.22 X 10~3, a = 0.570, b = 0.412, and c = 0.656 

and in the high range: 

C = 2.787 X 10-4 , a = 0.745, b = 0.412, and c = 0.656 

A plot of the authors' data using these coordinates is shown in 
Fig. 5 to provide a poor correlation with the bulk of the data fall­
ing well above the recommended curve. I t is also noted that 
reference [11] recommends evaluation of the physical properties 
at the surface temperature rather than at the film temperature 
which causes a considerable distortion at high temperature levels, 
as illustrated by the inset in Fig. 5. I t should be noted that the 
limited temperature range investigated in reference [11] was suf­
ficiently low that these effects are not significant. Due to the 
large discrepancy between the correlation parameters recom­
mended by the authors, Fig. 4, and those recommended by 
Harahap and McManus [11], Fig. 5, examination of each of the 
geometric parameters will be made to establish areas of agree­
ment. Using equation (3) with the appropriate constants recom­
mended by reference [11] yields, for a given fluid and temperature 
difference: 

(/() proportional to (fO^-35W-982(#)0-086(w)"-57 (4) 

for the low range and 

(h) proportional to ( i ) 0 - 1 0 7 ^) 1 - 1 5 7 ^) - 0 - 0 8 9 !^ ) 0 4 5 (5) 

for the high range. The effects of each geometric dimension may 
now be compared with the authors' results. 

1 Spacing Effects (S). Equations (4) and (5) indicate that the 
heat-transfer coefficient is proportional to the spacing to about 
the first power. Fig. 4 shows that the authors' data also has a 
slope of approximately unity in the range of the data of reference 
[11]. 

2 Height Effect (H). Equations (4) and (5) show a very small 
height effect: for example, a change in height by a factor of two 
would predict a change in the heat-transfer coefficient of 7 per­
cent. This was approximately the effect observed by the authors 
which was considered too close to the experimental scatter to in­
clude in the correlation. 
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3 Length Effect (L). Since the authors did not vary length, no 
comparison can lie made with equations (4) and (5). However, 
the authors' fin length of 10 in. was identical to that used in a 
portion of the reference [11] stud}'. 

4 Number of Fins (n). Fin numbers varying from 14 to 83 were 
used by Harahap and McManus [11] compared with 7, and in a 
few cases 5, used by the authors. Here a specific comparison can 
be cited between arrays which are almost identical except for 
number of fins as follows: reference [11] data for L = 10.0, 
H = 1.50, S = 0.25, and n = 17; and authors' data for L = 10.0, 
/ / = 1.44, S = 0.25, and n = 7 show measured heat-transfer 
coefficients for all temperature differences tested which agree 
within 10 percent (triangle and A' points in Fig. 4). However, 
according to equation (5) from reference [11], they are predicted 
to differ by 94 percent. 

The preceding observations suggest, that the use of the number 
of fins (n) in the correlation and employment of fin length (L) as 
the prime characteristic dimension, is highly questionable. I t is 
recognized that the complex three-dimensional flow field, with 
(low reversals observed by Harahap and McManus [11], is 
probably significantly influenced by the fin length (L), and that 
extensive further studies must be made to quantify this influence. 
The results of the present study and equations (4) and (5) from 
reference [11] strongly suggest that spacing (S), is the prime 
geometric variable. 

Optimum Fin Spacing 
In most design applications, where weight is not critical, it is 

usually desirable to maximize the free-convection heat transfer 
from the finned surface. As shown in Fig. 1, for a given fin 
height, an optimum fin spacing exists for which the heat trans­
ferred will be a maximum. The heat transfer per unit base area 
for all test data is shown in Fig. G as a function of fin spacing and 
height (for air only with L = 10.0 in.). The ordinate is made 
independent of temperature difference by dividing by the tem­
perature difference to the 1.5 power, since Q varies with the 1.0 
power, and h varies as the 0.5 power of the temperature difference 
in the range of optimum spacings, as shown in Fig. 4. Fig. 6 
shows that small optimum spacings are associated with high fins 
and that with short fins, optimum spacing becomes less well de­
fined and, thus, less critical to design variation. The data, from 
reference [11], for 10.0-in-long fins, are also shown in Fig. 6. As 
previously noted, these data for 1.5 and 1.0-in-high fins are in 
fairly good agreement with the authors. Data and extrapolated 
(dashed) curves are also shown for the two short fins of reference 
[11]. I t should be noted that all test data from reference [11] 
were for fin spacings smaller than the optimum. Methods of ex­
tending the data of Fig. 6 for use with fluids other than air, or for 
air at considerably different temperatures and pressures, are 
described in the next section. 

Inspection of fin spacings, which yielded the maximum heat 
transfer, produced an empirical relation that the optimum spacing 
occurs when (H) times (S) = 0.50 sq in., which seems to suggest 
that there exists an optimum cross-sectional area for inflow of air 
at the ends of the fins. The heat transfer per unit base area as a 
function of fin height for optimum spacing is shown in Fig. 7. 
The curve is extrapolated to zero fin height at an ordinate value 
approximately that of a heated flat plate in air. 

Radiation heat transfer may be quite significant in free convec­
tion applications. The maximum radiant heat transfer from a 
large array of fins behaving as a black body would be: 

Qr„/Ab = 0.173(10)-s(2'0
4 - Ti) 

which by a fortuitous coincidence, in the range of (To — Ta) from 
60 to 300 deg F, may be approximated by: 

QTd = 0.132(r„ - Tay- (6) 

as shown I33' the long line in Fig. 7. This assumes, of course, that 
the radiation environment temperature is the same as the am­
bient air temperature. 
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difference to the 1.5 power, as effected by fin spacing and fin height, with 
data from the author and reference [11]. For air, film temperature 
equal to approximately 160 deg F, and fin length (t) equal to 10 in. 
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Fig. 7 Maximum heat transfer per unit base area, normalized by tern-
perature difference to the 1.5 power, as a function of fin height for the 
optimum spacing where the product US = 0.56 in. squared. For air, 
film temperature equal to approximately 160 deg F, and fin length (I) 
equal to 10 in. 

Fin Weight Considerations 
In applications where the weight of fins added to a surface is 

important, or the cost of fin material becomes significant, a 
measure of the heat dissipated per unit fin material weight, in 
addition to, or to the exclusion of, heat dissipation per unit base 
area must lie considered. The faired curves in Fig. 6 are re-
plotted in Fig. 8 which shows the heat dissipation divided by fin 
weight (per unit fin thickness, material density, and Al to the 1.5 
power) as a function of fin height and spacing for air. This 
figure indicates that for a given heat dissipation, light weight 
arrays will have widely spaced, short fins which is incompatible 
with maximizing heat dissipation per unit base area. In the 
range of optimum spacing for maximum heat transfer (values of S 
between 0.25 and 0.50 in.), tall fins show a slight advantage. 

Conclusions 
1 Experimental heat-transfer coefficients for arrays of iso­

thermal fins on horizontal surfaces have been established over a 
reasonably wide range of fin spacings, fin heights, and tempera­
ture differences, considerably extending the range of previously 
available data. 

2 Measured values are in fairly good agreement with the 
limited comparable data of Starrier and McManus [10] and 
Harahap and McManus [11]. 
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Fig. 8 Heat transfer per unit fin height, which is proportional to heat 
dissipation per unit fin weight, as a function of fin spacing and fin height. 
For air, film temperature equal to approximately 160 deg F, and fin length 
(1) equal to 10 in. 

3 Data correlation suggests that fin spacing is the prime 
geometric variable, and that the forms of the correlation pa­
rameters suggested by reference [11] are questionable. 

4 Optimum fin spacings for maximum heat transfer per unit 
base area have been reasonably established and partially corre­
lated for preliminary design use. 

5 The presented data are applicable only to fins approxi­
mately 10 in. long. Although reference [11] has identified that 
fin length has a very significant effect on the heat-transfer coef­
ficient, it is believed that further studies must be made to quan­
titatively establish these effects. 
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equation (7) 

efficiency effects, wiiich decrease performance, have not been in­
cluded since they tend to offset each other. Radiation effects 
can be included by subtracting the value 0.132 from the pre­
viously calculated value of [Q/A6(A7')1-5]fig before entering the 
figures. Fin efficiency effects may be approximated by use of 
equation (7), where the value of the fin efficiency is substituted 
for (K,Kp), to obtain a corrected value of [CJ/A^AT)1-']!^-

7 I t should be noted that these calculations are valid only for 
fin lengths, L, of 10 in. Shorter fins are known to yield higher 
heat-transfer coefficients (reference [11]) and longer fins, probably 
lower heat-transfer coefficients, aitliough this has not yet been 
established. Also, since the data scatter is approximately 10 
percent, some safety factor should be included. 

A Preliminary Design Procedure 
A method of utilizing the data presented in this paper to pro­

vide a preliminary design estimate of fin requirements is indi­
cated as follows: 

1 The following data must be initially known or assumed: 
Heat to be dissipated through the horizontal surface (Q), dimen­
sions of the surface (Ab), surface temperature (To), and ambient 
fluid temperature (TJ. Calculate Q/Ab(AT)1J' 

2 Since the design figures are for air, atmospheric pressure, 
and approximately 160 deg F film temperature, a correction must 
be applied: 

Q/Ab(ATy* = KtKp[Q/Ab(ATy-)!ie (7) 

the subscript (fig) implies the value to be used in Figs. 6-8. For 
any fluid, 

K,KP = fc(o)»-5/15.1 

For air, values of the temperature and pressure correction factor 
are given separately in Fig. 9. 

3 The curve in Fig. 7 indicates the fin height (H) and the 
associated optimum fin spacing is S = H/0.56 (in.). 

4 A fin thickness (I) and material is now chosen, and fin ef­
ficiency (and weight and cost, if appropriate) estimated for the 
array established, based on maximum heat dissipation per unit 
base surface area. 

5 If the preceding determined values of S, Ii, weight, or cost 
are incompatible with other constraints, Fig. 6 can be examined 
for other combinations of H and S (off-optimum combinations) 
which may produce the required heat flux. Note that for each 
fin height there may be two values of fin spacing wiiich produce 
the required heat flux. In these off-optimum cases, the larger 
spacing would normally be chosen to minimize the total number 
of fins. 

6 Radiation effects, which increase performance, and fin 
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Effect of Density Change on the 
Solidification of Alloys 
During freezing of alloys the difference in densities between the solid and the liquid re-
suits in a mass flow throughout the solid-liquid region. This mass flow contributes to 
transport of mass and heat and hence affects the rate of solidification of the alloy. In 
this paper an analytical solution is presented on solidification of a semi-infinite slab 
of a binary alloy at a constant surface temperature and unequal solid and liquid densi­
ties. On the basis of an assumed form of the solid fraction distribution within the solid-
liquid region, this solution yields the temperature and liquid velocity distribution within 
the solid-liquid region, the temperature distribution within the solid skin and the rates of 
propagation of the solidus and the liquidus fronts. A comparison is made with the 
case of equal solid and liquid densities. 

Introduction 

u» INLIKE the freezing of pure metals the solidification 
of alloys occurs over a temperature range. The freezing of an 
alloy begins at the liquidus temperature and is completed at 
solidus (or eutectic) temperature. The one-dimensional solidifi­
cation of an alloy thus occurs by propagation of two isothermal 
fronts, the liquidus front and the solidus (or eutectic) front. The 
region between the two isothermal fronts contains both solid and 
liquid and will be referred to as the solid-liquid region. 

When the densities of the solid and the liquid alloys are equal 
(simplified case) the liquid within the solid-liquid region does not 
move with respect to the solid. The transport of mass and heat 
within the solid-liquid region, under these conditions, occurs by 
diffusiou and thermal conduction, respectively. Solidification of 
binary alloys for the case of equal solid and liquid densities has 
been analyzed by the authors in two earlier papers [1, 2].2 

In general, however, the densities of solid and liquid alleys are 
not equal, and the liquid-solid transition is accompanied by a 
change of volume which, in turn, causes the flow of liquid. Since, 
in the case of freezing a pure metal, the thermal contraction 
occurs at only one temperature (the freezing point), due to the 
isothermal freezing process, the flow of liquid toward the freezing 
front is uniform at any particular time. The nature of the flow 
of liquid and its effect on the freezing rate for the case of freezing 
a pure metal were analyzed by Carslaw and Jaeger [3]. During 
solidification of alloys, however, the change of volume during 
liquid-solid transition results in a flow of iuterdendritic liquid 
throughout the solid-liquid region. In addition to the transport 

1 Presently, Westinghouse Electric Corporation, Pittsburgh, Pa. 
2 Numbers in brackets designate References at end of paper. 
Contributed by the Heat Transfer Division of THE AMERICAN 

SOCIETY OF MECHANICAL ENGINEEHS and presented at the ASME-
AIChE Heat Transfer Conference, Minneapolis, Minn., August 3-6, 
1969. Manuscript received by the Heat Transfer Division, January 
31, 1969. Paper No. 69-HT-45. 

of heat within the solid-liquid region, and hence affecting the 
rate of solidification of the alloy, this flow of liquid also results in 
the redistribution of solute. I t appears that the nature of the 
flow of the iuterdendritic liquid and its effects during solidifica­
tion of alloys have not been studied by previous investigators. 

A mathematical solution of one-dimensional solidification of an 
alloy is presented in this paper for the case of unequal solid and 
liquid densities. The surface temperature of the slab is assumed 
to be constant and lower than the solidus temperature. The 
physical and thermal properties of the solid and the liquid alloy 
are assumed to be independent of temperature. I t is also as­
sumed that the viscous shear force between the flowing liquid and 
the solid is completely overcome by the pressure gradient origi­
nated from the hydrostatic force exerted by the liquid head. 
Hence void formation is ignored. Furthermore, the dissipation 
of heat due to the shear force is assumed to be negligibly small as 
compared to the latent heat of fusion. The present model con­
sists of conduction equations for both the solidified region and the 
liquid-solid region, together with proper boundary and initial 
conditions, equation of continuity to provide the expression of 
velocity for flowing liquid, and the distribution of solid fraction 
within the liquid-solid region. An analytical solution is obtained 
by the use of the error function solution combined with the heat-
balance integral method which was originally used by Goodman 
[4]. 

Although the result shows that the affect of density change on 
the solidification rate is only about 10 percent, the other purpose 
of this investigation is to obtain the analytical expression for the 
flow of iuterdendritic liquid throughout the liquid-solid region 
due to the change of density. Since this flow is the motivation 
of the redistribution of solute, hence results the nonhomogeneity 
in the solidified alloy. 

The solid fraction distribution within the solid-liquid region is 
assumed to be cubic form in the example given in the later part of 
this paper. This is strictly for simplicity purpose. The actual 
solid fraction distribution can be easily solved from the present 
model added by a specific relationship between solid fraction and 

•Nomenclature. 

A = internal heat generation, Btu/ft3- L 
hr X 

a = thermal diffusivily, ft2/hr 
c = specific heat Btu/lb-deg F p, 
e = thickness of frozen skin, ft p, 

Ae = thickness of liquid-solid region, ft t 
f, = solid fraction T 
K = thermal conductivity, Btu/ft-hr- Tc 

deg F T, 

latent heat of fusion, Btu / lb 
parameter in the expression e and 

Ae, ft/hr1/2 

density of liquid, lb/ft3 

density of solid, lb/ft3 

time, hr 
temperature, deg F 
surface temperature, deg F 
solidus temperature, deg F 

AT = temperature difference between 
liquidus and solidus, deg F 

u = velocity, f t /hr 
x = distance, ft 

Subscripts 

1 = solidified region 
2 = liquid-solid region 
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temperature depending on the mode of diffusion of solute, and 
was demonstrated in a previous analysis [o]. 

Theoretical Model 
Let us consider a semi-infinite region extending in the positive 

:r-direction and occupied by molten alloy at the liquidus tem­
perature. At time zero, the temperature at the surface, x = 0 
is reduced to 7'0, which is constant and lower than the solidus 
temperature. Thus solidification begins and the two isothermal 
planes at the solidus and liquidus temperature, respectively, move 
away from the surface of the slab. These two isothermal planes, 
defining the boundaries of the solid-liquid region, move with dif­
ferent velocities. Within the solid-liquid region the density of 
the solid-liquid mass changes at a rate which depends on the dif­
ference between the densities of solid and the liquid and the rate 
of the solid formation. Therefore the liquid within the solid-
liquid region flows either toward the solidus front to fill the 
volume shrinkage due to the solidification, or toward the liquidus 
front due to volume expansion on freezing, depending on the rela­
tive magnitudes of the liquid and solid densities. Since the 
generation of solid occurs throughout the .solid-liquid region, the 
velocity of the liquid within the solid-liquid region varies not 
only with time but also with position. The physical representa­
tion of the problem and the coordinate system used in the mathe­
matical formulation of the problem are shown in Fig. 1. Assum­
ing constant physical and thermal properties of solid and liquid 
alloys, the one-dimensional Fourier conduction equations can be 
written for the solid skin and the solid-liquid region as follows, 

d:r2 a, dt 
0 < x < e (1) 

r ovi\ d 52'., 
j i 2 _ PlC2 (uTl-) + A = Pic2 —" « < x < e + Ae (2) 

ox' ox ot 
The boundary and the initial conditions required in the solution 
of these equations are 

1 rl\(x = 0) = -(T. - Tc) 

2 Ti(x = e) = 0 

3 TA.x = e) = 0 

4 Ti(x = e + Ae) = AT = T, - T, 

orl\ 

bx 
(x = e + Ae) = 0 

brI\ M\ 
6 Kt —- (x = e) = K2 - 1 (x = e) 

ox ox 

7 e(l = 0) = 

8 Ae(t = 0) 

0 

0 

The first term on the left side of equation (2) represents heat 
flow by conduction in the solid-liquid region, the second term 
represents a contribution to the heat flow due to the flow of the 
liquid, and the last term represents the heat generation due to 
solid formation within the solid-liquid region. The boundary 
conditions 1-4 state that the temperature at the surface, x = 0, 
at the solidus front, x = e, and at the liquidus front, x = e + Ae, 
are constant, independent of time. The fifth boundary condition 
means that the liquid ahead of the liquidus front is at the liquidus 
temperature. The sixth boundary condition represents the 
conservation of energy at the solidus front. The last two initial 
conditions state that initially the whole region is occupied by the 
liquid. 

The distribution of volume fraction of solid within the solid-
liquid region is written as an rath degree polynomial, 

/. = 1 - E C0 (3) 

Tx 

SOLID SOUD+LIQUID LIQUID 

X-Q 

where x = Ae 

Fig. 1 Physical representation 

: n 

and C/s are so chosen that ] P Qi = 1. 

The coefficients C,- which represent the distribution of the solid 
fraction can be calculated from a specific relationship between 
solid fraction and temperature when the temperature distribu­
tion within the solid-liquid region is expressed in terms of a di-
mensionless space variable such that the functional relationship 
between them is independent of the form of solid fraction dis­
tribution used in the analysis. This procedure to calculate the 
solid fraction distribution was discussed in detail in reference [5]. 
However, it is shown in the latter part of this paper that the form 
of solid fraction distribution is not a dominant factor for the pres­
ent analysis. Therefore the coefficients, Cit in the present analy­
sis are assumed to be arbitrary constants for simplicity purposes. 

The heat-generation term A can, therefore, be calculated as: 

of, 1 (de dAe 
Y: t c ^ - 1 ) (4) 
i —1 

where p2 is the local density within the solid-liquid region, and is 
equal to 

PJ, + Pi(l - /.,) (P» - P() E C$' (5) 
t = i 

Before applying the concept of continuity to the liquid-solid 
region to obtain the expression of velocity of flowing liquid, it is 
necessary to specify the model for the physical construction of the 
liquid-solid region. The evidence for the dendrite being plate­
like which was developed by Flemings [6] and was discussed in 
reference [1] makes it possible to visualize the liquid-solid region 
as a collection of rectangular cells which are formed initially at 
the liquidus front. The solidification takes place merely by 
thickening of the dendritic plates which form the walls of the in­
dividual cells. (The interdendritic branches are assumed to be 
absent.) The thickness of the cell during one-dimensional solidi­
fication is of the order of 100 microns which is quite small in en­
gineering scale. Therefore, any isothermal front within the 
liquid-solid region can be considered as a porous material with 
uniform porosity which, in the present model, is obviously a func­
tion of solid fraction, and hence depends on temperature. The 
velocity of flowing liquid, u within the liquid-solid region can thus 
be expressed by applying the principle of continuity as: 

Pi - P. 

Pi 

1 rxof, 

1 - /. Jo * 
— dx 

Pi - P. 

Pi 

E * , \f^ii + l I dAe 
dt ( » \ dt 

E Ct* 
\i = l 

(6) 
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where u is assumed to be positive when the direction of flow is 
toward the liquid region. 

Solution 
Equation (L) with boundary conditions 1 and 2 and initial 

condition 7 has the following solution 

the first integration on the right side of equation (12) can be re­
duced to 

d <W; , (de dAe\ r 
TAx, t) = (Ts - Tc) 

erf 
2 Vai Vt 

erf 

e(t) = 2\,V7 

(7) 

(8) 

Substituting equations (10), (11), (12), and (14) into equation 
(9) provides: 

d7', A / p , - p, 
-Ki— (x = e) - PidAT ^ 

d:r \ p, 
de ( " i \ dAe 

+ £iTi( dt dl 

+ L 
where Xi is a constant, and will be determined later. 

The method of heat-balance integral is now applied to equation 
(2) by defining the thermal layer as the entire freezing region. 
After integrating with respect to x between x = t and x — e 
+ Ae, equation (2) becomes: 

dT, , dl'., 
K; -— (I = e + Ae) - A', —-" (x = e) 

ox dx 

- pM(x = € + Ae)T2(x = e + Ae) - u(x = e)l\(x = e)] 

"»£+ A 

P. + (P , -P . ) ( E , E c'.^j 
de 

(7/ 

+ Psl?^ , f 1 * + » 
C; ) + (P,~ Ps) 

x ( E , T l E c,;c,. 

dft, , (de dAe\ f 
- - - p,c,AT - + — - c-i dl P<- \dl ^ dt J J e 

dAe I 
d/ 

+ Ae dp., 
7'., dx (15) 

+ A« 67'., 
p2 - - - dx (9) 

Of 

But 

oT< 
—" (l = e + Ae) = 0 by B.C. 5 
ox 

7',(x = e + Ae) = AT by B.C. 4 

7'2(x = e) = 0 by B.C. 3 

Pi ~ P., 

We now let the temperature distribution within the liquid-solid 
region be in quadratic form, 

7'2 = Ai(x - e) + A-,(x - e)2 

wdiich automatically satisfies B.C. 2. Now using B.C. 4 and 5, 
the coefficients A\ and As can be calculated 

T, = AT(2x - xr), where x 
Ae (16) 

Then 

u(x = e + Ae) = 

~de 

Pi 

(10) 

X dl 
1 TX i „ \dAe + I £ r+i c<h. 

,df'fr-
ox 

- 0 = 

d& 

d< 

2/C2/ 

~~A 
d 

~ dt 

\T 
E 

C2 

by B.C. 6 
• r 

AT a 

. „ . . , . , a ^ ) £ „rl,c,„ 
With the aid of equations (4) and (5), the integration of heat-

generation term can be expressed as: 

p/F-idx 

fp8 + (p^pj(2E-hc< 

y c 
A 1 + 3 

dAe 

'dT ' 

/ . 

I. 7-, — ax = 

:+Ae 

X 

A-dx = L 

/ 2n 1 n 

E l E 

P. + (Pi - P.) 

rf6 
C.jC; 

rf« + Ms^«.) 
- (P( " P.,)c2A7' 

- ( E — ̂  
V hi, i + 2 

2 y —— c, 

,1 + 2 E 

i,i = 1 

dAe 

dt (11) 

E 

The integration on the right side of equation (9) can be carried 
out by using equation (o) for the expression of p>. 

6+A* b T i ne + A, d 

p> —- dx = c2 I — (p,J\)dx 

Combing equations (15) and (17) gives: 

de dAe r 1 
Bl 7, +Bl~7= Bi W dt dl Ae 

• , i + 2 

C 
dAe 
lul (17) 

(18) 

/•6+A* a y a /-6 + A£ 
where 

dl 
Bi = 

^ ( P . , (Pi - P«) 

+ Ae dp„ 
2 - - dx (12) J'e+Ae 

&« 

A7'c2 \pt p, 

, P» (P i - P s ) 

:- = <> «< \,-4-V = fc 
1 j ' = 1 

Using Leibniz's formula and the definition of 

ne + Ae 

62 = c2 ptT,dx 

Pi Pi 

(13) 

2 E - ^ c 
\ hi * + 1 

n 

\^r ' + 2 7. (19) 
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B . - ^ M E 
&Tc'> [Pi \ i T i i + 1 

+ 
Pi - Ps 

Pi 1-j i, 
- A = 2 k + ] V t + y = A-

E JCA 

(Pi - p j 

Pi s * + i 3 p, 

^ ^ (2 v -L- Ct- ±—c, 

+ 1 
CPi - P.) 

Pi 
2 V - ^ — C,. 

1 t'i i + 2 

- E,^c( » + 3 

2A2 
ii3 = — 

P1C2 

Now we assume that 

Ae = 2X2 \ /«, 

Substituting equations (7), (8), (16), and (20) into boundary con­
dition (6)juelds, 

X, = A ^ 

V7r«i erl [ r-
ct\ 

A, ( 2 ' , - 2 ' J e -

(19) the Al-Cu system at low concentration of copper are used in the 
(Cont.) calculations. However the difference between densities of solid 

and liquid are exaggerated. 

Ki = 75 (Btu/deg F hr) 

A2 = 45 (Btu/deg F hr) 

c, = 0.25 (Btu/lb deg F) 

c> = 0.3 (Btu/lb deg F) 

ai = 1.507 (ft2/hr) 

L = 170 (Btu/lb) 

ps = 199 (lb/ft3) 

Pi = 100 (lb/ft3) 

T, = 1018 (deg F) 

AT = 176 (deg F) 

In solution of the problem, the solid fraction distribution within 
the solid-liquid region is assumed to be of cubic form in x (it will 
subsequently be shown that the final result is not strongly af­
fected by this assumption) 

f, = 1 - x3 

i.e., the constants. C\ in equation (3) are, 

C, = 0 

C2 = 0 

Cs = 1 

n = 3 

The results of this investigation are presented in dimensionless 
(21) form for the sake of generality. The dimensionless groups used 

in the presentation of the results are, 

(20) 

Using the expressions for e and Ae as shown in equations (8) and 
(20), equation (18) can be rewritten as: 

•K.X. + #2X2 = B3 

1 

2X2 
(22) 

X2 can now be eliminated from equations (21) and (22), and a 
function involving only Xi is obtained, 

Vai ' (2', - Tc) lu V * 

rf 
Xt 

-XiV«i 

(T, - Tc) A'i 1 e-*>V«i 

AT p,c2 a i V 7 r n i i f f_^L.\ (23) 

V 0 

In solution of the problem considered in this paper, the co­
efficients C; in equation (3) are assumed to be known. However, 
these coefficients could be calculated for a specific solid frac­
tion-temperature relationship as described in the Introduction. 
The parameter Xi is evaluated by solving equation (23). The 
parameter X2 is then evaluated from equation (21). With 
parameters Xi and A2 now available, e and Ae are evaluated from 
equations (8) and (20). The velocity and temperature distribu­
tion within the solid-liquid region are given by equations (6) and 
(16), and the temperature distribution within the frozen skin is 
given by equation (7). 

Results and Discussion 
In order to illustrate the effect of the heat brought about 1:>3' the 

interdeudritic liquid flow within the liquid-solid region, we present 
the results of calculations for one alloy system, with and without 
density change during solidification. The following physical and 
thermal properties of the solid and liquid alloys which are close to 

t0lh 

x 1 e T~ A£ 

x = —, hence t = —; Ae = — 
D' D' D 
T - T, _ Tc - T, 

r = _ _ , h e n c e Tc = _ ^ _ . 

T>. = 
AT~' 

Ti = 
T, - T, 

AT 

x - Xl • x - ±-
Ai = — 7 = , A2 — / — 

V « i V O i 

uD 

where D is a characteristic length. 
The distribution of velocity within the solid-liquid region is 

shown in Fig. 2. For the case considered (p, > p,) the velocity 
is negative throughout the solid-liquid region, i.e., the flow of in-
terdendritic fluid is toward the solidus front. The velocity in­
creases (ia absolute value) toward the liquidus front to feed the 
shrinkage due to solidification taking place within the solid-
liquid region; and the velocity reaches the highest values at the 
liquidus front. 

For the case shown in Fig. 2, the velocity distribution within 
the solid-liquid region is approximately linear in x. This, how­
ever, is not generally true. The velocity of interdeudritic fluid 
depends on the solid fraction distribution and, in general, can be 
represented by a more complex function of x as shown in equation 
(6). The velocity of the interdendritic fluid decreases with the 
progress of solidification and is inversely proportional to square 
root of time. 

The effect of the flow of interdendritic liquid on the movement 
of the solidus and the liquidus fronts is shown in Fig. 3. The net 
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Fig. 5 Parameters Xi and A2 versus surface temperature Tc, 
f, = 1 - x3 

effect of the flow (negative velocity) is to slow the solidification 
process about 10 percent, since additional liquid entering the 
solid-liquid region also has to be solidified. 

A similar conclusion is reached from examination of the tem­
perature distribution within the slab during solidification. The 
results given in Fig. 4 show that at any given time (for example, 
I = 0.9) and position within the slab, the local temperature is 
higher for the case when ps > pi than for the ease of equal solid 
and liquid densities. 

The effect of surface temperature on the movements of the 
solidus and the liquidus fronts is shown in Fig. 5. These results 
are expressed as plots of Xi and X2 versus dimensionless surface 
temperature. The results presented in Fig. 5 show that in general 
(at any surface temperature) the solidus and the liquidus fronts 
move slower when ps > ph than for the case of equal solid and 
liquid densities (i.e., the conclusion reached previously). But 

these results also show that as the surface temperature is de­
creased (i.e., at higher cooling rates) the effect of the flow of inter-
dendritic fluid on the rate solidification becomes more pro­
nounced. 

All the results presented so far (i.e. Fig. 2 to Fig. 4) have 
been calculated using an arbitrary solid fraction distribution 
within the solid-liquid region, 

/., = 1 - x\ 

In order to test whether the conclusions reached on the basis of 
these results are affected by the form of the fs(x) relation, the 
calculations have been repeated using linear form of the solid 
fraction distribution. The parameters Xi and X2 for this case 
are plotted versus the dimensionless surface temperature in Fig. 6 
which is obviously quite close to Fig. 5. A comparison between 
the case of linear solid fraction distribution and that of cubic form 
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distribution of solid fraction is shown in Table 1. I t can be seen 
that the difference becomes larger when the surface temperature 
is high, but it still is within 10 percent. Hence, it can be con­
cluded that the effect of the assumed form of the distribution of 
solid fraction on the solidification rate is small and in no way 
affects the major conclusions of this investigation. 

Table 1 Comparison of solidification rate for different solid fraction 
distribution ps > p; 

U = 1 - x 
/„ = 1 - i-3 

% of difference 
f, = 1 - x 
/., = 1 - *3 

% of difference 
./; = i. - x 
/,, = 1 - X3 

% of difference 

Xi 
0.7465 
0.7292 
2.31 
0.5718 
0.5516 
3.53 
0.2367 
0.2159 
8.78 

Xo 
2211) 
2134V 

3.48 7 
0.2699) 
0.257S> 
4,48 j 
0.4343 
0.3944 
9.18 

'l\ 

Tc 

Tc 

= 100 deg F 

= 500 deg P 

= 900 deg F 
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Thermal Contact Resistance of 
Anisotropic laterals1 

This work presents an extension of the understanding of thermal contact resistance to 
include anisotropic materials. The extension involves a mathematical geometric 
transformation which leaves the thermal currents unchanged, while making the tempera­
ture distribution in the anisotropic materials soluble by previously published methods. 
The development of this transformation technique is presented, and the effect of material 
anisotropy is calculated for a set of interface orientations and material conductivities 
which, characterize typical contact situations. The degree of material anisotropy and 
the orientation of the contact interface are shown to be important factors affecting the 
contact resistance in addition to surface roughness, material hardness, and contact load. 

w« 
Introduction 

(HEN two surfaces which are parallel and Hat in an 
engineering sense are pressed together and heat is caused to flow 
across their interface, one can detect an apparent resistance to 
heat flow at their interface. This resistance to heat flow com­
monly called thermal contact resistance arises from the imperfect 
contact geometry of the mating surfaces. Surfaces which are 
said to be flat are, in fact, rough and/or wavy. A pressure con­
tact between two such surfaces is imperfect because the two 
mating surfaces touch only at small and relatively isolated spots. 
Between these spots, the materials are in very close proximity 
but there is no direct coupling for the exchange of thermal energy. 
In a vacuum environment, there will be no interstitial filling 
material in the regions of close proximity to cause an indirect 
coupling. Radiant energy coupling is usually negligible com­
pared to the energy transfer through the actual contact spots. 

The contact resistance which at first glance seems to be a sur­
face phenomenon is actually a flow constriction phenomenon 
which occurs in the interior of each of the mating materials. In 
each of the materials the lines of energy flow change from an even, 
uniform distribution far away from the contacting surfaces to a 
set of converging groups, each group converging toward a contact 
spot. This convergence of the flow lines produces a locally higher 
heat flow density which requires a locally higher driving potential 
for the flow. The heat flow lines are constricted in the material in 
the vicinity of the contact spots. 

The size, location, and distribution of the contact spots appear 

1 Based on the thesis undertaken in partial fulfillment of the re­
quirement for the degree of Doctor of Philosophy at the Carnegie-
Mellon University. 

Contributed by the Heat Transfer Division of T H E AMERICAN 
SOCIETY OF MECHANICAL ENGINEERS and presented at the ASME-
AIChB Heat Transfer Conference, Minneapolis, Minn., August 3-5, 
1969. Manuscript received by the Heat Transfer Division, December 
19, 1968; revised manuscript received, April 8, 1969. Paper No. 69-
HT-47. 

to be the most important factors in the resistance phenomenon. 
The present work is based on the following ideas: (a) The 
energy transfer in the materials occurs in a continuum. Quan­
tum or atomic effects are not important, (b) At the contact 
spots, the mating bodies are well coupled for thermal energy 
transfer. Adsorbed layers are punctured or ruptured when the 
materials yield plastically to form contact spots. Clausing's 
[6]2 explanation of the dependence of the contact resistance on 
the direction of heat flow between dissimilar metals in terms of 
macroscopic phenomena makes prior quantum based explana­
tions seem inappropriate. Holm's [2] work on electric contacts 
indicates that the second assumption is realistic for moderate 
contact loads. 

Thermal contact resistance effects can be analyzed as conduc­
tion problems in a complex three-dimensional geometry. The 
most serious practical difficulties arise in determining the contact 
geometry in terms of observable or measurable material and 
surface properties. Characteristic dimensions of the contact 
spots are large enough to cause molecular effects to be negligible, 
but small enough to preclude easy measurement of the important 
surface and material parameters. 

The purpose of the present work is to treat the influence of ma­
terial anisotropy on the constriction phenomenon and indicate 
how this influence will manifest itself as the contact resistance. 
With one exception [7] all work to date on contact resistance has 
considered isotropic metal-on-metal contacts. Anisotropic ma­
terials in contact situations can arise as single crystal semi­
conductors or in layered materials such as pyrolytic graphite. 

The theory describing anisotropic contact resistance is de­
veloped by relying on the basic ideas which have found success in 
describing isotropic material contacts while specifically intro­
ducing a technique which makes these descriptions applicable to 
steady-state heat flow across an interface involving a thermally 
anisotropic material. 

- Numbers in brackets designate References at end of paper. 

-Nomenclature-

a = contact spot radius 

a = transformed contact spot ra­
dius 

A = apparent contact area 

c = specific heat 

C = correction factor 

D = spot diameter 

K = transformed conductivity 

kx, ku, kz = directional conductivities 

/ft, k„ h 

n 
q 
q 

ft 

R 
s 
s 

T 

= transformed directional con­
ductivities 

= number of contact spots 
= heat flux vector 
= transformed heat flux vector 
= contact resistance for a single 

spot 
= total contact resistance 
= surface area 
= transformed surface area 
= temperature 

x, y, z 
a 

P 

T 

€ 
'1 

f 
P 

coordinates 
elliptical spot major axis fac­

tor 
elliptical spot minor axis 

factor 

ovalness of elliptical spot 

transformed x 

transformed y 

f = transformed z 

material density 
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Analysis of Constricted Flow in Anisotropic Materials 
The theory of conduction in anisotropic materials can be found 

in Carslaw and Jaeger [1]. The general problem can become 
quite involved. Fortunately, all materials of potential interest 
are orthotropic, having differing conductivities in two or three 
mutually perpendicular directions called the principal conduc­
tivity axes. The approach in the following analysis is to mathe­
matically transform the anisotropic constricted flow problem into 
an equivalent isotropic constricted flow problem for which exist­
ing solutions can be used. Conceptually the transformation 
may be thought of as a stretching of the problem and its boundary 
conditions in such a way as to make the transformed conduc­
tivity uniform in all directions. Care must be exercised to insure 
that both the temperature and the heat flow are properly trans­
formed. The physical consequences of the limitations on the 
applicability of this technique are not overly restrictive. 

Consider a typical orthotropic solid, pyrolytic graphite, which 
exhibits a layered structure with a high conductivity in the plane 
of the layers and a low conductivity perpendicular to the layers. 
The high conductivity is one hundred to one thousand times 
greater than the low conductivity [o, 4], The conductivity ratio 
depends on the method by which the graphite was produced. 

If the boundaries of a conduction problem which involves an 
orthotropic material are parallel or perpendicular to the principal 
conductivity axis, the transform previously mentioned may be 
employed. For contact problem analysis, this requires that the 
interface plane be either parallel or perpendicular to the principal 
conductivity directions. For the material mentioned, there is 
only one critical direction—that of the low thermal conductivity; 
consequently, Cartesian, cylindrical, or elliptic cylindrical 
geometries can be used in the analysis. 

The conduction equation in rectangular coordinates in an 
orthotropic material is: 

dT 
pc - = K 

b2_T_ 

Ox2 + k, + K 
d2r 
dz2 

properties of the constriction and suppresses the material conduc­
tivity dependence. For anisotropic material contacts, the 
equivalent length depends on the conductivities in directions 
other than that of the primary heat flow. This dependence can 
be accounted for by an equivalent length correction factor which 
depends on the conductivity ratio and interface orientation. 

The consequences of material anisotropy on the constriction 
phenomenon can be analyzed most easily for the case of a single 
spot on a very large surface. This is a good approximation when 
the spot size is much smaller than the interspot distances. 

Analysis for the Contact Surface Perpendicular 
to the Principal Axis 

Consider small isolated contact spots on an interface which is 
perpendicular to the direction of low conductivity for one of the 
typical anisotropic materials as shown in Fig. 1. By using the 
transforms 

£ = xiK/kJ/"-; V = yiK/k^"-, 

K = (fc,2fe),/s 

r = z(K/h) >/--

The problem becomes one of conduction in an isotropic material. 
The circular contact spots transform to circles because the same 
factor relates x to £ and y to ?;. The isotherms in the transformed 
constriction resistance problem will be a family of domes nesting 
over each spot. The constriction resistance for one of these 
spots according to Holm [2] will be: 

Ri = 
1 

iKd 

where a is the transformed spot radius, {K/k{)l^a. For n spots 
in parallel 

_ 1 = ^ _ 

AnK(K/ki)l/*a ~ 4naK%h R = 

By making the transformation: 

£ = x(K/kx)
lh; v = y(K/ktl)

lh; f = z{K/h)ih 

The conduction equation becomes: 

bT ___ K_ fd^T_ V^T_ V>T_ 

dl ~ pc \dj? d?;2 dp 

For steady conduction, the foregoing reduces to Laplace's equa­
tion and the temperature is independent of K. 

If a resistance obtained from the transformed problem is to 
properly indicate a resistance in the original problem, K must be 
chosen such that flows are invariant under the transformation. 
This is necessary because the resistance is a ratio of a flow and a 
temperature difference. Both must be transformed correctly. 
This condition may be satisfied by choosing 

K = (kJcJcS^ 

as derived in the Appendix. 
By following the foregoing approach contact situations involv­

ing anisotropic materials can be made mathematically equivalent 
to contact situations in isotropic materials. Though this ap­
proach introduces the restriction that the contact interface must 
be parallel or perpendicular to the principal conductivity direc­
tions, it renders previous contact resistance analysis applicable 
to anisotropic materials. 

Constriction effects are conveniently expressed as equivalent 
lengths for the respective materials. The equivalent lengths for 
a contact are the extra material thicknesses of each of the con­
tacting bodies, which if in perfect contact, would produce the 
same overall temperature differences as the imperfect contact 
situation. This mode of expression displays the geometric 

The equivalent length is the constriction resistance multiplied by 
the contact area and the conductivity in the primary flow direc­
tion. 

I = fe/i 
fa1/-

4naK3/"-

Recalling that 

Then one obtains: 

I = 

K = (h%2)^
: 

A fe(fci)Vi A 

4na ki(fafh Ana 

•A 

CIRCULAR 
CONTACT 
SPOTS 

Z,k0 

Y . k i 

X, k-i 

Fig. 1 Anisotropic material with Ihe contact surface perpendicular to the 
anisotropic direction 
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CIRCULAR 
CONTACT 
SPOTS 

Z,k , 

Y, k-. 

X, kr 

I = 

Fig. 2 Anisotropic material with the contact surface parallel to the 
anisotropic direction 

Ana l ys i s fo r the Contact Surface Paral le l to the Pr inc ipal A x i s 

Consider a small isolated contact spot on an interface parallel 
to the direction of low conductivity as shown in Fig. 2. Trans­
forming again, this time using 

£ = x(K/ki)V'; V = y(K/fci) ,A; f = «(K/fci)'/» 

K = (A',2fe)1/3 

One obtains an isotropic conduction problem. The circular spots 
now become ellipses. Holm's solutions include this situation, 
but we must obtain the ovalness of the transformed spots. 
Holm's ellipse solutions are related to equivalent area circular 
spot solutions by a factor f(y). The ellipse major and minor 
axes are given by a = ya and /? = a/'y. Thus the ratio of the 
major to the minor axis is y"'. The ratio of the stretch in the £ 
direction to that in the ij direction introduced by the transforma­
tion is (M/ki)lh. Thus 

and 

y2 = 

7 

V--

Oue can obtain f(y) as a function of y from Holm [2]. 
The radius, a, of the equivalent area circular spot in the trans­

formed problem may be obtained as follows: 

Ellipse area = w 
K_ V* K !'• 

K 
ira' = IT a' 

Thus one obtains: 

(A-i£2)
1/2 

(Ms)1'4 

The constriction resistance for a single isolated spot according 
to Holm is: 

/(7) 
' u = TTTZ 

4/v.a 
For n spots in parallel 

R = fill = /ilt ^bllH 
inKd 4na K '"• 

The equivalent length, in this case based on conductivity ki, 
1 iecomes: 

A kl(k1^)'A 

i = klAR = 7-/(7)77777 
4na Ki(fe) " 

4na 

A'i 

ll 

l/i A 
}{y) = -,— 7/(7) 

4na 

The isotherms in the transformed problem will be ellipsoidal 
domes nesting over the elliptical spots. Upon transforming back 
to the anisotropic situation, these ellipsoidal domes will become 
circular domes over circular spots. 

Summary and Conclusions 
For either interface orientation an anisotropic correction fac­

tor, C, may be defined by dividing the equivalent lengths ob­
tained by the isotropic material equivalent length which is 
A/4na. Fig. 3 shows this correction factor as a function of the 
conductivity ratio for each of the assumed interface orientations. 

The analysis has assumed isolated contact spots. If the spot 
spacing is on the order of the spot size, the constriction effect will 
be reduced. This could occur at very high contact loads. For 
a uniform distribution of contact spots on an interface perpendicu­
lar to the anisotropic direction, another correction factor obtained 
by Roess from numerical calculations and presented by Clausing 
and Chao [5] may be applied. This factor relates the constric­
tion resistance for a spot feeding a concentric finite region to that 
of a spot feeding an infinite region. The factor which multiplies 
the resistance obtained from the transformed problem can be used 
because the spot distribution remains uniform under the trans­
form. Direct numerical calculations appear to be the only good 
method of analyzing the situation with close spaced contacts on 
an interface parallel to the anisotropic direction. 

Thermal contact phenomena involving orthotropic anisotropic 
materials can be analyzed by a geometric transformation tech­
nique which extends the applicability of solutions of isotropic 
material contact situations to anisotropic materials. If the size 
and location of the spots of actual material contact are known or 
can be accurately estimated from surface profiles and material 
properties, the interface resistance can be calculated. The re­
sistance depends on the orientation of the anisotropic material 
and the ratio of its directional conductivities as well as all the 
parameters which govern isotropic contacts. 

In conducting experiments to study this phenomenon, the de­
termination of the size and distribution of the contact spots was 

CORRECTION 
FACTOR, C 

2 5 10 20 50 100 200 
CONDUCTIVITY RATIO, ^ / k 2 

Fig. 3 Equivalent length correction factor, C, versus conductivity ratio 
for both material orientations 
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the most difficult tasjk. Interpi'etatiou of experiments was 
radically complicated by the macroscopic constriction effect 
arising from contact flatness deviation arising during surface 
preparation, as well as thermal strain. To date no conclusive 
experimental measurements have been obtained. 
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dT dT 
Bv substituting in qx = —A; — , etc., and qc = —K -—.etc 

dx d£ 
and multiplying both sides by —1, we obtain: 

dT , , , dT , dT , , 
kx dydz + k dxdz + /oz dxdij 

dx ' ' dy dz 
f dT dT dT 
\ £>f dr, d( 

Then expressing rff, dr), and rff in terms of dx, dy, and dz yields 

dT dT dT 
kx dydz + k,, dxdz + k, dxdij dx a» 

= K [kr~] 
-K -

'A [ K l 
X J 

•A [ K l 
. k\ _ 

'/» dT 

dx 
dydz 

+ r
k" i 

-K -

•A r 

+ 

"Kl 

X. 
~ kz~ 

K 

• A r 

>A 

"Kl 
. 'A _ 

' K' 

kr 

A dT 

dx< 
dy 

'•A K 
k„ 

dT 
dxdy 

A P P E N D I X 

Examining the invariant flux condition, q d s = q d s , in Car­
tesian coordinates, we see: 

qxdydz + q/lxdz + q/lxdy = qglr)d% + 9>,d£df + qtd£,dri 

Solving for K one obtains: 

K = (kIk,Jk!)
,/!' 

Several other ways for obtaining K are discussed ivy Chao in 
reference [8]. 
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Natural Confection in Enclosed Porous 
Media With Rectangular Boundaries 
Numerical methods are used to solve the field equations for heat transfer in a porous 
medium filled with gas and bounded by plane rectangular surfaces at different tempera­
tures. The results are presented in terms of theoretical streamlines aiul isotherms. 
From these the relative increases in heat transfer rate, corresponding to natural convec­
tion, are obtained as functions of three-dimensionless parameters: the Darcy number 
Da, the Rayleigh number Ra, and a geometric aspect ratio L/D. A possible corre­
lation using the lumped parameter Da Ra is proposed for Da Ra greater than about 40. 

Introduction 

T, I HE work reported proposes a theoretical model for 
the motion of a fluid when it is heated in an enclosed porous 
medium bounded by solid plane surfaces which are different in 
temperature. The model yields a theoretical rate of heat trans­
fer between these surfaces. This is related to the problem of 
radial heat transfer from the wall of a nuclear power reactor core, 
through a multishield structure containing air spaces or porous 
insulating material, to the pressure vessel. 

Most of the studies on natural convection in enclosed spaces 
have been related to rectangular cavities where an air gap is used 
for insulation. In these and other cases, it is important to de­
termine the rates of heat transfer across the gap which result 
from a temperature difference between the opposing faces. 
Theoretical analysis of the problem usually began with the 
fundamental differential equations of conservation of mass, 
momentum, and thermal energy, together with an appropriate 
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- Present. Address: Faculty of Engineering Science, University of 
Western Ontario, London, Ontario, Canada. 
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AIChE Heat Transfer Conference, Minneapolis, Minn., August 3-6, 
1969. Manuscript received by the Heat Transfer Division, June 6, 
1968; revised manuscript received, April 29, 1969. Paper No. 69-
HT-46. 

equation of state. Where the curvatures of the enclosing sur­
faces are significant, the problems are generally treated by using 
cylindrical geometry for which the rectangular geometry is an 
asymptote. For natural convection in porous media, the prob­
lem has been treated similarly by expressing the convective flow 
in terms of some theoretical model, e.g., Darcy's law. 

Early theoretical and experimental studies of convective flow 
of a fluid in a porous medium were made by Morton and Rogers 
[I] ,3 Morrison, Rogers, and Ilorton [2], Rogers and Morrison 
[3], Rogers, Schilberg, and Morrison [4], in 1945-1951, in 
connection with the distribution of salt in subterranean sand 
layers. In recent years, in a study of the motion of underground 
water with particular reference to geothermal activities in New 
Zealand, Wooding [5-11], Elder [12-15].. and McNabb [16], 
1957-1967, have reported results on the structure of the flow 
field and corresponding heat transfer rates for convection 
of fluid in a porous medium owing to heat generation 
from below. The criterion for the onset of convective flow was 
predicted theoretically by Lapwood [17] in 1948, and confirmed 
experimentally by Kat to and Masuoka [18] in 1967. In these 
studies the term representing viscous forces was neglected in the 
equation of motion, which was derived from Darcy's law. This 
may lead to significant errors near the solid boundaries unless a 
boundary-layer effect is introduced. In a recent paper, two of 
the present authors, Chan and Ive3r [19] 1967, derived the field 
equations for natural convection in enclosed porous media using 
a modified form of Darcy's law which takes into account the 

3 Numbers in brackets designate References at end of paper. 

.Nomenclature.. 

A 

Co 

c„ 

D 

Da 

angle of inclination, Fig. 1, rad 

dimensionless constant 

specific heat of fluid at constant 

pressure, Btu/ lb deg F 

width of porous bed, ft 

D2 

l'\ = 

Gr = 

Q 

K 

- = Darcy number, dimension-

less 

percentage convergence factor, 

percent 

p2
g/3D3Ar __ (Ti - T2)gD3 

= Grashof number 

gravitational acceleration, ft/hr2 

permeability of porous medium, 
ft2 

/veO — 

K = 

L = 

Pr = 

V = 

enhanced, or effective, thermal 
conductivity of gas-filled por­
ous medium, including convec­
tive transfer, B tu /hr ft deg F 

effective thermal conductivity of 
porous medium filled with stag­
nant gas, Btu /hr ft deg F 

enhanced, or effective, thermal 
conductivity of fluid in a cav­
ity, including convective trans­
fer, B tu /hr ft deg F 

thermal conductivity of fluid, 
Btu /hr ft cleg F 

height of porous bed, ft 
v_ = 0&P 

a ki 

mensionless 
pressure of fluid 

Ra (r, Tt)gD> 
= Rayleigh 

= Prandtl number, di-

TiOiv 

number, dimensionless 
temperature, deg F; 2\, '1\ 

= temperatures at hot and 
cold walls, respectively, Fig, 1 

the ;r-component of the super­
ficial fluid velocity, i.e., the 
volume flow rate per unit 
cross-sectional area of bed, 
ft/hr 

the jy-component of the super­
ficial velocity, ft/hr 

distance along the rectangular 
coordinate axis which is di­
rected at angle A to the hori­
zontal plane, Fig. 1, ft 
(Continued on next page) 
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lop)/ 

T i>T , 

Horizontal 

Fig. 1 Coordinates of rectangular geometry notation 

viscous forces (Brinkman [20-22], 1947-1949). These equa­
tions may be solved numerically, under suitable boundary con­
ditions, to yield useful results and criteria for design. 

Theory 
The theory is limited throughout to steady state conditions, 

for which the four equations governing the system are 

P = pen 
V-u = 0 

Vp + 3 + vV2u 

u-VT = aXJ2T 

(1) 

(2) 

(3) 

(4) 
This formulation may be simplified by considering only the 

two-dimensional motion of the fluid in a space of rectangular 
cross section filled with unconsolidated particles. 1\ and T% in 
Fig. 1 are the absolute temperatures of the hot and cold bounda­
ries, respectively. The theory is based on the following assump­
tions: (a) the temperature difference (Ti — T%) is small com­
pared with T2; (b) the viscosity, density, and thermal conduc­
tivity of the fluid are constant except for the effect of density 
variation in producing buoyancy force; (c) the fluid is incom­
pressible, and (d) viscous heat dissipation may be neglected. 

The superficial velocity u in equations (2) to (4) is averaged 
over a region of space small with respect to macroscopic dimen­
sions in the flow system but large with respect to the pore size. 
Equation (3), the equation of motion, is the Darcy's law model 
for the flow regime where the damping force and the viscous 
force are of the same order of magnitude. In the energy equa­

tion, equation (4), the equivalent thermal diffusivity, ae, is de­
fined by 

cte = kc,,/pCp (5) 

where kei> is an equivalent thermal conductivity' of the porous 
medium, for nonflow conditions, taking into account conduction 
and radiation effects. Methods for estimating ke0 have been 
proposed by Smith [23], 1956, Yagi, et al. [24], 1961, and others. 
Recently, Kat to and Masuoka [18], 1967, verified experimentally 
that (5) is the correct form for a„ i.e., the equivalent thermal 
diffusivity in the energy equation should be defined as the 
equivalent stagnant thermal conductivity of the porous-medium 
divided by the specific heat capacity of the fluid. 

Boundary conditions of practical interest which are suitable for 
numerical calculations are: (a) uniform temperatures, or heat 
fluxes, or specified temperature or heat-flux distributions, on the 
two vertical faces of the space; and (6) perfect insulation, or 
specified temperature distributions, along the horizontal bounda­
ries. 

In Cartesian coordinates equations (1) to (4) take the forms 

I dp 

Pi dx 

1 dp 

P-i dy 

dT 
u 

dx 

dp dT 

p. Tt 

du dv 
(- — = o 

dx by 

• i (Pl ~ p \ i (dhl
 _ L

 d h l \ 

. 1 Pi - p\ . (&v , <>2v\ 
-gm*A\-,H )+VW + by>) 

dT /d2T d2T\ 

dy " \ d x 2 dy2 / 

(6) 

(7) 

(8) 

(«) 

(10) 

K 

The boundary conditions are: 

u = v = 0, T = Ti, at y = 0, for 0 < x < L ( t l ) 

u = v = 0, T = 1\ at y = D, for 0 <x < L (12) 

dT 
M = !> = <) , 

dx 
= 0, at x = 0 and L, for 0 < y < D 

0 < A < 
2 

(13) 

(14) 

Equations (6) to (10) may be made dimensionless by introduc­

ing: 
1 The relative distances 

X ' H 

for 0 < X < - , 0 < Y < 1. 

1 
D 

(15) 

-Nomenclature-

X = — = relative distance on x-axis 

y = distance along the rectangular co­
ordinate axis which is directed 
at angle A to the vertical 
plane, Pig. 1, ft 

Y = j - = relative distance on ;/-axis 

a = thermal diffusivity, ft2/hr 

kc. 
ae pCP 

= equivalent, or effective, 

thermal diffusivity in porous 
medium, ft2/hr 

13 = thermal coefficient of volumetric 
expansion, ft3/ft3 deg F 

AT = [Ti — Ti) = temperature dif­
ference 

0 = = relative temperature 
7'i - Ti 

difference, dimensionless; 0 l7 = 

elements in the field matrices 
for Q 

p. = viscosity of the fluid, lb /ft hr 

v == - = kinematic viscosity of the 
P 

fluid, ft2/hr 
p = density of the fluid, lb/ft; p2 = 

value of p at T = T-i 
\p = stream function, dimensionless; 

ipij = elements in the field matrices 
for ij/ 
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2 The dimensionless stream function \p, defined by 

ae dtp a„ bip 

3 The relative temperature difference 

7', - '1\ 

for 0 < 6 < 1. 
4 The dimensionless groups 

( 7 \ - 7'2)f/D3 

T,aev 
= Ra = Gr Pi 

£ - Da 
ir-

(16) 

(17) 

(18) 

(19) 

which the authors will term the Darcy number, after Henry 
Darcy who laid the foundation for the study of laminar How 
through porous media. 

The resulant field equations for ip and 9 are 

V V = - ^ V~4> + Ra (sin A - ; ; - cos /I & 

Da d F dA 

V20 WW 
a(A', r) 

(20) 

(21) 

where 

and 

V = = V 2 ( V 2 ) 

= dA2 + d Y°-

d(9, \fT)_ = Zd_ ty df? dxp 

i>(X, F) = dA d F ~ d F dA 

with the following boundary conditions: 

= 1, at 7 = 0, forO < X < 
dv£< dii 

^ dA d F 

diA di/-
at F = 1, for (XX < 

L 
D 

(22) 

L 

b 
(23) 

* dX d F 
— = 0, at X = 0 and - , 
dA D 

0 < A < 

for 0 < F < 1 (24) 

(25) 

For given A the solutions of equations (20) and (21) are 
uniquely determined by the three-dimensionless parameters Da, 
Ra, and L/D, to give the scalar fields \p and 6, with the associated 
streamlines and isotherms. 

The case of practical importance is one for which the side sur­
faces are vertical, i.e., A = TT/2, when equation (20) becomes 

W = -L VV + Ra ^ 
Da d F 

(26) 

The relative increase in heat transfer rate owing to convective 
flow is given by (Batchelor [25], 1954; Chan and Ivey [19], 1967) 

i CL/D 

« = ^ Jo d F 
dX (27) 

where kee is the enhanced equivalent, thermal conductivity which 
includes the effect of conduction, convection, and radiation. 
Hence the problem may be expressed parametrically as 

1^ 
= /[ l )a , Ra, L/D] (28) 

Numerical Methods 
The two field equations, (26) and (21), are solved subject to 

the boundary values given by equations (22), (23), and (24). 
Since Da is small the first of the field equations is transformed to 

V2i/< = Da V*\P - Ra 
i>6_' 

d F 
(29) 

Equations (29) and (21) are then solved by representing the 
finite-difference forms of the derivative components of the right-
hand sides by matrix operators (Woodhead and Kettleborough 
[26], 1903; De Vahl Davis, and Kettleborough [27], 1965). 

Since for L/D > 5.6, the number of mesh points makes the 
matrix method prohibitive, the present method is confined to the 
results for four values of the ratio L/D: 0.2, 0.5, 1, and 5.6. 

As the field matrix technique has been described elsewhere, 
(see [26, 27]) only the main features will be given here. The 
finite-difference formulas of Bickley ([28-30], 1939-1948) are 
used to construct, differential operators for 

d1 d1 d2 d2 d_ _d_ 

dA^' d F 1 ' dA2 ' dF 2 ' dA' d F ' e tC" 

An initial estimate is made for [\f/] and [0], of \ptj = 0 every­
where, and the temperature field is assumed to be linearly dis­
tributed, Ojj = F, . 

The right-hand side of equation (29) is then evaluated using the 
initial [\p] and the differential operators. The improved value 
for [t/d is found by the inversion of [V2] and use of the extrapo­
lated Liebman method. 

The new estimate of [\p] together with the old estimate of [d] 
is used to evaluate the right-hand side of equation (21) in a similar 
manner to that just described, giving a new estimate of [8]. 
This completes one iterative cycle. New and old values of [tb] 
and [6] are compared for satisfactory convergence. Iteration 
continues until convergence is satisfactory. 

Upon completion of solution for a particular Da and Ra, the Ra 
is increased and the old solution is used as initial values for the 
new problem. Ra is continually increased until convergence is 
no longer obtainable. 

Computations 
The computer used is an IBM 360/50H. 
For the square geometry, where L/D = 1, a mesh size of Vic is 

used, giving (11 X 11) field matrices. This in turn produces 
operators of order (81 X 81) and (99 X 99) to be inverted for 
solution of equations (29) and (21), respectively. 

For the rectangular case, where L/D = 5.6, a mesh size of Vs 
is used on the shorter side, producing field matrices of order (6, 
29), and inverse operators of order (108, 108) and (116, 116). 

The inversion is performed by the standard Gauss-Jordan 
method with good results. These are kept on magnetic tape for 
frequent use. 

The criterion used for convergence is 

LjJJ_ I ]£_[ l_J X m0 < Fc percent 

The value chosen for Fc percent is usually 0.001 percent. This 
test is also applied to the 6 field. 

One full iteration cycle takes approximately 2 sec. The 
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number of iterations required for convergence varies greatly 
ranging from 1 to about 200, being dependent on the L/'D con­
figuration, the value of Fc, the product of Da and Ra, and the 
weighting factor in the extrapolated Liebman method. 

Initial results are obtained for 

Da = 10-10, 10-", 10- 10" 1 

Ra = 1, 10, lO2, 109, 1011 

(30) 

(31) 

For a fixed value of Da, the computation is commenced at 
Ra = 1, increasing Ra in steps of powers of 10 until convergence 
is no longer obtainable. For the L/D = 1 geometry for the 
11 values of Da given by equation (30), convergence is not 
achieved at Ra = 1012, 10", 1010, 109, 10s, 107, 10°, 106, 1, 1, 1, 
respectively. Final results are then obtained for small incre­
ments of Ra close to values where convergence failed to be 
achieved. 

For a fixed value of Da, if Da Ra > 130 and Da is just low 
enough for convergence, the 6 field elements exceed 1 at points 
corresponding to the upper corner of the hot wall and fall below 0 
at those corresponding to the lower corner of the cold wall. 
These are obviously extraneous results since, from physical con­
siderations, no temperature can be higher than 1 or lower than 0 
for constant temperature walls. This apparent anomoly may be 
due to the use of too few mesh points. Further work employing 
an iterative numerical technique, incorporating finer mesh, seems 
to confirm this. Likely localized secondary flow effects, similar 
to those noted by Elder [13], would first take place at those 
corners where more mesh points may therefore be required. 
Moreover, these extraneous results may indicate the onset of 
physical instability (transition from laminar to turbulent flow) 
and/or mathematical instability (limit of applicability of the sys­
tem equations). 

Results and Discussion 
Since the present numerical method depends largely on the in­

version matrix [V~2], this matrix was first established. The 
determinants of the inversion matrices for all cases studied, 
L/D = 0.2, 0.5, 1, 2, 5.6, and 10, were also calculated. These 
had large values of the order of 1010, indicating that the matrix 
[V2] is noiisingular which means its inverse exists and that the 
linear set of equations are well-conditioned. For a given 
geometry, i.e., fixed L/D, varying the mesh sizes did not appear 
to have significant effect on the rate of convergence or on the final 
results. 

The theoretical isotherms and streamlines for the square 
geometry, at Da = 10 - 4 and Ra = 10', are compared with the 
results of Poots [31], 1958, for a square cavity, also at Ra = 104. 
Fig. 2 shows the predicted relative increase in heat transfer rate 
corresponding to convective flow, as a function of the Rayleigh 
number, for Da = 10~~4. This is compared with the analytical 
results of Poots up to Ra = 104, and with the experimental result 
of Mull and Reiher (quoted by Jakob [32], 1949) for 10' < Ra 
< 105, the correlations being 

Poots: - = 0.16 Ra9 Ra < 104 (32) 

Mull and Reiher: -' = 0.18 Ra^CL/D)-" - 1 1 , 
K 

104 < Ra < 10s (33) 

where kg is thermal conductivity of the fluid, and ke is the en­
hanced, or effective, thermal conductivity on account of convec­
tive flow. 

The results of Poots were obtained for a square cavity uni-

3-0 

^ 2-5 

I -< 
rr 

>- 20 
H 

O 

Q 

o 

< 
rr 
UJ 
x 

10 

- LEGEND 

No. I - SQUARE CAVITY, ANALYTICAL 

RESULT (POOTS 1958) 

No.2- SQUARE CAVITY, EXPERI- 2 / 
MENTAL RESULT! JAKOB 1949) 

-No. 3 - SQUARE POROUS MEDIA, 
NUMERICAL RESULT 
(THIS WORK) 

I02 I03 I04 I05 I06 

RAYLEIGH NUMBER Ra =[(T, ~T2)gD3 /T2 a v] 

Fig. 2 Variation of heat transfer with Rayleigh number 

formly heated at the right-hand-side vertical wall. Hence the 
streamlines for the two cases have opposing directions. Also, in 
Poots' calculations, it was assumed that the temperature dis­
tribution along the horizontal end walls is linear. This com­
parison seems to indicate that for a given geometry and at a 
given Rayleigh number, the presence of a porous material in an 
enclosed space would considerably modify the temperature and 
velocity fields: reducing the rate of convection. Fig. 2 indi­
cates that the present theory predicts the following: (i) for 
Da = 10~4, below Ra = 105 the rate of heat transfer through an 
enclosed porous medium is substantially the same as pure con­
ductive transfer (in addition to radiation); (ii) above Ra = 105, 
natural convection produces an enhancement of the transfer rate 
similar to that which occurs at Ra = 103 for an enclosed cavity; 
and (iii) the rate of increase of heat transfer also varies ap­
proximately as the one-fourth power of the Rayleigh number. 

Figs. 3 and 4 show isotherm and streamline patterns for the 
square geometry: Da = 10-"6, and Ra = 107. Figs. 5 and 6 
show some of the corresponding patterns for the rectangular 
geometry, where L/D = 5.6. Clearly the patterns predict that 
the following occur as Ra increases: 

1 A gradual and increasing development of convective 
motion, accompanied by distortion of the temperature field as 
compared with that for pure conduction. 

2 A gradual development of boundary layers, downward on 
the cold wall and upward on the hot wall. 

These predictions are consistent with the known phenomenon of 
natural convection in enclosed cavities. 

From these \(/ and d maps the following information may also 
be derived: (i) vertical and horizontal temperature gradients, 
d0 £)0 
— and ——:; (ii) vertical and horizontal velocity components u and 
oX d r 

•A v (from equation (16)); (iii) the local speed, (u2 + vr) ' ! , and hence 
localization of stagnation regions; and (iv) the distribution of heat 

transfer coefficient along the vertical walls, from ( — ) 
\ d F / F = 0 and 1 

In Fig. 7 the parameter kee/ka, of equation (27) is plotted 
against Ra for various values of Da with the square geometry. 
Similar plots are obtained showing corresponding results for the 
other geometries. The plots show the following: 
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= 0 

(Da-Ra) =10 

Fig. 3 Isotherms for Da = 10~5, Ra = 10', t /D = 1.0 

(Da-Ra)= IO 

Fig. 4 Streamlines for Da = 10~5, Ra = 108, L/D = 1.0 

1 The curves are approximately parallel and equally spaced, 
so that for fixed kec/k,o, Da decreases by powers of 10 as 
Ra increases by powers of 10. Hence, for a given value of kee/ke0, 
Ra = constant/Da. This implies that kcJkea is uniquely deter­
mined by Da Ra, or kee/keii = / (Da Ra) for given L/D which is 
predicted by equation (28). 

2 The critical value of Ra, i.e., the value at which the onset 
of convection occurs, increases exponentially with exponentially 
decreasing Da. 

3 For fixed values of Da, the ratio kce/kcii varies exponen­
tially, with Ra; and for fixed Ra, it varies exponentially with Da. 

I t would seem therefore that, for fixed L/D, the ratio kee/keo 
varies exponentially with Da Ra. This is verified in Fig. 8 in 
which keJke<l is plotted against Da Ra on logarithmic coordinates. 
For Da Ra > 40, the kce/kco values increase beyond unity, generat­
ing unique curves which are approximately linear and parallel 
for each of the six geometries studied. Hence an equation ex­
pressing a tentative correlation with these parameters may take 
the form: 

f(L/D)(Da. Ra)c'», 

where Co is a dimensionless constant (Co 
equation (28). 

for Da Ra > 40 (34) 

0.7). This confirms 

cvj o 
6 o 

Ra =10- Ra = l 0 6 Ra = I 0 7 

Fig. 5 Isotherms for Da = 10"5 , Ra = 105, 106, and 107, L/D = 5.6 

Ra = l 0 5 Ra = l 0 D 

Fig. 6 Streamlines for Da ~ 10~5, Ra 10s 

Ra =I07 

106, and 107, L/D = 5.6 

That Da Ra would be an approximate criterion of heat transfer 
in the present system may be seen from equation (26). The 
left-hand-side of this equation represents the viscous forces which 
may be small. If they are neglected, the equation becomes 

V V + Da Ra 
dY 

= 0 (35) 
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*ee 
keo 

Ra 
Fig. 7 Variation of thermal conductivity ratio kce/keft with Ra for various values of Da, square 
geometry {L/D = 1.0) 

Da.Ra 

Fig. 8 Correlation of thermal conductivity ratio kee/keo with lumped 
parameter Da Ra 

I t may be of interest to note that the criterion for the onset of 
convective flow of fluid in a porous medium, heated from below, 
is given by: 

Da Ra = 4TT2 = 39.5 (36) 

a result deducible from the analysis of Lapwood [17] who used 
equation (35), and from the experimental work of Kat to and 
Masuoka[18]. 

The function f(L/D) may be examined by a plot of heJke<s 

versus L/D for fixed values of Da Ra, Fig. 9. I t appears that 
the relative increase in the heat transfer rate has a maximum 
value in the vicinity of the L/D ratio of 1.5, a result which is 
similar to the case of the enclosed cavity (Ilirata, et al. [33] 1967). 
At the two limits of the L/D ratio: as L/D -* co (L -*• co, or 
D -*• 0), and L/D -*• 0 (L —* 0, or D -* c°), natural convection is 
either suppressed owing to increasing resistance to flow (for the 
cases L —»• 0, and D ~+ 0), or it is dominated by pure conduction 
(for the cases L —*• •*>, and D —»- co). Hence the ratio fcM/fc«o 
approaches unity at these limits, when it may have a maximum 
value between them. At L/D = 1.5, it seems reasonable to ex­
pect that a balance of these effects occur and hence the relative 
increase in the heat transfer rate reaches a maximum. 

Fig. 9 Variation of thermal conductivity ratio kee/l<co with L/D for various 
values of the lumped parameter Da Ra 

Conclusion 
The analysis presented suggests a correlation of heat transfer 

rate in a porous medium bounded by surfaces at different tem­
peratures. Theoretical flow patterns for an enclosed fluid, and 
temperature distributions within the medium, were obtained by 
a numerical method. These patterns are at least qualitatively 
consistent with known convective phenomenon. Rapid con­
vergence for the numerical technique may be achieved by using 
field matrices and an inversion matrix. 
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Nongray Radiative Transport in a 
Cylindrical ledium 
The problem of determining the radiative transport in a nongray cylindrical medium 
is considered. Nongray effects are included through use of the total band absorptance. 
Exact and approximate formulations and results are presented and very good agreement 
is obtained. 

Introduction 

I HE DETERMINATION of the radiative transport in 
nongray media represents a complex problem which has forced 
various investigators to simplify the basic equations before at­
tempting to obtain a solution [1—12] .2 The problem is further 
complicated when there is a strong interaction between the ther­
mal radiation and other modes of energy transport. A useful 
simplification in the planar geometry has been achieved by re­
placing the exponential integral, Ei(x), by an exponential func­
tion; that is, E-z(x) ^ ac~b*, where a and b are arbitrary constants. 
A detailed comparison between the exact and the approximate 
results in the planar geometry showed that very good agreement 
was obtained with this approximation. The particular values of 
a = 0.9 and b = 1.8 were recommended [13]. 

The purpose of the present study is to determine the radiative 
transport in a nongray medium in the cylindrical geometry. The 
system considered is a tube at a constant temperature with uni­
form heat generation in the gas. Nongray effects are included by 
using the total band absorptance [3, 14, 15] and both exact, and 
approximate results are obtained. 

Radiative Flux 
The radiative heat flux in the radial direction in cylindrical 

coordinates in a tube at constant temperature may be written in 
the following form [16-19] 

1 Presently, Assistant Professor, University of Michigan, Dearborn 
Campus, Dearborn, Mich. 

2 Numbers in brackets designate References at end of paper. 
Contributed by the Heat Transfer Division of THE AMERICAN 

SOCIETY OF MECHANICAL ENGINEERS and presented at the ASME-
AIChE Heat Transfer Conference, Minneapolis, Minn., August 3-0, 
1969. Manuscript received by the Heat Transfer Division, January 
2, 1969; revised manuscript received, April 28, 1969. Paper No. 69-
HT-38. 
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where r is the physical coordinate in the radial direction, li is the 
radius of the cylinder, o> is the wave number, ka is the spectral 
absorption coefficient, and Ba is the blackbody radiation intensity. 
Equation (1) is valid for a nonscattering medium in local thermo­
dynamic equilibrium bounded b,y black tube walls. The ex­
ponential integral function Dn(x) is defined by 

DJx) = 
Jo 

(cos" l a) exp da 
/ » l M „ - i e - x / M 

Jo a -M 1 )^ 

Using the recurrence relation for DJx), namely, 

DJ(x) = -D„_i (z ) n > 1 

d/x 

(2) 

(3) 

where DJ(x) is the derivative of DJx) with respect to x, yields 
the following result for equation (1) [19]3: 

3 We have taken koi to be independent of temperature. However, 
for the case when ka is a function of the temperature according to 
A'w = fcn(aj) -fcn(T) the same procedures can be carried out [2]. 

.Nomenclature. 

A = total band absorptance 
At, = bandwidth parameter 
Ba = blackbody radiation intensity 

Ba,o = blackbody radiation intensity 
evaluated at To 

Bac = blackbody radiation intensity 
evaluated at band center 

Co = correlation parameter 
Ew = blackbody flux density equals irBo, 

Eac = blackbody flux density evaluated 
at band center 

F = radiative flux 
H = wall radiosity 
/ = total radiation intensity 

ka = absorption coefficient 
P = pressure 
Q = uniform heat source 
qr = total radiative flux 

R, ?'o = tube radius 
r = local radius 
t = pressure broadening parameter 

u = noiidimensional optical depth 
= CfPr 

u„ = defined as C„2 Pit 

Superscripts 

+ = directed toward wall 
— = directed away from wall 

' = differentiation, dummy variable of 
integration 

Subscripts 

0 = evaluated at To 
co = wave number 

u)c = evaluated at band center 

28 / FEBRUARY 1 9 7 0 Transactions of the ASME Copyright © 1970 by ASME

Downloaded 04 Jan 2011 to 194.27.225.72. Redistribution subject to ASME license or copyright; see http://www.asme.org/terms/Terms_Use.cfm



?« = 4 (BJr') - B„,0)k 

2r sin 7 ) 

nf 
L cos 7 J Jr 

A' r 

X D-2 

X £», 

cos 7 

cos 7 

£<•,(>• - )-') 

cos 7 

X A, 

.cos 7 cos a_ 

X 

da dr' r (Buc(r') - / i u 

0 
cos a i ' 

A' 

'"'+L 
sm 7 

(B.( r ' ) - J3U,„)AM 

r' + r — 2r sin 7 

cos 7 cos a 

_cos 7 cos a_ 

da dr dy (9) 
(Cont.) 

ku(r + »"' — 2r sin 7 ) 

cos 7 
d r ' l f r y (4) 

I t is preferable to formulate the problem directly in terms of the 
band absorptance [13]. This can be accomplished by integrating 
equation (9) by parts which yields the following (exact) expres­
sion for the total radiative flux 

The specific medium we now consider is one comprised of an in­
frared radiating gas. For infrared radiating gases the bandwidth 
is sufficiently narrow so that the blackbody radiation intensity, 
/>'„, may be approximated by its value at the center of the band, 
/>'„,;. Thus the total radiative flux for one band, which is obtained 
by integrating the spectral radiative flux over the bandwidth, 
Act), is given by 
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The determination of the radiative flux from equation (10) is a 
complex calculation involving numerical integration of three 
integrals. In almost all problems the temperature profile is 
unknown so that an iterative procedure involving triple integrals 
must be used to obtain the solution. 

To simplify this problem we introduce the approximation4 
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which is similar to the approximation used in the planar geometry 
for the exponential integral, E2(x). The constants a and b are 
arbitrary and are chosen to give the best agreement with the 
exact results as obtained from equation (10). Substituting this 
approximation into the relation for the radiative flux, equation 
(6), and using the definition of the band absorptance yields the 
following approximate expression for the radiative flux 

»,r/2 
(J,- = la I •> I (Bue(r') - Bac,t) 

Equation (6) is the "exact" relation subject to the conditions 
previously stated. We have used the definition for the ex­
ponential integral DJx) given in equation (2). 

The nongra3r effects may be included in the total band ab­
sorptance [3, 13, 14] defined by 
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Integrating by parts, we obtain 
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d 
where A'(y) is the derivative of A(y) with respect to y. Hence, 
equation (6) ma\' be written in terms of the derivative of the band 
absorptance 
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1 In response to a referee's comment, it should be emphasized that 
this approximation was not used in obtaining the exact relations, 
equations (0), (9), and (10). 
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Radiative Heat Transfer With a Uniform Source 
We now consider the problem of a uniform heat source in a 

radiating medium contained in a long circular cylinder at a con­
stant temperature To. The equation for the conservation of 
energy is given by 

1 d 

r dr 
(rq) = Q 

so that the radiative flux is given by 

q = Qr/2 

(14) 

(15) 

Combining equation (15) with the exact expression for the radia­
tive flux, equation (10), yields the following integral equation5 
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5 The gas is assumed to have only one bund. For a multiband 
tt 

medium, the radiative flux is given by gr = J ] qr,i where n is the 
1 = 1 

number of bands. 

Q/AoC'P 
(17) 

A 0 is a bandwidth parameter and CV is a correlation quantity. 
To evaluate the band absorptauce we use the following correla­

tion of Tien and Lowder [15] based on the results of Edwards and 
Menard [14] 

A = A0 In «/«)[" + 

mm 
+ 1 

where 

f(l) = 2.94[1 - e~iM]. 

(18) 

(19) 

The variable t is a line structure parameter. 
The solution to equation (16) was obtained by assuming a 

third-order polynomial distribution for <f> with unknown con­
stants. The constants were determined by satisfying equation 
(16) at equally spaced intervals of u. The number of intervals 
varied from 5-10. Equation (16) was considered to be solved 
when the resulting simultaneous equations yielded virtually the 
same results over the entire optical path as the number of intervals 
was increased. A quartic profile for <f> was also used and the re­
sidts were in very good agreement with those obtained from the 
cubic profile and are presented in Fig. 1. 

Using the approximate relation for the radiative flux, equation 
(15), with equation (13) we obtain the following integral equa­
tion 

4a f'T/2 i f" 

*J U 

/•wo 

J u sin 7 

A 
b(u — u') 

b(u' — u) 

cos 7 

(u + u' — 2« sin 7 ) 

cos 7 J du' 

dA aw 
du 

d4> , , 
— du 

X A 
u + «o 

cos 7 

2u sin 7 

cos 7 

d<t> 
— du' 4- (j>(uo) 
du 

b(uo — u) 

cos 7 
dy 

(20) 

The solution to equation (20) was obtained in the manner just 
described and the residts are also presented in Fig. 1. I t is seen 
that a value of a equal to unity and 6 equal to 6/< in the approxi­
mate formulation yields results that are in excellent agreement 

U0 = C5PR 

Fig. 1 Center-line temperature of radiating gas with a heat source 
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Fig. 2 Comparison of exponential integral function and approximation 

with t h e exac t resu l t s as ob ta ined from e q u a t i o n (16).6 I n F i g . 2 

t h e compar i son b e t w e e n D>>(x) and e~'xli is p resen ted . 7 

Conclusions 
T h e p r o b l e m of d e t e r m i n i n g t h e r a d i a t i v e t r a n s p o r t in t h e 

cyl indrical g e o m e t r y h a s been carr ied ou t . T h e inclusion of n o n -

g ray effects w a s m a d e t h r o u g h use of t h e t o t a l b a n d a b s o r p t a n c e 

in b o t h t h e exac t and a n a p p r o x i m a t e fo rmula t ion . T h e a p ­

p r o x i m a t e fo rmula t ion , cor responding to t h e a p p r o x i m a t i o n 

Di(x) ~ e ~ " / 4 , y ie lds resu l t s which are in ve ry good a g r e e m e n t w i t h 

t h e exac t ca lcu la t ions . 
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A P P E N D I X 

Radiative Heat Flux in Cylindrical Geometry With 
a Wall Emitfance 

F o r diffuse n o n b l a c k walls e q u a t i o n (1) can b e w r i t t e n as 

follows 
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9w = 
- ' / ; 

•/2 f bku , , „ , • s 
COS 7 - — (r + W - 2r sin 7) 

•UO) oe c o s
 T 

0 

f- - (1 - e)F + 

where 7<1
C0

+ is represented by the following expression 

I JO) cos 7 ! /A- u (B- r ) 

- ae o o s -> 

fcl-u(r-r') 

*/ r sin 7 

7?u(''') ^ #„,„ 

aEu 
X fcwae c o s T dr' + — ~ cos 7 

TO 

IT 
*'»+(#) = 

• i r / 2 p , r / 2 

c o s 2 a d a I Ia
+cos fcl/3 (24) 

/»W2 / - T / 2 
?) = 4 c o s 2 a d a 7„ + 

J a = 0 Jfl = 0 

-H-W(r — r sin 7) 

X COS 7 C c o s T X' 
7r6 

7?„(r') — EUl„ 

X A-woe c o s ''• 
aEu 

IT 

bka(.R-r) 

FU
 + (R) = 4 J»TT/2 / " I T / 2 

cos 0 j J 
3=0 J a = 0 

/a>+ cos2 adadft (25) 

:/c' + - — ~ cos 7e C03 7 

Trb 

aEa 

r 
1/ r 

Eoj\T j -^o),i 

•jr6 

!>A-u(r + r ' - 2 r sin 7) 

COS 7 

From references [18, 19] equation (25) can be written in the 
following form 

K/2 i r 2fcM 
F„+(R) = 4 j cos 7 -<7J0)£>3 — — (R - R sin 7 ) F^(R) = 4 f 

J o .cos 7 
/tMac o o s -< 

aEj^cosy ~ ~ «'' + /l> " 2 r s i" ^ 

dr' 

L 

+ 

-rrb 

a E , , , cos 7 

7r6 

" BJr') , 
A-„ ^ — - ( D2 

/? sin 7 C 0 S y 

+ Di 
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(It + r' ~~ 27? sin 7 ) 

— - (r - r sin 7) I 
C 0 S T > (?7 (21) 

_cos 7 

~^~ (R - r ' ) 
cos 7 

dr' } dy (26) 

Substituting equation (26) into equation (23) and using the 
exponential function approximation for 7)3 yields 

where 7M(0) = Hu(0)/ir and 77u(0) is the radiosity of the wall-
The approximation D?(x) ^ ae~bx has been used in equation 
(21). Equation (21) can be rewritten in the following form 

t r/2ir 
f J o \Jr sii 

-r 
[£•<„(/•') - T^ .Mvw c o s 7 A' 

M a 

»(0) = 
eEa „ (1 - e) 4a 

= —' + • - . 
7T 7T 0 

4«(l-£_) p / 

Pn/2 

Jo ' (0) 
I cos 7e 

ft 

-2kab_<.H~R sin 7) 
COS 7 

[£'„(;•') - E^olkuae c o s 7 ' ' dr ' 
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- —•£- (r + r> - 2 r sin 7) 
£'„,„]fc„ae C 0 S T dr' 
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*" J o J A! sin 7
 C 0 S ? 

/ _ i & L . ( « + r ' - 2 K s i n 7) ^ " ( f t - r ' ) \ 

X \ e c o s 7 + ecos ~< Jdr'dy (27) 

Solving equation (27) for IJO) and setting 77w(0) = ir/«(0) for 
a diffuse surface we obtain 

(770,(0) — EUi0) - cos 7 g cos 7 
(r + K - 2 r sin 7) 77„(0) = e7?w,o + 4a(l - e) 

T - 6 * w ( i e + r ' - 2 f f i s i u 7) 

J o J ft sin 7 
fcu7J„(r') 

( , jA'c(/ i>-r ' )-

| fcM(fl-r)-
COS 7 

The radiosity of the surface is expressed as 

7/(0) = eE0 + (1 - e)F+(7iJ) 

o>7 (22) 

(23) 

x L« 

where 

den = 1 

COS 7 

4(1 -

+ e 
21 
J d r ' d 7 / d e n 

(28) 

1 - 6) a P / 2 
— 1 

7T 6 J o 
cos ye 

— 2kub ,,-, Ti . . 
(R — R sm 7) 

COS 7 Jy 

where /'' ; (R) is the irradiation of the surface. We have for the 
reflected energy F~ the following relation 

Equation (28) represents the expression for the surface radi­
osity to be used in equation (22). 
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Turbulent Heat Transfer in Concentric 
Annuli With Constant Wall Temperatures 
The problem of turbulent heat transfer in concentric annuli is analyzed for the case in 
which one wall has a constant temperature while the other is insulated. The solution is 
given for both, the thermal entrance region, and the fully developed situation with heating 
at either one of the annular surfaces. The description of the velocity profile properly 
takes into account the Reynolds number and radius ratio dependence of the nondimen­
sional turbulent velocity profile in concentric annuli. Results are presented for radius 
ratios 2.88, 5.625, and 9.37 with the Reynolds number range from 20,000 to 240,000 
and for Prandtl numbers 0.01, 0.7, and 1000. The calculated Nusselt numbers for the 
constant wall temperature boundary condition are smaller than the. corresponding result 
for a uniform heat-flux boundary condition. The available experimental evidence for 
concentric annuli is insufficient to provide a direct test of the analysis. However some 
calculated results for the radius ratios 1.05 and 50 are in agreement with available 
theory and experiments for the parallel plate channel, and circular tube, respectively. 
There is also good agreement, between the calculated results for the extension of the analy­
sis to the case of a linear rise in wall temperature and experiments for a uniform heat-
flux boundary condition for the annuli considered. 

L 
Introduction 

HK annular configuration is of considerable im­
portance in the design of heat exchangers and has attracted much 
theoretical and experimental effort. Like the circular tube and 
parallel plate channel, a theoretical analysis may be made of tur­
bulent heat transfer in concentric annuli from the energy equa­
tion. Such analyses have been presented for concentric annuli 
in previous work only for the case in which there is a uniform heat 
flux at the annular surfaces and the situation is fully developed. 

('ontributed by the Heat Transfer Division of THE AMERICAN 
SOCIETY OF MECHANICAL ENGINEERS and presented at the ASME-
AlChE Heat Transfer Conference, Minneapolis, Minn., August 3-6, 
lfllirt. Manuscript received by the Heat Transfer Division, April 4, 
lWiO. Paper No. 69-HT-51. 

The analysis of the thermal entrance region, which is of im­
portance unless the duct is very long, requires the solution of a 
partial differential equation and may be an eigenvalue problem. 
With a uniform wall heat-flux boundary condition the fully de­
veloped solution may be obtained without considering the ther­
mal entrance region. However, with a constant-wall-tempera­
ture boundary condition, the asymptotic value of the Nusselt 
number may only be calculated from the thermal entrance re­
gion solution. Such analyses have been given by Sleicher and 
Tribus [I]1 for the circular tube and by Hatton and Quarmby [2] 
for the parallel plate channel. 

The value of such solutions depends very much upon the ac­
curacy of the description of the turbulent velocity profile and the 
variation of eddy diffusivity across the duct. Previous formula­
tions of these quantities for concentric annuli, e.g., Leung, Kays, 

1 Numbers in brackets designate References at end of paper. 

•Nomenclature-

// = 
K = 

I;1 = 

Nu = 

Pr = 

lie = 
11 = 

cross-sectional area of annulus 
radius ratio r0/i\ 
eigenconstant 
coefficient in eddy diffusivity 

equation 
specific heat at constant pressure 
annular characteristic dimension 

20-o - <',-) 
heat transfer coefficient 
von Karman's constant in similar­

ity hypothesis 
thermal conductivity 
k/lv' 
mixing length 
index in sublayer profile 
Nusselt number hD/h 

Prandtl number p.cp/k 

Reynolds number ubD/v 

nondimensional radius r/(r0 — ;•,•) 
radius 

'•• ff/* 

I temperature 
7 " 

T = nondimensional temperature 

fluid velocity 
nondimensional turbulent velocity 

Ultl 
bulk velocity I udA/A 

fictitious velocity of turbulent 
eddy 

axial distance 
nondimensional axial distance x/D 

radial distance from annular wall 

V = V 

A 

p 
T 

M 

r,r 
thermal diffusivity 
i - y+/v,n

 + 

eigenvalue 
density 
shear stress 
viscosity 
kinematic viscosity ju/p 
v/pv' 
eddy diffusivity of momentum 
eddy diffusivity of heat 

Subscripts 

i = inner 
0 = outer 

m = at position of maximum velocity 
1 = at edge of sublayer 
e = entrance value at x = 0 
b = bulk value 
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and Reynolds [3] and Lee and Barrow [4], have included certain 
assumptions which recent experimental work by Quarmby [5] 
has shown to be incorrect. I t lias been shown by reference 
[5] that the nondimensional velocity profile in concentric annuli 
is dependent on the radius ratio and Reynolds number. In 
particular, the radius of maximum velocity is a function of 
these parameters and is not the same as in laminar flow. An 
analysis of turbulent flow in concentric annuli from von 
Karman's similarity hypothesis has been given by Quarmby 
[6] which is in good agreement with the findings of [5]. 

This analysis is used here, together with descriptions of the 
eddy diffusivities of momentum and heat which are believed ac­
curate, to provide the solution of the energy equation for turbu­
lent heat transfer in the thermal entrance region of concentric 
annuli with a boundary condition of constant wall temperature. 

General Energy Equation 
With the usual assumptions of constant fluid properties and 

negligible axial conduction and introducing the concept of eddy 
diffusivity of heat, the energy equation becomes, 

I o f Ml dt 
- — \(a + eH)r — \ = u — (1) 
r or L or J ox 

I t is further assumed that the temperature is uniform, le, and 
the turbulent velocity profile is fully developed at the start of the 
heated section at x = 0. Using the nondimensional variables 

T = 

and 

R = — 

equation (1) becomes 

x 

J) 

, r0 \A"o/p 
,•„+ = 

v 

_ _ 
p + p J oR 

b - 1 _ _ r o T M ( i . _ (2) 

The subscript w refers to the heated wall so that for heating on the 

inner wall T,- = 
I, - t, 

and for heating on the outer wall T0 = 

-. Since T is defined relative to the wall temperature it is 
te - h 
clear that the asymptotic value of T must be zero since this 
corresponds to the condition that the fluid temperature is every­
where equal to that of the heated wall. Accordingly, the tem­
perature T has only a developing part which may be given by a 
variables-separable solution as 

T = <t>(R)^(X) 

Equation (3) is substituted into equation (2) and each side 
multiplied by 8/Re and equated to the constant —X2. On re­
arranging we have 

2' = £ c„<j>n(R)t«(X) 
1 

where X2„ are the eigenvalues and 

tn = exp 
SX„2.Ti4 

Re 

(4) 

(5) 

The eigenfunctions 4>H are determined from 

b - 1 r+u+\„ 

lidR 
R 

6Ji i — 
v Pr (111 + 4 0 (6) 

b Re 

The boundary conditions on equation (6) are that T = 1 at 

34 / F E B R U A R Y 1 9 7 0 

x = 0 and T = 0 at the heated wall for all values of x+. At the 
oT 

unheated wall — = 0 for all values of :cT. The eigenvalues are 
oR 

determined from these boundary conditions and the constants 
C„ from the Sturm-Liouiville condition, so that 

C„ = 

I ° u<,+R<t>„(R)dR 
Jjli 
nR. 
I u0+R4>n{R)WR 

J R, 

(7) 

I t is clear from equations (4) and (7) that an arbitrary multiplica­
tive factor may be associated with d>n or, equivalently, thai the 

'd(j}„ 
magnitude of at the heated wall may be taken as unity. 

dR 
Thus, for heating at the inner wall j —- ) = 1 and for heating 

\d.R / m 

at the outer wall 
dT, 

- 1 . 
\ dll / R0 

The Nusselt number is defined by 

hD ( dl 

N u - y - - ( -

From the expression for tb given by 

urtel 

D 
«) 

k 
r 
j urdr 

(9) 

and use of equation (6) 

T l ~ °" i ' 6 Pr(6 + 1) Y X„2 

and 

T b A Cn 
b Pr(6 + 1) Y X2» 

\dR, 

KoR ) 

| exp 

exp 

8X2„ 

Re 

8X2„ 

FuT 

(10a) 

(106) 

Differentiating equation (4) and since the magnitude of 

— I is taken as unit3' in the solution we have 
dR/m 

Nil; 

2 Pr (6 + 1) £ C 
l 

E v 7 e x P 

n e X P 

" 8! 

SX„2 ^ 
— x + 

Re 

— x + 
te 

(Ha) 

(3) and 

Nu„ = 

2 Pr b-^-- Y C„ exp 
b Y 

sx ,:-

A C„ 
E ^ 7 e x P 

1 A„ 

8X„2 

Re ' 

(116) 

These expressions reduce, correctly, to the parallel plate limit 
given by reference [2] as 6 becomes unity, i.e., 

Nu = 

4 Pr y^ C„ exp 
l 

8X„2 

Re 

E YTexP 
1 « 

8X„2 

Re 

(lie) 

Unlike the circular tube and parallel plate channel the problem 
is not symmetric with respect to the center line of the annular 
space. Accordingly, the eigenvalues and constants for the case 
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of heating at the outer wall are different to those for heating at 
the inner wall. Thus two sets of X„ and C„ must be determined 
for each radius ratio-Reynolds number-Prandtl number com­
bination. 

Velocity Profile and Eddy Diffusivily Variation 
The solution of equation (6) requires an accurate description of 

the velocity profile and of the variation of eddy diffusivity across' 
the duct. In the present work the velocity profile is given by an 
analysis due to reference [6] which is described in the Appendix. 
This analysis is based on the von Karman similarity hypothesis 
and may also be used to give a description of the eddy diffusivity 
of momentum, e,„. However, the value of e,„ thus given by the 
similarity hypothesis is zero at the radius of maximum velocity. 
Since the eddy diffusivity of heat is to be obtained from e,„ by 
an expression for eH/e„, such a value is not acceptable since heat is 
being transferred across the plane of the radius of maximum 
velocity in the present unsymmetrically heated case. Accord­
ingly the eddy diffusivity of momentum is given in the center of 
the duct by an expression developed from that given by reference 
[3] which fits the data of reference [5] for e,„. In the region close 
to the annulus wall the expression for e,„ given by Deissler [7] is 
used. Thus e,„ is described as follows, for 0 < y0

 + < ?/,„ + 

— = nhi0
+yo + [\ - exp (—n*u0

+y0
+)] 

v 
(12) 

and for -</,„+ < y0
 + < ymo + 

^ = I ( , _ « 
v 15 

1 - | ) roni - M(l + 2/3„») 

X [1 + 0.6ft,(l - ft,)] - Co (13) 

where j3„ = 1 — y„+/y„,„ + 

In the inner sublayer, — is given by replacing the subscript o 
v 

in equation (12) by i, while for yu
+ < i/,+ < !/„,;+. 

1 

15 

X 0.0 V. 
''„ + (1 - ft'Xl + 2/3.') 

- (3,(1 - pt) •=4) ft] 
.'/».»' / 

- Ci 

(14) 

where /3, = 1 — y,+/ymi+. 
Leung, Kays, and Reynolds [3] used equation (13) with C„ = 0. 

The value of — at ylt,
+ thus calculated is not the same as that ob-

v 
tained from equation (12) at the same point. The coefficients C„ 
and C, are introduced to eliminate these discontinuities in the 
eddy diffusivity profile and are defined as follows. If the dif­
ference, at )/(„

+, in e,„ between equations (12) and (13) with C„ 
zero is5(e,„)0 then 

|6o 

120 

+ i?e = 5 l '=\°° 
A Re - 2 .32SO 

T H - £ Q £ 7 

e-<vofos ^ > 

AMD C I U-> 

\ O 

\ \ 
^ Q 

A ~ . 

< r - r C V < r . - r t ) 
N 4 

O'2-S O - S 

Fig. 1 Eddy diffusivity in concentric annufi b ™ 5.62 
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a-8 

2 O 

I I I I 

J L 

Fig. 2 Ralio of e///e„, from Jenkins' expression 

H-Oo^ 

c„ = 5(0„(2/„„,+ - ?/„+)/(y,„o+ - vio+) 

Similarly, 

C r = 5(e„,) i( ? /„ i i
+ - y;+)/(ymi

+ - •!/,,•+) 

Fig. 1 shows the agreement between the present description of 
e,„ and measured values given by reference [5]. Similar good 
agreement has been shown for equations (13) and (14) by reference 
[3] for radius ratios up to 19 and Reynolds numbers as high as 
700,000. 

The ratio of the eddy diffusivity of heat to that of momentum 
is taken from the expression due to Jenkins [8]; namely, 

Table 1 Relation between Re and r „ + for concentric annuli 

90 1 
1 - V — 1 - exp (-nWk1) 

= Pr 

1 - 9£ 
7T6 

(15) 

1 — e x p (— B27T2I<1) 

This ratio has been evaluated by reference [3] as a function of 
e„,/v and the values for Pr = 1000, 0.7, and 0.01 are given in 
Pig. 2. 

Calculations and Results 
For a given radius ratio, the Reynolds number is determined 

by choice of the parameter r0
+ since Re = ubD/v may be ex­

pressed as 

Re = 
4 I Cmi * 
— — IUHVS + '•«-+)A/;

 + 

+• ' ''•' Jo 
+ —7 «„+(>'£ 

r » + Jo 
Vo+)dy„+ (16) 

The relationship between r 0
+ and Re for the radius ratio 1.05, 

2.88, 5.625, 9.37, and 50 is given in Table 1. These ratios were 
chosen since they were used in the flow study of reference [6] and 

b = 

' r o 

-;ooo 

11100 

2J6CW 

50000 

iooooo 

150000 

1.05 

a. 

9050 

1755c 

52900 

96650 

212200 

554600 

r o 

485 

882 

1600 

5000 

7500 

1000 

88 

?.e 

10160 

19560 

58550 

141540 

22J20O 

30 8400 

r o 

560 

620 

1950 

50O0 

7500 

10000 

5.625 

K„ 

9456 

25560 

6)250 

164400 

290900 

401200 

9 

0 

325 

875 

2210 

3000 

5000 

10000 

37 

?.9 

9245 

28040 

80460 

113900 

202700 

440800 

-

rT, 

295 

1000 

2210 

2 500 

5CO0 

10000 

Re 

908S 

36310 

89640 

103140 

2256CO 

486900 

correspond with the experimental results of reference [5]. The 
results for 6 = 1.05 and 50 are comparable with results for a 
parallel plate channel and a circular tube, respectively. 

The integration of the equations was effected by using a 
Runge-Kutta technique and accuracy was insured by suitable 
choice of the step length. The eigenvalues were determined by 
a trial and error method which consisted of integrating equation 
(6) from the heated wall with arbitrary values given to the X„ and 
establishing which values fulfilled the correct boundary condition 
at the unheated wall. The constants C„ were then found by 
direct integration of equation (7). The eigenvalues and con­
stants for 6 = 2.88, 5.625, and 9.37 for a constant wall tempera­
ture on the inner wall are given in Table 2 and for a constant wall 
temperature on the outer wall in Table 3. Since the radius ratios 
b = 50 and 1.05 were investigated merely to provide a comparison 
with experimental work for the circular tube and parallel plate 
channel, the eigenvalues and constants for Pr = 0.7 only were 
calculated. These are given in Table 4. 
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Table 2 Constant wall temperature at inner wal l ; eigenvalues and constants 

b Ee 

20363 4 

2 . S3 2 

73035 4 

122275 3 

170415 4 

1 
7 

P r . 0 . 0 1 

X., 0 

9 . 0 7 5 0 6 3 - 2 . 8 9 9 7 8 6 
3 2 . 8 0 1 5 1 - 2 . 1 8 4 7 4 0 
55 .55759 - 1 . 5 6 6 4 9 8 
7 6 . 0 S 5 S S - 2 . 1 5 7 9 7 4 

IOC.5745 - I . 2 2 0 9 2 I 
1 2 3 . 0 3 6 5 - 2 . 2 2 9 9 3 4 
1 4 5 . 4 9 3 8 - 0 . 9 5 0 9 8 2 

9 .416890 - 3 . 1 3 9 3 1 6 
3 4 . 4 2 4 5 8 - 2 . 1 4 0 4 9 0 
38 .09132 - 1 . 9 2 1 0 0 2 
81 .64276 - I . 8 4 6 8 8 I 

105 .1252 - 1 . 8 0 9 6 6 3 
128 .5867 - 1 . 7 8 1 0 5 5 
1 5 2 . 0 3 2 5 - 1 . 7 5 7 1 7 5 

9 .894949 - 3 . 4 8 1 4 0 2 
36 .55422 - 2 . 3 3 1 7 6 8 
61 .55557 - 2 . 0 1 3 1 2 5 
8 6 . 5 4 6 8 5 - 1 . 9 2 3 3 0 8 

1 1 1 . 3 8 1 0 - 1 . 8 9 5 9 6 4 
1 3 6 . 2 2 4 1 - 1 . 8 6 4 4 3 0 
161 .0496 - 1 . 6 5 2 5 3 7 

1 0 . 3 7 9 7 5 - 3 . 3 4 7 0 5 5 
38 .69533 - 2 . 5 2 6 0 6 0 
65 .08417 - 2 . 1 0 6 4 5 4 
9 1 . 5 3 1 7 3 - 2 . 0 0 4 5 3 1 

1 1 7 . 7 3 6 8 - 1 . 9 8 3 7 8 5 
1 4 3 . 9 8 2 8 - 1 . 9 4 7 8 9 3 
170 .2076 - 1 . 9 4 3 6 3 8 

P r - 0 .7 1 P r - 1000 [ 

V, "„ 
3 .091883 - 2 6 . 1 3 5 3 7 

1 4 . 0 6 0 6 1 - 1 0 . 3 2 4 7 0 
25 .03239 - 2 . 7 2 2 4 5 6 
3 5 . 4 3 1 6 4 - 5 .277310 
4 5 . 6 6 0 5 5 - 1 .238206 
5 5 . 9 1 4 2 1 - 4 .664812 
6 5 . 9 8 0 3 8 - 0 .270775 1 

5 . 0 6 9 9 1 3 - 6 8 . 7 0 3 8 9 
2 4 . I 8 9 6 7 - 1 8 . 3 6 2 5 4 
43 .11542 - 9 .218279 
6 1 . 0 2 4 9 8 - 7 . 8 2 4 0 7 5 
7 3 . 4 1 1 3 8 - 6 .750022 
9 5 . 9 6 2 9 8 - 6 .040550 

1 1 3 . 2 7 0 0 - 5 .557072 

6 . 169168 - 1 0 1 . 8 8 4 6 
3 0 . 0 3 5 7 0 - 2 5 . 8 0 7 4 4 
53 .64464 - 1 2 . 8 1 9 4 5 
75 .91237 - 1 0 . 9 1 4 4 0 
9 7 . 5 2 1 7 1 - 9 . 4 0 6 3 3 8 

1 1 9 . 3 5 4 3 - 3 .400775 
140 .8829 - 7 . 7 2 3 9 0 4 

*„ cn 

0 . J 2 0 8 5 8 - 3 9 9 . 8196 
1 4 . 4 7 6 6 6 - 15 .66066 
2 7 . 6 1 7 7 2 12 .02237 
3 9 . 2 3 2 7 5 - H . 9 4 3 2 5 
4 9 . 7 5 4 5 5 6 .560319 
56.9666O - 2 . 9 8 3 2 2 1 

0. 556746 -1-202. 379 
24 .01419 - 2 . 5 8 6 6 1 3 
4 3 . 8 8 4 9 - 1 .035307 
6 5 . 8 8 3 1 1 - 0 .663067 
8 5 . 5 1 5 0 8 - 0 .788957 

105.2247 - 0 . 8 4 8 9 3 0 
1 2 4 . 5 9 5 1 - 1 .016B85 

O.696367 - 1 8 8 1 . 1 9 9 
2 9 . 4 1 8 1 4 - 4 . 1 6 9 4 3 6 
56 .16238 - 1 .59465s 
8 0 . 6 2 2 7 1 - 1 .238183 

104 .6599 - 1 .020585 
1 2 8 . 8 6 6 6 - 0 . 9 5 3 9 5 8 
152 .7554 - 0 . 9 5 7 4 7 5 

7 .014179 - 1 3 1 , 8 3 2 5 0 . 8 0 5 5 2 8 - 2 5 1 6 . 1 5 3 
34 .59894 - 3 2 . 2 5 5 9 5 3 3 . 5 4 7 1 8 - 5 .714979 
6 1 . 8 7 5 8 0 - 1 5 . 9 2 1 5 1 64 .01264 - 2 . 1 4 7 6 1 6 
8 7 . 5 4 7 8 3 - 1 3 . 5 8 4 4 1 9 1 . 8 7 4 3 ° - 1 .622690 

112 .4494 - 1 1 . 7 0 7 9 6 1 1 9 . 2 5 1 8 - 1 . 285538 
1 3 7 . 6 1 6 5 - 1 0 . 4 4 8 9 4 1 4 6 . 8 4 1 8 - 1 .138634 
1 6 2 . 4 3 3 1 - 9 . 599539 ! 174 .0882 - 1 .069480 

Re n 

1 
2 
3 

30226 4 

.„_ 7 

1 
2 
3 

65116 4 
5 
6 
7 

1 
2 
3 

125267 4 
5 
6 
7 

1 
2 
3 

23662* 4 
5 
6 
7 

P r 

* n 

7 .992251 
32 .43244 
55 .36463 
78 .01522 

n o . 5791 
123 .1472 
145.65BO 

8 .208116 
33 .73839 
57 .42224 
80 .90392 

1 0 4 . 2 9 5 5 
127 .6499 
150 .9754 

8 .722900 
3 6 . 7 0 4 5 1 
62 .09195 
87. 47004 

1 1 2 . 7 4 2 3 
1 3 7 . 9 1 5 1 
163 .0917 

9 .69456 
42 .16597 
7 0 . 9 9 9 6 1 
9 9 . 9 8 2 3 8 

1 2 8 . 7 9 3 1 
1 5 7 . 4 2 2 8 
186 ,1126 

. 0 . 0 1 ' 

cn 

- 3 . 9 9 1 7 0 0 
- 2 . 1 7 7 8 6 7 
- 1 . 9 3 8 1 9 6 
- 1 . 8 4 6 1 6 4 
- 1 . 7 7 0 3 1 7 
- 1 . 7 1 8 1 2 4 
- 1 , 6 8 0 6 6 1 

- 4 . 2 1 6 8 2 3 
- 2 . 2 7 0 9 9 0 
- 1 . 9 9 6 2 9 0 
- 1 . 6 9 9 4 1 2 
- 1 . 8 5 0 2 8 9 
- 1 . 8 1 6 3 0 4 
- 1 . 7 8 8 7 0 6 

- 4 . 7 8 4 1 5 4 
- 2 . 4 7 6 8 3 2 
- 2 . 1 1 0 1 6 1 
- 1 , 9 8 2 9 4 1 
- 1 . 9 5 0 9 4 2 
- 1 . 9 2 9 2 7 7 
- 1 . 9 0 7 1 3 6 

- 5 . 9 5 3 0 7 4 
- 2 . 8 6 8 5 7 1 
- 2 . 3 1 9 7 4 2 
- 2 . 1 4 9 5 6 8 
- 2 . 1 4 5 4 4 4 
- 2 . 1 3 7 2 6 4 
- 2 . 1 1 6 6 0 0 

P r 

xn 

3.OO6O43 
1 7 . 4 4 2 8 3 
30 .53339 
4 3 . 2 6 1 3 5 
55 .58452 
6 7 . 9 1 0 9 9 
8O.25847 

4 .016382 
2 4 . 2 3 0 2 1 
4 2 . 4 3 8 7 8 
6 0 . 0 8 6 0 6 
7 7 . 1 2 6 4 4 
9 4 . 1 2 5 6 9 

1 1 1 . 1 6 3 3 

5 . 1 2 5 1 2 5 
3 2 . 0 0 0 7 5 
56 .08750 
7 9 . 3 7 7 5 2 

I O I . 8 4 7 9 
1 2 4 . 2 7 3 6 
146 .7614 

6 .557680 
4 2 . 1 9 9 3 3 
7 4 . 0 1 8 1 4 

1 0 4 . 7 1 1 4 
1 3 4 . 2 8 9 4 
163.8O59 
1 9 3 . 4 2 6 4 

= 0 . 7 ; 

'n 

- 4 1 . 5 3 8 1 7 ! 
- 8 .604550; 
- 4 .7594511 
- 3.992748^ 
- 3 .669077 
- 3 . 2 6 9 3 7 1 
- 3 .034592 

- 7 4 . 2 3 8 7 0 
- 1 4 . 0 8 3 2 3 
- 7 . 7 8 9 1 9 6 
- 6. 631=48 
- 6 . 1 7 9 3 4 3 
- 5. 552280 
- 5 . 1 7 2 3 0 0 

- 1 2 0 . 9 9 9 0 
- 2 1 . 2 8 1 2 2 
- 1 1 . 7 1 4 8 0 
- 1 0 . 0 4 0 1 5 
- 9 .389511 
- 8 .439301 
- 7 .84036^ 

- 2 2 6 . 7 8 8 0 
- 1 1 2 . 6 0 5 3 

51 .78292 
- 1 0 0 . 5854 

7 2 . 8 6 8 3 9 
- 1 0 0 . 5410 

6 6 . 5 3 5 7 0 

P r = 

> J 

0'. 29 3471 
1 3 , 2 4 3 7 3 
3 3 . 6 1 8 8 1 
4 3 . 0 4 8 0 3 
6 1 . 7 4 5 3 4 
7 4 . 7 1 6 8 2 
3 3 . 3 2 5 5 3 

O.414489 
2 4 . 8 0 2 6 0 
4 5 . 5 9 2 2 8 
6 5 . 2 8 9 9 8 
34 .35160 

1 0 3 . 4 4 7 1 
1 2 2 . 3 9 5 2 

0 . 5 4 9 4 3 9 
32 .14804 
5 8 . 9 8 2 3 8 
84 .43577 
1 0 9 . 1 0 8 0 
1 3 3 . 9 1 3 3 
1 5 3 . 7 2 0 4 

, 0 .7256O8 
41 .6522 5 
7 6 . 2 0 9 2 8 

' 1 0 8 . 9 5 9 9 
140. 7483 

| 1 7 2 . 7 9 6 0 
1 2 0 4 . 8 6 2 1 

1000 

J n 

- 5 9 0 . 1 6 1 1 
- 0 . 9 0 1 3 3 0 
- 0 .517312 
- O.627029 
- 0 . 9 8 7 0 4 1 
- 1 .795102 
- 1 .575629 

- 1 1 3 7 . 8 7 7 
1 .709983 

- 0 . 8 2 1 5 3 4 
- 0 . 7 3 6 7 4 4 

0 . 7 6 1 3 8 1 
- 0 . 8 5 4 0 3 7 
- 1 . 115195 

- 1 9 9 9 . 309 
- 3 . 092469 
- 1 .405441 
- 1 .144173 

I . 0 3 0 6 6 5 
0 , 9 5 6 3 2 6 

- 0 . 9 7 8 2 4 1 

- 3 4 8 7 . 5 2 1 
- 5 .627407 
- 2 . 4 9 0 3 1 5 
- 1 .953745 
- 1 .654222 
- 1 .405361 
- 1 .293330 

b He n 

1 
2 

42945 4 

5 
6 
7 

9 . 3 7 x 

2 
3 

8CC16 4 
5 
6 
7 

1 
2 

157789 I 
5 
6 
7 

1 
2 

231996 \ 

5 
6 
7 

Pr = 0 . 1 P r . 0 .7 

\ 
7 .326682 - 5 . 3 4 6 6 1 3 

32 .46807 - 2 . 4 2 8 2 3 2 
55 .59644 - 2 . 0 8 5 3 3 7 
7 8 . 5 3 7 1 8 - 1 . 9 5 6 3 0 5 

1 0 1 . 3 5 5 1 - 1 . 3 7 9 6 9 2 
124 .1450 - 1 . 3 1 5 5 9 6 
1 4 6 . 9 1 6 8 - 1 . 7 7 2 0 0 7 

7 . 5 8 5 6 4 6 - 5 . 7 4 8 2 7 3 
34 .28466 - 2 . 5 2 1 1 3 6 
58 .46403 - 2 . 1 4 3 6 8 1 
82 .53197 - 2 . 0 0 1 4 9 1 

1 0 6 . 5 0 1 8 - 1 . 9 3 9 2 3 8 
1 3 0 . 4 0 6 0 - 1 . 9 0 2 1 2 3 
1 5 4 . 2 7 7 3 - 1 . 8 7 5 0 4 1 

8 . 2 0 3 9 7 3 - 6 . 7 5 3 6 5 2 
38 .41610 - 2 . 7 5 7 5 7 4 
65 . IO658 - 2 . 2 3 3 1 1 0 
91 .82073 - 2 . 1 0 6 1 5 9 

1 1 8 . 4 7 1 3 - 2 . 0 5 5 4 2 8 
144 .9895 - 2 . 0 4 4 9 3 7 
171 .4501 - 2 . 0 2 9 9 2 1 

8 . 7 3 4 3 3 1 - 7 . 7 7 1 2 9 3 
4 2 , 3 1 8 1 4 - 2 . 9 8 0 2 0 5 
7 1 . 4 5 6 6 1 - 2 . 4 0 9 2 0 0 

1 0 0 . 6 9 8 0 - 2 . 2 0 6 8 3 6 
1 2 9 . 8 8 5 5 - 2 . 1 6 9 3 5 4 
158 .8802 - 2 . 1 8 0 9 8 2 
187 .8014 - 2 . 1 7 4 6 6 4 

n n 

2 . 9 7 3 0 5 6 - 6 3 . 8 6 0 9 7 
21 .07102 - 9 .210693 
36 .55989 - 5 .477274 
51 .69166 - 4 . 6 6 2 4 7 6 
66 .40976 - 4 .492097 
8 0 . 9 3 1 3 3 - 4 , 2 2 6 7 8 3 
9 5 . 5 2 9 1 0 - 3 . 9 0 7 5 4 0 

3 . 7 1 1 7 2 8 - 9 9 . 6 7 6 5 5 
2 4 . 4 1 8 0 1 - 1 3 . 1 9 1 8 2 
4 7 . 5 5 9 7 4 - 7 .852744 
67 .22472 - 6 . 7 5 4 4 5 1 
8 6 . 3 4 0 3 3 - 6 . 5 3 7 7 4 5 

1 ':'}. 1649 - 6 .202379 
1 2 4 . 0 5 0 4 - 5 . 7 7 6 9 3 5 

4 .763409 - 1 6 4 . 5 3 2 6 
3 6 . 7 6 9 4 8 - 19 .95419 
6 3 . 7 6 I 8 8 - 1 1 . 8 9 8 5 6 
9 0 . 0 6 4 8 I - 1 0 . 3 1 3 3 6 

1 1 5 . 6 0 4 9 - 1 0 . 1 0 2 1 3 
1 4 0 . 7 4 8 1 - 9 . 6 1 4 3 7 0 
1 6 5 . 9 8 6 6 - 8 .940345 

5 .518450 - 2 2 0 . 4 1 5 5 
43 .61477 - 2 5 . 3 7 9 3 0 
7 5 . 6 2 5 3 1 - 15 . 18009 

1 0 6 . 7 8 3 5 - 13 .23217 
1 3 7 . 0 1 6 9 - 1 3 . 0 2 5 0 6 
1 6 6 . 7 6 8 6 - 1 2 . 4 2 6 9 5 
1 9 6 . 6 3 8 7 - 1 1 . 5 4 9 4 8 

Pr = 1000 

\ i °n 

0 . 2 8 4 0 6 9 - B 3 6 . 6 9 4 1 
2 2 . 2 4 9 6 6 - O.673264 
39 .99339 - 0 . 5 1 6 4 3 5 
57 .05247 - 0 . 5 4 2 3 8 3 
7 3 . 5 0 2 5 0 - 0 . 715022 
89 .61274 - I . 0 5 2 8 I 7 

1 0 5 . 1 5 2 4 - 1 .740639 

0 . 3 6 9 1 2 1 - 1 4 1 3 . 3 1 7 
28 .48552 - 1.472657 
51 .08216 - O.799316 
7 2 . 6 6 6 7 7 - 0 . 7 1 9 2 0 5 
9 3 . 9 9 6 4 8 - 0 .759391 

114 .9322 - O.830.831 
135 .9150 - 0 . 984349 

0 . 4 9 4 5 2 5 - 2 5 3 3 . 6 5 5 
3 7 . 3 5 0 4 3 - 2 . 7 1 7 7 9 5 
66 .84202 - 1 .417726 
95 .28862 - 1 .133148 

1 2 2 . 9 0 2 9 - 1 .121113 
15--. 3124 - 1 .058839 
177 .8989 - 1 .034234 

0 .584899 - 3 5 4 7 . 0 0 8 
4 3 . 9 3 4 1 5 - 3 .881036 
7 3 . 3 7 5 6 4 - 2 . 0 0 3 9 7 2 

1 1 1 . 6 0 7 5 - 1 .645538 
143 .9172 - 1 .511811 
176 .0272 - 1 .362212 
2 0 8 . 3 6 2 4 - 1 .255906 
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Table 3 Constant wall temperature at outer wal l ; eigenvalues and constants 

20363 

73035 

2 .88 

170415 

1 
2 
3 
4 

7 

1 
2 
3 
4 
5 
6 
7 

1 
2 
3 
4 
5 
6 
7 

1 
2 
3 
4 
5 
0 

7 

Pr 

15.28325 
34.65226 
56.64096 
78.92202 

101.2325 
123.5740 
145.9693 

13.97642 
36.10625 
59.29361 
82.52081 

105. 8165 
129.1498 
152.5093 

14.82584 
38.10563 
62.86456 
87.42596 

112.0975 
136.8026 
161.5180 

15.66785 
40.14063 
66.49584 
92.40850 

118.4780 
144.5740 
170.6696 

= 0 .01 

n 
-1.834163 
-1.885824 
- I .630964 
-1.817647 
-1 .446870 
-1 .781655 
-1 .299235 

-2 .047283 
-1.96548O 
-1.817168 
-1 .766785 
-1.738139 
-1.713352 
-1.691267 

-2 .324203 
-2,166809 
-1.922032 
-1 .853610 
-1.630149 
-1,802637 
-1.788587 

-2 .620254 
-2.568487 
-2 .028501 
-1 .942479 
-1.922669 
-1.890629 
-1 .680715 . 

Pr . 

X 

4.895039 
14.21774 
25.31622 
35.57417 
45.80004 
56.OO696 
66.09629 

6.143507 
24.37149 
43.56329 
61.14155 
78.57743 
96.04529 

113.3448 

9.951011 
30.23145 
54.17890 
76.04051 
97.70816 

119.4431 
140.9592 

11.34112 
34.80461 
62.47536 
87.68502 

112.6518 
137.7098 
162.5105 

0 .7 

c 
- 21.57020 
- 9.296906 
- 3 .97263; 
- 4.134452 
- 2 .55733: 
- 3.282394 
- 1.60098; 

- 59.67937 
- 18.69851 
- 10.27537 
- 7.764162 
- 6.781996 
- 5.896312 
- 5.382809 

- 89.50058 
- 26.31512 
- 14.39880 
- 10.88266 
- 9.471152 
- 8.218484 
- 7.493423 

-116.5589 
- 32.90321 
- 17.96062 
- 13.55954 
- 11.80169 
- IO.23445 
- 9.319703 

Pr . 1000 

X 

0.522454 
14.47746 
27.62350 
39.24599 
49.87949 
58. 00810 
76.26263 

0.914452 
24.01474 
45.86836 
65.86442 
85.5182 5 

105.2294 
124,6058 

I . I46O56 
29.41866 
56.16674 
80.62 550 

104.6617 
128.8681 
152.7579 

1.526654 
33.54769 
64.01755 
91.87507 

119.2534 
146.8429 
174.0897 

C 

-367.7152 
- 6.227211 

4.851804 
- 5.331852 

2.813525 
- 2.706227 
- 21.78299 

-1126.332 
- 2.476077 

1.153948 
0.846964 
0.806626 

- 0.864743 
1.066564 

-1769.282 
- 3.985931 
- 1.769743 

1.196264 
1.014519 

- 0.930630 
- 0.945543 

-2571.650 
5.462482 

- 2.384524 
- 1.565665 
- 1.271219 

1.101982 
- 1.059835 

b Re 

30226 

6 5 I I 6 

125267 

236622 

n 

1 
2 
3 
4 
5 
6 
7 

1 
2 
3 
4 
5 
6 
7 

1 
2 
3 
4 
3 
6 
7 

1 
2 
3 
4 
5 
6 
7 

K 
14.46964 
35.65612 
37.53934 
79 .66570 

101.9489 
124.2505 
146 .6134 

15 .07970 
36.86019 
59.71520 
62 .64930 

105 .6884 
128 .7951 
151 .9488 

16 .52410 
59.63510 
64 .56743 
89 .34820 

114 .1606 
139 .1085 
164 .0934 

18.57346 
44 .93661 
73 .60227 

102 .0729 
130 .2490 
158.6847 
187 .1388 

Pr - 0 . 0 1 

C 

-1 .862939 
-1 .797935 
- 1 . 7 1 7 5 4 0 
-1 .672252 
-1 .626293 
-1 .585645 
- 1 . 5 5 5 7 3 0 

-2 .028908 
-1 .901848 
-1 .782306 
-1 .740444 
-1 .714459 
-1 .690685 
-1 .668144 

-2 .415349 
-2 .133389 
-1 .922274 
- 1 . 8 5 5 0 2 3 
-1 .832402 
-1 .815154 
-1 .796299 

-3 ,218728 
-2 .561151 
-2 .184752 
-2 .072201 
-2 .051479 
- 2 . 0 3 3 1 7 3 
-2 .015898 

P r . 

X 
n 

6 .268068 
17.90387 
31.13099 
43 .61935 
55 .30325 
68 .13511 
80. 4212 5 

6.490866 
24.83839 
43 .21680 
60.54474 
77.38287 
94. 3eo67 

111.3252 

10.94189 
32 .74275 
57.05892 
79 .93314 

102 .1323 
124 .5611 
146 .9375 

14 .07361 
45 .10654 
75 .22734 

105 .3869 
134 .6056 
164 .1290 
193 .6126 

0 .7 Pr = 1 

=n ! K 
- 3 0 . 7 5 3 9 0 0.662449 
- 9 .254864: 18.25292 
- 5 .617130 ' 33.62685 
- 4 .263844. 48 .06026 
- 3 .628838: 61.78367 
- 3 .213319! 74 .99613 
- 2.8333511 85.88324 

-56 .80974 1 0 .927873 
- 1 5 . 6 3 6 2 0 ' 24,80("81 
- 9 .494701 ; 45.59952 
- 7 .236186; 65 .29541 
- 6 .197319; 84.35784 
- 5 .5365501103.4605 
- 4 .968934 :122 .4255 

-94 .86330 
-23 .98258 
-14 .55612 

1.235954 
32.15476 
58.99075 

- H . O 6 4 I 5 j 84.44035 
- 9 .442392 
- 8.426532 
- 7 .564538 

-1-57.7191 
- 36 .73990 
- 22 .28590 
- 16 ,90572 
- 14.39932 
- 12.85162 
- 11 .51405 

109.1110 
133.9227 
158.7259 

1.639299 
41 .66084 
76.22026 

108.9650 
140 .7505 
172 .7990 
204.8647 

000 

"n 
- 516.8081 
- 1.019198 
- 0 .673969 

0.7458O6 
- 1.217318 

2.800970 
- 5.490860 

-1013. 742 
- 1.945516 

1.041106 
0 .8066845 

- 0 .795685 
- O.94O667 
- 1.272868 

-1796 .632 
- 3 .534336 

1.766283 
- 1.215655 

I .OI4895 
0.960494 

- 0 ,975470 

-3164 .603 
- 6 .415408 

3.168512 
- 2.064554 

1.596420 
- 1.375544 

1.242404 

42945 

9.37 80016 

157789 

231996 

1 
2 
3 
4 
5 
6 
7 

1 
2 
3 
4 
5 
6 
7 

1 
2 
3 
4 
3 
6 
7 

1 
2 
3 
4 
3 
6 
7 

15.31560 
36.69157 
53.83514 
81.07451 

105.4552 
125,9207 
146.4192 

16.15696 
38.45544 
61.84821 
85.25766 

106.6958 
132.2363 
155.8436 

17.92158 
42.54364 
68.81455 
94.85010 

120.6137 
146.8957 
173.0960 

19.5442 5 
46.45371 
75.45973 

104.0000 
132.3402 
160.8301 
169.4915 

-1.939132 
-1.8X5440 
-1 .729565 
-1 .691031 
-1.659917 
-1.623560 
- I . 5 8 9 6 I I 

-2.176557 
-1.942557 
-1.810976 
-1 .764115 
-1 .740480 
-1.721529 
-1 .705650 

-2.753387 
-2 .235665 
-2.004007 
-1 .929800 
-1.900982 
-1.888802 
-1 .675415 

-3.347630 
-2 .502755 
-2.184107 
-2 ,084261 
-2 .049520 
-2 .041556 
-2 .029360 

7.563563 
21.93638 
37.53048 
52.42856 
66.86269 
31.28564 
95.63479 

9.59o857 
26.54705 
46.76199 
66.12504 
66. 87617 

105.5727 
124.4016 

12.50075 
38.19248 
65.28569 
91.18658 

116.2551 
141.2041 
166.3813 

14.57425 
45.24382 
77.37047 

108.0571 
137.7106 
167.2537 
197.0585 

-42.33570 0.798245 
-11.30336 j 22.25825 
- 7.23039U 40.00402 
- 5.C12073 57,06527 
- 4.736754i 75.52561 
- 4 .224152 39.67696 
- 3.801155; 1=05.51222 

-68,56517 i 1,046143 
-16.83746 j 28.49637 
-10.77944 1 51.09333 
-8 .326995 i 72.87622 
-7 .015186 
-6 .237615 
-5 .711760 

- H 6 . 9 0 7 6 
- 26.50077 
- 16.85145 
- 12.98980 
- 10,90787 
- 9.759193 
- 8.363960 

-159 .3573 
- 34.09554 
- 21.83574 
- 16.80992 
- 14.09673 
- 12.60549 
- 11 .44853 

94.00505 
114.9449 
155.9401 

1.410559 
37.36503 
06.35567 
95.29815 

122.9088 
150.5160 
177.9061 

1.676155 
43.95141 
78.39197 

111.6131 
145.9226 
176.0319 
206.3679 

-705,0760 1 
- 1.270078 : 
- 0.783866 i 
- 0.722132 
- 0.882977 ! 
- 1.411074 : 
- 2 .910463 

-1211.6O4 1 
- 2.177556 j 

1.198011 ! 
- 0.906773 
- 0.837965 : 

0.915241 : 
- 1.156126 ; 

-2201.778 i 
- 4.079571 ! 
- 2.119952 
- 1.453853 i 
- 1.170224 j 
- I .065O8I 
- 1.045427 | 

-3IO8.772 j 
- 5.844285 : 
- 3.045570 

2.021642 ] 
- 1.557159 
- 1.349953 
- 1.248994 j 
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Table 4 Eigenvalues and constants for Pr = 0.7 

T 
i 

R« 
: i H s l «U.L 

•-„. 

1SATSD 

c 
OUTER WALL SEATED 

X n C n 

~| 

11.76624 
4.75125? 
2.515679 
1.835671 
1.714579 

The fully developed Nusselt numbers for the inner and outer 
walls are shown in Figs. 3 and 4, respectively. These may be 
obtained by evaluating equations (11a) and (116) for large 
values of x + or by taking the approximation that only the first 
term need be considered. Thus the fully developed Nusselt. 
Numbers are 

and 

Nil; = 2 Pr (b + 1 )\ i2 

Nu„ = 2 Pr (b + 1 )Xi V6 

(17) 

(18) 

It may be noted in Fig. 4 that the results for Nu„ for b = 50 
and b = 9.37 are indistinguishable as are the results for b — 2.88 
and b = 1.05. As is to be expected there is a much greater radius 
ratio effect on Nil; than on Nil,. 

Fig. 5 shows the variation of Nu, and N u , in the thermal en-
I ranee region for 6 = 5.625 with Re = 30,200 and 125300. Similar 
results may be obtained for the other radius ratios from equations 
' I D . 

Discussion and Comparison With Experiment 
The authors are not aware of any experimental results for 

aunuli in the literature in which the boundary conditions are the 
same as the present analysis. Some results for a uniform heat 
Ilux have been given by reference [3] and Quarmby [9]. The 
present analysis may only be directly compared for 6 = 50 with 
tho experimental results of Boelter, etal . [10], for a steam-heated 
circular tube with air flowing. Fig. 4 shows the good agreement 
between the results of Boelter, et al., for the fully developed case 
and the calculated values of Nu„ for b = 50. 

There is also very good agreement in the entrance region, where 
a comparison may be made with the results for b = 9.37 which, 
as mentioned, are indistinguishable from those for b = 50. This 
is shown in Fig. 6. 

A further comparison of the analysis with experiment may be 
made, which also illustrates the use of the entrance region solu­
tion to provide results for cases in which the wall temperature has 
an arbitrary axial variation. If the wall temperature varies 
linearly with x, i.e., t = Ax then by the principle of superposition 
if may be shown tha t 

Nu,- = 2 Pr (b + 1) -

Nu, 2 Pr 

(19) 

Y 8/V 
l - e x P \ - — x -

(20) 

These expressions reduce correctly to the parallel plate channel 
results given by reference [2] if b is unity. 

The boundary condition of linear rise in wall temperature is 
exactly that of the fully developed situation with a uniform wall 
heat flux. Accordingly, equation (19) for Nu,- for large x+ may 
be compared with the uniform wall-heat-flux experimental results 
of references [3, 9]. This is shown in Fig. 7. The agreement is 
quite satisfactory. Also Nu, calculated from equation (20) for 
b = 50 may be compared with results for a uniformly heated 
circular tube and this is shown in Fig. (8) where a comparison is 
made with the results of Deissler [7] and reference [3]. The two 
results for b = 1.05 from equations (19) and (20) are indis­
tinguishable and either may be compared with the experimental 
results for Barrow [11] for a parallel plate channel, Fig. 8. There 
is good agreement between the solution for a linear rise in wall 
temperature and experiment for uniform heat flux in both Figs. 7 
and 8. Also it may be noted that the fully developed Nusselt 
numbers for a linear rise in wall temperature or, eciuivalently, for 
a uniform wall heat flux are slightly greater than those for a con­
stant wall temperature. This is in agreement with previous 
calculations in the literature for the circular tube and parallel 
plate channel. 

Conclusion 
There is good agreement between the predictions of the analysis 

and the experimental evidence. This is true both for a direct 
comparison with experimental results for a plain tube having a 
constant wall temperature and also for an indirect comparison 
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Silo* 

between an extension of the analysis for annuli to the ease of 
linear wall temperature rise and experiments for a uniform wall 
heat flux. The good agreement indicates that the descriptions 
of the velocity profile and eddy diffusivities of heat and momen­
tum employed are accurate. 

The results show that the radius-ratio effect on the Nusselt 
number is much less with the outer wall heated than with the 
inner wall heated. Also the constant wall temperature boundary 
condition gives lower Nusselt numbers than with uniform heat 
flux. Both these effects hold true over all the range of radius 
ratio Reynolds number and Prandtl number investigated. 
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The turbulent velocity profile in the concentric annulus may be with the boundary condition at yu + tliat both «,-+ and 
described bv the following equations. These are developed from +„i,„„ „, ,„i . n ,- , - ,, , 

. . . . . . . . . . . taken e([iial to the coi responding values given there by 
von Karman's similarity hypotliesis lor the center region 01 cue Rvemrofile 

For the outer profile, for 0 < y0
 + < ;/(o

 + 

^___ = I/T„ 
dy0

 + 

annulus. Deissler's [71 expression for em/v, equation (12), is 
used to deduce the velocity profile in the sublayer region which 
extends up to ,(/,+. 

In the inner sublayer region for 0 < i/;+ < yu 

(lU;+ T/Ti 

(l(/i+ 1 + H2K,- ;"(/; + [l — exp (—•«a«-i+J/,+)] 

n t h i/,-+ = 0 at i/;
+ = 0, while for yu+ < !/,- + < ?/,„,-+ 

(21) 

1 + w2wo
+|/0

 + [l — exp ( — n'2utJ
+y0'' 

and for yu,
+ < y0

+ < y,„„ + 

dhi0
 + -K{dua+/dy „+)•>• 

dy0
 4 du_0 ; 

<hi„+ _ 

'A 

(22) 

dut
 + 

are 
d!li + 

the sub-

(23) 

(24) 
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The boundary conditions on equations (23) and (24) are similar 
to those on equations (21) and (22). 

The development of the foregoing equations is given in ref­
erence [G] where it is shown that the index n2 and the sublayer 
thickness j / i + may be taken as functions of Re and ?/,,,„+. This is 
shown in Fig. 9. The von Karman constant K is taken as 0.36. 
As an example of the validity of equations (21)-(24), Fig. 10 com­
pares the value for the radius of maximum velocity whicli they 
predict with the experimental measurements in reference [5]. 

If r„+ is chosen as the basic parameter, the other parameters 

following 

f , and rt
 ; may be expressed in terms of ?'0

+ by the 

(25a) 

! / . ,T = — —- r , T (256) 

(25c) 

6 b2 - a2 '" 

1 McS- - 1) 

b ft2 - a2 
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The Effect of Thermocapillary Flow on 
Heat Transfer in Iropwise Condensation 
The effect of fluid flow induced by surface tension forces on heat transfer through a drop 
was considered. The model is a hemispherical liquid drop growing on aflat isothermal 
surface. The solution was obtained by finite-difference techniques for different values of 
the Marangoni number (Nm) associated with surface tension forces and the Biol num­
ber (Bi) associated with heat transfer at the liquid-vapor interface. The ranges of 
parameters covered by this investigation include the regimes of most practical interest 
for water. The results show that the contribution of internal circulation in the drops 
to the increase of heat transfer in dropwise condensation is insignificant. 

Introduction 

W: I HEN a saturated vapor is in contact with a surface 
whose temperature is below the saturation temperature then 
dropwise condensation will occur on the surface, i.e., liquid drop­
lets will form, provided that the liquid does not wet the surface. 

Within the past, few years it has been shown that dropwise 
condensation is a nucleation phenomenon [ l ] 1 and that all heat 
goes through growing droplets [2], Further analysis, based on 
the model which neglects the effects of liquid circulation inside 
droplets, shows that only droplets of very small radius are active 
and that the relatively large drops contribute very little to the 
overall heat transfer. 

Trefethen [3] suggested that larger drops could also be impor­
tant for heat transfer if there was a significant internal circulation 
within the drops caused by surface tension forces resulting from 
nonuniform temperature gradients (thermocapillary flow). With 
a simple model he predicted an increase due to thermocapillary 
flow of approximately 170 times that predicted by the conduction 

1 Numbers in brackets designate References at end of paper. 
Contributed by the Heat Transfer Division of THE AMERICAN 

SOCIETY OF MECHANICAL ENGINEERS and presented at the ASME-
AIChE Heat Transfer Conference, Minneapolis, Minn., August 3-0, 
1969. Manuscript received by the Heat Transfer Division, Novem­
ber 12, 1908; revised manuscript received, Februarv 24, 1909. Paper 
No. 69-HT-40. 

solution alone. He observed circulation in larger drops but could 
not take any measurements. 

The existence of flow induced by surface tension was first re­
ported by Marangoni. Scriven and Sterling [4] reviewed the 
literature on "Marangoni Effects" up to 1960. Trefethen 
[5, 6] observed the motion of bubbles along a heated wire in 
acetone, and the motion of ice on a warm metal plate. Boys 
[7], Maxwell [8], Block [9], and others mentioned other surface 
tension-induced flow phenomena. 

Even though thermocapillary flow has been known to occur in 
many physical processes, reported measurements of the dynamics 
of the flow are very rare. Furthermore, measurements of in­
creases in heat transfer due to this type of flow have not been ob­
tained. There were claims, however, that it may be important, 
as we mentioned earlier, in dropwise condensation [3] as well as in 
nucleate boiling [10]. No conclusive evidence substantiated the 
claims. 

The purpose of this work is to determine the effects of thermo­
capillary flow on heat transfer in dropwise condensation by 
simultaneously solving the momentum and energy equations with 
an appropriate set of boundary conditions. A complete solution 
to the problem which goes as far as predicting actual heat tranfer 
rates through each drop is not attempted. Instead, the solution 
presented is primarily concerned with showing the percent in­
crease in heat transfer over the conduction solution. In this 
respect the problem is modeled so that the effect of thermocapil-

"Nomenclature-

o 

Bi 

Bi ' 

c 
h 

ftuv, 

h. 

k 

Nm 

drop radius 
hea 
— (Biot number) 

ha 
— (Biot number) 
A 

specific heat of the liquid 
liquid-vapor interface heat transfer coefficient 

Nu r 

Nn»ve 

Jo 
hr'Zirrdr 

, overall heat transfer coefficient 
7i a-

modified liquid-vapor interface heat transfer coef­
ficient 

local heat transfer coefficient along drop base, 

fc^-'Ar.- T0) 
oz I 

thermal conductivity of the liquid 
(T3 - T0)a(3 

fxa 
the Marangoni number 

h,.a 

A.IVB a 

k 

, local Nusselt number along drop base 

average Nusselt number 

P — pressure 

Pr = —, the Prandtl number 
A' 

R , <t>, 6 = spherical coordinate system 
r, z, 8 = cylindrical coordinate system 

>•', z' = dimensionless coordinates 
T = temperature 

To = temperature of drop base 
T, = temperature of vapor 

velocity 

, dimensionless velocity 

V = 

V = 

a = 

P = 

thermal diffusivity of the liquid 
da 
—i derivative of surface tension with respect to tem-

perature 
a = surface tension 
H = absolute viscosity of the liquid 
w = vorticity 
p = density of the liquid 
r = shear stress 
„ T - To 

T, - To 
dimensionless temperature 
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lary flow is s o m e w h a t o v e r e s t i m a t e d and resu l t s r ega rd ing in­

creases in h e a t t ransfer p r o v i d e an u p p e r b o u n d . V B / 
^<6 

Problem Statement 
Model. A hemisphe r i ca l l iquid d r o p on a flat i so the r ma l su r ­

face a t To is considered to be growing b3f condensa t ion of s a t u ­

r a t ed v a p o r a t t e m p e r a t u r e T,. T h e g r o w t h is considered to b e 

quasi s t e a d y . T h e r e is a finite h e a t t ransfer coefficient, h, b e ­

tween v a p o r a n d l i qu id -vapo r in ter face . Viscosi ty of v a p o r is 

negligible c o m p a r e d w i th viscosi ty of l iquid. Viscosi ty , t h e r m a l 

conduc t iv i t y , a n d d e n s i t y of l iquid a re c o n s t a n t . Viscous t e r m s 

a re negligible in t h e energy e q u a t i o n . 

T h e solut ion d o m a i n is g iven in F ig . 1. T h e p rob lem, as s t a t e d 

earlier, is specified b y t h e following re la t ions : 

C o n t i n u i t y E q u a t i o n 

V- V = 0 

M o m e n t u m E q u a t i o n s 

D V 
P — = - V P + M V 2 V + F 

E n e r g y E q u a t i o n 

PC f = *VT 

(1) 

(2) 

(3) 

BOUNDARY E 

BOUNDARY I 

Fig. I Solution domain 

Referr ing to F ig . 1, t h e b o u n d a r y condi t ions wr i t t en in cyl indr i ­

cal coord ina tes a re as follows: 

At z = 0, ( ) < / ' < a, 

Vr = (), f\ = 0, T = '/•„, 

At r = 0 0 < 2 < a, 

Vr = 0, 
d F , dT = 0 —- = „ — 
dr dr 

At z = \ / V - r2, ( ) < ; • < a 

Vr-r + V.-z = 0 

/dT r dT z \ 
~k ( — - + - - = h(T - T.) 

\ Or a dz a / 

(4) 

0">) 

1 a * . „ , 1 ^ 
V, = — — — and v. = 

/•' dz' ' r ' d r 

By t a k i n g t h e curl of t h e m o m e n t u m e q u a t i o n (2), and m a k i n g 

use of some s t a n d a r d v e c t o r re la t ions , t h e following was o b t a i n e d : 

d lix> d i /A d / to d i /A _ I djw 

dz' \r' dT'J dr' \ r' dz') ~~ ' \dz'°-

+ dr' 

2 d(r'u) 
;•' dr' 

where 

dz' V r ' dz' / dr' \r' dr' 

(7) 

(8) 

/3 / d r d r 

dz a \ d / 
'' = It 

a dr \ a a 

+ ^ F ^ - F 2 M - - M F ^ - F ^ 
a dz \ a a I a \ a a 

T h e symbo l s used in t h e foregoing re la t ions a re i n t r o d u c e d in 

the N o m e n c l a t u r e . T h e b o u n d a r y condi t ions a t z = 0 a n d r = 0 

are obv ious . At t h e b o u n d a r y , z = \/a2 — r2 ( re la t ions (6)) , t h e 

first equa t ion s t a t e s t h e condi t ion of zero l iquid ve loc i ty n o r m a l to 

t h e in te r face ; t h e second re la t ion, wr i t t en in spher ical coord ina tes , 

(6) T h e d imens ion less energy equa t ion is 

d ^ dd d\p dd __ d_ I d 0 \ , d^d 

dr' dz' ~ dz' dr' ~ dr' \ dr'/ ' dz'2 

B o u n d a r y cond i t ions cor responding to t h e new var iab les a r e : 

At z' = 0, 0 < ?•' < 1, 

d 7 ' 
s t a t e s t h a t : k — = -h(T 

dli 
7',,). T h e last one s t a t e s t h a t t h e 

change in surface tens ion along t h e b o u n d a r y m u s t be ba l anced 

by shear force. In spher ica l coo rd ina t e th i s condi t ion is : 

At R = a 

TR<P 

d<i __ 1 dcr d r 

ad<j) a dT d<£ a dcf> 

T o p u t t h e p r o b l e m in a form which is m o r e manageab l e , t h e 

following d imens ionless qua l i t i e s are defined: 

r - r0 V': 
Vra 

—; v.'; 
a 

Vza 
—; z 
a T, - To' 

F u r t h e r m o r e , we i n t r o d u c e a s t r e a m funct ion \p defined as follows: 

(9) 

j, = ( ) . _Z = 0; 0 = 0 
dz 

At r' = 0, 0 < z> < 1, 

dd 
\b = 0;co = 0; — = 0 

dr 

At z' = -\/l - O ' ) 2 , 0 < r' < 1, 

d r dz 

2 dxp dip 
w + - — r + ~ z 

r \or dz 
- N m 1 — z — —; )" 

i d r ' dz ' 

where 

(10) 

(11) 

— •>•') (12) 

(Ts ~ T0)a(3 . u . , _ h a 
ism = ~ and 131 = 7" 

Hot k 

E q u a t i o n s ( 7 ) - ( 9 ) w i t h b o u n d a r y condi t ions (10 ) - (12 ) were 
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Fig. 2 Finite-difference grid network 

solved numerically using a computer program called EPS [11] 
which solves equilibrium field problems in two-dimensional con-
tinua. An irregular 54-grid point network was employed as 
shown in Fig. 2. This grid was decided upon after several trial 
runs, compromising between grid refinement (accuracy) and avail­
able computer time. 

The nonlinearity and coupling between velocity and tempera­
ture in the governing equations and boundary conditions was 
handled by iteratively solving linearized finite-difference equa­
tions. This iteration involved repeatedly solving a set of about 
100 difference equations until maximum solution changes were 
about I percent of the value of the field variables. To get this 
convergence, a large amount of computer time was needed; there­
fore, only the solutions in the most important ranges were gener­
ated (Bi = 1 to 200 and Nm = 0 to 550). On the IBM 7094 
computer it took about 20 min computer time to generate a solu­
tion for one given value of each dimensionless group. 

In the process of generating solutions for various parameters 
of the system (Bi', Nm, Pr) we found that inertia terms in the 
momentum equation could be neglected in the range of parameters 
of interest for this work. The flow then was considered as inertia-
free; hence the left-hand side of equation (7) was set to be zero. 
In this way the only dimensionless groups left in the system are 
Bi' and Nm. 

An additional modification is introduced at the boundary 
z' = V I ™ C''')2. Since at the base the temperature was pre­
scribed (T = To), for very large h, a discontinuity begins to de­
velop near the drop base. This situation was difficult to handle 
with finite-difference equations even for a much more refined grid 
than the one used here. To insure that such a discontinuity 
would not disturb the solution for large values of h, we decided 
to define an he which decreases toward the surface of the cooling 
plate as shown in Table 1; (see Fig. 2). 

Table 1 

j 9 8 7 0 5 4 3 2 1 0 
he/h t i l l 0.9 0.75 0.40 0.10 0.05 0.00 

Consequently, instead of Bi' = —in boundary condition (12), 

we have Bi = ——. Therefore, if a run is taken at, say, Bi = 100 

this will mean that Bi actually decreases from 100 to 0 as shown. 
The foregoing modification, as it will be shown, increases the rela­
tive significance of the thermocapillary flow. 

Ranges of Parameters. As just pointed out, the range of param­
eters covered in this work is Bi = 1 to 200 and Xm = 0 to 550. 
In addition, (he solution for Bi = 0 is a trivial solution of no heat 
flux (h = 0, '/' = T„ everywhere inside the drop, no circulation is 
present). Also, for Bi = m, h = M, the liquid-vapor interface 
temperature is uniform (7 ' j and therefore the therniocapillarv 

/ <ie\. . 
driving force I —Nm - - I is zero everywhere, implying no liquid 

\ <l<t>/ ' - - i 
motion. 

For water, drops of small size are covered with low values of 
Bi and Nm. For example, a drop of 2 microns in radius, for 
// = 105 Btu hr-ft- deg F will have Bi = 2, and for 7\ - 7'„ = 
1 deg F, Nm = 4.5. The foregoing value for Nm corresponds to 
the atmospheric pressure; at lower pressures, Nm would be some­
what smaller (mainly due to the increased ji I. Bi is a weak func­
tion of pressure, provided that h is specified. However, h itself is 
a very strong function of the .sys4em pressure. A detailed discus­
sion of variations of // and its order of magnitude is beyond the 
scope of the present work. Nevertheless, we would like to men­
tion that evaluation of the liquid-vapor interface heat transfer 
coefficient could be made from Shrage's relations in a simplified 
form (developed by several author's, see, for example, [12]), pro­
vided that one knows the evaporation or condensation coefficient. 
Reference [13J gives a survey of values for the condensation co­
efficient, experimentally obtained by different investigators. The 
condensation coefficient of unity will give, at atmospheric pres­
sure, h of the order of HI"' Btu hr-fl-deg F. Indirect calculations 
of h from carefully conducted dropwise condensation experiments, 
in the absence of uoncondensible gases in the system [14, 15], 
indicate thai interfacial // is of the same order as one would cal­
culate it from Shrage's relation with the condensation coefficient 
of unity. 

The large drop size corresponds to the higher values of Bi and 
Nm. A water drop, for example, of radius 200 microns at, say, 
h = 10" Btu hr-ft'2 deg F, will have Bi = 'J00 and at T, - 7'„ = 1 
deg and atmospheric pressure, Nm = 4S0. 

In the ranges of physical parameters covered in this work, the 
following may be concluded: for water, the range of Bi = 1 to 
200 corresponds to uc/i I ~ 1 X 10n to 2 X HI7 micron Btu 'hr-ft2 

deg F, respectively; Nm = 0 to 550 corresponds to [« • (T, — To)] 
=-- 0 to 1000 microns deg F. The foregoing range of parameters 
covers all the cases of practical interest (drop size range) for 
which the conduction through drops is the limiting factor (i.e., 
for sufficiently high values of «.•//). 

In reference [16] it has been shown that the ratio (interface. 
resistance conduction resistance) for any drop can be approxi 

'2k 2 
mated I neglecting internal circulation') as -- = Theretore, 

ha Bi. 
the value of Bi > 1 will cover all those drops for which conduc­
tion resistance is greater or equal to one third of the total resis­
tance 

The term conduction resistance in the foregoing refers to the 
thermal resistance from the surface of the drop at the liquid-
vapor interface to the base of the drop (based on the average 
temperature difference between the interface and the base of 
the drop). For lower values of Bi, the interface resistance be­
comes a controlling factor and the presence or absence of a 
strong liquid motion inside a condensing drop will not signifi­
cantly affect the overall resistance. 

Results 
For a typical choice of parameters ( Bi = 100, Nm = 450), the 

stream function \f/ is plotted in Fig. :!. The plot shows the flow 
pattern inside the drop. The variation in surface tension with 
temperature, together with temperature nonuniformity on the 

boundary z' — V 1 — ir')-, results in the dimensionless driving 
'10 . . . , 

force - N m - , acting on the boundary, which pulls the liquid 
<l<p 

downward setting the pattern shown in the figure. 
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Fig. 6 Compar ison of isotherms for conduct ion w i t h isotherms inc lud ing 
thermocapi l lary f l ow 

Fig. 4 shows surface velocity as a function of cj> at constant Bi 
for various values of Nm. The fluid velocity, as can be seen 
from the figure, increases to a maximum of about 82 deg (for this 
particular value of Bi number) and then decreases rapidly to zero 
at the base of the drop. Fig. 5 shows the effect of varying Bi at 
constant Nm. The maximum value of surface velocity increases 
with Bi, for Bi < 50 and decreases for Bi > 50. The position of 
the maximum moves to the higher values of </) with increasing Bi, 
indicating that most of the temperature variations at the surface 
are more and more concentrated near the corner for higher Bi. 

The temperature field, for Bi = 100 and Nm = 450, is shown 
in Fig. 6. For comparison in the figure are also plotted isotherms 
for conduction only (Nm = 0). I t can be seen from the plot that 
internal circulation increases the temperature gradient near the 
right-hand corner. 

The surface temperature, as a function of (f> is given in Fig. 7 
for Bi = 100 at various Nm. The most interesting thing about 
the temperature profiles is the fact that temperature is almost 
uniform from 0 to 70 deg, which, of course, implies that, over 
this range the thermocapillary driving force is almost zero. Only 
in the narrow range near the comer, where the temperature 
gradient is most pronounced, the driving force is significant. 

In Fig. 8 the surface temperature distribution is shown for 
various values of Bi and Nm equal to zero. In each case the 
temperature gradients are largest at the wall, as can be seen from 
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g 
£ 0 . 6 . 
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O 
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Fig. 7 Surface temperature d is t r ibut ion for several va lues of N m 

Fig. 9. For increasing Bi from 50 to 200 the local gradient at the 
base increases but the average gradient over the drop surface 
decreases. Furthermore, for Bi decreasing from 50 to 1, the tem­
perature gradients decrease near the base and increase elsewhere. 

The percentage increase of average Nusselt number (or overall 
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Fig. 11 Percent increase in average Nusselt number over conduct ion 

solut ion 

Fig. 9 Temperature gradient a long drop surface 

heat transfer coefficient) as a function of Nm with Bi as a parame­
ter is plotted in Fig. 10. The cross plot, percent increase as a 
function of Bi and Nm as a parameter, is shown in Fig. 11. As 
Nm increases at constant Bi the effect of thermocapillary con­
vection increases. With increasing Bi (from 50 to 200) at con­
stant Nm the percent increase in heat transfer decreases. This 
is due to the fact that increase in h (increase in Bi at constant 
Nm) in this range of Bi, makes surface temperature uniform over 
a larger portion of the surface reducing the average driving force 

Nm — I and consequently reducing the liquid circulation 
d(j>J 

too. This can be easily seen and understood from Figs. 5, 8, 
and 9. The maximum increase in heat transfer for the range 
covered is only about 25 percent occurring at Bi = 50, Nm = 
550. These parameters correspond to relatively large drops and 
very large (Ts — Ta). Drops of this range do not contribute 
much to the heat transfer in dropwise condensation so that an 
increase of about 25 percent above the conduction solution is 
much less than required to make their contribution significant. 
The drop range of interest would have a radius of the order of a 
few microns and this could correspond to low values of Bi (ap­
proximately of the order of unity) and a value of Nm of around 
5. Our calculation shows that in this range the increase in heat 
transfer is only a few percent. The average Nusselt number for 
the conduction solution is plotted against Bi in Fig. 12. 

Discussion 
The conclusions achieved in this work are based on the pre­

viously introduced model which somewhat deviates from the 

100 150 200 300 600 1000 
Bi 

Fig. 12 Ave rage Nusselt number over drop base for conduct ion on ly 

actual conditions in dropwise condensation. For this reason in 
the following we will discuss the effects of these deviations on the 
validity of our conclusions. 

The drop growth is considered to be quasi steady. Since the 
heat capacity of the growing drop in the range of interest is small 
compared with heat fluxes through the drop, the transient effects 
are negligible on the temperature distribution. On the other 
hand, the quasi-steady approach neglects the inertia of condens­
ing liquid, i.e., it is assumed that the condensate, as it condenses, 
will instantaneously achieve the velocity corresponding to the 
steady-state solution. Consequently, the velocity field as well 
as the overall effects of thermocapillary flow, calculated with the 
foregoing approach, will be somewhat overestimated. 

In the momentum equations the inertial terms were neglected. 
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Fig. 14 Local Nusselt number along drop base 
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In Pig. 13 the values for surface velocity calculated with and 
without inertial term, at Bi = 100, Pr = 1 and two values of 
Nm: 240 and 450, respectively, are plotted. These curves reveal 
that the presence of the inertial terms did not change the velocity 
distribution substantially. The change in the average Nusselt 
number was 2 percent (higher values for inertial free flow). 
This indicates that this part of our modeling increased the ef­
fect of thermocapillary flow (although only slightly). 

Another critical part of the modeling was the modification of 
liquid-vapor heat transfer coefficient in the vicinity of the right-
hand corner. This would obviously affect the total amount of 
heat transferred to the surface base considerably. Fig. 14 shows 
the values of local Nusselt number at the base of the drop (de­
fined in the Nomenclature) as a function of dimensionless radius 
for three values of Nm (listed in the figure) and Bi = 100. 
Near the corner, as a consequence of the model, Nu r decreases, 
although it would increase all the way toward the end if the inter­
face heat transfer, h, were kept constant. 

In Figs. 15-17 we compared the surface temperature profile, 
local Nusselt number, and the surface temperature gradient, 
respectively, for the two cases, namely, when the interface h was 
kept constant (Bi' = 10) and when h was modified according to 
the scheme introduced previously. The surface temperature 
and the N a , were lowered with our model everywhere. How­
ever, the temperature gradient was on the average, increased, 
indicating that the internal circulation's effects are increased. 
Physically this is eas.y to see, the modified interface heat transfer 
coefficient (he) will increase the nonuniformity with the sur­
face temperature, and this gives the higher value for the ther­
mocapillary force at the surface. 

I t is safe then to conclude that our model increased the relative 

0-4Y-
0 0.4 0 5 0.6 

RADIUS r' 

Fig. 16 Comparison of local Nusselt number along drop base for con­
stant and variable Biot number 

10 20 30 40 50 60 70 80 90 
ANGLE* DEGREES 

Fig. 17 Surface temperature gradient for constant and variable Biot 
number 

effect of thermocapillary flow by reducing the conduction con­
tribution and increasing the circulation. Consequently, our con­
clusion, that the effects of internal circulation on the heat trans­
fer in dropwise condensation is insignificant, is valid. 

Conclusion 
Thermocapillary flow does not contribute significantly in the 

dropwise condensation of water. The range covered by this in­
vestigation was 1 < Bi < 200 and Nm < 550. This included, 
for water, the drop size range of practical interest for which the 
heat resistance through droplets is the predominant resistance. 
The results show that the increase in heat transfer is not higher 
than a few percent over the one which could be predicted neglect­
ing internal circulation. 
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Local Heat Transfer Downstream of 
Abrupt Circular Channel Expansion 
Experimental 'work was performed to determine local Nusselt numbers in the region 
beyond an abrupt expansion in a circular channel. Three expansion geometries, ratios 
of upstream-to-downstream diameter of 0.43, 0.54, and 0.82, were tested with air as the 
working fluid. Data are shown for Reynolds numbers from 4000 to 50,000-90,000 
depending on geometry. Selected comparisons with, previously published data for air 
and water are included. 

Introduction 

I: I Til DI ii h \ u \ uic>\ ot channel wall convec live heat 
ti msiei chaiac teu-.tiC'- has hkeh been the mcM impoilant ensii-
noenng aspec t ot heat tianstei leseaich Howevei, while data 
tnd auahMs loi heat lian--tei m channel-* ot con-dant ao-v- -ei -
urn die abimclanth lepie-enied m the hteiaiuie, lelativeh little 

K>-e.ii(h 1-- lepoi ted foi c hanneh. with abiupi c hange--m flow aiea, 
f\en though this laftei geometn ocuu-, liequenlh m heal-e\-
< hangei do-igu The l.nk ot mtoimation (an piobabh be a t tn -
bttted to the (oinple\it\ ot the flow held m thi-. geometn as well 
i- to the --in diet mteie-4 m local heal tian^fei data m the eia be-
lote such lugli-pcitoimance heat e\chan»eis a- modein-da\ nu-
i leai ieac toi-- and aa~-tuibme engines 

The pmpose ot the leseaich lepoited heie wa-- to make a con-
tiibutiou in ihi- lelativeh lighlh exploied technical aiea b \ 
Mud\ing, in pailiculai, local heat tiansfei behind an abmpt 
c \pau--ion m a cnculai channel loi the tuibulent, sub-ouic IC-
ynic A lange ot Re\ nolds numbeis and geometnei weie tested 

lth an a-- the woikmg fluid 

Review of Literature 
Recognition of the need for thermal research on the abrupt 

channel expansion problem is evidenced by the fact that two 
papers closely related to the present effort have been published 
on this subject since this research project began in Jan. 1966. 
The first, and more closely related, is the work of Krall and Spar­
row [ l ] 1 which was a heat transfer study for the region down­
stream of an orifice in a circular channel with water as the work­
ing fluid. The ratio of orifice to downstream diameters was 
varied from 1/i to 2/s and the downstream Reynolds number range 
was 10,000 to 130,000. The second recent paper is that of Eiletti 
and Kays [2] in which work is reported with abrupt, symrnetri-

1 Numbers in brackets designate References at end of paper. 
Contributed by the Heat Transfer Division of THE AMERICAN 

SOCIETY OP MECHANICAL ENGINEEBS and presented at the ASME-
AIChE Heat Transfer Conference, Minneapolis, Minn., August 3-6, 
1969. Manuscript received by the Heat Transfer Division, January 
13, 1969; final manuscript received, April 28, 1969. Paper No. 69-
HT-35. 

cally expanded flat ducts. Upstream to downstream channel 
height ratios of about y 2 »"d '/a were studied for a Reynolds 
number range of 70,000 to 205,000. The flat duct data were not 
found to give really useful comparisons with the present work 
because the two-dimensional expansion always shows asymmetric 
reattachment. This is in contrast to the cylindrical case which 
appears to expand evenly until relatively high upstream velocities 
are reached. 

The only other heat transfer data known to exist for the abrupt 
cylindrical expansion case are the results of a block of work per­
formed at the National Engineering Laboratory, East Kilbride, 
Scotland. The most extensive work was with water as the work­
ing fluid. Testing reported by Ede, Jlislop, and Morris [3] and 
by Ede, Morris, and Birch [4] covered diameter ratios of 0.3, 
0.5, and 0.8, and a downstream Reynolds number range of 1000 
to 50,000. Data with air flowing through the channel are 
reported by Ede [5], and by Emerson [6]. These data were re­
stricted to practically the same diameter ratio, 0.50 for the 
former work and 0.58 for the latter. The corresponding Reynolds 
number ranges were 2000 to 43,000 and 14,500 to 105,000, re­
spectively. Use of these data is somewhat complicated by the 
fact that only a fraction of the National Engineering Labora­
tory data is reported for the case of heating in the downstream 
channel only. The remainder is for channel wall heating both 
before and after the expansion. Measurable differences between 
the two heating schemes are noted. For the case of down­
stream pipe, heating only, the reattachment point is shifted 
slightly downstream and the peak Nusselt number is increased. 

Two sets of heat transfer data for the two-dimensional ge­
ometry of a single backward facing step are available. The two 
channel width ratios were 0.94, a relatively small change in flow 
area, and 0.81, a more interesting geometry. The data are re­
ported by Seban, Emery, and Levy [7]. Reynolds numbers be­
tween 0.8 and 2.5 X 106 were represented. These experiments 
were with air. 

Test Apparatus 
More detailed material than that given next concerning the 

test apparatus and concerning the test procedures and data re­
duction methods (discussed briefly in the next section) can be 
found in reference [8]. 

•Nomenclature-

d = upstream (smaller) tube diameter 
D = downstream (larger) tube diameter 

Nu = local Nusselt number, referred to downstream diameter 
Ntijj = Nusselt number associated with fully developed flow, 

referred to downstream diameter 
Niimax = maximum Nusselt number, referred to downstream 

diameter, assumed to occur at reattachment point 

Pr = local Prandtl number 

Re = local Reynolds number, referred to downstream diam­
eter 

Red = Reynolds number just before expansion, referred to up­
stream tube diameter and upstream tube fluid prop­
erties just before expansion 
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Fig. 1 Test apparatus flow schematic 

The test apparatus flow schematic is shown in Fig. 1. Ambient 
air was pumped by a constant-speed, water-cooled, two-stage 
compressor into a constant pressure reservoir. Air for the experi­
mental apparatus was drawn from the reservoir and passed 
through three filler/dryers in series. These air cleaners, utilizing 
centrifugal moisture separation followed by filtration through a 
porous stone or sintered metal cylinder, were intended to remove 
oil, water, and solid particles from the airstream. Frequent 
blowdown at the reservoir base, at each of the filters, and at other 
low spots in the piping insured a clean air supply to the test 
section. 

A constant flow rate was maintained by metering the air 
through a pressure control valve located just downstream of the 
air filters. The flow rate was measured by one of the two water-
calibrated sharp-edged orifices installed just upstream of the test 
section. 

The test section itself was installed along the center line of a 
2-ft by 2-ft-wide by 16-ft-long plywood insulating box filled with 
layers of glass wool. The intent was to reduce radial heat losses 
to a negligible level by surrounding the test section by approxi­
mately f ft of efficient insulation in all directions. The insulating 
box extended from upstream of the flow-measuring orifice to the 
point where the working fluid was exhausted to the environment. 

xA test section was constructed with three alternate upstream 
test sections, with inside diameters of 0.40, 0.50, and 0.76 in., re­
spectively, and with lengths at least equal to f 00 inside diameters. 
The downstream section consisted of a 102-in. length of tubing 
with a 1-in. OD and a 0.035-in. wall. Upstream and downstream 
sections were of type 304 stainless-steel seamless tubing. The 
two test sections were jointed at a transition flange designed to 
center the upstream section and provide a sharp, symmetric 
expansion, to insulate the two sections one from the other electri­
cally and thermally, and to serve as the upstream electrical con­
nection to the downstream test section. The essential material 
in the transition construction was Johns-Manville marinite, an 
acceptably machinable insulation material of asbestos fiber and 
diatomaceous silica with an inorganic binder. The details of the 
transition flange can be found in Fig. 2. 

The only instrumentation upstream of the larger diameter 
pipe was pressure and temperature instruments related to flow 
measurement and two thermocouples 1-in. upstream of the ex­
pansion. One of these thermocouples was mounted on the sur­
face of the upstream section to give at least a qualitative measure 
of the insulating effectiveness of the transition flange. The other 
was immersed in the fluid. The immersed thermocouple was 
threaded through a 0.050-in. hypodermic needle installed through 
the tube wall and cut to a length designed to place the thermo­
couple bead at the channel center line. The possibility of the 
probe affecting the expansion flow pattern was investigated by 
rotating the smallest upstream section through three different 

COPPER GUIDE RING 

COPPER FLANGE X 

ELECTRICAL CONNECTOR 

S.S. DOWNSTREAM 
SECTION 

SILVER SOLDERED JOINTS 

Fig. 2 Details of transition flange construction 

probe orientations (00 and 180 deg from the usual position) and 
studying downstream temperature data for each case. No 
discernible difference in postexpansion wall temperatures was 
detected. 

The vast majority of instrumentation, 53 surface thermocouples 
and one probe, was installed on the downstream test section. 
Near the expansion, thermocouples were installed every 0.25 in. 
to study in detail the phenomenon occurring in this region. Seven 
in. downstream of the expansion, the thermocouple spacing was 
increased. All surface thermocouples were installed over a sub­
layer of porcelainlike Sauereisen No. 8 cement, (measured at 
0.012±0.001 in.) to provide electrical isolation from the resistance 
heated tube. A small quantity of the same cement was used to 
hold the thermocouple in place. Thermocouple output was 
measured with a manually balanced precision potentiometer. 
The downstream section was heated resistively by means of a 
M.6-kva d-c power supply. 

Test Procedure and Method of Data Reduction 
A combination of test rig heat capacity and the heat capacity 

of the rather massive components of the air pumping and storage 
equipment required a minimum running time of 3 hr before 
steady-state conditions were approached. Even after this wait­
ing period, constant heating up of the compressor proper made 
completely stable conditions impossible. Data were collected 
when main test section inlet temperature rose not more than 2 
deg F per hr. At this time, data from all instrumentation were 
collected, a task requiring approximately 15 min, and then the 
same instruments were read in reverse order, the entire 30-min 
process yielding two sets of data which were simply averaged. 
Special data readings corroborated the approximate validity of 
this procedure. After the first data set was collected, steady 
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-late (2 deg F /h r temperature rise) could be attained within 1 
hr for a new power-flow combination. 

There was real concern that the working fluid might reach the 
lest section contaminated by oil from the piston-type compressor 
or by water during periods of high environmental specific hu­
midity. In addition to the precaution of installing three air 
cleaners (each with a blowdown valve) in series, additional drain 
valves were installed at low points in the piping and cracked dur­
ing frequent blowdowns. The effectiveness of these measures 
was indicated by the fact that little or no moisture collected in the 
downstream filter moisture bowl and that neither moisture nor 
oil (races were ever detected at the mouth of the main test sec-
linn. 

Regarding the relative settings of flow and power during the 
lest series, it was felt that a more coherent mass of data could be 
collected if the flow-to-heat flux ratio were kept approximately 
constant, given a nearly constant axial temperature rise in the 
bulk fluid temperature. In an attempt to strike a compromise 
between having fairly constant fluid properties along the test 
-cction (small temperature rise) and having large enough bulk-
lo-surface temperature differences (large heat flux), an axial 
temperature rise of CO deg F was chosen. 

The data correlation was accomplished by a computer program 
tt ritten for this purpose. The first calculation was for flow rates, 
which were calculated by well-known orifice relationships, as 
described in Stearns, et al. [9], for instance. 

The upstream temperature probe (installed t in. before the 
expan.sion) was not corrected for radiative losses or stem con­
duction because wall and fluid thermocouple temperatures were 
almost identical. However, the stream versus total temperature 
correction was not negligible for the higher flow rates. For this 
probe, subjected as it was to considerable wall influence through 
direct metallic contact over a short path between the wall and 
the thermocouple bead, a recovery factor of Pr0-33 was applied. 
This recoveiy factor is associated with adiabatic circular channels 
and seemed appropriate. Furthermore, this choice of recovery 
factor was supported by heat-balance computations and by 
data like those displayed in Fig. 8. The stream temperature 
just beyond the expansion was the temperature deduced in this 
way from the upstream temperature probe followed by a cor­
rection for adiabatic expansion of the air from the upstream flow 
area to the downstream section flow area. The downstream 
11(11 in. from the expansion) temperature probe reading was con­
verted to local bulk temperature by applying corrections for 
radial ion effects, fluid transverse temperature profile, and re­
covery factor. The downstream probe was constructed to make 
the thermocouple junction a nearly adiabatic sphere, so that, 
first, stem conduction could be ignored and, second, a recovery 
factor of 0.65 was applicable. 

The two probe temperatures were used as just discussed to 
deduce fluid bulk temperaures just beyond expansion and at a 
point 101 in. downstream. The local fluid temperature was 
calculated from a straight-line bulk-temperature distribution as­
sumed to exist between these two points. Parallel calculations 
were performed in which local bulk temperature was calculated 
iteratively and piecemeal along the channel based on the locally 
determined convective heat transfer coefficient and known wall 
temperatures. However, this scheme yielded only negligibly 
different results (Nusselt number) in the area of greatest interest, 
in the vicinity of the expansion, and, furthermore, sometimes gave 
entirely erroneous developed flow Nusselt numbers since even a 
relatively small accumulated error in local bulk temperature 
(from a heat-balance point of view) could give downstream local 
film temperature differences that were grossly in error. For 
example, at low flow rates, a 3 deg F accumulated discrepancy at 
^7 in. from the expansion would be approximately a 5 percent 
error in heat balance but a 15 percent, error in local film tempera­
ture difference and Nusselt number. Consequently, the linear 
axial fluid temperature distribution was applied as a compromise 

which would affect upstream results little but serve as a consistent 
basis for upstream and fully developed results, which are widely 
compared next. 

Moving from fluid bulk temperature determination to the 
surface temperatures, the only direct surface temperature cor­
rection was one to calculate inside wall temperature from mea­
sured outside wall temperature. The calculations were made on 
the assumptions that, first, the radial temperature gradient 
in the tube wall was zero at the outside surface and, second, that 
the second derivative of temperature with respect to axial loca­
tion was constant throughout the radial dimension of the tube. 
This correction influenced the maximum Nusselt number up to 2 
percent, the greatest influence being exerted for high flow/power 
conditions. 

The convective heat transfer correlation proper was accom­
plished in such a way as to take into account both radial conduc­
tion losses through the insulating blanket as well as axial con­
duction effects. The radial conduction loss was based on a cylin­
drical model with inside radius of l/-> in. and an outside radius of 
12 in. In the region of most interest, up to about 14 step heights 
from the expansion, the radial heat loss was calculated to be 
always less than 2 percent of the heat generated in the test sec­
tion. However, at 87 in., where wall temperatures were much 
higher, the percentage was almost lo percent for the lowest 
flow/power case in each geometry, 10 percent for the second low­
est case, then gradually reduced fractions as test section convec­
tion increased to compete more successfully with the radial con­
ductive path. This heat loss was considered to be adequately 
taken into account. 

A lower degree of confidence is held in the correction for axial 
conduction. However, the following attack on the problem was 
formulated to make the correction as precisely as possible under 
the circumstances. The conduction for an internally heat 
generating solid involves, of course, the second derivative of 
temperature with respect to axial location, assuming azimuthal 
symmetry and a separable radial temperature distribution. A 
straightforward finite-difference approach (first three terms of the 
Taylor expansion) based on as-measured temperatures 1/4 in. 
apart proved grossly inadequate. The final corrections were 
based on a central difference differentiation formula incorporating 
closely spaced values taken from smooth curves drawn through 
the measured temperatures versus axial location with an exag­
gerated temperature scale. While the 0.035-in. wall thickness 
obviously did not make axial conduction near the expansion 
negligible, the thickness was small enough for the conductive 
effect to decline rapidly with distance from the expansion. The 
first axial location chosen for the presentation of reduced data is 
0.625 in. Axial conduction can affect Nusselt number by up to 
50 percent at this point. However, for the upstream sections 
with 0.40 and 0.50-in. inside diameter, this point is relatively 
far from the Nusselt number peak. In the peak heat trasfer 
region, corrections of 0-6 percent are encountered. The cor­
rection is more critical for the 0.76-in. upstream section; for, 
in this case, the maximum Nusselt number appears to exist at 
0.625 in. or earlier for all but the lowest flow. Consequently, the 
first displayed data point as well as maximum heat transfer 
point both have axial conduction corrections of 5 (highest flow/ 
power) to 50 percent. This discussion of potential difficulties 
arising from the axial conduction correction must be closed with a 
reference to the reduced data shown in the following section. 
The internal consistency of all the data collected for a given ge­
ometry (except for the lowest flow-rate data which seems some­
what different in each case) as shown in Figs. 4-6, as well as the 
fair consistency of all the maximum Nusselt numbers for all the 
geometries as shown in Fig. 8 imply that the method chosen to 
make this correction was adequate. 

Broad use is made in the data correlation of the ratio between 
local and fully developed Nusselt numbers. For the purposes of 
this paper, the data 87 in. from the expansion (about 94 dia) is 
considered fully developed. 
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Raw and Reduced Data 
The purpose of this section is to present the actual test data 

in terms of wall and fluid temperatures as well as in correlated 
form showing the relationships between geometry, Nusselfc num­
bers, and Reynolds numbers. 

A typical axial temperature distribution is presented graphi­
cally in Fig. 3 for the case of d/D = 0.43. The wall temperatures 
shown are those calculated for the inner surface. The bulk 
temperature lines are merely the linear distributions assumed to 
exist between the bulk temperatures calculated as described in 
the preceding section for the point just past the expansion and at 
101 in. from the expansion. Therefore, the temperatures shown 
are exactly those used in the Nusselt number determination. 
Because of large and difficult to define axial conduction effects, 
correlations will not be presented for the first two temperature 
points seen in this figure, that is, at, 0.25 in. and at 0.375 in. from 
the expansion. 

The temperature distributions themselves give some qualitative 
suggestions concerning the phenomenon being studied, i.e., heat 
transfer effectiveness downstream of an abrupt expansion. Nus­
selt number is inversely proportional to the wall-to-bulk tem­
perature difference for a fixed heat flux and constant properties. 
Fig. 3, associated with the smallest diameter ratio, shows that 
minimum temperature differences occur between about 1.5 and 
2.5 in. from the expansion. Therefore, the maximum Nusselt 
numbers can be expected to be found in the same area. (The 
possibility is not overlooked of a second Nusselt number peak 
between the expansion and 0.625 in. However, a detailed study 
of this relatively short postexpansion region would be an ade­
quate subject in itself for a separate experimental program. All 
the comments which follow include the implicit admission that a 
second peak might exist.) 

In the following three figures, the local heat transfer effects of 
the expansion are displayed in terms of the ratio between local 
Nusselt number and the fully developed value. As was explained 
previously, fully developed Nusselt number means the value 
calculated from measurements taken at 87 in., about 94 dia down­
stream of the expansion. Furthermore, the ratio is actually 
referred to the quantity (Nii/Re°-8Pr0-4), an effort to relate local 
Nusselt number to the fully developed value at the same 
local fluid properties. Along the abscissa of the figures, the step 
height (i.e., (D-d)/2) is selected as the measure of axial distance. 
This choice was indicated as a logical one both by the analytic 
work on this problem [8] as well as by the present and previously 

reported abrupt expansion data. The data for the smallest 
diameter ratio, Fig. 4, show a peak Nusselt number between G and 
9 step heights. Ignoring the maximum Reynolds number infor­
mation, the remaining peaks are clustered close to 9 step heights. 
Although the problematic axial conduction correction may be 
biasing the correlation, the data for this largest expansion do 
suggest the existence of a second peak nearer the "corner" of the 
expansion. The data for the intermediate expansion, Fig. 5, 
are similar in general shape to the previous case. Peak Nusselt 
numbers fall between 5 and 8 step heights downstream of the 
expansion. However, ignoring the maximum Reynolds number 
case as before, the maxima favor a location near 7 step heights. 
The large diameter ratio data, Fig. 6, do not include clear maxi­
mum points. Excluding the somewhat anomalous low flow 
data, the maximum heat transfer is shown to occur at 0.625 in. 
or earlier. The manner in which the 0.625-in. Nusselt numbers 
compare with the peak values for the other two geometries, as 
seen in Fig. 8 and briefly discussed earlier, implies that the peaks 
are attained or nearly attained at 0.625 in., or at about 7 step 
heights. 

Note that the distribution of the data in Fig. 6 follows a shape 
different from what was seen in Figs. 4 and o. The same trend 
of broad-peaked axial Nusselt number distributions for small di­
ameter ratios (d/D) and sharp-peaked distributions for large 
ratios is reported by Ede, Morris, and Birch [4], Ede, Hislop, 
and Morris [3], and Krall and Sparrow [1] for comparable data 
on water. I t is also seen that the distribution for the run of 
lowest Reynolds number in each geometry is somewhat different 
from the rest of the data. I t seems not unreasonable to surmise 
that these low flows, Reynolds number range between 4.000 and 
5000, are not turbulent or energetic enough to produce the same 
consistent hydraulic pattern generated by the higher flow rates, 
characterized by Reynolds numbers greater than 7000. An­
other credible possibility is that the various uncertainties in pa­
rameter measurement and data reduction, most of which are worst 
for the lowest flow and power, make the reduced data less valid. 
Another set of data which is not entirely consistent with oilier 
data for the same expansion geometry is the highest flow re.-ulls 
for the 0.43-dia ratio. A second set of data collected under ap­
proximately the same conditions verified this maximum local to 
fully developed Nusselt number (within 10 percent) as well as 
the approximate distribution. Perhaps compressibility effects 
not felt by the other tests make these data, collected under con­
ditions of the highest upstream section Mach number (about 
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0.54) of any data, point to somewhat different heat transfer 
characteristics. In any case, ignoring the low flow results in all 
three geometries and the highest flow case in the 0.43-dia ratio 
geometry, the results within a given geometry can be seen to fall 
within a rather narrow band. A fairly consistent but small 
Reynolds number dependence can be seen on the downstream 
side of each peak, the ratio of local to fully developed Nusselt 
number decreasing as the Reynolds number increases. Mow-
ever, the dependence is, by and large, quite minor. This is a 
surprising result, since Krall and Sparrow [1] show clear-cut 
important Reynolds number dependence of the Nusselt number 
ratio for water. 

Fig. 7 shows approximate axial distributions of the local to 
fully developed Nusselt number ratio for the three geometries as 
derived from the preceding three figures. The curves show that 
the larger the ratio between upstream and downstream diameters, 
the larger are integrated and local increases in heat transfer be­
yond the change in diameter. Second, for a given downstream 
channel diameter, the location of peak heat transfer moves nearer 
the expansion the smaller the difference between diameters. 
This is true in the dimension of "step heights" and all the more 
true in the dimension of "downstream diameters." The cor­
relating advantage of using step heights as the dimensionless 
axial distance parameter is demonstrated in Fig. 7. For, where­
as the location of maximum Nusselt number is 7-9 step heights 
for all three geometries, the range in downstream diameters is 
approximately 0.5-2.5 dia. 

Dependence of separated flow phenomena on Reynolds num­
ber to the 2A exponent is not unusual. F'ig. S shows maximum 
Nusselt numbers plotted against upstream Reynolds numbers. 
The straight-line fit, which is a fair representation of the data, 
has as its equation 

Nu„ 0.20 Re,,"-667 

Although the test program was not mounted to investigate 
fully developed heat transfer, it is interesting to compare the 
downstream results with published correlations for fully de­
veloped Nusselt numbers. The downstream results are especially 
interesting insofar as the 87-in. results are used in the Nu /Nu / ( i 

ratio in Figs. 4-6. These fully developed Nusselt numbers are 
plotted in Fig. 9 versus local Reynolds number. For the sake of 
comparison, a line is shown representing the classic Dittus-
Boelter equation with an initial constant of 0.024. 

Another matter related to the overall validity of the experi­
mental results is the question of the heat balance. The original 
dissertation [S] can be consulted for detailed heat-balance results. 
The largest discrepancy encountered was 7.4 percent (calculated 
heat input less than measured). The next highest error in the 
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heat-balance comparison was 4.3 percent. Although the axial 
distribution of actual test section resistance was not known, a 
set of precise overall voltage/current measurements showed (he 
test section plus connections to have a resistance 3.8 percent 
higher than that calculated from the resistivity of type 304 stain­
less steel and the manufacturer's nominal dimensions. Fac­
toring this kind of correction into the calculations would give a 
more even distribution of positive and negative heat-balance dif-
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Terences, reduce the maximum discrepancy to 4.4 percent, and 
reduce the average discrepancy from —2.3 to -(-1.5 percent. 

A final item bearing on the general validity of the data is the 
axisymmetiyof the expansion. In an effort to provide some check 
on the symmetry of conditions beyond the expansion, "monitor­
ing" thermocouples were installed diametrically opposed to the 
main line of thermocouples along the top edge of the downstream 
test section. The thermocouples were mounted 1, 2, and 4 in. 
from the expansion. In the worst case, the highest flow fate for 
the greatest expansion, a case seen to be anomalous in other 
respects, the asymmetry difference was found to be able to affect 
Nusselt number calculations by about 7 percent. Potential 
errors of 4-6 percent were found in the case of the greatest ex­
pansion ratio for the other flows. The other geometries show 
potential local errors of up to 4 percent. In spite of the possible 
errors, however, it must be noted that the differences are small in 
absolute magnitude, small enough to be attributed wholly or 
partially to the various causes of experimental scatter. In fact 
of the 54 points of comparison only six were as large as 0.5 deg F, 
and three of the six points were associated with such large film 
temperature drops that errors of only 1-2 percent are involved. 
Nevertheless, although the absolute magnitude of the dif­
ferences is small, asymmetries are detected and must be admitted 
to possibly cause correlation errors to the extent indicated. 

Comparisons With Previously Published Results 
Several direct comparisons with existing data are available. 
If has been stated previously that there is only one known 

source of data for a cylindrical expansion with air as the test 
fluid and with only the downstream section heated; namely, the 
work of Ede [•">]. In the same reference, data are shown which 
demonstrate that local to fully developed Nusselt number ratios 
decrease and the point of maximum Nusselt number shifts some­
what when both upstream and downstream sections are heated. 
Fortunately, the single geometry investigated by Ede, d/D — 
0.50, is reasonably close to the 0.54 d/D configuration that was 
investigated in the present work. Furthermore, there is a near 
correspondence of downstream section Reynolds numbers as a 
basis for comparison (Ede—12,800; present work—48,900). 
For reasons to be discussed next, a third case is added to the com­
parison, the work of Krall and Sparrow [1] with water as the 
working fluid and downstream section only heated. The latter 
data are for d/D = 0.50 and a Reynolds number of 51,500. 
The data were all correlated on the basis of the ratio of local to 
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fully developed Nusselt number versus axial location in down­
stream section diameters. The comparative data can be seen 
in Fig. 10. The maximum Nusselt number ratio differs little in 
magnitude among the three cases. It is surprising to see that the 
present, data agrees better with the water data than with Ede's 
air data. The agreement in magnitude with the water data is 
coincidental since water data, as will be demonstrated shortly, 
typically shows a strong Reynolds number dependence in the 
Nusselt number ratio. However, there is striking agreement in 
the location of the maximum Nusselt number and in the Nusselt 
number distribution in the vicinity of this maximum point. Bet­
ter agreement would be expected among the data downstream of 
reattachment as the flow becomes fully developed. However this 
is an example (actually a less striking example than will be shown 
in the following two figures) of the scatter among the small 
amount of test data related to the expansion phenomenon and 
indicative, perhaps, of the difficulty of collecting and correlating 
such data. 

Fig. 11 demonstrates a point alluded to in the previous section. 
Water data show a clear, monotonic dependence on Reynolds num­
ber of the maximum to fully developed Nusselt ratio. See the 
water data of Krall and Sparrow [1] and of Ede, Morris, and 
Birch [4] as plotted on the figure. The air data of Ede [5] and 
the present investigation show no obvious Reynolds number 
effect, except perhaps that the lowest Reynolds number case 
(Reynolds number of about 5000) shows the highest ratio. An 
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additional indication of the data in this figure is that the magni­
tude of the maximum Nusselt number ratio agrees reasonably 
well between Ede's work and the present effort. Ede's data 
point to an average value of Num l K /Nu / r f of approximately 3.9, 
while the present work gives a value of about 3.6. The numbers 
are close together and are related qualitatively as expected; 
that is, the larger the ratio of small to large pipe diameters the 
smaller the maximum Nusselt number ratio. 

The next comparison, Fig. 12, deals with the location of maxi­
mum Nusselt number. The data sources have all been discussed 
previously. The peak locations in the dimension of step heights 
are shown for various expansion ratios. In most cases, ranges are 
shown, indicating either data scatter among the various flow 
rates investigated or a dependence on a parameter like Reynolds 
number. The data of Ede, Morris, and Birch [4] and of Emerson 
[6] are for test rigs with upstream and downstream sections 
heated. Such an arrangement, which involves a full}' developed 
thermal boundary layer upstream of the expansion, is expected to 
give a maximum Nusselt number downstream of the hydro-
dynamic reattachment point. A separate experiment by Emer­
son [6] to find hydraulic reattachment (by means of oil drop 
smears) would place his expected point of maximum Nusselt 
number at the point designated by an asterisk in the figure if the 
downstream section only were heated. The data scatter is too 
widespread to deduce a single number or narrow band for the 
peak location. A band of 5-10 step heights includes almost all 
the data. A more specific conclusion seems unwarranted. As 
was the case with Fig. 10, the present data agree better with the 
water data of Krall and Sparrow than with the air data. Fur­
thermore, these water data appear to favor a maximum Nusselt 
number location of about 6 step heights, a location consistent with 
the analytic results developed by the authors elsewhere [8]. 

Conclusions Concerning the Test Data 
For the range of Reynolds numbers and expansion ratios 

studied, the following conclusions are drawn from the test data. 
1 The flow beyond an abrupt expansion in a circular channel 

shows a considerable enhancement (over the fully developed 
value) of the average convective heat transfer coefficient in the 

separated flow region. Furthermore, although the data do leave 
some question concerning the area immediately beyond the 
expansion, the local heat coefficients likewise appear always to be 
higher than the fully developed value. 

2 The degree of heat transfer coefficient enhancement, both 
maximum and average, increases strongly as the ratio of down­
stream to upstream diameter increases. 

3 The location of maximum heat transfer, presumably at the 
end of the separated flow region, moves downstream as the ratio 
of downstream to upstream diameter increases. This is a strong 
function if the distance from the expansion is measured in down­
stream diameters, but a relatively weak function in terms of stop 
heights downstream from the expansion. 

4 Correlation of the data in the form of local to fully de­
veloped Nusselt number ratio versus distance from the expansion 
gives a reasonably close clustering of the data for a given ge­
ometry and for downstream Reynolds numbers in excess of 7000. 

5 The peak Nusselt number exhibits a clear dependence on 
upstream Reynolds number raised to approximately the 2/3 

exponent. The equation that reasonably represents the maxi­
mum Nusselt number data of all three geometries tested is 

Ni i„« = 0.20 ReJ>-m 

6 At high velocities, the abrupt cylindrical expansion flow-
pattern is susceptible to asymmetric reattachment, with this 
susceptibility apparently increased as the ratio of downstream to 
upstream diameters is increased. 
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Thermal Instability in Plane 
Poiseiille Flow 
The conditions marking the onset of longitudinal columnar vortices due to buoyant forces 
are studied, for fully developed laminar flow between two infinite horizontal parallel 
plates with nonlinear basic temperature profile. The wall temperatures at the bottom 
and top plates, T\ and T>, respectively, are assumed, to vary linearly in the main flow 
direction. The nonlinear basic temperature distribution and connective motion due to 
longitudinal disturbance component give rise to the influence OH stability criteria: 
This influence may be expressed by a characteristic parameter representing the effect of 
longitudinal temperature gradient. Numerical values for critical Rayleigh numbers 
based on temperature difference, J\ — T2, are found for various Prandtl numbers and 
the parameter /J characterizing the effect of longitudinal wall temperature gradient. 
Ail increase in value for n reduces the critical Ra further to a value less than 1708 when 
T\ > T% and this tendency becomes pronounced as Pr increases. Results for the cases 
7\ g Ti also show that the vortex rolls can be caused by the effect of longitudinal tem­
perature gradient. Tentative discussion in terms of Richardson number is made to 
define the region where columnar vortices have priority of appearance over two-dimen­
sional Tollmien-SchUchting ivaves. The computed secondary flow streamlines and 
perturbation temperatures show that the mode of convection motion is also affected by 
the parameter p.. 

Introduction 

IN OEDBR to make an accurate heat transfer predic­
tion for a flow with body forces, it is necessary to examine the 
possibility of secondary motion and determine which type of 
motion is most probable among various types of secondary 
flows. Body forces acting in a direction perpendicular to the 
main flow can cause stead}' secondary flow in ducts. A typical 
example can be found in a curved pipe, where a pair of vortices 
for the secondary flow is formed due to nonuniform distribution 
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AIChE Heat Transfer Conference, Minneapolis, Minn., August 3-0, 
1969. Manuscript received by the Heat Transfer Division, De­
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Paper No. 69-HT-37. 

of the centrifugal forces in the flow field. In this case the 
secondary flow appears as soon as the fluid is brought into motion 
in the axial direction. However, when a fluid passage has an in­
finite extent hi the direction perpendicular to both body force and 
main flow, the body force may leave the main flow unchanged in 
some regions with small body force parameters, and provides 
only a potential of instability. As the body force parameter in­
creases beyond a critical value, specific type of secondary motion 
results, and the flow can no longer maintain its original pattern. 
A well-known example is the Taylor vortices developed between 
rotating concentric cylinders. When a stationary secondary flow 
is set up in a two-dimensional channel, it takes the form of 
columnar vortices whose axes are in the direction of the main 
flow. 

The purpose of the present paper is to examine the possibility 
of onset of longitudinal vortex-type secondary flow between two 
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= coefficients in series expansion 
defined in equation (19) 
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= complex wave speed 
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= operator defined in equation 

(16) 
= pressure 
= Prandtl number, V/K 
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= Rayleigh number, QPTW/VK 
= Reynolds number, Uoh/'2v 
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x' = 0 

temperature at bottom plate 
temperature at upper plate 
velocity in the a:'-direction 
maximum velocity in the un­

perturbed flow 
dimensionless velocity pertur­

bations in the x, y, and z-di-
rections (after equation (9), 
these denote 2-functions) 

dimensionless rectangular coor­
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matrix 
coefficient of thermal expan­

sion 
temperature difference between 

two plates, 7'i — '1\ 
dimensionless temperature per­

turbation 
thermal dif'fusivity 
wavelength of vortex rolls 

ji — parameter, IXerh/AT 

v = kinematic viscosity 
p = density 

T = temperature gradient in a;'-di­
rection for two plates 

•$/ = secondary flow stream function 
i/v = basic velocity profile function 
\po = basic temperature profile func­

tion 
V t

2 = Laplacian operator in x'y'~ 

plane 

Superscripts and Subscripts 

' = disturbance quantities, differen­
tiation with respect to z or di­
mensional quantities 

* = critical value 

It — basic quantities in unperturbed 
state 

in, n = integers 

.;:, y = in corresponding directions 
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horizontal parallel plates due to buoyancy. The bottom and top 
plates are assumed to be at different temperature levels and each 
changes linearly in the direction of main flow. This wall tem­
perature condition appears to be realized on thin broad fins found 
in some types of heat exchangers. 

The stability of horizontal parallel flow under effect of buoy­
ancy has been studied theoretically and experimentally by many 
investigators. Gill and del Casal [ I ] 1 made the analysis for the 
effect of variable viscosity and buoyancy on two-dimensional 
velocity profiles and gave a qualitative discussion for the stability 
of flow in view of the Tollmien-Schlichting theory. However, 
they did not consider the vortex-type secondary flow. In ex­
periments longitudinal vortex rolls were observed by Terada, et 
al. [2] in liquid flow with free upper surface, by Terada and 
Tamano [3], Mori and Uchida [4] in Poiseuille flow, and by 
Chandra [5], Benard and Avsec [6], and Brunt [7] in plane 
Couette flow. Those vortex rolls can be regarded as an in­
finitely elongated form of convection cells which are familiar in 
the Benard problem. Basic temperature profile prior to the onset 
of convection induces a potential of instability in either a forced 
flow or a fluid layer. When the bottom and lop plates are kept 
at different temperatures but uniform on each plate, the basic 
temperature profile becomes linear in the fully developed region 
of flow. This is the same form as was found in the classical 
Benard problem. When we follow the linearized theory, we 
find that equations for thermal stability in a forced flow are 
essentially the same as those for the Benard problem. Therefore, 
the critical value of Ra (based on the temperature difference and 
the distance between two plates) is given as 1708. Using this 
wall temperature condition, Kuo [SJ, Deardorfi" [9], Gallagher 
and Mercer [10], and Ingersoll [11], studied theoretically the 
effect of shear on thermal stability in plane Couette flow. They 
examined the stability against disturbances whose wave front is 
at any angle to the direction of flow, and showed that longitudinal 
vortex rolls occur at 170S which is independent of the presence 
of shear, and is the lowest among the critical values of Ra. 
Very recently Gage and lleid [12] made an analysis for plane 
Poiseuille flow, and presented a Ra-Re diagram showing under 
what conditions longitudinal vortex rolls have priority over other 
secondary motions. 

In the present problem the wall temperature gradient along the 
main flow yields a nonlinear basic temperature distribution. 
This nonlinearity is increased by the wall temperature gradient, 
the velocity of flow, and the Prandtl number. In a quiescent 
horizontal fluid layer, nonlinear basic temperature profile may 
result from internal heat sources. In this respect the stability 
problem considered in this paper is analogous to that for heat 
generating fluid layer. Sparrow, Goldstein, and Jonsson [13] 
applied the polynomial expansion method to the perturbation 
equation and obtained the stability criteria for heat-generating 
fluid layer between two rigid boundaries with fixed temperatures. 
The results by the linear theory show that the parabolic part of 
basic temperature profile decreases the stability. More recent 
theoretical and experimental developments for the heat-generat-
ing-layer problem can be found in the literature [14-18]. In view 
of these works, though some of them were done under different 
boundaiy conditions, one can expect in the present problem that 
stability criteria and mode of convection motion are influenced by 
the nonlinearity of basic temperature profile. I t should be 
noted also that there is an effect of basic velocity profile on the 
stability which is not observed in a forced flow with linear basic 
temperature or heat-generating fluid layer. The present study 
provides new data on the stability criteria for plane Poiseuille 
flow which have been studied so far only under the isothermal 
condition or the condition of uniform but different temperatures 
at the top and bottom plates. As far as the authors are aware, 
no attempt has been made in the past to find the stability cri­
teria for the present problem. In this study we follow the linear 
theory assuming that 

1 Numbers in brackets designate References at end of paper. 

Fig. 1 System of coordinates 

1 Velocity and temperature profiles are fully developed. 
2 Boussinesq approximation can be applied. 
3 Physical properties are constant. 

Fundamental Equations 
The system of coordinates is shown in Fig. f where two infinite 

horizontal flat plates are located at z' = 0 and h, respectively. 
The wall temperature on the bottom and top plates are given as 

T, = T, and '1\ = T0 — AT + 0) 
respectively, where 7'o is reference temperature, AT temperature 
difference between the upper and lower plates, and r constant 
temperature gradient in the ^'-direction. The fully developed 
velocity (£7) and temperature (T) distributions in the unper­
turbed state are 

Ub = 4t/„ ( - 1 -

r„ = 'A -
1 Uorh2 I z 

K 
1 - 2 

+ -AT{T 

m 

(3) 

where <70 is the maximum velocity. 
Perturbations are now superimposed on the basic velocity and 

temperature fields, yielding U = Ub -f u', V = v', W = «>', 
T = Tb + 8' and p = pb + p', where V and W are velocity com­
ponents in the y' and ^'-directions, respectively, and pb is the 
pressure for the unperturbed state. Introducing the nondimen-
sional quantities (x, y, z) = (x', y', z')/h, (u, v, w) — (it', v', 
w')h/i>, 8 = 6''/AT, dimensionless time scale t = t'v/h1, Grashof 
number Gr = gfiATh3/v'!, and Reynolds number Re = Uoh/2v, 
the linearized equations for perturbation components are ob­
tained in the following dimensionless form after eliminating pres­
sure terms. 

— + Re i>u — - V2 ) Vho - Re i>u" — = Gr VJ6 (4) 
ol Ox / Ox 

— + Re &, — - - V2 ) 8 
Ol Y" dx Pr ' 

= (f +-nVx-W)w - (fi/Re)u (5) 

where 

Vt2 = (b*/ox2 + d2/d;/2), i//„ = S2(l - z), 

\pQ = (22/3)(I — 2^2 + zs) and prime denotes differentiation with 
respect to z. The characteristic parameter JX — Re rh/AT 
represents the effect of longitudinal temperature gradient, and 
ix Pr the magnitude of departure of Th from the linear distribu­
tion. The equation for u, though it is used in deriving equation 
(4), remains to be determined for equation (5). This will be 
given in a later discussion for longitudinal vortex rolls. 

In order to show the region of interest in our study, we consider 
the following general form of disturbance 
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u = u(z) exp [i(axx — Re ct) + /a,,;/] 

w = i(;(e) exp [((a^e — Re ct) + /a,/;/] 

8 = 8(z) exp [i'(azx - lie ri) + /«„;(/] 

(6) where 

(7) Lw = Pr (/>" - a2)(\js0'w) - ^„'w 

,tfl (8) 

where a, and o„ are wave numbers in the x and (/-directions, re­
spectively, and c is a complex quantity divided by Re where the 
imaginary part is related to the growth rate and the real part to 
(he phase speed. Substituting equations (C)-(8) into equations 
(4) and (5), we find 

[(D'! - a2) - i Re (aITb,x - c)}(D2 - a2)w 

+ iax Re ip„"iv = a2 Gr 8 (9) 

— (D2 

Pr 
a2) - / Re (aXT0u - c) 

-(I + MPf */VV + (10) 

where a = (a,2 + a,,2)'7'2, D = (d/dz), and (2) is now dropped 
from the expressions for u, w, and 8. 

1 The equations for the longitudinal vortex rolls are obtained 
by setting ax — 0. I t is clear that the basic velocity profile 
function \bu has no direct influence on the hydrodynamics equation 
(9). However, the effect of tj/u appears through u in the energy 
equation (10). The equation for u is now given as 

[(D2 - a2) + i l i e c l i i = Re \f/„'w (11) 

where the pressure gradient in the x-direction is held constant at 
the value for the unperturbed state (dp'/dx' = 0). The inter­
ference of \j/u with perturbed temperature field is inherent in the 
present problem since fj, ^ 0, but it diminishes as n -*• 0. 

The ratio of convection to conduction contribution in the basic 
temperature field is represented by fj. Pr. When ii —*• 0, equa­
tions (9) and (10) reduce to the equations for the classical 
Benard problem. Under the condition of uniform bid, different 
wall temperatures, the critical Rayleigh number Ra* (Ra = Gr 
Pr) is given as Ra* = 1708 regardless of the presence of forced 
flow. 

2 For transverse roll-type disturbances, we set a„ = 0. I t 
can then be seen that equation (9) reduces to the Orr-Sommerfeld 
equation when Re J5> ax Gr. 

3 When at ^ 0, a,, ^ 0, the disturbances are three-dimen­
sional. If ax Re » a2 Gr, the problem becomes purely hydrody-
namical, and reduces to a two-dimensional problem [case (2)] 
under Squire's transformation. The analyses for the case ax Re 
~ a2 Gr, yU = 0 and Couette flow can be found in the literature 
[8-11]. The results for stability criteria show that the flow is 
more stable for three-dimensional disturbances than for the dis­
turbance of type 1 in certain regions of Re. Gage and Reid 
[ 12] showed for the case of plane Poiseuille flow with ju = 0 that 
Squire's theorem is still valid when T-i > 7\ and Pr = 1. They 
also pointed out that longitudinal vortex rolls are the most 
probable in the region Ri < —0.92 X 10^6, where Ri is the 
Richardson number defined as — <//3A77i/16LV. The limiting-
case Re —*• 0, n —*• 0 yields the classical Benard problem where 
three-dimensional convection cells are a subject of interest. 

In the present study it is desired to find out the criteria of 
marginal stability for longitudinal vortex rolls which are con­
sidered to be most important among various types of secondary 
motion in some regions of Re. From equations (9)-(11), setting 
c = ax = 0, we obtain 

(X>2 - a2)ho = n2 Gr 8 

^- (D2 - a2)8 = - a + n Pr ^ > + -£- u 
Pr Re 

(D2 - a2)u = Re \pjw 

or denoting Ra = Gr Pr (Rayleigh number), 

(O2 - a2)*w = - a 2 Ra {(D2 - a2) + fj,L\w 

(12) 

(13) 

(14) 

4(1 + Vv)(2z - 1) - 8 Pr ,j(l - z)D 

+ ••-'- Pr (1 - (5z2 + 4z:,)(D2 - o2) w (16) 

Boundary conditions are 

w = l)w = 6 = u = 0 at z = 0 and 1 (17) 

Correspondingly, for equation (15) 

w = Dw = (J)2 — a"')2w 

= (D2 ~ a2)3w = 0 at z = 0 and I (18) 

Method of Solution 
In view of the considerable complexity of equations (12)-(14) 

or (15)-(16), the numerical technique employed by Sparrow, et al. 
[13], for the fluid layer problem seems to be most powerful for our 
purpose. The unknown function w in equation (15) is now ex­
pressed in the following power series 

V AIL ,„ (19) 

where .4's are constant coefficients. Applying the boundary 
conditions (18) at z = 0, we obtain 

,l„ = .4! = 0, 2«M2, A6 = 3alA-> (20) 

Substitution of equation (19) into equations (lo) and (16) yields 
the following recursion formula for An(n. > 8) after equating 
the coefficients of z". 

,4,„+s = 4oM„1+c - 6a4Am+i + [4a6 - a2 Ra (1 + 2 Pi- /u/3)],l,„+, 

- [a8 - ci" Ra 4- 8 Pr ua2 Ra { - ( 1 + 1/Pr) 

- 2m. - a2/V2 - m(m - l)/2}].4,„ 

- 16 Pr na2 Ra [(1 + 1/Pr)m + vi(m - 1) + m(m - 1) 

(m - 2)/6],4m_, - 4m(m - 1) Pr y.a* Ra /!„,_, 

+ (8»i/3)(»i - I)(w - 2) Pr ucr' Ra .4,„_3 (21) 

Now in equation (19), the four constants A2, A3, A;„ and /I7 still 
remain unknown. The boundary conditions (18) at z = 1 pro­
vide the following homogeneous algebraic equations for these 
coefficients. 

(22) 

where C',-,• (/, j = 1, 2, 3, 4) are functions of Pr, /j., a, and Ra as 
cited in Appendix 1. 

The determinant of the coefficient, matrix [c,7] must be zero in 
order that a nontrivial solution exists; thus 

Cn 
C21 
Cu 
Ctl 

Cn 
Cn 
C'3, 

CA2 

Cu 

Ca 

C33 

c« 

Cu 

Cu 

CM 

^ 4 _ 

At 

A, 
Alt 

A-, 

\CA = 0 (23) 

In order' to obtain a set of parameters Pr, fj,, a, and Ra satisfying 
the condition (23), the values for Pr and fj. are preassigned, and 
the relation between a and Ra is sought. Final numerical re­
sults are obtained for the minimum value of Ra which gives a 
critical Rayleigh number with corresponding wave number a for 
the prescribed values of Pr and fx. All computations are per­
formed by IBM 360 insuring accuracy for the first eigenvalues of 
Ra such that 

C,-
< 10-

(15) and for the second eigenvalues e < 10 4. 
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Fig, 2 Stability boundaries for longitudinal vortex rolls 

Fig. 3 Stability boundary for the case /i -

In addition to obtaining numerical results for neutral stability 
curves, secondary flow streamlines, perturbations of the axial 
velocity and perturbation temperature are also computed. 
Secondary flow stream function \f/ is defined by v = d\p/~dz, 
w = —dip/dy. 

Results and Discussion 
The results of stability calculations are shown in Fig. 2. 

Solid lines represent the case for 7\ > 7'2 (positive lla), and broken 
lines for 1\ < T-> (negative Ra). Detailed numerical results for 
these curves are listed in Appendix 2. Each curve represents a 
boundary above which flow is unstable and below which flow is 
stable. One of the most interesting results is that, if 7\ > T«, 
the temperature difference A7' required for the onset of secondary 
flow decreases as (he main flow velocity and the temperature 
gradient r are increased. The cause of (he decrease in stability 
comes partly from the nonlinear basic temperature profile and 
partly from the effect of disturbance component a which is 
brought into the present problem by the presence of temperature 
gradient r and the main flow U. The effect of the nonlinear 
basic temperature profile is in qualitative agreement with that 
found in a heat-generating fluid layer discussed by Sparrow, et al. 
[13]. The effect of the parabolic part of basic temperature pro­
file is more pronounced with increase in Pr; thus a flow with large 
Pr is more unstable than one with small Pr. All solid curves 
converge to the value 1708 as JJ. -*• 0. Prom observation of 
equations (1.2)—(16), it can be seen that the role of disturbance u 
becomes significant when Pr < 1. This effect of u will never be 
found in problems where there is no temperature gradient (r = 0) 
or no main flow. 

The curves for the limiting case Pr —»• 0 are also shown in Fig. 2. 
In this case the basic temperature profile is governed solely by 
the wall temperature condition so as to cause linear variations in 
both the z and .r-directions. In case of jf'i > To, instability is due 
to both adverse temperature gradient in the ^-direction and the 
presence of TU (in uondimen.sional form fi), whereas in case of 
7\ < Ti the only cause of instability is rV. These limiting cases 
are unrealistic, nevertheless they confirm that the effect of y. 
through the disturbance u does decrease stability. I t should be 
noted that u is closely related to the basic velocity profile as 
shown in equation (14). 

When we fix the product TU0 and change A 7', a point represent­
ing the flow condit ion moves along a straight line whose downward 
direction makes an angle of 45 deg with the positive direction of 
the abscissa. (See the line B-A-C in Fig. 2.) As |ju| increases, 
every curve approaches asymptotically to a 45-deg straight line. 
This means that the stability criteria now' become independent 
of AT as |/i| -*• co; and are determined by the product of Re and 
Rayleigh number based on r 

Ra r = gfirh'/Kv. 

In Fig. 3, the critical numbers of the parameter Re RaT are shown 
against Pr for the case \/J,\ —»• <x>. Infinite |/j( may be realized by 
zero temperature difference between the two plates {AT = 0). 
In this case we have to change the definition of 0 to that based on 
rh. At this point it is noted that the present configuration of 
fluid passage corresponds to a limiting case of a rectangular chan­
nel for which numerical computation was done by Cheng and 
Hwang [19] for various aspect ratios. According to their calcu­
lation under conditions of uniform wall temperature around a 
circumference and varying linearly in the main flow direction, 
secondary flow in the central region of the channel diminishes as 
the aspect ratio (width/height) approaches infinity. The present 
study reveals that there is a possibility of secondary flow even in 
the case of infinite aspect ratio. 

In the analysis of Cheng and Hwang [19], secondary flow in­
duced by the variation of body forces near the sidewall is actually 
considered. This type of secondaty flow can lie found in various 
ducts and pipes under the effect of body forces. In this case the 
gradient of the body force F in the ?/-direction, dF/dy, appears on 
the right-hand side of equation (12). Since F is a known func­
tion of basic velocity or temperature, all the fundamental equa­
tions do not yield an eigenvalue problem. Secondary flow is 
driven by the body force F whenever fluid is moving in a curved 
channel, or temperature distribution is present. In the present 
problem, dF/dy = 0, and the cause of secondary flow is the dis­
turbance imparted to the flow. Disturbance may disappear if 
dissipation effect is predominant. I t may develop into a form of 
vortex rolls due to body forces, or change the flow into a turbu­
lent state, under certain circumstances. The condition for a 
discrete change of flow pattern can be determined as a solution of 
eigenvalue problem. The case of vanishing gradient, dF/dy = 0 
where F is buoyancy, can also be produced by specific wall tem­
perature condition in a duct such as a rectangular channel with 
finite aspect ratio. Stability problem for such a case was dis­
cussed by Sherman [20] recently. 

As we reverse the wall temperature condition such that 7'2 > Ti 
and increase |A7'j, the critical point moves upward along a 
broken line as shown in Fig. 2. It can lie easily seen that an in­
crease in |A7'| for a given rf/0 brings flow to the stable side 
(.4 -* K) whereas a decrease in JA7'| brings flow to the unstable-
side (A —»• C). This result is intuitively correct, since the in­
crease in |A7'| makes a positive contribution to the stable struc­
ture of flow when 7'2 > 7V At the values of fi which give com­
pletely stable structure (no adverse temperature gradient in the 
fluid), the broken lines approach infinity. 

In Fig. 4 the relation between critical wave number a and jU is 
shown together with the values of a for a limiting case |/u| —>- ro 

with Pr as a parameter As Pr - * 0, the trend of the curves for 
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Fig. 4 Crit ical w a v e number versus [i 

7\ jj 7\ becomes opposite to that for a high Pr. This is due to 
the effect of fx through disturbance component u. In the case of 
" < 4.5, vortex rolls are singly laid between the plates; whereas 
for a > 4.5, secondary motion forms double vortex rolls as shown 
in Fig. 0(c). Similar double structure is known from Taylor's 
experiments [21] for rotating cylinders and also from the theoreti­
cal work b\ ' Debler [14] for a heat-generating fluid layer problem. 
Within the range of the present study this phenomenon is found 
only for the case 7\ < T2. 

From equation (23), the second critical eigenvalues of Ha for 
the case 7\ > 7'2 are computed. These values are represented by 
the upper curves for three selected values of Pr in Fig. 5 to show 
that they are much larger than the first eigenvalues represented 
by the lower curves, and this tendency becomes more pronounced 
as fx increases. The second critical values ma}' have no practical 
importance because they are derived on the assumption of 
Poiseuille flow. The basic flow and temperature fields differ con-

Z 
fx -- 0, 17610 

LL = 0,1707.8 

Fig. 5 Second cri t ical e igenvalues of Ra 

siderably from the Poiseuille flow field at a high Ha due to sec­
ondary flow which might be set up at the first critical Ha. How­
ever, results indicate that we may expect a How pattern, deter­
mined solely from the first eigenfunctiou, to exist in some regions 
of Ha near the first critical values, though nonlinear terms may 
play some role in the fundamental equations at high Ha. 

Figs. 6(«-c) show secondary flow streamlines and isothermal 
lines of perturbation temperature for typical cases. The values 
of \p and d are those obtained by setting — A->/a = 1. This 
normalization corresponds to setting the coefficient of a leading-
term in the series expansion of \p unity. [Note: \p = —sin 
ay{ (:\->/a)z'ii'i\ + (A-i/a)z"/',M + . . . } . ] Isot hernials have only 
one eye when there is no maximum basic temperature in the fluid, 
otherwise two eyes exist. The center of vortices moves down­
ward as ix increases for the case 7\ > 7'2; but very gradually. For 
the case T-> > 7\, the movement of vortex center is opposite. 
Fig. 6(c) shows double vortex structure. In Fig. 7, the per­
turbations of the axial component of velocity on (he line .l-.l (see 
a cross-sectional view in the figure) are shown for several com­
binations of Pr and fx. 

Finally, for (he completeness of the present study, it is neces­
sary to show the region of parameters (He, HaT, Ha) where the 
longitudinal vortex rolls may exist. As a measure, the critical 
value of He ( = 5400) for two-dimensional Tollmien-Schliehting 
waves is compared with the stability criteria based on buoyancy 
effect in Fig. 8 for air (Pr of 0.7). When a point representing the 
hydrodynamic (He) and thermal (Ha, HaT) conditions of a flow 
is in the region below He* = 5400 but above the slant straight 
line for a given value of ix, then the flow is considered to be un­
stable, predominantly for the vortex rolls. Gage and Heid [12| 

0.75 

0.25 -

b. ^ =15, Pr =0.7 c. y, =-0.6, Pr =10 

Fig. 6 Secondary f l ow streamlines and isofhermals of perturbat ion temperature 
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Fig. 7 Perturbations of axial velocity component 
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Fig. 8 Comparison of thermal instability with hydrodynamic instability 

poin ted out t h a t t he cri t ical Reyno lds n u m b e r for t h e T-H waves 

is also influenced by t h e r m a l s t r u c t u r e of flow. T h e i r resul t s 

show t h a t t h e cri t ical Re increases as s t ab le s t r u c t u r e ('!'•, > 7\) is 

enhanced . T h u s t h e compar i son in Fig. S is only t e n t a t i v e . A 

m o r e convenient compar i son can be m a d e by using R i c h a r d s o n 

n u m b e r which is re la ted to t h e o t h e r p a r a m e t e r s by Ri = — H a / 6 4 

R e 2 P r . Accord ing to t h e ana lys i s in reference [12] for t h e case 

Ti > 7'2, P r = 1, and fj. = 0, in t h e region R i < - 0 . 9 2 X 10"° t h e 

longi tudinal vor tex rolls a re m o r e p r o b a b l e t h a n T-S waves . 

T h i s cri terion is clearly influenced by the p resence of /j, as shown 

in T a b l e 1 where P r is t a k e n as 0.7. It, is also seen tha t a t ex­

t remely low R e t h e r e is a possibi l i ty of t r a n s v e r s e or th ree-d i ­

mens ional vo r t ex rolls as observed by C h a n d r a [f>] in a p l ane 

C o u e t t e How. 

T h e a s s u m p t i o n of fully developed, l a m i n a r flow should also be 

examined carefully, since ins tab i l i ty in (he e n t r a n c e region might, 

be significant unde r cer ta in c i r cums tances . I t m a y be reasonable 

to a s sume t h a t s t eep t e m p e r a t u r e g rad ien t in t h e b o u n d a r y layer 

near the e n t r a n c e region m a y cause s econda ry mo t ion . H o w ­

ever, when t h e influence of th i s s e c o n d a r y mo t ion on t h e fully de ­

veloped basic veloci ty a n d t e m p e r a t u r e fields is negligibly smal l , 

and the g r o w t h or decay of the mot ion is d e p e n d e n t on the the r ­

mal s t r u c t u r e of fully deve loped region, t h e p r e s e n t resul t s a re 

considered t o be sufficiently val id . The re fo re t h e va l id i ty of t h e 

p resen t analys is d e p e n d s on t h e g r o w t h r a t e of d i s t u r b a n c e in t h e 

en t r ance region. A t t h e p r e s e n t s t age of theore t ica l inves t iga-

Table 1 Critical values of Ri (AT > 0) below which longitudinal vortex 
rolls have priority of appearance over the T~S waves (Pr — 0.7) 

M | 0 

Ri* X 10° I - 1 . 3 

10 

- 0 . 9 1 

100 

- 0 . 1 5 

l ion, fur ther s tud ies a re requi red to d e t e r m i n e unde r w h a t con­

d i t ions t h e ins tab i l i ty of t h e e n t r a n c e region m a y influence t h e 

s t ab i l i t y of t h e whole region of flow. 
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A P P E N D I X 1 

Elements of matrix |C,y] 

1 2a2 3a4 

C, = - + - + - • + A',., 

C« - 3 , + K> 

C„ = - - a 6 + - a 8 + /G.2 
2 8 

e<2 = 3«4 + K,,3 

C',3 = —3a2 H + K,,, 

Ca = - + A',,, 

Cu = — + A'll7 

2«'2 3<r' 
C'21 = I + — + — + X2,2 

o! .)! 

where 

11 ~ «-

''•' 2^ „i 

C*22 = -- + A",,3 

C23 = - - + K2,: 

C„ - • - + K , , 

6*31 = - - • - + A 3 , 2 
2 4 

C32 = —2o2 + K3i3 

On = 1 - — + K3,lt 

I a-

« = 8 

« = 8 .(« - 4)! (n - 2)!_ 

n = 8 

I 
,T, + (« - (>)! (« - 4)! (n - 2)!. 

:/' = 2, 3, 5, 7, 

and />"s are the coefficients in the following equation lov An(n > 
S) [e.f. equalion (21)]. 

/1„ = «„,2.42 + #,,.3-4 a + «„,f4o + B-7/I7 

Infinite series for A"s were terminated when the desired con­
vergence was obtained. 

A P P E N D I X 2 

Numerical Results 

V = LOO Pr = 0.1 

M 
0 
0.075 
0.225 
0.525 
0.75 
1.5 
1 .875 
1.125 
0.75 
0.525 
0.225 
0.15 
0.075 

a 
3.116 
3.399 
3.738 
3.878 
3.911 
3.950 
4.021 
4.043 
4.069 
4.104 
4.256 
4.387 
4.761 

Ha* 
1707.8 
1322.3 
699.80 
340.70 
250.85 
130.38 

-111.87 
-190.38 
-293.13 
-433.09 

-1174.8 
-2013.3 
-0094.9 

M 
0 
3 
7.5 
15 
22.5 
30 
45 
60 
75 

— 75 
-52.5 
-37.5 
-26.25 
-18.75 

0 

3.110 
3.118 
3.127 
3.145 
3.159 
3.169 
3.179 
3.184 
3.186 
3.184 
3.173 
3.151 
3.098 
2.988 

Ra* 
1707.8 
1693.0 
1623.0 
1441.9 
1256.5 
1098.4 
864.97 
708.49 
598.43 

-954.09 
-1514.8 
-2447.0 
— 4355.3 
-8273.1 

Pr 

V-
0 
7.5 
15 
26.25 
45 
75 

-75 
-52.5 
-37.5 
-30 
-22.5 

a 
3.110 
3.113 
3.105 
3.091 
3.073 
3.056 
2.947 
2.907 
2.844 
2.777 
2.645 

Ha* 
1707.8 
1661.2 
1547.1 
1341.0 
1051.9 
762.02 

-1445.9 
-2390.4 
-4077.9 
-6078.2 
- 1096.50 
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Numer ica l Results 

Pr = 10 Pr = 0.' 

a 
3.116 
3.221 
3.397 
3.616 
3.775 
3.830 
3.881 
3.906 
3.918 
3.986 
4.006 
4.031 
4.064 
4.107 
4.145 
4.208 
4.331 
4.451 
4.683 
4.700 
4.8.58 

Ha* 
1707.8 
1568.0 
1309.3 
913.62 
548.47 
389.25 
245.65 
167.97 
127..59 

-109.36 
-186.05 
-286.34 
-422.83 
-618.79 
-804.18 

-1144.4 
-1957.7 
-2982.7 
-5894,1 
-720.5,5 
-9104,4 

M 
0 
1.5 
3 
5.25 
7.5 
15 
30 
45 
60 
75 

-75 
-52.5 
— 37.5 
-30 
-22.5 
-18.75 
-15 
-11.25 
— 7.5 
-6.75 

(i 

3.116 
3.128 
3.160 
3.223 
3.284 
3.415 
3.510 
3.540 
3.564 
3.576 
3.667 
3.087 
3.712 
3.735 
3.770 
3.798 
3.830 
3.891 
3.902 
3.973 

Ha* 
1707.8 
1683.6 
1618.3 
1478.6 
1329.0 
943.66 
575.38 
410.98 
319.20 
200.81 

-309.83 
-459.59 
-676.76 
-884.47 
-1271.0 
-1620.4 
-2220.4 
-3462.0 
-7223.6 
-9022.1 

Crit ical Second Eigenvalues 

M 
0 
0.075 
0.1125 
0.187.5 
0.225 

Pi- = 

a 
5.365 
5.359 
5.364 
5.471 
5.597 

.- .-

10 

Han* 
17010 
18444 
19519 
23050 
25328 

_ _ _ 
0.7 

M 
0 
0.15 
0.3 
0.45 
0.75 
1 .125 
l.o 
2.25 

M 
0 
0.75 
1.5 
3 
5.25 
i . 5 

a 
.5.305 
5.360 
5.309 
5.374 
5.392 
5,432 
5.498 
5.741 

Pi- = 0.1 

n 
.5.36.5 
5.374 
5.404 
5.521 
5.840 
6.279 

Kan* 
17010 
17630 
17712 
17839 
18252 
19077 
20267 
23703 

Ra n* 
17610 
17677 
17877 
18685 
20941 
24315 
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New Analytical Approach to the Evaluation 
of Configuration Factors in Radiation From 
Spheres and Infinitely Long Cylinders 
It is shown in this paper that, in the case of radiation from spheres and infinitely long 
cylinders to a certain class of surfaces, the configuration factors are independent of the 
validity of Lambert's cosine law. A new technique has been developed to calculate the 
configuration factors in radiation from spheres and infinitely long cylinders and, with 
this technique, formulas have been obtained for several geometries for which no solutions 
have previously appeared in the literature. 

Introduction 

IN THE existing literature on radiant-interchange 
configuration factors, the underlying assumption is that the 
directional distribution of the emitted radiation follows Lambert 's 
cosine law. I t is shown in this paper that, in the case of radiation 
from spheres to a certain class of surfaces, the configuration fac­
tors are independent of the validity of Lambert's law. A new 
technique is developed to calculate the configuration factors in 
radiation from spheres, and formulas are obtained for several im­
portant geometries. AM, except one, have never been solved in 
closed-form to the best of the knowledge of the present authors. 
Only the formula for the special case of the factor from sphere to 
a particularly positioned rectangle appears in the literature. 

Extremely simple formulas resulted from the present investiga­
tion in certain cases in which the heretofore used methods led to 
multiple integrals of forbidding complexity which often could 
only be solved by numerical processes. 

Reasoning, similar to the one applied to the spheres, is further 
extended to infinitely long cylinders. The results prove that two 
formulas widely reproduced in the literature are incorrect and that 
the scope of these formulas has, at any rate, not been fully appreci-
at ed heretofore. A new closed-form expression is developed for a 
factor from an infinitely long cylinder to a portion of a noncon-
ceutric cylindrical enclosure. 

Contributed by the Heat Transfer Division of THE AMERICAN 
SOCIETY op MECHANICAL ENGINEERS for publication (without 
presentation) in the JOURNAL OF HEAT TRANSFER. Manuscript re­
ceived by the Heat Transfer Division, November 7, 1968; revised 
•Manuscript received April 21, 1909. Paper No. 69-HT-J. 

Radiation From a Sphere to a Coaxial Disk 
For the purpose of this paper we shall say that a disk is coaxial 

with a given sphere when it lies in a plane perpendicular to the 
line joining its center with the center of the sphere. 

Fig. 1 represents a sphere and a projection of the coaxial disk 
AB. 

. - I - . 

Fig. i 
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Fig. 2 

Fig. 3 

Radiation From a Sphere to an Infinitesimal, Coaxial Ring 

We shall now consider the differential increase in the factor 
/''»_,( as r grows from a value x to x + dx. This increase repre­
sents the factor from a sphere to an infinitesimal ring of radius x 
and width dx. 

The factor from the sphere to the disk AB is the same as from 
the sphere to the hollow spherical surface ACB, provided that .4 B 
does not intersect the sphere. This is so because any ray, emanat­
ing from any point on the radiating sphere and striking the disk, 
would necessarily also strike the surface ACB. The opposite is 
equally true—thus, any ray striking ACB could not come from 
the radiating sphere without passing through the circle A B. This 
observation is the keystone of the method developed below. 

I t must further be observed that the irradiation per unit area 
on the surface of the outer sphere is the same at every point quite 
irrespectively of the validity of Lambert's cosine law; provided 
only that, whatever is the angular distribution of emanating 
energy, this distribution does not vary throughout the radiating 
surface. This represents no real restriction, because in most 
practical cases the surfaces of radiating spheres can be considered 
homogeneous, while not necessarily behaving in accordance with 
Lambert's law. 

The factor from the radiating sphere to the outer sphere is, 
obviously, unity. Thus, bearing in mind our previous remarks, 
we must conclude that the factor from the sphere to the area 
ACB (and with it the factor from the sphere to the coaxial disk) 
is equal to the ratio between the area of the spherical segment 
ACB and the total area of the outer sphere. Thus, the factor 
from the sphere to the disk is 

F s~d — 
2?r Vet2 + i-1 (Va1 + r2 

4TT(<I2 + r2) 

(1) 

2V, a2 + r2 

In order to obtain this factor as a function of a dimensionless 
quantity, let us introduce the ratio R = r/a which may con­
veniently be called the relative radius. After simplification, we 
obtain 

dl<\-iui.r = — (a2 + x2)-'^dx 

For a portion of such a ring subtending an angle a at the center 
(see Fig. 3), the factor is 

a ax , 7 
dF3.seK. i„f. , = — — (a2 + x 2 ) ~ "dx 

sir 2 
(4) 

The dimensionless form of these equations is obtained by de­
fining the ratio A' = x/a and substituting aX for x and adX for dx. 
After simplification, we have 

dF,.-,„,. r = \- (1 + A 2 ) - J / ' r fA (3') 

dF,.seg. i„f. r = £• '- (1 + A ' 2 ) - 3 / 2 dX (-!') 

Radiation From a Sphere to an Infinitesimal Area Lying in a 
Plane Which Does Not Intersect the Sphere 

I t will be useful to consider at this point the factor from a 
sphere to a unit area on a coaxial ring. This factor per unit area is 

dF,-uail area = 
rfF.-inf. r 

2irxdx 

4?r 
(a2 + x2)-'J"-

Therefore, the factor from sphere to a differential element of 
area lying in a plane which does not intersect the sphere is 

dF..dAR = — (a2 + x2r^dAR 
4-7T 

Co) 

1 

2 V 7 + R2 (!') 
where x is the distance between this element and the perpendicular 
drawn from the center of the sphere to the plane of this element. 

Putting A' = x/a and d.A = dAK/a2, we get 

For a sector of the disk (see Fig. 2) the factor is 

1 a 
/ 'Vsectur — 

2-jr 

' .s-seetor 
2TT 

2 2 \ / a 2 + r2 

2 2 \ A + R2_ 

C2) 

(2') 

dF,.,lA = — (1 + X*)-3/>dA 
47T 

(5') 

I t should now be noted that equation (5') has been developed 
from equation (1) through a process which required no reference 
to Lambert's law and is, therefore, just as independent from this 
law as equation (1), itself. Further, this independence applies 
equally to any unite area lying in a plane which does not intersect 
the sphere. 
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A digression may be in order at this point, in relation to the 
reciprocity law. I t is well known that this law is in general not 
valid for non-Lambertian surfaces. Since the factors obtained 
here are valid also for Lambertian surfaces, the reciprocity law 
will apply, provided only that the surface paired with the sphere 
follows Lambert's law. 

Radiation From a Sphere to a Segment of a Coaxial Disk 
Fig. 4 represents the disk AB in Fig. 1, viewed from above. 

Point 0 is the projection of the center of the sphere. This pro­
jection coincides with the center of the disk. 

The angle subtended at 0 by the shaded ring is 

Thus, utilizing equation (4), we obtain 

h 

x ax 

h 

/<V«B I 2ir 2 
(a2 + x^-'/'dx 

2TT Va2 + — sin 
47T 

(a2 - h'-)!-1 - 2aVr-
(0) 

liquation (6) is transformed to a dimensionless form by the sub­
stitutions li = r /oand i 1 / = h/a. 

H 
cos • — 

1 It 1 
r,-,eS. = - - / " = + 7" * l i r 

* 2 7 r v l 4- Kl 47T 

(i - iniv - -iir-
(i + i/2)A>2 

(0') 

It maj' perhaps be useful to underline the method employed in 
this section which can be used to an advantage in calculating 
factors from spheres to other plane areas. The multiple integra­
tion, commonly resorted to in the existing literature, has here 
been replaced by a single integral. 

The graphic representation of the dependence of /''s.3Dg on K 
and on a ratio Z = HIII is shown in Fig. 5. 

Radiation From a Sphere to a Coaxial Rectangle 
We shall say that a rectangle is coaxial with a given sphere 

when it lies in a plane perpendicular to the line joining its center 
with the center of the sphere. 

LL 

Fig. 5 Conf igurat ion factors f rom a a segment of a coax ia l < 

Fig. 4 

Fig. 6 represents the view from above of a rectangle measuring 
2bi X 26», which is circumscribed by a circle of radius V V + 62

2. 
The center of the rectangle, O, coincides with the projection of the 
center of the sphere. 

The factor from the sphere to this rectangle can be obtained by 
subtracting the sum of the factors from the sphere to the four seg­
ments from the factor from the sphere to the circle; it can, there­
fore, be easily calculated with the help of equations (1) and (6). 
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Thus, 

/<Vrect. = Fs.„ 
f V ' J I ' + W 

2 
Jin 

I 

AFS.^. int. ,. 

< ' /<Yseg . inf. r 

1 
2 2 V a 2 + 6,2 + fr,2 

6i 
,—- - 2 cos"1 — 

\/bi'-+bi2
 X ax , j , , 

_ 2 | _ ( a 2 + . ( . 2 ) - V v / . r 

, 2 cos J — 
/in-+t>i- x ax (a2 + xr)~°/2dx 

1 r 202A,2 - _ ( > = - V ) ( f V +J,2
2) 

2TT LSm "~ ~W+ V)(6 i 7 + &2a) 

+ sin" 
2«262

2 - J o 2 —J,j2)(fe,2 + (,,2) 
(7) 

After introducing the ratios /ii = bi/a and ft = 62/«, the nondi-
mensional form of equation (7) becomes 

1<\-
1 2/j,2 - (1 - /j,2)(jj,2 + ft2) 

" (1 + ft2)(ft2 + ft2) 

2ft a ft2)(ft2 + ft2) 
(1 + ft2)(ft2 + ft2) 

(7') 

Equation (7) is equivalent to the expression obtained by 
Mackey, et al., (1048), for the factor from sphere to a coaxial 
rectangle. These authors assumed that the size of the sphere is 
very small as compared to the dimensions of the rectangles. The 
same factor has later been obtained independently by Wilson, 
Hwang, and Crank (1962) by means of the usual method of 
quadruple integration, involving in this case some rather compli­
cated three-dimensional drawings. Their contribution lies in 
the fact that they have shown that the radius of the sphere does 
not influence the factor, provided that the plane of the rectangle 
does not cut the sphere. They have found, thus, that the re­
striction imposed by Mackey et al. (1943) was unnecessary. 
However, the conventional approach used by these authors pre­
cluded them from discovering that the assumption of validity of 
Lambert 's law is also superfluous. 

Radiation From a Sphere to a Coaxial Right Circular Cylinder 

Surprisingly simple expression is obtained for the factor from 
a sphere to a right circular cylinder of length 2a and radius r, 
when the sphere is placed at the center of the cylinder (see Fig. 7). 

Because the factor from the sphere to an enclosure containing 
(his sphere is unity, the factor from the sphere to the cylinder 
can be obtained by subtracting from unity the factors from 
sphere to the two bases. Using equation (1), we have 

/''.,-, = 1 — 2 

a 

1 

_2 2Va2 
+ r2 

V a 2 + j-2 

After the transformation R = r/a, the factor becomes 

1 
ft-cyl 

Vi + /e2 

(S) 

(8') 

If the sphere and the cylinder are coaxial but not concentric 
(see Fig. 8), the relevant self-explanatory equation is 

/w = 
1 

- V f l , 2 - f ,-2 \ / a , 2 -). ,.2 

Putting A', = r /a , and /i\ = r/a2, we obtain 

1 1 1 

V l + #.,2 V'j + "ft2 

(9) 

('!)') 

Radiation From a Sphere to a Polygon 
Let us consider an arbitrary n-sided polygon lying in a plane, 

which does not intersect the radiating sphere, e.g., the polygon 
ABODE A in Fig. 9. Let point 0 be projection of the center 
of the sphere on that plane. This projection can fall either within 
the polygon, or without. It will be sufficient to examine the 
latter case, because it is more comprehensive than the former, 
as will readily be understood from the following analysis. 

By joining the corners of the polygon to the point 0, we obtain n 
triangles with a common vertex at that point. The problem is 
now reduced to the evaluation of the factor from a sphere to an 
arbitrary triangle with a vertex at 0. The factor from the 
sphere to the polygon will be a simple algebraic sum of n such 
sphere-to-lriangle factors, provided that the factors for the 
triangles which lie completely outside the polygon are considered 
negative. 

Let the triangle OCD in Fig. 10 be of the aforementioned Iri-
angles. We shall now draw two circles with the common center 
at 0 and wit h the respective radii OC and OD. The factor Fa.±„cr 
(from the sphere to the triangle 0(7' ') can be obtained by sub­
tracting a factor to a segment (equation (6)) from a factor to a 

Fig. 7 
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Fig. 10 

sector (equation (2)). The same applies to the factor FLAODH 

(from the sphere to the triangle ODE). 

Clearly, 

1 
Fa-AOCD = — [l'\-AOCF — Pa-AODll] 

where 

FS:'A, 
1 a 
2 2Va2 + OC' 

, OP 

OP 

OC 

1_ 

8 2TrVa2 + dTj2 ' 4:7r 

, OP 

OC 1 . , (a2 - OP2)OC2 - WOP* 
+ —- sin ' (a2 + OP2)OC2 

OC __ \_ . _x (a
2 - OP2)OC2 - 2a2OP2 _ 1_ 

2ir 4TT b l " (a2 + 0Pr)0C2 8 

and 

- i 0 P 
cos * = 

OD 1 a 

- 2 2\/«.2 + 0Z)2J 

, W _ 

1 a U>b OD 1 . (a2 ~ 0P"')0D2 - 2a2OP2 

4 sin 
.8 <2TrVa2 + OD2 4T 

OP 

(a2 + OP2)OD2 

OD 1 . , (a2 - ~OP2)OD2 - 2a2OP2 1 

Therefore, 

2TT 

1 

4TT 
cos 

1 

4x " (a2 + OP2)OD2 8 

, OP , OP _ 1 = — cos ' = 
OC OD. 

(a2 - OP2)OC2 - 2a2OP2 

sm x ——"—-"— —-
(a2 + OP2)OC2 

. , (a2 

— sm 1 - OP2)OD2 - 2a2OP2~ 

(a2 + OP2)OD2 
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Fig. 11(a) fa ^ c 

Fig. 11(b) fa < c 

Radiation From a Sphere to a Noncoaxial Disk 

Point 0 in Figs. 11(a) and 11(6) is the projection of the center 
of the radiating sphere and the shaded arcs are drawn with 0 as 
their center. Evidently, the whole surface of the disk can be 
covered by such arcs in Fig. 11(a), but not so in Fig. 11(6). 
Therefore, the integral of equation (4) with appropriate limits 
will give us the factor from the sphere to the disk in the former 
case; while in the latter, another factor (from the sphere to the 
coaxial disk, shaded in the figure) will have to be added to the 
integral. 

In both figures we have 

x- + b2 — c2 

Thus, for b ^ c 

F 
* s - n o n c u a x . • b-c 

2.rb 

x2 + If- - c-

2xb ax ,, 
(a2 + x*)-3/ldx 

(10) 

nb+c 

Jc-b 

X2 + b2 -J? 

2xb ax 
(a2 4- x1) r'dx 

2 2Vai~ (c - 6)'~ 
(11) 

It can be shown that the equations (10) and (11) lead to elliptic 
integrals and cannot, therefore, be integrated in terms of ele­
mentary f unci ions. It was thought, however, that it may be use­
ful to present in Fig. 12 the numerically computed values of the 
factor as a function of the dimensionless ratios Z = b/c and 
R = c/a. 

Some Special Cases 

The radiation from a sphere to a surrounding concentric cube 
is equally divided among its six sides irrespectively of the validity 
of Lambert's law. Thus, the factor from a sphere to a coaxial 
square, the side of which is twice the distance between their 
centers, must lie equal to 1/6. This is in agreement with the 
result obtained from equation (7') by putting Bt = B2 = 1. 

Similar tilings could be said in relation to any other regular 
polyhedron. An appropriate calculation may provide an interest­
ing exercise. 

Radiation From an Infinitely Long Cylinder to an Infinitely 
Long Parallel Rectangle 

The same reasoning emploj'ed in the development of equation 
(1) can be applied to the radiation from an infinitely long cylinder 
to a parallel, symmetrically placed, infinite rectangle appearing 
in cross section in Fig. 13. 

AB represents the width of the rectangle and ACB is an arc of 
a circumscribed circle concentric with the cylinder. Provided 
that AB does not intersect the cylinder, the factor from the ra­
diating cylinder to the rectangle is the same as the factor from 
this cylinder to the portion ACB of the outer cylinder. Irre­
spectively of the validity of Lambert's law this factor equals a/v 
and does not depend on the radius of the radiating cylinder. 
Because a = t a n - 1 (b/a), we have 

and, for b < c 
/<Vvl 

_ 1 _x b_ 
.•mm. rec t . — I t i l l (12) 
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T J 

LL. 

I B < 7 « » IC a o- o i en o/> en v MM i 

R 

Fig. 12 Conf igurat ion factors f rom a sphere to a noncoax ia l disk 

Fig. 13 

Putting B = b/a 

Fcyl.-symm. root. = _ tail 1 B 
•K 

(12') 

If the rectangle is not placed symmetrically (see Fig. 14), we 
obtain through simple subtraction 

1 / _ lh h 
''cyl.-nonsymm. root. = r ~ I t a l l l ~ ~ tail l — 

2w \ a a 
(13) 

Fig . 14 

* eyl.-iumsy: mm. rect. 
2-ir 

( t a n - ' ^ i - tan" 1 B,) (13') 

It can be seen from Fig. 14 that this factor is simply 4>/2ir. 
This could have been guessed intuitively, but it is not easy to 
prove directly. 

Assuming now that the rectangle radiates in accordance with 
Lambert 's law, we can apply the reciprocit}' theorem, and obtain 

Frect.-
r I bi 
- tan^ 1 -
b V a 

tan 
62 

(14) 

Putting 6 = 61 — b2, li = r/a, Bi = bi/a and B% = b2/a, we get 

R 
l{ rect.-

Bt - B; 
( tan" 1 Si - tan" 1 A ) (14') 

The parentheses in this formula have been erroneously omitted 
by Hamilton and Morgan (1952) and that mistake has been sub­
sequently reproduced in many books, among them the widely 
used text by Sparrow and Cess (1967). Apart from the error in­
volved, it should be pointed out that in these references the re­
ciprocal factor, from the cylinder to the rectangle, has not been 
evaluated. Thus, its independence from the radius of the ra­
diating cylinder has not been noted. 

In this connection it ought to be mentioned that another 
formula in Hamilton and Morgan (1952) is mistaken. Fig. 15 is 
a reproduction from this work. An infinitely long strip of in­
finitesimal width is denoted by Pi. The factor from this strip to 
the cylinder is given as 

N, 
r P2-A1 A'2 M2 

This is manifestly wrong, as can be seen by putting Ar = M 
which would lead to an infinitely large factor. The correct result 
can be obtained from equation (12). 

Let the width of P2 be dm. 

Fey: i.-reot. of width j 
1 m 

= — ta i i " 1 -
2TT n 

dF 
eyl.-rect. of width 

dm 
2TT 1 + -7) n 

n2 J 
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But, 

Thus 

Fig. 15 M = m/r, N = n/r 

tWcyl.-rect. ot width m = F Ai-l'-i 

FAI-I'I 

ndm 

27r(re2 + w2) 
(15) 

Therefore 

r. 2 ? r ' ' n 
t'P2-A1 = — - l< At-1'. 

dm 

m2 + »f2 

iV 

jy-2 + i f s 
(16) 

Again the erroneous result 1'eceived wide currency, being re­
produced, among others, in a book by Wiebelt (1966). 

The remarks regarding these errors are made in the interest of 
the users and should in no way be interpreted as a criticism of the 
authors involved. 

Radiation From an Infinitely Long Cylinder to an Infinitely 
Long Nonconcentric Cylindrical Enclosure 

We shall now use equation (15) as a starting point in our quest 
for an analytical expression for a factor from the infinitely long 
inner cylinder shown in Fig. 16 to the portion PQ of the outer 
cylinder. 

Equation (15) represents the factor to an arbitrary infinitely 
long strip of width dm identified by the variables m and n shown 
in Fig. 16. But m, dm and n are functions of the angle a. 
Specifically: 

y \ . 

Fig. 16 

dm = rzda 

n = }'a — e cos a 

where e is the distance between the centers of the two cylinders. 
Let dA, denote the area of the strip dm. Equation (15) be­

comes now 

F Ai-,h 
ndm (r2 — e cos a)r-ida 

2x(n2 + ?»2) 27r(r2 2r2e cos a + e2) 

Integrating from «i to a2 we obtain the required factor FAS~A:, 
from the inner cylinder to the portion PQ of the outer cylinder. 

FAi-A, = 
?•,> Ca- r2 — e cos a 

2ir I (r2
2 — 2r2e cos a + e2) 

*J as x ' 

2TT L 
+ tan" 

r2 + « a2 
tan — 

n — e 2 

tan ~ 
(n+e aA 

tan — 
\ r , - e 2 / J 

(17) 

As was the case with the factors given by equations (12) and 
(13), FAI-AI is independent of the radius of the inner cylinder and 
of the applicability of Lambert's law. 
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Heat Transfer to Horizontal Gas-Solid 
Suspension Flows 
Heat transfer and pressure-drop characteristics of a gas-solid suspension flow in a 
horizontal circular tube were investigated using glass spheres of two sizes, 30 and 200 
micron. The airflow rate was held constant at three different values in a- 0.7 Tin-ID 
tube such that Reynolds numbers of 10,000, 15,000, and 30,000 were produced. Solid 
loading ratios on a mass basis were as large as 7. The. purpose of the investigation was 
to observe the effect of stratification on the heat transfer characteristics of the system. 
The pressure-drop results indicate that the solids were suspended in all cases, but the 
heat transfer data show significant difference between the tempera!we of the tube wall at 
the top and bottom with the small particles. Nussell numbers were as much as 21/ '2 

times larger on the bottom side than on the top side. No such effect was produced with 
the large particles. The pressure-drop data indicate significant wall interaction for the 
large size, but not for the small size. 

Introduction 

T 
I HE BROAD application and importance of the pneu­

matic- conveyance of solids needs no recounting here. In such 
systems, the possibility of thermal-energy exchange with the 
boundary exists and, indeed, the influence of suspended particles 
on this exchange mechanism may be of critical importance in de­
sign. Several previous theoretical and experimental investiga­
tions have dealt with the problem of heat transfer to gas-solid 
suspensions in the vertical orientation where the gravity force is 
axial and the How field is symmetrical [1-7].2 These and other 
pertinent publications are summarized in an excellent book [8]. 

In comparison to the vertical orientation, the horizontal con­
figuration is inherently asymmetric and it- requires individual 
treatment. Two previous investigations [9, 10] using horizontal 
heat transfer systems did not report the quantitative effect of 
vertical concentration gradients and no results which are com­
parable to those presented herein are known by the authors. 
The effect of gravity on a suspension flowing in the horizontal 
orientation is to cause the denser phase to settle toward the bot­
tom of the pipe. The ability of the continuous phase to support 
a denser solid phase is found to depend on the velocity and fluid 
properties. Always, however, the tendency is for the solids 
concentration to be higher along the bottom of the pipe. In the 
extreme, the solids form a more or less continuous bed and move 
along without appreciable mixing of the two phases. Under this 

1 Formerly, Research Assistant, University of Washington, Seattle, 
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December 16, 1968; revised manuscript received, April Hi, 1969. 
Paper No. 69-HT-62. 

extreme condition, the solid bed may form an insulating barrier 
to heat transfer, but in the normal circumstance, when a cireum-
ferenlially uniform heat flux is imposed, the lower wall is expected 
to be cooler than the top wall due to the normally high thermal 
capacity of the solid phase and, hence, its greater cooling effec­
tiveness. 

Although some consideration of particle distribution, pressure 
drop, and minimum transport conditions [1 [-13] has been given 
for isothermal conditions in the literature, no information exists 
which quantitatively describes the variation of temperature or 
heal transfer coefficient when a heal flux is imposed at the bound­
ary iu horizontal systems. This investigation was carried out to 
obtain some initial answers to the following questions: 

1 At what concentration does the temperature at the tube 
bottom become measurably less than at the top? 

2 How large does the temperature difference become? 
3 Does design for conveyance constitute adequate design 

for heat transfer? 

The answers to these questions were obtained for a limited 
range of parameters, but much further work remains to be done 
to verify and to generalize the specific conclusions of this paper. 

Experimental Apparatus and Techniques 
Flow System. The experimental apparatus used in this investiga­

tion is shown schematically in Fig. 1. The basic flow loop was 
developed during the course of previous studies [14], and it was 
modified to produce (he configuration for the current research. 
The primary element is the uniform-flux heat transfer section 
which is placed in the horizontal position for these experiments. 
The suspension is produced by adding glass spheres to (he metered 
air which comes from the laboratory compressed air supply. 
Glass spheres are supplied by a batch hopper which is mounted 
on a platform scale. The weight of the feed hopper is continuously 

•Nomenclature-

c = specific heat 
D = inside tube diameter 
/; = local heat transfer coefficient 

Nu = Nusselt number 
P' = average pressure gradient, psi/in. 

q = local heat, flux 
T = temperature 
u = particle terminal velocity 

uf = pipe "friction velocity" 
W = mass flow rate 

Subscripts 

a = air 
b = bottom tube wall 

ma = air mean 
mm = mixture mean 

wis = solids mean 
0 = inlet condition 
s = solids 
1 = top tube wall 

V) = wall 
x — local value at x in. from inlet 

o° = average if 7 values nearest, tube 
outlet 
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V E N T U R 

TEST SECTION 
Fig. 1 Schematic diagram of experimental apparatus 

monitored by a strip chart recorder reading the output, of a 
strain-gage resistance bridge on a cantilever beam which restrains 
the scale arm. The flow of solids is adjusted at the feed nozzle 
which admits solids to the flow at the throat of a venturi nozzle. 

The solid particles used in the investigation were glass spheres 
manufactured by the Minnesota Mining and Manufacturing 
Company. The diameter range of the large size used was 
117-240/U. The average bead diameter of the small size was 28/U. 
They will be referred to as the 200/u size and the 30ju sizes, 
respectively. The mixture passes through a second venturi 
nozzle to make the distribution symmetrical at the entrance to 
the flow development section. This development section is 100 
dia long and it provides a fully developed hydrodynamic flow 
condition at the onset of heating. The 0.7f>-iii-dia X 80-in-long 
heat transfer section of type 304 stainless-steel tubing has copper 
electrode flanges for conduction of electric current through the 
0.020 ± 0.003-in-thick tube wall. Two diametrically opposed 
Fe-Co thermocouples were spot-welded to the outside wall at each 
of 22 locations along the tube. The test section was thermally 
insulated with a minimum of 4 in. of powdered insulation over 
its entire length. Details of the thermocouple installation and 
locations are described in the previous publication [4], The 
tube was oriented such that the thermocouples were at top and 
bottom. Calculation showed that longitudinal conduction, 
circumferential conduction, and the temperature difference be­
tween the outside and the inside tube wall are all negligible. 

Following the test section, the flow is passed through a water-
cooled heat exchanger to restore the solids to near room tempera­

ture for subsequent reuse. Plow continues through a double-
effect cyclone separator where the bulk of the solids is removed to 
a storage hopper. The airflow exhausts to the room through a 
cloth filter bag. Operation of the system is quasi-steady, with the 
steady period of operation dependent on the solids rate due to 
the limited supply of solids in the feed tank. Run periods ranged 
from 15 min to several hr. 

In addition to those on the heated section, thermocouples were 
mounted on the approach section to determine the mixture inlet. 
Thermocouple output was recorded by a strip chart recorder; 
airflow was measured with a calibrated Meriain laminar flow ele­
ment to 2 percent accuracy; voltage and current were measured 
with calibrated Weston meters to '/a per cent accuracy. 

Experimental Procedure. An initial series of 19 runs with air only 
over a range of Re from 10,000 to 70,000 was made to check the 
overall and local system performance. These initial runs served 
a twofold purpose. By measuring the outlet mixed mean tem­
perature and performing a heat balance, the heat loss from the 
heated section to the room was determined. The temperature 
of the tube wall at the last thermocouple on the healed section 
was maintained at 27o ± o F for all tests including the solids 
suspension runs, thus maintaining a nearly constant-heat-loss 
value. This heat loss value of 39 Btu/hr , which is roughly 5 
percent, of the heat input, was subtracted from the gross heat in­
put to determine the net heat added to the suspension flows. The 
second purpose of the series with air alone was to verify the 
phenomeuological performance of the system, as will be discussed 
in the following section. 
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Check runs were made periodically through the program to in­
sure the continued satisfactory performance. About 2 hr were 
required for warm up. Constancy of all temperatures was noted 
for about 15 min prior to the introduction of solids, after which 
about, 5 min were allowed for conditions to stabilize. The system 
had a 30-sec time constant for step inputs of power and step 
changes of airflow rate, and 5 min was more than adequate. The 
sequence of even ts for a test run was as follows: 

1 Warm up with air flowing at a desired flow rate, maintain 
outlet tube wall temperature of 275 ± 5 F. 

2 Establish solids flow at an estimated concentration. 
3 Regulate heating power and air rate to restore original 

flow rate and outlet wall temperature. 
4 Record data after observing a steady condition for all in­

struments. 

The first series of suspension runs which were made produced 
results that were unreasonable. Axial tube wall temperature 
variations at distances beyond the thermal entry region contained 
maxima and minima which were 25-deg apart for some cases. 
This type of variation was found to depend on both tube straight-
ness and approach section alignment. Adjustable supports were 
placed at 20-dia intervals and both sections were made colinear 
to within 11.01 in. with the aid of a surveyor's transit. Only 
those results which were produced after this alignment procedure 
are reported herein. 

Analysis of Results. The local Nusselt number, hD/k, is based 
on the local heat transfer coefficient, which is defined by 

/! = 
(?'» - TmJ 

Tmm is the mean temperature that, would exist if the phases were 
in thermal equilibrium and it is based upon an energy balance: 

Tmm = To • 
qDx 

(K„c„ + W,cs 

The heat flux is assumed to be uniform since the tube electrical 
resistivity is nearly constant, the heat loss is a small part of the 
total heat transferred, and tube wall conduction is estimated to 
be negligible. In the air-alone tests, IF, = 0, and the same 
formulas are used with ?'„,, the average of the top and bottom 
thermocouple reading's. 

During the tests with only air flowing, the top and bottom 
thermocouples at most of the axial locations indicated the same 
temperature. There were a few exceptions due to tube non-
uniformity or inaccurate thermocouples, but the difference was 
always less than 3 F. When solids are flowing, heat transfer 
coefficients are calculated separately for the top and bottom tube 
walls based on their respective measured temperatures, but the 
•same values of heat flux and mixture mean temperature are used. 

The Reynolds number is always based on the mean flow rate 
and physical properties of (he air. When air-only runs are made, 
the average mixing cup temperature is used; when solids are 
present, the inlet air conditions are used for evaluation of the 
physical properties. 

Experimental Results and Discussion 
Tests were conducted for the following conditions: airflow 

only; air Reynolds numbers of 10,000, 15,000, and 30,000 with 
30yu particles; air Reynolds numbers of 1.5,000 and 30,000 with 
200n particles. 

Heat Transfer With Air. Nineteen runs were made without solids 
present to assess the system performance and capability for ac­
curate and repeatable results. The tests covered a range of 
Reynolds numbers from 10,000-70,000, and the resulting asymp­
totic Nusselt numbers are shown in Fig. 2. The solid line repre­
sents the previous data of Depew [15] and the analysis of Spar­
row, Hallman, and Siegel [16]. The experimental data are 
within ± 5 percent of the expression. Further confidence in the 
system is engendered by the fact that the 5 percent thermal-
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entry length for all tests was from 9-14 dia long. This is in 
agreement with Sparrow's value of 12 at Re = 50,000 and 
Depew's range of 11-13 dia. These results are considered to be 
substantial verification of the system and its instrumentation. 

Heat Transfer With 30/1 Particles. Local Nusselt numbers are pre­
sented in Fig. 3 as a function of axial distance for four different 
solids loading ratios with the air Reynolds number held constant 
at 15,000. These results are typical of the 12 runs made at this 
air rate and they show the essential characteristics of the system 
performance. Fig. 4 shows the high-loading ratio run plotted as 
the Nusselt number ratio (ratio of local value of Nu to Nu at 
x/D = 101) versus axial distance. Fig. 5 is a plot of the asymp­
totic Nusselt number as a function of solids loading ratio with the 
comparable results from [14] for the vertical orientation also 
shown. Fig. 5 also shows similar curves for Re = 10,000 and 
30,000. Local Nusselt numbers are not presented for these air 
rates since the behavior is similar to the series when Re = 15,000. 

Fig. 3 clearly shows that Nu6 increases everywhere in the tube 
with the addition of solids, but the Nu, is somewhat reduced by 
particles. The results also show that there is no appreciable 
tendency to prolong the length of the thermal-entry region con­
trary to the pronounced effect which was found for the same con­
ditions in the vertical orientation. Fig. 4 shows only a modest 
prolongation of thermal-entry length to about 40 dia for the top­
side values, while the axial profile for air alone adequately repre­
sents the data for the bottom side. The curves for Nusselt num­
ber ratio for other loading ratios are similar to Fig. 4, with a de­
creasing effect on the lop-side profile as the loading ratio is de­
creased. Also, it is apparent from Fig. 4 that Nu,, has con­
siderably more variation than the values along the top side. 
This result is made more evident by considering the standard 
deviation a of the seven values at x/D greater than 50. At 
Ws/Wa = 1.61, <T is 1.0 on the bottom compared to 0.53 on the 
top; at 3.65, a is 2.83 on the bottom compared to 0.51 on the top; 
at 7.24, CT is 5.03 on the bottom compared to 0.27 on the top. 
The variation of Nu, with x/D is reproducible and regular, 
i.e., it can be seen from Fig. 3 that Nu, (x/D = 76) is the highest 
of the last seven values for all loading ratios. It appears that this 
effect is systemic in spite of the careful alignment of the tube, as 
described in the previous section. Careful visual observation of 
the tube interior revealed no variation which could be considered 
as a possible cause of the variation, and it appears that variations 
within the straightness tolerance (0.01 in.) are responsible for the 
irregularity of the behavior of Nu,. 

Solid particles had only a nominal effect on the heat transfer 
coefficient on the top side, as shown by plotting Nu,,, versus solids 
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100 

loading ratio, where Nu„ is the arithmetic average of the last 7 
stations; i.e., iavx/D > .50. Fig. 5 shows that, for l ie = 1.5,000, 
along the top side Nu„ decreases by approximately 25 percent and 
remains nearly constant for loading ratios greater than 1 or 2. 
The effect of solid particles on the bottom-side tube wall tempera-
lure is significant, however, as shown by the increased value of 
Nuro at high loading ratios. At lower values of loading ratio there 
is little evidence of stratification, and the temperatures at the top 
and bottom are virtually the same. As loading is increased, the 
higher concentration of solids at the tube bottom is effective in 
cooling the wall, such that at the intermediate lie and at; the 
highest, ratio shown in Fig. 5, 7.24, the difference in temperature 
of 90 F produces a Nusselt number at the bottom which is 21/s 
times greater than at the top and almost twice as large as with no 
solids at all. 

Also shown in Fig. 5 is the line representing the results of the 
vertical tube tests for l ie = 15,000 and 30,000 from [14] for com­
parison. The variation at 15,000 is not unlike the curve for the 
bottom side of the tube, but it is closer to an average value for the 
top and bottom sides. Also, the minimum occurs at a lower load­
ing ratio for the vertical tube and has a slightly lower value. 

Turning attention to the results in Fig. 5 for the high and low 
flow-rate cases, notice that Nu, is almost unaffected by solids 
loading ratio for the lower Reynolds number, but t h a t N u , is re­
duced by about 34 percent at loading ratios greater than 2 for 
He = 30,000. The most plausible explanation for this effect on 
Nu, takes into account the residence time for particles to absorb 

heat from the air. That is, when lie = 10,000, the solids have 
roughly three times as much time for heat transfer as at the higher 
air velocity, and this additional residence time allows them to 
approach thermal equilibrium with the air. The closer that the 
solids are to the air temperature, the closer will be Tmm to the 
mean air temperature Tma. If it is assumed that the particles are 
ineffective in altering the convective mechanism at the top of the 
tube, then the effect on Nuro is entirely due to Tmm, and the con­
dition where Tma = Tmm would result in invariant Nu„. For 
Tma > Tmm > Tms, (Tw - Tmm) > (Tw - ?',„«) and Nu„ is less 
than for thermal equilibrium. 

A rather unexpected result can be seen in Fig. 5 by noting that 
on the bottom wall Nu„ has the same value for all l ie for a limited 
range of loadings. For the two lower air rates the range of agree­
ment is from 1 to about 4, while the tests at l ie = 30,000 produce 
coincident results only over loading ratios from 3-4. I t is possible 
that the curves might continue to follow the results from the in­
termediate air rate, but the solids loading valve would not allow 
operation in this range. Further work is underway to investigate 
this region of loading ratio. 

Heat Transfer With 200fX Particles. The Nusselt number ratio is 
increased by adding 2Q()fx solids, also as shown in Fig. 6, for 4 load­
ing ratios. The increased ratio results in a prolonged thermal-
entry length to about 50 dia. Fig. 6 also shows that the differ­
ence between the ratio at the top and bottom is insignificant. 
This symmetry is also demonstrated in Fig. 7 where the asymp­
totic Nusselt numbers along the top and bottom are plotted as a 
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Fig. 5 Asymptotic Nusselt number for 30/x particle suspensions 

conditions of this investigation, the ratio is always less than 0.1 
when using 30/x particles and the ratio is greater than 1 when 
running with the 200/J size. This criterion suggests that the small 
size should How in suspension, but that the 200/i particles should 
settle out. Thomas correlated his experimental results for mini­
mum transport velocity for liquid-solid and gas-solid flows and 
he derived a relation among the terminal velocity, friction velocity, 
and the physical and fluid properties of the system. Using this 
correlation, which appears as equations (15) and (16) in [11], both 
sizes should flow in suspension. This conclusion is based on ex­
perimental data and is more reliable than the foregoing, which is 
suggested by lettingu/uj = 0.2. 

Based on the foregoing discussion, it is reasonable to expect 
greater stratification effects with the large size, if any are present 
at all. Comparison of Figs. 5 and 7 shows the opposite; tempera­
tures were symmetrical for the 200/x size and asymmetric for the 
other size. That the lower wall was much cooler without reaching 
Thomas' criterion is not, however, contradictory to the theory. 
A minimum transport velocity occurs when stationary or sliding 
particles occur at the bottom of the pipe and it is well below the 
condition of sizeable vertical concentration gradients. 

The lack of any marked sign of stratification when running with 
200/U particles is contradictory to the previous discussion, but a 
possible explanation may be found in the observations of bouncing 
flow made by Bagnold and by Adam, as reported by Wen [17]. 
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function of solids loading ratio for both the high and low Reyn­
olds numbers. The differences are minor and the results for 
the bottom side do not exhibit any of the behavior of the 30/i 
particles, Fig. .5. Additionally, the reduction of the asymptotic 
Nusselt number from the value for air alone on the top by about 
19 percent is only about V'2 the reduction found with 30/i spheres. 

Particle-Size Effects on Heat Transfer. Among the size character­
istics of particles which are important in transfer of heat energy 
are surface area and particle terminal velocity. The smaller 
spheres used in this study have roughly 50 times more surface 
area per unit weight of solid than the larger ones have. For this 
reason alone, the small particles are expected to have a larger 
effect on heat transfer than the 200/u spheres, as was found in the 
previous studies [2, 3]. On the other hand, the larger particles 
have a higher terminal velocity, and according to Thomas' crite­
rion [11] for minimum transport velocity, they should stratify to a. 
greater extent than the smaller particles. Thomas cites the ratio 
of terminal velocity to pipe friction velocity as the major factor in 
determining the nature of the suspension flow, i.e., solids trans­
ported in suspension or a concentrated layer along the bottom of 
the pipe. If the ratio u/us is high, the phases would separate, but 
if the ratio is low, the turbulent eddies would support the solid 
phase for conveyance as a mixture. Thomas suggests a value of 
0.2 as a convenient division between the two regimes. For the 
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Fig. 8 Average pressure gradient versus solids loading ratio 

In these studies, particles were observed to bounce from wall to 
wall as the3' were transported along the pipe. Mehta, et al. [13], 
postulate that the 97/u glass particles used in their pressure-drop 
studies moved primarily in bouncing flow, while the 36/x size fol­
lowed suspension flow. The present results indicated a symmetry 
to the 200 ft flow which could be the result of bouncing, and the 
pressure-drop data in Fig. 8 support these ideas. A larger pres­
sure gradient would result with bouncing flow and its associated 
momentum transfer due to acceleration and deceleration. Note 
that the pressure drop increases linearly with loading ratio for the 
large spheres and that this increased pressure drop increases with 
the square of the air rate. These observations tend to verify the 
tlieoiy that there is substantial bouncing contact with the wall 
in the case of the large particles. On the other hand, the pressure 
gradient is only moderately affected by the 30n size, indicating a 
much smaller momentum interaction with the wall. The concept 
that wall interaction, which is tantamount to bouncing, offers a 
plausible explanation for the observations in this work, but more 
direct measurements will be necessary for full confirmation of the 
phenomenon. 

Summary and Conclusions 
Although the amount of data and the range of parameters is 

limited, the results of this investigation pertaining to horizontal 
gas-solids suspension flows can be summarized in the following 
conclusions: 

1 For solids loading ratios less than approximately unity, 
there is no asymmetry of wall temperature distribution. 

2 For suspension with 30// particles, the Nusselt number along 
the top wall of the horizontal tube is reduced to a value lower than 
with air alone. 

3 For suspensions with 30/u particles, the Nusselt number 
along the bottom wall reaches a minimum value and then in­
creases as the loading ratio is increased. 

4 When 200jU particles are used, there is no asymmetry of wall 

temperature distribution for loading attained in this investigation. 
5 Based on the heat transfer results, it appears that 30/x par­

ticles move in a stratified suspension flow, but that 200/U particles 
interact symmetrically with the tube wall. The pressure-drop 
results indicate significant wall interaction with the larger size, 
but no interaction was apparent with the smaller size within the 
accurac3' of the pressure-drop measurements. 

These conclusions should be considered to be tentative and 
subject to verification or modification with further research. 
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Analysis of Combined Free and Forced Con­
vection for Filly Developed Laminar Flow 
in Horizontal Tubes 
This paper summarizes an analytical investigation of the effects of free convection on 

fully developed laminar flow in horizontal circular lubes with uniform heat flux. Solu­
tions for heat transfer and pressure drop, with both heating and cooling, were obtained 
for water with two limiting tube-wall conditions. The infinite-conductivity tube ex­
hibits higher Nu andf than the glass tube, with Nu being over five times the Poiseuille 
value at Gr ~ 10s. With the glass-tube boundary condition, significant circumferential 
wall temperature variations exist. -A correlation for the difference between the wall 
temperatures at the lop and bottom of the tube is presented. Design correlations for Nu 
and f are developed from the analytical solutions. The analytical predictions bracket 
recent experimental data for water. 

Introduction 

IN SPITE of numerous analytical and experimental 
studies, it appears that no correlation has previously been de­
veloped which satisfactorily accounts for gravitational effects in 
laminar tube How. 

When a flowing fluid is heated in a horizontal tube, the 
fluid near the wall is warmer, and therefore lighter, than the fluid 
further removed from the wall; it therefore flows upward along 
tire wall, and continuity requires a downfiow of the heavier fluid 
near the center of the tube. As a result, there is a secondary 
fluid motion established which is symmetrical about a vertical 
plane passing through the axis of the tube, and combined with 
the axial flow, the three-dimensional streamlines exhibit a spiral-
ing character. This secondary flow was demonstrated by means 
of a simple coimterflow heat exchanger consisting of a '/Vin-
II) pyrex tube centered in a plexiglas channel of square cross 

Contributed by the Heat Transfer Division of THE AMERICAN 
SOCIETY OF MECHANICAL ENGINEERS and presented at the ASME-
AfChE Heat Transfer Conference, August 3-6, 1969, Minneapolis, 
Minn. Manuscript received by the Heat Transfer Division, Decem­
ber 17, 1968; revised manuscript received, March 27, 1969. Paper 
No. 69-HT-39. 

section [I, 2].1 Photographs of the flow of water at Re = 150 in 
plan and elevation are depicted in Fig. 1, where the streamlines 
were marked with a very dilute solution of potassium perman­
ganate maintained at the same temperature as the flowing fluid. 
A diagrammatic sketch of a cross-sectional view of the two-
dimensional, secondary-flow streamlines is presented here since 
this could not be photographed.2 Some of the details of this 
secondary flow have been examined via dye streamlines in 
water [4, 5], velocity profile measurements in oil [6], and velocity 
and temperature profile measurements in air [7]. 

A number of empirical correlations have been proposed for 
the heating or cooling of various fluids in horizontal laminar-tube-
flow with approximately constant wall temperature [8-14]. In 
the majority of these investigations, the data correlations were 
attempted with a view toward obtaining average Nusselt num­
bers via various modifications of the Graetz solution which applies 
to the uniform wall temperature situation. When this boundary 
condition is imposed, the secondary flow develops to a maximum 
intensity, and diminishes to zero provided the tube is long 
enough. 

1 Numbers in brackets designate References at end of paper. 
2 Mori and Futagami [3 ] recently presented axial photographs of 

airflow in a large diameter tube where smoke was used for visualiza­
tion. 

•Nomenclature-

B = dimensionless axial pressure 
gradient 

cp = specific heat at constant pres­
sure 

D = tube diameter 
Fr = Fronde number = gi'o/Wo2 

/ = Darcy-Weisbach friction fac­
tor 

fP = friction factor for Poiseuille 
flow = 64/Re 

c2 
Gr = Grashof number ^ 

i'2 
Tb) 

g = gravitational acceleration 
gc = conversion factor, 32.174 ft-

lbm/lbf-sec2 

h = 
J = 

k = 
L = 

Nu = 
Nu P = 

P --

Pr = 

v ~-
q/A)w -

Re = 

= heat-transfer coefficient 
= conversion factor, 778 ft-lbt/ 

Btu 
= thermal conductivity 
= axial length 
= Nusselt number = hD/k 
= Nusselt number for Poiseuille 

flow, uniform heat flux Nu P 

= 4.36 
= two-dimensional pressure dis­

tribution, P(f, 8) 
= dimensionless pressure = P(r, 

B) + f Fr 
= Prandtl number = cPn/k 
= pressure 
= heat flux at solid boundary 
= Reynolds number = pWaD/y. 

r 

>'o 
s 

T 
AT 

Tb 

I 
a 

V 

TF0 

w 

= radial distance 
= tube radius 
= path length of two-dimensional 

streamline 
= temperature 

= Ta. - T„ 
= mixed-mean fluid temperature 

= time 
= velocity component in ('-direc­

tion 
= velocity component in 0-direc-

tion 

= average axial velocity 
= velocity component in z-divec-

tion 

(Continued on next page) 
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Fig. 1 Spiraling streamlines in plan and elevation

---.... DIRECTION OF FLOW
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.significantly different fluids. In particular, the effects of temper:l­
ture-dependent properties have not been isolated; for exampll',
variable property etrects have been correlated via the Grasbof
nnmber, and buoyancy effeets have been correlated via viscosil~'

ratios.
The abnndance of inhibiting factors associated with the experi­

mental approach suggests that theoretical approaches should I,,,
considel'ed, IIowever, a solution of the cOlllplete problem, ili­
volving tnulsient phenomena and entrance effects, is not cur­
rently possible, Accordingly, analytical work has centered on
the more tractable problem of fully developed flow in uniformly
heated tubes, with density as the only temperature-depeudelil
pt'Operty. Hanratty [4), lV!orton [(8), del Casal and Gill [UII,
and Iqbal and Stachiewicz [20) considered series solutions usin~

various quantities for a perturbation parameter. These results,
which include both first aud second-order perturbation analysl's,
are contrary to experience, for evcn modemte values of the ex­
pansion parameters. l\Iikesell [;j] approached the problem iii
terms of a boundary-layer analysis; however, the analysis W:lS
unsuccessful since the formulation for the core flow could not bc
separated from that of the boundary layer. Mori and Futagami
[a) recently reported a boundary-layer solution for PI' ~ I,
utilizing the integral appt'Oach, which was in fair agreement Wil h
limited experimental results for air.

\Vhile these theOl'Ctical analyses have contributed to an under­
standing of the problem, they have not produced relationshiI"
which corl'Clate the cxperimental obscrvations to a reasonabl"
degree of accuracy. IIence, it appeared appropriate to consid"r
a more exact solution, via finite differences, for an appraisal of
the efTect of free convection in uniformly heated horizontal tutH'S,
regarding the transport properties to be essentially constant.

The simplification of the problem to two dimensions brings it
within the capability of clll'rentJy available automatic computa­
tional equipment; however, it is necessary to comment on th"
practical utility of such a solution. Consider first the fully dc­
veloped assumption.

If the heated section is preceded by an adequate [I] hydr,,­
dynamic calming length, the development of the secondary Iioll'
cau be cousidered to OCClll' in two stages. In the first stage, axi:d
fluxes predominate [1], and the temperatlll'e profile develops
almost as a symmetric flow. Then there exists a nonuniform
radial density distribution and, in the second stage, the bod.,"
forces come significantly into play. In this region the body forct's
are of the same order of magnitude as the inertial forces; thi.,
condition can be expressed with the following relationship [I)

The region, 1, ,~ 1,1 + 1,2, in whieh the flow is being established
can then be estimated by adding to equation (1) an estimate [II
for stage one; viz., L1/J) = O.Oii He PI'. McComas and Eekerl
[10] reported data for air which appear to exhibit a fully developed
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For a constant-heat-finx boundary condition, a wall-minns­
fluid temperature difference obtains throughout the length of the
heated tube; thus the free convection persists throughout the
tube. Experimental data for the heating of air [7, 1;j) and water
[Hi, I7[ with approximately constant heat flux were recently re­
ported. The secondary How produces increases in the heat­
transfer coefficient which can readily be of the order of ;jOO per­
cent.

In general, the available empirical cOl'l'elations of experi­
mental data for either boundary condition apply only for limited
ranges of variables, and are charaeterized by large uncertainties.
This is not too surprising since the number of parameters is very
large and difficulty would be expeeted in correlating data for

---Nomenclature- ------- - --- ----
z

(3

e

axial coordinate
(;(,nvergence-aceeleratillg pa­

rameter in equation (27)

bulk modulus of expansion
dimeusionless radius to first in­

terseetion wi th specified
streamline on ray which
coutains eye of two-dimen­
sional streamlines

azimuth angle measured from
vertical center line

path length of three-dimen­
sional streamline correspond­
ing to axial pitch

f.l
v

P
T

Subscripts

avg
Ii

Inax

min

dimensionless axial pi tch of
three-dimensional streamline

dynamic viscosity
kinenmtic viscosity
dcusity

ai'
stream function defined by

equation (12)

average propert.y
property is evaluated at mixed­

mean fluid temperature
maximum
minimum

u) properLy evaluated at averagt'
wall temperature

Superscripts

dimensiouless variable: Il
u/lYo, D = v/lYo, 1.0 = w/lY".
Z = z/I'o, r = 1'/1'0, p p/p",
7' = T/Tb, P Bz + P(p, e)

p/Powo', 1 tlYo/ro

average property

All properties are evaluated at the mixed­
mean fiuid temperatures unless otherwist'
noted.
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i.iudition as predicted in this manner. Mori, el ill. [7], reported 
developed Hows of air with entrance lengths about oil percent less 
than that predicted by this method, while the data of Shannon 
ami Depew [Mi], for water at the ice point, indicate entrance 
lengths up to about 30 percent greater than predicted by the 
method just suggested. Tims the region in which the secon­
dary flow is being established can be reckoned approximately. 

Itegai'ding the effect of variable transport properties on the 
uidial velocity components, an exact analysis was made via the 
Frobeneoiis method to determine the effect of the variable vis­
cosity of water on a fully developed laminar How, neglecting 
mavity [1]. The results of this one-dimensional study, which cor-
loborated (he work of Poppendiek [2,">], indicated that devia­
tions from the Poiseuille flow would be no larger than 15 percent. 
fu fact, it was shown [ij that radial viscosity variations would 
lesiill in deviations in the Nusselt number from the Poiseuille 
value of less than ."i percent provided 

2r„iq .1 )„ 
< 1.74. (2) 

Finally, it is necessary to consider the conditions under which 
a liable laminar How will be expected. When all possible distur­
bances are eliminated, laminar flow ma\ exist at Re ~ 105 [21]; 
however, it appears that when nominal care is exercised to pre­
vent external disturbances, all disturbances will be attenuated 
only for lie ^ 1111. From visualization studies under adiabatic 
conditions [1] it was found that for lie < 100(1 the flow is stable, 
toi 1000 < lie < 2000 a locally lime-dependent, sinuous motion 
ensues, and at lie ^ 2000 the first disturbance eddy breaks 
away. This effect is corroborated by the work of Prengle and 
liolhfus [22|. r ude r diabatic conditions, there is some un­
certainty as to whether the secondary How retards or promotes 
the transition to turbulent flow. Altaian anil Staul) [23] con­
cluded that the free convection rendered the How in rectangular 
ducts more stable, while Scott, et al. [24], contended that it was a 
destabilizing effect for tube flow. Mori, et al. [7], found that the 
transition lie (inferred by hot wire! at high inlet turbulence 
levels increased as the product Or Nu was increased, but the op­
posite effect was observed at low turbulence levels. In no case, 
however, did the transition lie drop below 200(1. Thus stable, 
laminar flows with heat transfer obtain in many practical situa­
tions for which analytical solutions will be applicable. 

Analysis 
Dif ferent ia l Fo rmu la t ion of the Secondary F low Problem 

The variation of the density in the presence of the earth's gravi­
tational field provide--, of course, the motive force for the secon­
dary flow that is under consideration. However, when the density 
l- primarily a function of temperature, as was first pointed out 
by Boitssinesq [26], the variability of Ihe density can often be 
ignored in all of the analytical expressions except the body-force 
term. This effects a considerable simplification in the mathemati­
cal formulation of the problem since part of the nonlinearities 
associated with the material derivatives are circumvented and 
since, with an iterative approach anticipated, the number of 
cycles of iteration required will be substantially reduced. Ac­
cordingly, the density will be treated as a constant in all of the 
terms in the governing equations except the expressions relating 
body forces. 

In the treatment of problems involving free convection, it is 
customary to introduce the bulk modulus of expansion and ex­
press the results in terms of the tirashof number. However, the 
use of fi assumes a linear relationship between p and T, and some 
error is introduced at higher A7T where the free convection is very 
significant. In order to obtain a precise solution to the problem, 
t lie numerical calculations were performed for a specific fluid using 
an accurate formulation for p{T). Since water is important in 
engineering practice and exhibits large secondary flow effects, it 
was chosen as the working fluid. 

Employing cylindrical coordinates, and making the valid [1] 
assumption that, for water, the work associated with viscous dissi­
pation is of no consequence, the differential equations of continu­
ity, energy, and momentum are 

(3) 

bT v bT 
u h — — TW 

df ,'• dd 

dit v dd v2 

it -) — 
dr f dd f 

d 

dr 

1 

Re Pr 

dv 

d0 

'I 
_ f 

= o, 

" ( 
bf{ 

, *n 
dr) 

+ - . d27 
2 dd2 (4) 

dp 

df 
Fr p cos i 

lie (_ d, 

dv v dv ui' 
u — -f- - — -4- — 

dr f dd f 

1 d 
f dr 

1 dp 

f d~0 

7 (™) 

+ Fr p sin 6 + 

bf 

1 d 
: .77 m 
r dr 

1 d2v t 2 du\ 

f2 dd2 ^ ~f2 dfl f' 

and 

bib v diii dp 1 |~1 b . ... , , - - , ow\ 1 d2«; 
u — 4- - -— = — —r + — - — 1 i I + 

dr f dd dz Re \_f df \ df ) r'- dd2 

(0) 

(7) 

The density data of reference [27] for the saturated liquid are re­
lated to the temperature with deviations of less than one percent, 
over an interval from 40 to 3o() deg F bv 

62.4 - 7.S3 X It)' HT ~ 40)2, (8) 

Other property data were where p is in lb,„/ft3 and T is in deg F 
taken from references [28] and [29]. 

The boundary conditions for the analysis derive, from the as­
sumption of a no-slip condition on the velocity at the bounding, 
solid surfaces, from the observation that symmetry about the 
vertical axis exists, and from the specification of thermal condi­
tions at the tube wall. Consequently, 

At f = 1: u(l, &) = 5(1, 0) = w(l, I?) = 0; 

At 6 = 0: Mr, 0) = 0, — (f, 0, z) = 0, and —n (,, 0) = 0; 
do bd 

At 6 = T: v(f, T) = 0, — (r, TT, Z) = 0, and - ^ (,, ir) = 0. (9) 
do do 

The most reliable boundary condition that can be physically 
imposed, with the joulean heating of cylindrical tubes, is that of 
insulating the outer tube surface. This problem, however, re­
quires the simultaneous solution of the fluid and tube-material 
regions. This can be achieved, but the number of independent 
parameters that must be considered is almost prohibitive!}' in­
creased unless a specific experimental situation is alluded to. 
Therefore it was considered more useful, at least for these first 
exploratory calculations, to impose realistic, yet bracketing, con­
ditions upon the thermal boundary conditions. This was ac­
complished by the utilization of two distinct sets of boundary 
conditions. The first, and most realistic boundary condition, 
involves the assertion that it is the fluid system that determines 
the circumferential temperature distribution at the tube wall; 
mathematically this is equivalent to asserting that the thermal 
conductance of the tube is equal to that of the stationary fluid. 
This is almost exactly true for glass tubes and is not very far 
from reality with metal tubes of moderate diameter due to their 
thin walls. Nevertheless, another extreme condition was con-
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sidered in which it was assumed that the tube material exhibited 
an infinite thermal conductivity, and hence eliminated any cir­
cumferential temperature gradients at the tube wall, with the 
result that 7'(1, 0) is constant. For both of these conditions re­
lating to the temperature distribution around the girth of the 
tube, the radial heat flux at the wall was regarded as being uni­
form. Thus, since the thermal conductivity is being considered 
as constant, and 

(q/A )„?•(> 

M, 1 h 
(10) 

the radial temperature gradient at the wall is also constant. So 
that the two thermal boundary conditions can be distinguished, 
they will be referred to as the "glass tube" and the "infinite 
conductivity tube" boundary conditions, respectively. 

Now, if the momentum equations for the f and ^-directions are 
integrated with respect to f and d, respectively, and the resulting 
expressions for p are differentiated with respect to z, the results 
are equal only provided 

p = Bl + P(f, d), (11) 

where B is an unknown constant. This permits, via the elimina­
tion of p from the equations of motion, a reduction in their num­
ber from three to two and reduces the number of equations in the 
system to be considered to four. 

A stream function can also lie defined such that 

ru = — --, and v = , 
dd df 

(12) 

thereby satisfying the continuity condition. Thus the system of 
differential equations to be considered has been reduced from 
five to three. They are 

d2T 1 Z>T 
+ -— + 

or' r or 

d2w 1 dw 

+ 
dr2 f df 

1_ d*T 
+ Re Pr 

i [dtp <yr _ dip dr 
df dd d0 df 

+ l ie Pr TW = 0, (13) 

_1 d*w Re 

f2 dd2 + f 

dtp dw dtp dw 

df d0 ~ dd df 

- B Re = 0, (14) 

and 

Fr I — f sin 0 + ~ cos i 
,dr do 
dp , 

- r 
f 

1 dip 
TT + 

d/5 
V 

2 d*tp 

r- df2 de* 

f /dltp 2 d3\p 1 d2tp 

Re \ dr4 f dr3 f2 dr2 

2 d:,tp 4 d2tp 1 d4^ 

f3 dfdd2 r4 dd'- f4 d#4 

dtp d_ /dhp ldtp 1 d*\p 

dd df \ df'- r df f2 dd2 

dtp _d_ fdhp l d f \_ dhp 

df dd \ dr2 f df f2 dd' 
~ = 0. (15) 

In addition to these differential conservation equations, two 
integral conditions must be imposed to bound the system and to 
insure the uniqueness of the solution. These integral conditions 
are: 

'•dd = T, 

and 

/»2jr r-\ 

I I ibfdfi 
Jo Jo 

f*'2iT p i 

I Tibfdfdd = ir 
Jo Jo 

(16) 

(17) 

Physically, the constraints insure constancy of the mass flow and 
local bulk temperature, respectively. 

The boundary conditions, in terms of the stream function, be­
come 

dip dtp dtp dtp 
- ^ (f, 0) = 0, -r

: (r, TT) = 0, - ^ (1, d) = 0, and ^ (1, d) = 0. 
dr dr dr do 
Moreover, since tp, but for an additive constant (due to the 
definition of tp being specified as a derivative), is the amount, of 
fluid flowing through a section per unit of time, the constant of 
integration is conveniently chosen so that tp is zero on the walls. 
Thus take tp(l, d) = 0. But, since for d = 0 and f = 1, tp = 0, 
and tp = constant along d = 0, tp(f, 0) = 0 also. 

The pressure distribution P(f, d) is determined after the solu­
tions for T, Co, tp, and B have been obtained. This is accom­
plished by solving the radial equation of motion (5) for an ex­
pression for dp/df. This is equal to dP/df, however, since p = 
Bz + P(f, 0). The resulting expression is calculable, then since 
the solutions for T, w, and tp are known, and integration along 
successive radii gives P(f, d) to within the arbitrary constant 
required to specify the pressure level. 

The axial pitch of a streamline is an operational quantity if 
visualization of the flow is made possible and should, conse­
quently, be calculated. The axial distance traversed in time, I, 
is given by 

Jo 
wdt, (IS) 

and the time interval, ?, can be determined from the arc length of 
the two-dimensional streamlines. The time required to completo 
the two-dimensional streamline circuit is 

(19) r __dl_ 
Js Vu! + v'< 

or the differential time required to traverse an elemental length 
of the two-dimensional streamline is 

ds 

V* u2 + v2 

Thus, since 

ds = V(fdd)2 + (df)2, 

, V(fdd)2 Tm* 
dl - , 

V » ! + v2 

Hence, the pitch, X, is given by 

(20) 

(21) 

(22) 

x - I - V(M8Y + (df)' „„. 
A = Z = I W 7 . ( i d ) VV*2 + v2 

The distance along a trajectory, f, is given by 

. V(fdd)2 + (df)2 + (dz) I Vu2 + v2 

The Darcy-Weisbach friction factor is given by 

/ = - 4 f i , (25) 

and the Nusselt number is defined as 

hD (q/A)wD 
Nu = -

A: k„(T„ ~ Thy 
(26) 

Finite-Difference Formulation 

The so-called central-difference operators, employed to trans­
form equations (13)-(15) into algebraic, finite-difference equa­
tions, were obtained from manipulations with truncated Taylor's 
series. These operators had truncation errors of the order of the 
square of the grid spacing. The integral constraints and bound-
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Fig. 2 Convergence behavior 

ary conditions were also transformed by standard numerical 
techniques. Due to their excessive length, it is inappropriate to 
present the finite-difference formulation here; a detailed descrip­
tion is given in reference [1]. 

Solut ion Detai ls 

An iterative technique with successive over (or under) relaxa­
tion was utilized. This yielded the optimum convergence rates 
and provided for damping of oscillations in the event that poor 
initial guesses induced potentially divergent instabilities in the 
nonlinear system. The residuals, popularly used in relaxation 
calculations via desk computation, were not employed and 
stored, however, in this investigation since the core storage 
limits were already strained. Rather, after iteration at each grid 
point, the variables were modified in accordance with the formula 

F = aFFa^+ (I - aF)Fou (27) 

where F represents any of the variables, f, w, ip> or B; a the 
corresponding convergence-accelerating parameter; Fney the 
value of the pertinent variable from the current iteration; and 
/''old the value of the same variable from the previous iteration. 
Unfortunately, no theoretical basis exists for assigning values to 
the various ex's, and one must resort to numerical experimenta­
tion. In the cases reported in this work, tx's as low as 0.25 
were required for stable behavior, and values as high as 1.5 were 
achieved with stable operation under differing circumstances. 

As many as 50,000 cycles of iteration and as few as 1600 were 
acknowledged in the solution of the cases studied. I t is signifi­
cant that somewhat shorter computational times are required 
when the initial guesses are associated with employing the output 
of one case as the initial guess for the next, while maintaining a 
systematic alteration of the problem parameters. 

Fig. 2 depicts the change in the temperature, the change in the 
axial velocity, and the change in the stream function with the 
number of cycles of iteration for representative grid points for a 
typical case. Oscillations are observed to occur at the beginning 
of the calculation. An account of the convergence rate was 
printed out by the program so that the plotting of the variables 
was not required. These results were estimated to be within 
about one percent of those that would be realized after an infinite 
number of iterations [1]. A nominal time for one converged case 
(using 20 X 20 grid, 10,000 iterations, and printing every 500 

iterations) represents about 2y 2 hr on the IBM 7094 and about 11 
hr on the IBM 7040 system. 

The computational time increases drastically with grid re­
finement. Studies were made using finer grid networks, and it 
was found that the 20 X 20 grid formulation yields results which 
are within 5 percent of those using 40 X 40 grids, and that there 
is no significant difference between 40 X 40 and 80 X 80 grid 
formulations. 

Regarding the initial guesses for T, w, ip, and B required to 
initiate the iterative process, several schemes were utilized. 
These included: Poiseuilleflow, Morton's [18] perturbation solu­
tion, the perturbation solution of del Casal and Gill [19], and 
various combinations and modifications of these. In general, 
most efficient computation was effected by using the solution to 
one case for the initial guess of another one, since the perturba­
tion solutions were of limited use even as initial guesses. 

Fortran program listings and instructions for use of these pro­
grams are given in [1]. 

Discussion of Results 
Detai ls of the F low 

Figs. 3-10 depict detailed results for a typical case: glass-tube 
boundary condition, r0 = 0.5 in., (q/A)m = 10s Btu/hr-ft2, 
Wo = 0.1 fps, and Tb = 100 deg F. The computed results are as 
follows: Tw = 120.5 deg F, t(1, 0 ) / r ( l , ir) = 2.25, Gi; = 1.241 
X 106, Re = 1 130, Nu = 11.23, a n d / = 0.071. The rather modest 
average temperature difference produces significant stratification 
effects as well as substantial increases in Nu and/ , which are 4.36 
and 0.050, respectively, for the corresponding symmetric, or Poi­
seuille, flow. 

Lines of constant temperature and lines representing constant 
values of the stream function are presented in Fig. 3. The maxi­
mum temperatures are observed to occur in the upper portion of 
the tube while the minimum temperatures are noted to occur in 
the lower region of the tube. Significant asymmetry of the stream 
function about the horizontal center line can be seen with this 
glass-tube case Increasing the tube radius and/or the heat flux 
results in the location of the eye of the spiraling streamlines being 
moved radially outward and farther into the lower portion of the 
tube. With the iufinite-conductivity-tube boundary condition, 
much less asymmetry about the horizontal center line is ob­
served; the principal effect of an increase in either tube radius or 
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Fig. 9 Pressure distribution along horizontal center line 

heal flux is to displace the eye radially outward. For both 
boundary conditions, the location of the eye of the streamlines is 
unaffected by alteration of the average axial velocity. 

Figs. 4 and 5 depict the distribution along the vertical and 
horizontal center lines of the axial-velocity component and the 
temperature profiles, respectively. The corresponding Poiseuille 
profiles are presented for comparison. The effect of the .secon­
dary (low on the axial velocity profile is observed in Fig. 4 to shift 
the point of maximum velocity along the vertical center line to­
ward the lower region of the tube. Fig. o emphasizes the marked 
asymmetry in the temperature distribution about the horizontal 
center line; the stratification effect is seen to be significant, with 
the minimum temperature occurring in the lower portion of the 
tube. The circumferential variation in tire tube wall temperature 
is given in Fig. 6, where it is seen that a temperature difference of 
l(l(i (leg F exists between the top and bottom of the tube. Fur­
thermore, the wall temperature at the bottom is less than the bulk 
temperature. Experimental variations of this order have been 
reported for water in laminar flow [5] and turbulent flow [30, 31] 
at low Reynolds numbers. I t is noted that this wide variation 
in fluid temperature precludes any analytical simplification via 
use of a constant bulk modulus of expansion. From a practical 
standpoint, this result suggests that numerous thermocouples 
arc required to obtain average wall temperature measurements 
for tubes with small circumferential heat conduction. In addi­
tion, in order to maintain the constant-heat-flux boundary condi­
tion, it is necessary to choose tube materials with low tempera -

ture coefficients of electrical resistivity. 

The radial and azimuthal velocity distributions along the ver­
tical and horizontal center lines are shown in Fig. 7. I t is signifi­
cant that the asymmetric position of the eye of the streamlines 
induces reversals in the accelerations of the fluid particles along 
the vertical center line in the lower position of the tube. The 
secondary flow is portrayed quite vividly by the azimuthal 
velocity profiles along the horizontal center lines. I t is significant 
al-o to note that, whereas in the symmetric developing flow 
situation the radial velocities attain large magnitudes [1], while 
apparently contributing in only a minor way to the heat transfer, 
the velocity components transverse to the principal direction of 
flow induced by free convection are quite small yet, produce a 
very sizeable effect upon the heat transfer. 

Although the pressure distribution throughout the cross sec­
tion of the tube is very nearly hydrostatic, the effect of the sec­
ondary How can be seen in the distribution of the pressure along 
the vertical center line and along the horizontal center line in 
figs. S and 9, respectively. 

Fig. 1(1 illustrates the axial pitch of streamlines, which is of 
interest in visualization studies. From this figure it is apparent 
that the pitch changes most drastically with the point of particle 
marking, measured along the ray containing the eye of the 
sireamlines, near the axis of the tube. Consequently, consider­
able uncertainty is associated with methods for determining the 
pitch that involve the injection of marked particles at the center 
line of the tube. I t appears that the most opportune particle-
marking position occurs nearer the eye than nearer the tube axis. 
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Fig. 11 Dependence of Nusselt number on tube radius and heat flux 

However, the measurement of the pitch very near the eye will re­
quire a very precise technique. Hanral ty 's perturbation solu­
tion, recorded in Appendix 2 of reference [4], severely overesti­
mates the axial distance required for a streamer, identified at the 
tube axis, to reach the bottom of the tube [ l ] . 

The detailed flow information obtained in this study was used 
to examine conditions under which the boundary-layer approxi­
mation might be considered a valid approach to the study of the 
secondary flow [1]. I t was found that the predominantly in viscid 
region defining the core could be reasonably well defined. How­
ever, since the core flow depends strongly on the boundary-layer 
flow, there appears to be no profitable motive for pursuing such 
a calculation involving the boundary-layer approximation. 

Parametr ic EflFecfs and Design Corre lat ions 

An extensive computational effort was undertaken to develop 
sufficient solutions to define the parametric effects and de­
velop design correlations for heat transfer and pressure drop. 

The effects of the problem parameters (heat flux, tube radius, 
wall temperature, and tube-wall boundary condition) upon the 
average Nusselt number are presented in Figs. 11 through 13. 

Journal of Heat Transfer FEBRUARY 1 9 7 0 / 8 9 

Downloaded 04 Jan 2011 to 194.27.225.72. Redistribution subject to ASME license or copyright; see http://www.asme.org/terms/Terms_Use.cfm



HEATING WATER 
GLASS TUBE BOUNDARY CONDITION 

HEAT FLUX 1 X l08Blu/hr-fl 

J _ J _ I _ J _ 
100 150 
BULK TEMPERATURE (°F) 

24 

t r 

p . 2 2 

< 
en 
Ul 
£ 2 0 
S 
LU 
h-
- i 18 
_J 

< 5 
LU 16 
o 

< <r 
t | 14 

< ;Z 
O i g 
Q 
LtJ 
en 

2'o 
<r 
UJ 8 
m 
2 

z: 6 
H 
L j 

-z. 

2 

1 1 1 

—. 

— 

—• 

i i i 

i i i i i \^\\ i r r p r 
INFINITE CONDUCTIVITY / 

TUBE / 
BOUNDARY CONDITION/ — 

/ -

/ — 

/ — 
/ — 

/ GLASS TUBE 
/ BOUNDARY CONDITION ~ 

/ ^~^^ ~ 

— HEATING WATER 
HEAT FLUX 

1 X I O ' B l u / h r - R * 
BULK TEMPERATURE — 

I O O ° F 

' l 1 1 1 1 1 1 1 1 1 1 1 1 

TUBE RADIUS (INCHES! 

Fig. 12 Influence of bulk temperature and tube radius on Nusselt Fig. 13 Influence of tube-wall boundary condition on Nusselt number 
number 

\ I I I Milt] I I I ! h l l rTTTTTTT] 1 I I l l l l l j T 

Heat Flux 
(Bftl/hr.ft2) 

I 0 4 

10 J 

I 0 Z 

I 0 1 

10° 

to* ' 

- I 0 2 

- 1 0 * 
10 

10* 

10 J 

10* 

Bulk Temp. 
CF) 

100 
t o o X . 
! 00 
t o o 
100 s ^ 
100 

100 - - ^ 
100 
100 

6 0 ^ 

150 """" 
2 0 0 -~~^ 

\ GLASS TUBE 
BOUNDARY CONDITION 

•^ HEATING WATER 

GLASS TUBE 
^s BOUNDARY CONDiTION 

— INFINITE CONDUCTIVITY TUBE 
BOUNDARY CONDITION 

HEATING WATER 

~Z GLASS TUBE BOUNDARY CONDITION 
HEATING WATER 

DEPEW EXPERIMENTAL, HEATING WATER 

_1 LI I Mill I I I I l l l l l 

Fig. 14 Correlation of Nusselt number with Grashof number and comparison with experimental data 

111 Fig. t l , it is apparent that the Poiseuille flow model is valid 
only for capillary tubes and/or for minute heat fluxes. Fig. 12 
indicates that as the bulk temperature is increased, the Nusselt 
number increases. 

The glass-tube and iiifinite-conductivify-fube boundary condi­
tions are compared in Fig. 13, where it is seen that the infinite-
conductivity tube exhibits a much higher Nusselt number. A 
tube material which has a high conductance will not. accommodate 
as large a circumferential temperature gradient, as will those ma­
terials which have low thermal conductivities such as glass. 
Consequently, the stratification phenomenon is more pronounced 
with the glass-tube boundary condition, with the result that the 
driving potential for the secondary flow (the local AT) is lessened. 

I t was found that variations in the average axial velocity, 
which is physically an independent, problem parameter, produced 

no changes in the average Nusselt. number. This is, of course, ;i 
consequence of the fully developed assumption. 

The traditional correlation parameter employed in problems 
involving free convection is the Grashof number. The improve­
ment in average Nusselt number is plotted versus Grashof 
number in Fig. 14, where it is observed that calculated free-con­
vection effects elevate the Nusselt. number by over a factor of 
five at higher Grashof numbers. The analytical data point scat­
ter is systematic, and smooth curves could be drawn through, 
those data points representing the same tube-wall boundary 
condition, heat flux, and bulk fluid temperature. Shannon and 
Depew [16] recently reported data for the heating of water. 
Representative data from this study, corresponding to fully de­
veloped free convection, are shown to be bracketed b.y the present 
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Fig. 15 Correlation of Nusselt number with Grashof-Prandtl number 
product 
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Fig. 16 Influence of tube radius and heat flux on pressure drop-parameter 

analytical predictions. The experimental data of Ede [17] are 
also bracketed by the analytical results of this study. 

Final correlation curves were obtained by introducing the 
Prandtl number as shown in Fig. 15. In order to effect a success­
ful correlation, it was necessary to evaluate the Prandtl number 
«t the average wall temperature. Since the different tube-wall 
boundary conditions constitute systems which are not similar, 
the distinct correlations which are depicted should be expected. 
Tlie water data of Shannon and Depew [16] or of Ede [17] could 
'mi be checked against the correlation since the Prandtl number 
could not be extracted from the published data. However, in 
view of the good agreement in Fig. 14, a reasonable correlation 
Would be expected. An attempt was also made to include the 
limited air data of McComas and Eckert [15] and Mori and 
Piitagami [3]. These air data were considerably above the pres­
ent correlation curves. Several analytical solutions were also 
Keiierated for a light oil, and significant deviations from the curves 
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Fig. 17 Influence of bulk temperature and tube radius on pressure-drop 
parameter 
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Fig. 18 Influence of tube-wall boundary condition on pressure-drop 
parameter 

ill Fig. 15 were noted. These results indicate that the present 
analytical correlation is valid only for water, and that additional 
calculations will be required to develop a general prediction. In 
view of the complex nature of the problem, it is certainly to be 
anticipated that additional dimensionless groups will be required 
to correlate data for more than one fluid. 

The effects of the problem parameters upon the phenomeno-
logical, pressure-drop parameter are presented in Figs. 16 through 
IS. Again, the results are monotonic with respect to the average 
axial velocity. The limited extent of the applicability of the 
Poiseuille model in predicting pumping requirements is apparent 
in Fig. 16 and is similar to the heat-transfer parameter situation. 
The effects of bulk temperature changes are also in like directions 
as seen in Fig. 17. Associated with the infinite-conductivity-tube 
boundary condition are larger azimuthal velocities, tighter spirals 
(smaller values for the axial pitch of the streamlines), and conse­
quently larger pressure drops compared to the glass-tube bound­
ary condition as is shown in Fig. 18. 
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e Heating Water, Glass Tube Boundary Condition 
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Fig. 19 Correlation of friction factor with Nusseit number 
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Fig. 21 Correlation for average wall lemperature as an alternate to the 
intermediate Nusselt number calculation method 

Fig. 20 Correlation of tube wal l temperature stratification effect 

Fig. 19 relates a correlation between the analytical results 
for the friction factor and the Nusselt and Prandtl numbers for 
both tube-wall boundary conditions considered. Unfortunately, 
no experimental results for the effect of heating on pressure drops 
were found in the literature for comparison. 

With the glass-tube boundary condition, significant circumfer­
ential wall temperature variations exist. A correlation for the 
difference between the wall temperatures at the top and bottom 
of the tube is presented in Fig. 20. 

Now, since the use of the Nusselt, number really requires an 
extra calculation for the designer (generally either the heat flux 
or the wall temperatures is specified and the other is required), 
a correlation between the average wall temperature and a parame­
ter involving the heat flux, bulk temperature, and fluid properties 
is presented in Fig. 21. A particularly .simple correlation was ob­
tained for the glass-lube case. 

Conclusions 
An analysis has been performed to determine the effects of 

free convection on fully developed laminar flow in horizontal cir­
cular tubes with uniform heat flux. A large-scale digital com­
puter was used to solve an accurate finite-difference formulation 
of the governing equations. Solutions for heat transfer and pres­
sure drop, with both heating and cooling, were obtained for water 
with two limiting tube-wall conditions: low thermal conductiv­
ity (glass tube) and infinite thermal conductivity. 

A detailed presentation of data for velocity, temperature, and 
pressure distribution is given for a typical case with the glass-
tube boundary condition. At a modest A7', extensive stratifica­
tion of the flow is predicted, with the tube wall exhibiting a large 
circumferential temperature gradient. Due to the secondary 
flow, both Nusselt number and friction factor are higher than the 
values predicted for constant-property Poiseuille flow. 

Numerous solutions were generated to examine the effects of 
system parameters on heat transfer and friction. The Nusselt 
number and friction factor increase as tube radius, heat flux, and 
bulk temperature are increased. As a consequence of the fully 
developed assumption, Nu and the increase of/ lie above the 
Poiseuille value are unaffected by the average axial velocity. 
The infinite conductivity tube exhibits higher Nu a n d / than the 
glass tube, with Nu being over five times the Poiseuille value at 
Gr ~ 106. The analytical predictions bracket recent experimen­
tal data for water. A design correlation for Nu for both heating 
and cooling of water is developed from the analytical solutions 
(Fig. 15). Several other correlation curves were developed to 
facilitate computation of wall temperatures and friction factors. 

The present data provide for an assessment of free-convection 
effects for water. Regarding extensions of this study, additional 
solutions for other fluids are required before a general correlation 
can be developed. However, the analytical formulation may have 
to be revised for other fluids to account for the effects of radial 
property variation and viscous dissipation. Specific applications 
may require solutions for the "any-tube" case where the tube and 
fluid regions are considered simultaneously. Eventually, ill" 
three-dimensional solution can be undertaken to study the de­
velopment of the secondary flow. 
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A Dynamic Programming Approach to 
Stabilize Forced-Convection Two-Phase Flow 
Systems With "Pressure-Drop" Oscillations1 

Optimization theory is applied to a forced-convection two-phase flow system with heat 
addition described by a second-order system of differential equations. The mathematical 
model describes a physical system in which low-frequency pressure-drop oscillation* 
occur, and these oscillations may either grow or decay with time depending on whether 
the system is stable. The dynamic programming approach, is applied to obtain a sub-
optimal feedback control system which is very stable and exhibits no oscillatory behavior. 
A system is synthesized, whereby pressure and temperature fluctuations are used to con­
trol heat-input fluctuations in order to provide stability. 

Introduction 

A NUMHKH of analytical studies of two-phase flow 
systems have been made to develop spatially independent models 
so that spatially continuous processes could be characterized by 
lumped parameter representations. These studies describe the 
development of a system of governing equations based on the 
conservation of mass, momentum, and energy and their conse­
quent solution to determine frequency response, stability, etc. 
In the equations which describe systems with fixed geometry, 
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AIChE Heat Transfer Conference, Minneapolis, Minn., August 3-6, 
1969. Manuscript received by the Heat Transfer Division, October 
15, 1968; revised manuscript received April 10, 1909. Paper No. 
69-HT-43. 

there are some quantities which are usually considered to be con­
stant. These quantities, which include heat input, flow rates, 
and inlet and outlet pressures, are adjusted sometimes to obtain 
stability and/or to realize other performance parameters. In 
many other processes, stability is achieved by the applicalioii of a 
feedback controller. So too, in the case of two-phase How sys­
tems, there is the possibility of using a feedback controller. 
This would mean that one or more of the aforementioned quanti­
ties would become a control variable which varies in time in some 
appropriate maimer to attenuate temperature and pressure fluc­
tuations generated by external disturbances. In the following 
development, the heat input is taken to be the control variable. 
Then optimal control theory is applied to the synthesis and design 
of a feedback controller to produce stability in a forced-convection 
two-phase flow system. 

In a recent paper by Bankoff and Bandy [ l ] , 3 optimization 
theory is applied to the design of a natural-circulation boiling 
water channel where t he heat removal rate is to be maximized and 
the control variables are the flow area and the local heat input. 
The local heat flux is constrained to be less than some fraction of 

3 Numbers in brackets designate References at end of paper. 

•Nomenclature-

A i 

A, 

bo 

Cvi 

c,„ 

D 

E 

c 

H 

Hi 

h 

Ki 

= flow area between supply 
tank and surge tank 

= flow area between surge tank 
and heater 

= defined in equations (57)-

(60) 
1 

Ti 

= specific heat of heater ma­
terial 

= differential operator 

= instantaneous minimum er­
ror function 

= error index 

= defined after equation (41) 

= power input to fluid 

= power input to heater 

= heat-transfer coefficient, er­
ror measure 

= [(Pi - ft)/Q,2]o 

k, hi, kij 

M 
m 

mi, ni-t 
Mi, « 2 

Pi 
PI 

Pta 

Pu 

Pa 
Q. 

G. 

Q.» 

= k parameters, see equations 
(11)-(13) 

= length of tubing between 
supply tank and surge 
tank 

= length of tubing between 
surge tank and outlet 

= mass of heater 
= mass flow rate 
= defined after equation (44) 
= defined after equation (,53) 
= supply pressure 
= surge tank pressure 
= partial pressure of air in 

surge tank 
= partial pressure of vapor in 

surge tank 
= outlet pressure 
= volume flow rate into surge 

tank 
= volume flow rate out of surge 

tank 
= rate of loss of liquid due to 

evaporation 

T 
Tw 

T, 

t 

K 
v, 
M 

Pi 
a 

Ti, T2 

1, <P'i! 4>3 

8 

0 

/ 

= final time 
= heater wall temperature 
= saturation temperature of 

fluid in heater 
= present time 
= volume of gas in surge tank 
= volume of liquid in surge 

tank 
= dummy time variable 
= liquid density 
= future time 
= defined after equations (47) 

and (49), respectively 
= weighting functions 
= (preceding a quantify) per­

turbation of q u a n t i t y 
away from its steady-state 
value 

= steady-state value when used 
as subscript 

= differentiation with respect 
to time. This does not 
apply to the Appendix. 
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(he local burnout flux. I t is also constrained to be nonnegative. 
They found that the optimum shape was flared at both ends and 
that', in the intermediate region, the diameter increased from inlet 
to outlet. The heat input, which was found to be at either the 
upper (some fraction of local burnout flux) or the lower (zero) con­
straint value, varied as a function of position along the channel. 
The work described next is concerned with forced-convection 
two-phase flow where the only control is the heat input. 

According to Stenuing and Veziroglu [2], there are two major 
types of instability associated with two-phase flow. The first 
occurs when the pressure drop decreases with increasing flow rate 
across a given test section and is associated with a low void frac­
tion. This is often called pressure-drop instability. The 
second type of instability is caused by the interaction of pressure 
drop, flow rate, and mass storage and is sometimes called "density-
wave" instability. In the following analysis, pressure-drop 
instability will be considered in order to illustrate the application 
of optimization theory lo two-phase flow problems. 

System Equations 
The derivation of the system equations follows the work of 

Slenning and Veziroglu [2] very closely but with enough modifi-
calions to allow the use of dynamic programming to synthesize a 
conirol system. The frequency associated with the pressure-
drop How oscillations is rather low (1 to 5 rad/min) so that it is 
po-sible to assume quasi-steady conditions in the heater. For the 
same reason, it is also possible to neglect, inertia effects. 

The problem is one of one-dimensional unsteady flow for the 
sy-tem shown in Fig. 1. Two-phase flow representation is pro­
vided by the vapor volume in the surge tank and the liquid flow 
out of the tank. That is to say, liquid and vapor are present 
simultaneously in the model. Further, the surge tank provides 
for liquid storage so that the flow out of the tank may fluctuate 
as would occur with the onset of oscillations. Boiling effects are 
considered in an implicit manner through the variation of pres­
sure drop with heat addition. I t is interesting to note that in the 
experimental investigation [2] with this apparatus, instability 
\vu^ usually occasioned by boiling in the heater. The heat addi­
tion accelerated the flow with decreasing pressure drop and 
brought on the unstable oscillations. Stenning and Veziroglu 
[2| used water and Freon-11 in their work. Freon-l l is the 
working fluid in the examples considered in this paper. 

The system under consideration is perhaps the simplest one 
which exhibits instability. This, in turn, allows insight to be 
gained in the synthesis of a feedback control system which renders 
stability to two-phase flows which may be unstable in the open-
loop configuration. 

The governing system equations are derived in the Appendix 
and are linearized on the assumption of small disturbances from 
the equilibrium conditions. The final form of these equations is 
[see equations Coil) and (00)] 

til 

'- (8P.) = bn8P-> + b,£Tw 
(It 

57',,,) = bn5l\ + 6,,(57'„. + c-xSHi 

CD 

(2) 

where 81'., 8T,n and 8H; are perturbations of the surge tank pres­
sure, the heater wall temperature, and the heat input, respec­
tively, from the equilibrium values. The constants btj- and c?> 
depend on system parameters. These equations are in a suitable 
form to facilitate the application of various methods of optimiza­
tion theory to synthesize a control system. The calculus of 
variations approach and the dynamic programming approach are 
each considered. For either case an error measure is introduced 

Mo/Vo-), 5'J'Jff), o//,-(V), a] 

= fa(SP,y + fa(STwy + fa(SHty- (3) 

with I he associated error index 

R(Constant) 

aj 
-L.-H 

V/ ^LL 
T 1 

SUPPLY TANK SURGE TANK HEATER 

Fig. 1 Schematic of flow system 

c(l) r h[8P,(a), 8TJa), SH^cr), <r]da. (4) 

Present or real time is /, future time is a, and T is the final time 
at which the process is completed. The coefficients fa, fa, and fa 
are weighting functions. They are somewhat arbitrary and are 
governed, to a certain extent, by system performance require­
ments. 

The Calculus of Variations Approach 
The minimization of the error index subject to the differential 

constraints of equations (1) and (2) is a typical problem of the 
calculus of variations. This approach does not lend itself readily 
to the treatment of linear problems since it results in a fourth-
order system of linear differential equations which is computa­
tionally unstable. That is, terms with real and positive parts 
occur in the exponent. In an analytical solution, these terms are 
driven to zero by a judicious choice of initial conditions. Errors 
in numerical or analog solutions usually excite these terms, how­
ever, and they are a source of trouble. An interesting observa­
tion was that the auxiliary equation for this fourth-order system 
did not contain terms in odd powers. Another interesting ob­
servation and a useful result is that fa can be set equal to unity 
without any loss of generality. 

The Dynamic Programming Approach 
The form of the system equations (1) and (2) and the form of 

the error measure are retained in this approach. The computa­
tional difficulties just mentioned do not occur in dynamic 
programming [3j. Instead, a set of nonlinear differential equa­
tions is introduced and this set is not solved in terms of elementary 
functions. Computer solution is required but it is noted that 
computers are usually employed in. the solution of large linear 
systems. 

When dynamic programming is used to obtain the optimal con­
trol equations for some system, it is convenient to put the process 
differential equations into vector form. For the present problem, 
equations (1) and (2) become 

x ' (0 = Iix(t) + Cm(l) (5) 

where the elements of x(7) are the perturbations SP-i and 8TW. 
The elements of m(7) are the control quantities and in this case 
the only nonzero term is »(•> = 8Ht. B is a 2 X 2 matrix with con­
stant elements bu and C is also a 2 X 2 matrix with constant ele­
ments, of which only (••>•: is not zero. In this notation, the error 
index is 

c(/) = if 
n = 1 J t 

{faS^lx^)]'1 + fa[m-M)V-)d<r. (6) 

The instantaneous minimum-error function is defined as 

E[x(ix), ix) = min c(fx). (7) 

The dummy time variable fx, defined on the interval [t, T], is in-
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troduced so that the actual time / can be treated as a constant 
during the optimization process. 

The fundamental concept in the dynamic programming process 
is the principle of optimality. In the synthesis of control 
systems, the principle can be paraphrased from Bellman [4] as: 

Principle of Optimality. An optimal control has the property 
that, whatever the initial conditions and control are, the sub­
sequent control must be optimal with respect to the state result­
ing from the initial control. 

This leads to the condition for minimum error, 

miu E U „ ( M ) [ * » I 2 + 4>^)[m,(u.)V\ 
»!'-'(*•) \ ; i = 1 

2 dE[x(p),/j,}\^ dE[x(iJ.),n] 

This equation is represented in a more convenient form as 

d£[x(u) , ul JL . 
— T - + E {0«O*)*„O*)} + UmSWY-

+ E * . " G 0 ^ = 0 (0) 

and it is a partial differential equation for the instantaneous 
minimum-error function. The starred quantities are the 
minimizing values. Its solution is assumed to be of the form 

2 

E[x(n), Ml = fc(A0 - 2 E KMxJn) 
m = 1 

2 2 

+ E E k,nM*,M*t(M) do) 
m = l j ' = l 

where kmj(fi) = kJm(jj,). Substitution of E from this equation 
into equation (9) results in the following nonlinear ordinary dif­
ferential equations for the k parameters: 

-k'W = E l-cA*] 

-fc„/(M) = E C'nJ;, - c,jk„kn,n), 

- * W ' 0 " ) = E (<t>n"n„,a„J + l> knj + bnJk„„ 
7! = 1 

m = 1,2 

(H) 

(12) 

" c,JknmknJ), 

ni,j = 1, 2 (13) 

where 

c„ = 0 and .4 = 

Since the desired output quantities coincide with the state 
variables :r„, A is the identify matrix as shown with the elements 
Uij. Of the six k parameters, hi = A2 ==• () and A'12(ju) = kn(p-)-
I t is noted that, ju is a dummy time variable which disappears 
when the boundary conditions have been used with the solutions 
for the A- parameters. The boundary conditions for the k 
parameters are found from the terminal value of the minimum-
error function, i.e., 

E[x(T), T] = 0. (14) 

In order to guarantee that this condition holds for all finite values 
of x(T), the k parameters must vanish at /x = T, i.e., 

k(T) = kJT) = kmi(T) = 0. (15) 

Solution requires the backward integration of equations (12) 

and (13) and the values of the k'a are noted at some initial time t. 
The k(t) are the initial conditions on the k(n) and these are used 
in the complete system equations with all integrations proceeding 
in the forward direction. 

The goal of this work is to determine the optimum feedback 
control system which will minimize the error index. For the 
process under consideration, the optimum control equation is 

5/7,(0 = CvlMt) - k.a(l)M\(t) - kn(l)STw(t)]. (16) 

Data are available for a marginally stable case and an unstable 
case and this information is used to determine the 6,7 and tv> for 
equations (1) and (2). 

Marginally Stable Case 
This system is marginally stable with no feedback control and 

exhibits oscillations which are very lightly damped. The quanti­
ties of interest are 

m 

c* 

T i 

T2 

bu 

bn 

C->2 

= 
= 
= 
= 
= 
= 
= 

2.35 Ib/min 

1.70.5 

2.12 min 

0.0385 min 

-2 .473 

-56 .25 

25.97 

vh 

m-i 

ni 

•>H 

612 

622 

= -0 .148 

= 0.800 

= 21.1 

= 4.70 

= 0.1045 

= 1.064 

The auxiliary equation for this system without feedback is 

IT- + 1.409 » + 3.247 = 0, (17) 

which shows damped oscillatory behavior. 
The solutions for the k parameters are shown in Fig. 2. Since 

only fei and Av2 appear in the control equation (k-> ^ 0), these 
gains are of particular interest and it is seen that they are rela­
tively uniform except for the last 5 sec or so. This suggests 
the possibility of a suboptimal feedback control system with 
constant k parameters which, for this case, are 

A',, = -0.0158, 

k,, = +0.0177. 

= <t>2 = 4>z = 1-0. The suboptimal con-It was assumed that $ , = <£,= 4>i 
trol is obtained from equation (16) 

5/7,(0 = 0.415P2(0 - 0.4657'„,(0. (IS) 

When 5/7,(0 is substituted into equation (2), the system auxiliary 
equation is 

IT- + 13,361) + 31.69 = 0. (19) 

I t can be verified that this system is nonoscillalory and also that 
disturbances will decay as exp ( — 3.080 where ' is given in minutes. 
Hy way of comparison, disturbances decayed as exp ( — 0.7050 in 
the open-loop system. 

Unstable Case 
In this situation, the physical parameters are chosen to 1 

the open-loop system unstable. The parameters and the 
dated coefficients are 

nako 
ISSO-

m = 2.30 Ib/min 

e* = 1.700 

n = 2.10 min 

r , = 0.0148 min 

611 = -3 .304 

62, = -152.07 

c,, = 67.57 

in, = -0 .1580 

m-i = 0.916 

n, = 19.0 

n,. = 3.14 

6,2 = 0.1605 

622 = 3.927 

The auxiliary equation for the open-loop system is 

IT- - 0.5637) + 24.5 = 0, (20) 
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0-5 

^21 

-0-02 

•+V 

-VL 

0-02 

^22 

•+V + 
0 10 T-50 

t.sec 

Fig. 2 k-parameters for open-loop marginally stable case 

+ - A — i -

21 

-0-04 
•Jh=— 

0 0 2 + 

^22 
-V 

H ^ 1 — 
10 T-50 

t,88C 

Fig. 3 fc-parameters for open-loop unstable case 

which shows instaljility because the roots contain a real and 
positive part. 

The solutions for the k parameters arc shown in Fig. 3 and, as 
in the previous case, the suboptinial control system with constant 
gains is -suggested. The appropriate gains are 

hn = -0.0302, 

hn = +0.01,53, 

where it was assumed again that 4>i 
suboptinial control equation is 

= 1.0. The 

SHi(t) = 2MSP2(t) - 1.0357',„(0, (21) 

and the associated auxiliary equation for the closed-loop system 

V2 + 59.032) + 189.8 0. (22) 

It can be demonstrated that this closed-loop system is uonoscilla-
fory and also that disturbances will decay as exp ( — 3.41/). I t is 
interesting that the exponents in both cases are not significantly 
different from each other. 

Discussion 
Dynamic programming has been applied to a very simple 

forced-convection two-phase flow process to obtain a suboptinial 

feedback control system which is very stable. The system con­
sidered exhibits so-called pressure-drop oscillations which are 
occasioned by increasing flow rates with decreasing pressure 
drops. This is a low-frequency phenomenon with periods ranging 
from about 1 min to about 3 min. 

The low-frequency character of the system oscillations permits 
considerable simplification of the governing equations and also 
permits linearization of these equations with some degree of con­
fidence. The dynamic programming approach is particularly 
powerful in the treatment of linear systems since certain inherent 
difficulties associated with the method can be circumvented. 
This means that it is possible to obtain the feedback gains for a 
closed-loop system as functions of time with considerable ease on 
the computer. 

Analog computer solutions showed that the feedback gains, 
associated with temperature and pressure fluctuations, were es­
sentially uniform in time except for the 5 or 10 sec just 
before the final time. In processes which proceed for an in­
definite time, it is suggested that the final time be arbitrarily 
large. Thus the gains can be considered constant and the feed­
back controller can be regarded as optimal. These constant 
feedback gains produced very stable systems with a high degree 
of damping. I t is noted that the weighting functions <j>i and <f>i 
were taken to be unity in the development. The value of these 
functions could be adjusted, however, relative to some other op-
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ANALOG COMPUTER 

SERVO MOTOR 

RHEOSTAT 

SURGE TANK HEATER 
Fig. 4 Mechanization of control system 

timization or performance criterion. This choice is open to the 

designer. 

The use of a second-order system facilitated analytical ex­

amination of the system equations and the associated auxiliary 

equation. Thus it was possible to see the effects of the dynamic 

programming process without encountering the complications 

brought on by a large system. The process can be extended 

readily to larger systems, however, and to systems which describe 

density-wave oscillations and instability. 

A possible mechanization of the feedback controller for pres­

sure-drop oscillations is shown in Fig. 4. 
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A P P E N D I X 

In this Appendix the detailed derivation of equations (1) and 

(2) is given. The system under consideration is shown in Fig. 1. 

The development is based upon the usual laws of conservation of 

mass, momentum, and energy. 

The momentum equation between points 1 and 2 is 

P, - P2 = KW + Pl -i-
U d(h 
At dt 

(23) 

where Qi is the volume rate of flow into the surge tank. The 

momentum equation between 2 and 3 is 

P, - p3 = (P., - p3)s + Pl 
A 2 dt 

(24) 

where Q« is the volume flow rate out of the surge tank; (P2 — P3), 

is the steady-flow pressure drop across the system and depends 

on Qo and the heat input. Since Pi and P3 each are constant, 

The continuity equation for the surge tank is 

dV, 
Ql - Q. - Q.v = 

dt 
(26) 

where Qev is the rate of loss of liquid volume due to evaporation 

and F; is the volume of liquid in the surge tank. If Vg is the 

volume of gas in the surge tank, 

dV, 

dt dt 

and the conservation of mass implies 

p, dt 

Therefore, 

Ql ~ Ql ~ dt + p, dt ~ 
1 - -

P»\ dVg 

Pi) dt 

(27) 

(28) 

(29) 

Since the gas in the surge tank is a mixture of air and saturated 

vapor, 

P> p., 4- p., 
* la r 1 li'; 

(30) 

where 

P-iu = partial pressure of air, 

Piv — partial pressure of vapor. 

The partial pressure P2„ is constant if the liquid temperature in 

the tank is constant and thermal equilibrium prevails, which in 

turn implies 

p v -~ i> v — 
L 2u I y — I iai) 1 yO ~ 

This is solved for Vg to give 

1 ^aof'yO 
F„ = 

P2„ 

and then V0 is differentiated with respect to time 

P2„2" dt dt 

(31) 

(32) 

(33) 

Up to this point, the analysis is identical to that in reference [2]. 

In the presentation of the thermal energy equation, the present 

development will take into account variations in heat input. 

Stenning and Veziroglu [2], by way of contrast, considered con­

stant heat input in their work. Thus the thermal energy equa­

tion becomes 

" dl 
(34) 

where H, is the power input to the heater and / / is the power input 

to the fluid. Under steady-state conditions with no losses, 

//1( Ho. 

The power input to the fluid is 

H = hA(Tw - Tf), 

(35) 

(36) 

where the heat transfer coefficient /' is some appropriate function 

of Qi and other system parameters [5], 

h = h(Q,, . . . ) . (37) 

Pi - P3 const. (25) 

The flow Q> is taken to be the governing argument while the other 

parameters are assumed to be essentially constant over the range 

considered. 

Even this simplified model as given b.y the preceding equations 

consists of nonlinear differential equations. Since stability 
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analyses usually are concerned with attenuating perturbations as 
soon as they begin, a reasonable approach is to introduce small 
disturbances in the nonlinear equations and retain only the linear 
terms. Further, as long as the amplitude and the frequency are 
low, it is reasonable to neglect the inertia terms dQ/dl in equa­
tions (23) and (24). 

Equation (23) then becomes 

P, - P2 = KiQ{K (38) 

Perturbations are introduced through 

Pi = Pio, 

P, = pw + 8P>, (39) 

0 . = Oio + SQt 

where it is noted that Pi is constant. When Pi, P2, and Oi from 
equations (39) are substituted into equation (38) and higher-order 
terms are neglected, there results 

with 

T l 
P v \ * f/0 Pw 

Pi J 0(1 P-l„o' 

The perturbed form of equation (34) is 

McJ-^ = 8H, - 8H, 
'" dl 

while, in normalized form, it is 

d{STJ) 
dl 

= SIP' - SH' 

(48) 

(49) 

where 

J- /o 

-<5P2 = 2/C1Q1„5Q1. (40) 

This equation is normalized by multiplying the left-hand side by 
Pn/P'm and the right-hand side by Qio/Qio, and then using the 
steady-state version of equation (38), to give 

-67Y = 2^30, ' , (41) 

When perturbations are introduced into equation (36), there 
results 

SH = {TM - TfMSh + h,A(8Tw - 8Tf). (50) 

Since the film coefficient It, depends on O2 and since the saturation 
temperature Tf is a function of Pi, 

where 

8P,' = 

50 . ' 

SP, 

K' 
8Q1 

' oV 
P,o 

Sh = ^ SQ-2, 
dQ> 

«< = £ - • • 

(51) 

(52) 

In normalized form, equation (50) is, accounting for equations 
(51) and (52), 

SH' = STW' - riiSP2' + nSQi (53) 

1 w 

When perturbations are introduced into equation (24), with the 
inertia term neglected, 

where 

SP2 = S(P-, - P3),. 

The right-hand side depends only on H and Q> so that 

(42) 
T,r0 ~ Tja \dP.J, 

SP2 = 
~d(P2 - P,)~ 

dH 
5H + 

0 

~d(P2 - P3)' 

L ^02 J 

In normalized form, this becomes 

SIV = m,SH' + iihdQi', 

with 

O20 
m, = — 

1 20 

Ho 
,m = 

*• 2 0 

"d(p2 - p 3 ) i 
dQ2 J„' 

~d(P2 -

dh 
P.)l 

r 
0 

SQt. (43) 

(44) 

n'1 h0 VO2/0 

In the remaining development, the primes will be omitted from 
the normalized perturbed quantities. Equations (41), (44), (47), 
(49), and (53) constitute the perturbed form of the governing 
equations. Some simplification is possible because some of the 
variables can be eliminated b}r means of substitution. The 
quantity <5Qi can be eliminated from equations (41) and (47), 

The perturbed form of equation (29) is 

P,\ d(SV,) 
SQi - 6Q2 = - 1 

From equation (32), it is seen that 

sv„ = X* 
> 2 „ 

Pi 

<5P2 

dl 

so that equation (45) becomes, in normalized form, 

diSPi') 
SQi' - 8Q,' = n-

dt 

(45) 

(46) 

(47) 

5P2 _ d(81\) 

2 I " 5Q> = Ti "IT' 

while 8H can be eliminated from equations (44) and (53), 

SP2 = imSQ, + m2(8Ttll - rn8P,_ + mSQs), 

and also from equations (44) and (49) 

d(STJ 

dl 
= SH, - 8TW + niSP, - n,8Q* 

(54) 

(55) 

(56) 

Finally, 502 is eliminated from the three preceding equations to 
give the equations that will be used in the control system ap­
proach, 

dl 
(8P2) = 8P-2 

1 1 + miiii 

2etTi n (mi + inin-2) 

+ ST 
' Ti(mi + mnii) 

(57) 
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lit 
(.ST J = SPt 

Mi «2(1 + m-itii) 

J-t T-iitth + mtri-i). 

1 

control systems, it is convenient to put the foregoing equation.-
into the following form 

8T, + + - SH,. (58) 
(SP-i) = bn8I\ + bn8Tvl (59) 

In the application of various aspects of optimization theory to 
- (8TW) = b,,SP, + h,5Tw + cnSH,. (00) 
at 
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Taylor-Goertler fortices and Their 
Effect on Heat Transfer 
An experimental measurement of the effect of Taylor-Goertler vortex formation on the 
heat transfer through the boundary layer on a concave wall has been made. A theoretical 
analysis based on independent mean and oscillatory flow components indicates that, 
although the heat transfer rate will fluctuate periodically in the spanwise direction, 
there should be no overall increase in heal transfer. The experimental results indicate 
that there is a significant increase in Nusselt number in the presence of the vortices. 
Interaction between the oscillatory and mean components must be accounted for, if the 
theoretical model is to be reliable. 

Introduction 

L I AYLOR [ l ] 1 was the first to attack the problem of 
instability in the flow contained between the concentric rotating 
cylinders. Taylor assumed a stable periodic vorticity contained 
in the boundary layer, which would trail in the direction of flow, 
Fig. 1. In appearance the vortices are similar to wing trailing 
vortices except they have alternate right and left-hand rotation. 
Taylor formulated the motion in mathematical terms, analyzed 
its stability, and verified the analysis with excellent correlation 
of theory and experimental results. 

Fig. 1 sketches the streamlines of motion after the instability 
has set in. Colored fluid was injected into the annular volume 
such that it covered the inner cylinder. The relative velocity of 
the cylinders was increased until the boxlike disturbances ap­
peared in rectangular zones periodic in the Z-direction. Taylor's 
vortices were steady, periodic and their size was a direct function 

1 Numbers in brackets designate References at end of paper. 
Contributed by the Heat Transfer Division of THE AMERICAN SO­

CIETY OF MECHANICAL ENGINEERS and presented at the ASME-
AIChE Heat Transfer Conference, Minneapolis, Minn., August 3-6, 
1969. Manuscript received by the Heat Transfer Division, May 13, 
19(58; final manuscript received, November 14, 1968. Paper No. 
69-HT-3. 

of the spacing between the cylinders but independent of the rota­
tional velocity. 

A stability analysis by Goertler [2] in 1940 predicted that 
similar vortices should be formed in the boundary layer on a con­
cave plate. Such an instability would be expected to arise when 
the centrifugal force becomes so large that the radial pressure 
gradient and viscous forces can no longer damp out small dis­
turbances. 

The vortices represent a steady type of flow. Fig. 2 demon­
strates the phenomenon in the concave plate case. 

I t is obvious that these vortices grow with distance (in the di­
rection of fluid flow). Goertler, however, analyzed a disturbance 
which grew with time. He postulated a small three-dimensional 
disturbance superimposed on a base flow of the form: 

u, = Uo(y) + ni(y) cos (az) exp (J3t) 
vi = vi(y) c o s (az) e x P (/3') 

w, = ivi(y) sin (az) exp (fit) 

P, = P»(y) + Pi(y) cos (az) exp (fit) 

The coordinate system used is a curvilinear system with x 
being the distance along the curved surface and z and y the dis­
tances perpendicular to the ir-axis; see Fig. 3. «„ v„ wt are com­
ponents of the entire velocity. «« represents the undisturbed 

(1) 

•Nomenclature-

specific heat at constant pres­
sure; Btu/'lb deg F 

d = 

c = 

h = 

<"/,( = 

k = 

L = 
Pi = 

Po = 

P, = 

diameter of duct 

emissivity 

average heat transfer coefficient, 
q conv/area-Ajf'(Btu/hr ft2 

deg F) 

thermal conductivity; Btu /hr 
ft deg F) 

curvature 1/r, (1,/ft) 

duct length 

amplitude of disturbance com­
ponent of static pressure 

static pressure of base flow; lb / 
ft2 

total static pressure, sum of 
base and disturbed static 
pressure; lb/ft2 

<7cond 

? » n v 

(?rad 

r or R 
t 

Ty 

T0 

total flux of energy from a heat­
ing element (gocmd + r/conv + 
?rai), (Btu/hr ft2) 

flux of energy lost from a heat­
ing element by conduction 
through test surface, B tu /h r 
ft2 

flux of energy from a heat­
ing element by convection 
through boundary layer, gconv 

= hAT, B tu /h r ft2 

flux of energy from a heating 
element by radiation losses 

radius of curvature 
time; sec 

amplitude of disturbance tem­
perature component 

undisturbed temperature of base 
flow; deg F 

T, = total temperature, sum of dis­
turbed and base tempera­
tures ; deg F 

jf'„ = temperature of full stream; deg F 
Tw = temperature of wall of a flat 

plate or duct; deg F 
T„ = average wall temperature for x 

0—/,; deg F 
AT = temperature difference of wall 

and free stream, Tw — T^; 
deg F 

Ue = entrance velocity of flow enter­
ing a duct; fps 

Ua> = free-stream velocity for flow 
over a flat plate; fps 

Mi = amplitude of disturbance com­
ponent of velocity in the in­
direction, as defined by equa­
tion (1) 

(Continued on next page) 
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TAYLOR VORTICES 

F ig . 1 Tay lor vor t ices—streaml ines of mot ion after instabi l i ty has set 
in a fluid conta ined between t w o concentric cyl inders rotat ing in the same 
di rect ion. The space between the cyl inders is smal l compared w i t h the 
inside radius and \p has been norma l i zed . 

velocity. Similarly l'o represents the basic undisturbed pressure; 
tii, Vi, M>I, and Pi are the superimposed periodic disturbance func­
tions. j3 is the measure of the time rate of growth. 

As the neutral stability condition was his main object, Goert-
ler's use of time variation was satisfactory. He derived a stabil­
ity criterion which was enunciated in the form of the Goertlei' 
number; 

Fig. 2 Vort ices caused by three-dimensional disturbances in the f low 
a long a concave w a l l (Goerller) 

Fig. 3 Boundary- layer prof i le and the def in i t ion of axes for f l ow along 
a curved plate 

•Nomenclature-

Mo = base component of undisturbed 
velocity, in ^-direction; fps 

ut = total velocity in s-direction, sum 
of base and disturbance com­
ponents as defined in equa­
tion (1) 

vi = amplitude of disturbance com­
ponent of velocity in vertical 
(y) direction as denned in 
equation (I) 

Vo — base component of undisturbed 
velocity in vertical (?/) direc­
tion; fps 

v, = total velocity in vertical (y) di­
rection, sum of base and dis­
turbance components as de­
fined in equation (1) 

Wi = amplitude of disturbance com­
ponent of velocity in span-
wise (z) direction as denned 
in equation (1) 

«.'o = base component of undisturbed 
velocity in spanwise direction 
(*); fps 

w, = total velocity in spanwise di­
rection (z), sum of base and 
disturbance components as 
defined in equation (1) 

IF = width of test section 
x = distance along curved or flat 

plate in direction of flow 
y = distance perpendicular to sur­

face 
z = distance in spanwise direction 

perpendicular to x-y plane 

a = measure of vortex width = 
2T/\; ft-1 

/3 = growth factor defined by Goert­
lei'; s e c - 1 

8 = boundary-layer thickness or dis­
tance above surface at which 
point boundary-layer velocity 
equals 0.99 times the free-
stream velocity; ft 

R„* 

A = 
B = 
b = 

Co = 

K 

N 

w a v e l e n g t h of d i s t u r b a n c e 

S te fan-Bol t z m a n c o n s t a n t = 

0.1712 X 10~8 ( B t u / h r ft2 

deg R - ' ) 
kinematic viscosity; ft2/sec 
momentum thickness at transi­

tion point for a curved or flat 
surface as defined by Liep-
man 

density of fluid (slugs/ft3) 

Graetz number divided by 

Prandtl number 
vortex size = a8 
growth factor = fi8-/y 
deca\' factor in equation (23) 
ratio of amplitude of disturb­

ance component to base com­
ponent = u/U 

curvature = S/r; dimension-
less 

distance from wall = y/8 
Goertler number Rs\/K 
(Continued on next page) 
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N = UJ Is (2) 

In this work the Goertler numbers have been computed on the 
basis of the boundary-layer thickness 5, and not on the momen­
tum thickness, 8*. Recently, Smith repeated Goertler's work, but 
considered disturbances which grow with distance [3]. Smith 
retained many of the terms in the boundary-layer equations dis­
carded in Goertler's analysis and thus had to resort to numerical 
techniques. 

Fig. -1 shows the critical Goertler number versus the wave 
number (A = aS) for constant amplification curves (J3 = const). 
The neutral stability curve (JS = 0) defines the absolute minimum 
Goertler number for a given wave number. Below the neutral 
stability curve f3 is negative and the disturbances are damped, 
not amplified. The neutral stability curve found by Smith is 
compared with Goertler's in Fig. 4. Goertler's predicted vortex 
formation cannot occur for Ar less than 1G while Smith's lower 
limit was about 9. The curves above the neutral stability line 
.-how the lower bounds to the Goertler numbers for given growth 
factors (/?). 

It should be stressed that the presence of the vortices in the 
boundary layer does not produce turbulence until the entire range 
of wavelengths experience amplification. 

Liepman investigated the laminar boundary-layer stability 
and transition to turbulence on curved surfaces [4, 5], 

He found that the Reynolds number based on the free-stream 
velocity and distance from the leading edge, R „ failed to predict 
the transition point for curved surfaces. He did find, however, 
the transition of laminar boundary layers on curved surfaces oc­
curred at a critical Goertler number of about 240. 

Fig. 5 shows the transition Reynolds number (Ri l r) versus the 
parameter r/6tr where r is the radius of curvature and du is the 
momentum thickness at the point of transition. 

The flat plate transition Reynolds number is shown in Fig. o by 
a horizontal line, while Liepman's criteria is shown by the sloping 
segmented line marked Ar = 240. Note that for smaller radii 
i i.e., smaller r/Oi,) the data best fit Liepman's stability criteria; 
however, for larger r/dtr the data approach the flat plate transi­
tion criterion. Therefore, it can be concluded that the transition 
to turbulence of laminar boundary layers on highly concave sur-

LIEPMAN'S UPPER LIMIT 

/ SMITH'S NEUTRAL 
STABILITY CURVE 

B=0 

-¥^ 
A=CtS 

a=2 

aS- ^A 
j _ 

Fig. 4 Goertler number (N) versus w a v e number (A) 

faces is due to the buildup of Taylor-Goertler vorticity. As the 
surface becomes less concave, turbulence is promoted by the 
presence of both Taylor-Goertler vorticity and disturbances of 
the Tollmien-Schlichting type. 

The lower and upper limits to the Goertler number are, re­
spectively, 16 and 240. This range produces stable vortex de­
velopment superimposed on a laminar base flow. 

Neither Goertler or Smith set any upper limit on the growth of 
the vortices. However, Kirchgassner [6] has shown that there 
are absolute limits to the value of Goertler's disturbance compo­
nent amplitudes «i, vh and Wi. In the case of to the absolute upper 
limit is the velocity of the free stream. The buildup to maximum 
size is very rapid. 

•Nomenclature-

Xu„ = 

Xu, = 

P = 

1\ = 
R,, = 

1!/. = 

average Nusselt number for a S 
curved duct = h-d/Kh, 

average Nusselt number for a {/ 
flat duct = h-d/Khl 

disturbed pressure coefficient = 
2(P t - l\)/pUJ 

Prandtl number Cpp,/Kh! 

Reynolds number based on en-
trance velocity and duct 
diameter = U/l/y 

Reynolds number based on en-
trance velocity length of test 
section = Ue-L/y 

Reynolds number based on 
free-stream velocity and dis­
tance from leading edge of a , _ 
plate = Um-X/y' 9 

transition to turbulence Reyn­
olds number for a plate = . _ 
U„-Xlr/y 

Reynolds number for a plate 
based on free-stream velocity Subscripfs 
and boundary-layer thickness c = 

Ar+ = 

amplitude factor defined in 
equation (23) 

base velocity in .T-direction = 

amplitude of disturbance com­
ponent of velocity in the x-
directiou = wi/{7„ 

amplitude of disturbance com­
ponent of velocity in ^-direc­
tion = Vl/Ua, 

amplitude of disturbance com­
ponent of velocity' in z-direc-
tion = wi/Ua, 

distance from leading edge of a 
surface = X/S 

amplitude of disturbance tem­
perature component = rL\/ 

(Tw - r j 
undisturbed temperature of base 

flow = (7',„ - '1\)/{TW - T„) 

a curved surface 

/ = a fiat surface 
e = entrance conditions and proper­

ties of a duct 
t = the subscripted quantity is the 

sum of the undisturbed base 
flow component and the dis­
turbance component 

0 = the subscripted quantity is a 
component of the base flow 

1 = the subscripted quantity is an 
amplitude of a disturbance 
component 

tr = the subscripted quantity is a 
property of the flow at the 
point of transition to turbu­
lence 

oo = (infinity) and refers to proper­
ties of the free stream for flow-
over a flat plate 

Superscripts 

' = differentiation with respect to >) 
= a bar over a quantity implies a 

mean value 
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10o

20

~tr

Fig. 5 Transition measurements on a concave plate (Liepman)

Fig. 7

verify the theoretical predictions that a heated curved slIrfacc
should have areas of relatively high and low heat transfer in Ihe
presence of such periodic disturbanees.

If this phenomenon causes a large increase in heat transf('!', it
would appeal' advantageous to attempt to incorporate it into :I

radieally new heat exehanger design which would operate in I he
laminar flow regime.

Experimental Work on the Production and
Characteristics of Taylor- Goertler Vorticity

The vortices were formed by blowing a lamintlr airstream o\"('!'
a concave plate, the combination of velocity and radius of curva­
ture being sueh that the Goertler number was above 16 allll less
than 240. Beeause the flow from the wind tunnel deeelera\('(j as
it flowed over the plate, a duct had to be formed by placing; a
second plate over the first. To avoid the eO!lditio!ls of pip(' f1oll'
the test duet length had to be sueh that [7],

(Lid) < 0.12R</

Fig. 6 shows a sketeh of the test duet.
rnensions,

Fig.6

VIEW OF CHAMFERED TIP

--~"
/' '\

/ \
t~)
\ /
"'--_/

Parallel plate dimensions

l'

TV
L
d =

.5 in.
13.7 in.
7.63 in.
20 in.

It had the following di-

The gas veloeity could be varied from .5 to 12.5 fps. For example,
at 20 fps with the foregoing radius of curvature, then

A very good discourse on this phenomenon is given in reference
[l1J.

The objective of this work was to determine analytically and
experimentally, the effect of Goertler's vortex formation on the
heat transfer to the plate through the boundary layer.

Since the existence of the phenomenon to be studied had at
best been shown indirectly by Liepman and McGahan it was
first desired to demonstnlte their existence with some visual
technique. Once this had been accomplished the results of the
visual technique could be compared with velocity measmements
made with a hot wire anemometer.

The experimental work was therefore divided into two sections.
The objectives of the first section were:

1 To design apparatus which would generate Taylor-Goertler
vorticity.

2 To demonstrate the existence of said vorticity.
3 To gain sufficient understanding of the vortices III order

that a meaningful heat transfer test could be run.

The objective of the second part was to investigate the eJ1'ects
of Taylor-Goertler vorticity on heat transfer. It was desired to

N = 100.

For tunnel exit veloeities from 0-30 fps (whieh covers the range
of velocities used in this work), measurement showed that. lhe
intensity of turbulence at the exit was less than 1 pereent. The
veloeity profile aeross the duet was very uniform over a !<'ngth
equal to the width of the duet (the wind tunnel width was Iti.:';
in. wide, eompared to the 13.7 in. width of the duet).

The vortex formation was rendered visible (a transparent upp"r
duet wall was used) by spraying the coneave surfaee with a so!ll­
tion of methyl a!eohol saturated with naphthalene, and t lwn
blowing the gas over it. J\Jaterial is removed ftlster wllf'rl' the
vortices are, so that distinct longitndinal streaks appear aft er
some time. Fig. 7 is a photograph of the streaks after 2 min of
running at a gas velocity of 22 fps. The average tran~VPl'~e

wavelength was measured to be 0.2 in. As there were 110 side
walls to the duct the streaks tended to diverge from the ('pl\\pr
line.

To investigate the fluid dynamie aspects of the problem further,
a study of the Illean boundary-layer velocity profile was ulld(~r­

taken using a hot-wire probe. The probe conld be mow(l
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through 5 cms laterally (the z-direetion) and through 2.5 cms 
longitudinally (x-directiou). The arrangement is shown in Fig. 8. 

The probe measured the vector sum of the ut and w, compo­
nents (total), but w, is much smaller than «, and so it can be con­
sidered that ut alone is being measured. 

Fig, 9 shows a jjlot of the mean boundary-layer velocity (it,) 
versus position on the 2-axis. The time-varying component of 
the velocity was given by the peak-to-peak voltages as measured 
on an oscilloscope and these are entered as vertical bars through 
the points defining the mean velocity. During these measure­
ments a naphthalene coating was applied and in Fig. 9 the cross-
hatched sections mark the regions on the 2-axis where the naptha-
lene was rubbed off. I t can be seen that the areas of high mass 
transport do indeed correspond with areas of high boundary-
layer velocity. 

The turbulence levels (proportional to the peak-to-peak oscilla­
tion magnitude) were a maximum in the low velocity regions 
(valleys) and at most about 3 percent of the free-stream velocity. 
So the flow remains quite laminar. 

It was observed that the spanwise fluctuations recorded by the 
hot wire dill not shift about in position, nor did they grow with 
time. So it is felt that in the analysis to be carried out it can be 
considered that the vortices, once formed, remain fixed in size 
and do not shift in the spanwise (2) direction. 

Defining the strength of the disturbance as: 

rnd 

100 (u,umx — «(„,;„)/«(,„„! 

'Wfrmix — Mimin = («0 + « l ) — (''« ~ « l ) = 2 « i 

.'. strength = 100 I —— 

It was found that as the free-stream velocity was varied from 13-
24 fps, the spanwise velocity pattern hardly changed, the wave­
length (measured to be 0.2 in.) remains unchanged, and the dis­
turbance strength remained in the region of 20-2f> percent. 

Observations also indicated that the spanwise wavelength 
did not alter with change in wall spacing or wall radius of curva­
ture. Taylor found that the wavelength of the disturbances set 
up in the annular volume between rotating concentric cylinders 
was dependent on the spacing and curvature (that is, his phenom­
enon was geometry dependent). 

The spanwise wavelength value of 0.2 in. would not be specifi­
cally predicted on the basis of any of the available stability 
analyses (Goertler's, etc.), although it lies in the feasible range. 
With a typical 5 value, aS would be about 3. As a8 remains 
fairly constant while the Goertler number is increased, one would 
expect merely an increase in the amplification factor, f3, to occur. 
The apparent invariance of the spanwise wavelength is a feature 
which would well warrant further investigation. 

Fig. 8 Positioning of hot-wire anemometer at duct exit 

Experimental Investigation of the Effects of 
Taylor-Goertler Vorticity on the Rate of Heat Transfer 

As the theoretical model would predict areas of high and low 
heat transfer on the plate relative to the undisturbed flat plate 
case, it was desired to check this prediction. If true, then there 
should be no overall increase or decrease in heat transfer as a 
result of the spanwise fluctuations in velocity. 

I t was decided to measure the heat transfer on a cooling basis. 
The concave surface and a reference flat surface were heated by 
embedding heating elements in them (14 elements in each plate). 
The elements were laid parallel to the flow direction and were 
spaced 0.030 in. apart. They were each 0.1 in. wide, and the duct 
width (or span) was 13.7 in. The back and sides of the test sec­
tion were well insulated to minimize conduction losses. The ma­
terial on which the elements were laid had a very low conduc­
tivity also and so the conduction between elements was also mini­
mized. 

50 60 70 80 mm 

Fig. 9 Mean boundary-layer velocity versus transverse position (Z) 

Journal of Heat Transfer FEBRUARY t 9 7 0 / 105 

Downloaded 04 Jan 2011 to 194.27.225.72. Redistribution subject to ASME license or copyright; see http://www.asme.org/terms/Terms_Use.cfm



Fig. 10

q, = (volts)' (amps) = qconduction + q,adiation + qconvection (;J)

The surface temperature was measured using an optical pyrom­
eter (range 212-715 deg F) whieh ean sense the tempel'llture of
O.l-in-dia spot with an aCCUl'lley of ±2 pereent. To allow thermal
"viewing" of the heated surfaee, the upper walls of the duets were
made of O.1!J-in. window glass. To get maximum emissivity the
test surfaees were sprayed with krylon flat black paint.

Fig. 10 shows the optieal pyrometer "looking" at the curved
test seetion at the mouth of the wind tunnel.

A thermal balance on a given heating element gives

qCOIlV = h(tw
CURVED DUCT

ELEMENT No.4 0
5 0
6 0
7 6
8 V

FLAT DUCT

elEMENT No.7 II
8 +
9 •

'1
20

J
(4)

(ii)
ltd

K"t
Nu

The heat tl'llnsfer eoefficient was defined as:

and the N usselt number was

1 '---__'--------'-_'-----'--'---'-,'-'-1LI ..1....-
10 so 100 '100

where K"t is the thermal eonduetivity of air. The losses due to
conduetion through the baek of the test plate were estiluated by
heating the center heating element on the eurved plate at various
heating l'lltes. Thermocouples embedded in the material mea­
sured the temperature at the baek of the plate, and

Fig. 11 Nussell number versus Rd.cl/L

The ratio of qeond to qt was about OJ for all elements iuvestigated
in the heat transfer st,udy performed on the curved duet. The
loss for the flat plate, whieh opel'llted at lower temperatlll'es, was
higher and

(']' '']' 'J[( .' w ~ :__ therlTloc:H1ple"
"t------ D.y------

where

D.y plate thielmess

Kid thermal eonductivity of wall material (fiberfax)

0.:3 Btu in./ft2 deg F

qeDnd ~ 0.2q t

(0)
elements was arrived at by scanning a set of 0 points along the
length of the entire slll'face. The system, with ail' blowin~ froIll

the tunnel and the heating on, was always allowed severallllinutes
to come to thermal equilibrium, before measurements were
taken. The entl'llnce velocity varies from ii-;30 fps and power
input, entrance velocity (using the hot wire) and surfaee \l'lIIp('rn­
tures were re('orded for each run.

The following tables present some typical data taken alld gives
the computed heat transfer coefilcients for the curved dUl'I.

In Tables 1 and 2, column 1 gives the partieular heal illg ele­
ment, column 2 gives ('I'", - Too), and colnmn 8 shows I Itl' totlll
heat flux from the element.

Column 4 gives the heat lost by radiation,

In the experimental work, an Ilvel'llge temperature of the heating (jrad
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:,nd colulllll ') gives the heat tran~fer coeffieient, 

h = (!it (8) 

('OlUIlm 6 gives the ~llsselt \lumber based on the due\. diameter, 

Nu = hil/I'"ht (H) 

The NllsseJt Illlmber Olle would observe 011 a heated flat plate of 
kngt,h L alld a free-stream vel()('iCy equal to the dlleL ent ranee 
\'elocity, is 

(10) 

'rbi, allowed the ratios Nu/Nufl' to be computed and they are 
l!ivcll in COIUlllll 7, 

Table 1 Curved duct-d = 0.325 in.; L 

Udt = 16;3 

!I;lemell t, 
:-\0. 1'10-11 co 1ft fJratl II 

4 2;38 5740 ;321 IS 
5 ')-1) ... ~).) '2\lOO ;)04 S.;) 
6 2:31 :WlO 4:3G lO,ij 

7 21:3 :3780 :3iN 14,2 
8 220 4!i50 ,W4 16,8 

Table 2 Flat dud-d = 0.25 in.; L 

) Ii 
hd'L 20 

Ele-
ment Til -Teo 1ft fJrad h 

7 222 l:l80 410 :3. 1 
Ii 288 2140 G26 :~L8 

U 250 1520 4U5 2,t) 

Tlte \\nih of Ii nre Btll/hr fl," deg F. 

7.5 in. 

Xli 

:2.', :3 
11,2 
14,2 
[[),1 
22,(j 

7.8 in. 

~u/Nujp 

2,() 
l.:3 1 
1.7 
'J q ... 1.0 

2,7 

1.1 
1.3 
1 

i,j 

d 
III Fig. II are plollecl Nus·mll \lnmber~ ver~us Rd ·-- for the 

l-
flat dnet and the curved duct,. AJso plotted is the Jlrediction for 
I"'at, transfer in the entrance region of a Hat rectangular dnct 
ba-;o(1 on the analysis by Sparrow [7], who showed that 

(11 ) 

The ('onstant ::l.(;~) i~ half Ole vaillc of t hat used ill i')pal']'(Jw',s 
\\'lIrk, beeanse his X nsselt Illlmher~ ,yere based Oil \ he length of 
the dne!, while the NUKselt number,.; in this work are all based Oil 

til!; duct, diamc\er (d). 

Nll" 
Fig, 1:2 "hows -T~' plolt.ed vcr,.;us the ,.;pallwi,.;e position, z, and 

NUjp 

al.,,, the nVCl'llge bOlliltiar,)' velocity ver";ll~ z. Olle recalls (,hat ill 
ll,,; naphthalene diffusion tests the areas of high mass transport 
('on'esj>ollcled to areas of high averagc bOlllldar~'-laycr velocity. 

:-\ot, ellough Nusselt Jlnmber ralios at variuus z positions were 
available to say definit.ely whether or no(, area,.; of high heat 
tl':tllsfer cOl'l'espond to areas of high houlldary-Iayor velocity. 
The dot.ted cltlve merely illdicate:; what olle would expect to get 
if t here was a correspondence, 

,\ more elaborate experilllental :lrrangelllellt wunld be called 
['JI' 1.0 scttle thi;; and other quest ion;; concel'lling heat transfer Oil 

('tJllcave plates . 
. \ sample of the surface temperature,.; recorded by the optical 

PYrometer for two adjacenL heating elements, in the IOllgitudinal 
dircdiolls, is given in Table :3. 

Journal of Heat Transfer 

>­
l­
i) 

9 
w 
> 

30 

20 

THEORETICAL 
NUSSELT No, 
VARIATION r 

~ ~ \ ~/ 
/ ~ / 

/~" / r.::J \ / 
I \ / 0 ~/ 

~ 0 

EXPERIMENTAL 
FLOW VELOCITY 
PROFILE 

Rb ,OIL 

165 ~}EXPERIM' 
147 Uo NUSSELT 
125 RATIOS 
94 0 

z 

3,0 

20 

10 

.e , 
z 

Fig.12 Ratio NUcuryedduct to NUflatplute versus Z position 

Table 3 Surface temperature distribution 

T'}lemen L :r = 
number 1.5 3 

::l01 ;):21 
2 2D:2 :350 

Position 

tj 7 

Ml :)84 
:ll() 3·73 

\J 

:~7'2 

;35~) 

J\lean 
tempera­

tUI'C 
11 (ahove 

(ems) 7H deg F) 

:(():) 258 
;31D 2;3;) 

At this point it is worth noting some significauL aspects of these 
re,ults. 

It is evident from Fig. 11 that the flat duet experimental data 
follow the fiat plate theory more closely thall they follow Spar­
row's predicted duet entranee region N\lsselt numbers. It is 
ren:;ouable that the N usselt Humbers fot' the entrance region of a 
duct should be greater than the corresponding NllsselL ntllnbers 
for a HaL plate. As the fiow is accelerated in the duct entrance 
region and the average boundary layer is thinner, the velocity 
gradient through Uw boundary layer is greater. If the energy 
tnlIlsjJOl't from the he[,ted wall is carried by t.he same mechanism 
as the momentum transport (Heynold's analogy) one would ex­
pect. Xu f d to be grea ter than N u f l" 

On the average, the recorded fiat duct. NURseit llllml>crs lie 
about 7 percent above the flat plate Nus:;elt Ilnmbers (theoreti­
cal). The theoretical clll'ved dnct Nu:;selt Ilnmber;; lie about 20 
percent ahove the fiat plate IlnIllbers. However, Sparrow's 
t hcory had yet () he conclusively verified, and the concluction 
losses allowed for were upper limits. 

The flat duet study was used to dellloll:;iraie the rcliabilit y of 
the npparat.ns. An 'estimate of an absolute upper limit to the 
experimental errOl'S in the Nnsselt numbers was made [lnd 
tnl'Jled ont to be ±::lO percent. 

The clll'ved cluct N"nsselt llmubers are :30-H10 percent greater 
than the Hat plate N us,elt numbers, so t.hat on the average the 
heat transfer frOIll the curved surfaee is 1 to perccnt greater than 
that from a flat surface, The cffect is significantly above the 
±:30 percent experimental reliability. 

This important result will be cO!lllnented Oil again in the COll­

clusions. 

FEB R U A R Y 1 970 / 107 

Downloaded 04 Jan 2011 to 194.27.225.72. Redistribution subject to ASME license or copyright; see http://www.asme.org/terms/Terms_Use.cfm



Theoretical Analysis 
The curvilinear coordinate system used in the analysis is shown 

in Fig. 3. The base flow is in the rc-direction (the arc length along 
the curved wall). The (/-coordinate is perpendicular to the wall 
(y = 0 on the wall) and the ^-coordinate is perpendicular to the 
x-y plane (spanwise direction). 

An outline of the analysis is presented and for details the reader 
is referred to reference [8], 

The flow model was sot up under the following constraints: 

1 The base flow is laminar and all fluid properties are invari­
ant. 

2 The velocity boundary-layer thickness 8 is such that the 
S/r « 1. Following Goertler it was postulated that «o = U„ = 
constant at y = 5. 

3 The minor effect of the wall curvature on the free flow was 
ignored. 

4 The base flow is assumed parallel (i.e., vo — 0). 
o The radius of curvature is constant. 
6 f/o and P« were not functions of x. 
7 The flow is incompressible and steady in the sense that the 

vortices build up to a maximum stable size and do not there­
after change with time (i.e., (3 — 0). Nor do they move in the 
spanwise direction. 

8 There is no slip at the wall; i.e., 

2 At the wall (y = 0) 
(i) tto(0) = 0 

(ii) 7'o(0) = Tw = wall temperature 

For the oscillatory component the boundary values are as fol­
lows : 

3 At y = co 

U^co) = » , ( = > ) = U>i(oo) = p i ( c o ) = Ti(a>) = 0 

4 At y = 0 

ui(0) = «y(0) = Wl((.\) = pi(0) = T,(0) = 0 

5 Equation (16) shows that 

( fo(0) dv( co ) 

dy dy 
= 0 

Equations (12)-(14) were now linearized using equations (I) and 
following standard procedure. The steady flow (or base flow) 
equations were subtracted from the equations for the total flow. 

This produced the following set of equations in the oscillatory 
components u\, V\, etc. 

d"-ui ky din 
7 (hf I + ky dy 

a"-y + 

,,,(0) - i.,(0) = i( l(0) etc. = 0 

9 wo, JJ0, To represent the undisturbed flow components that 
would exist for the same flow conditions over a flat plate 'without 
curvature. 

The full steady incompressible Navier-Stokes equation for the 
flow were found to be: 

A-27 

(I + kyT-j 

duo kuo 

ui 

— 
_dy 1 + ky_ 

plus two similar equations in —vi and wi. 

dvi kvi 
— + awi 
a ij 1 + ky 

= 0 

vi = 0 (15) 

(16) 

1 5u, 

1 + ky 8x 

Sfh 

8.c 

Su, Su, kufit 

oy Sz 1 4 - ky 

1 

1 

P(l + ky) 

fc2 

Jii rii Kjak dl\ _ Kp dn\ 

pCp(\ + ky) ' dy pC„ ' dif 

dTo 

dy 

S'ht, 52H, 82u, 

(1 4- ky)1 clc2 Sy°- 8z* 1 4- ky dT0 

1 4- ky dx 
= 0 (17) 

fc2 8u, 

8y (I + ky)-
2k ^ (12) 

1 4- ky 8x 

plus two similar equations in v, and w,. 
The continuity and energy equations are, respectively, 

1 kvt 8u, dvt 8w, 

1 4- ky dx 8y 8z 1 + ky 
= 0 (13) 

the continuity equation, and 

id t m\ ST, ST, STj = 7u 

1 4- ky ' 8x "' 8y W' 8z C„ (1 4- kyY- \ &r2 

+ 
52 L 8"-T, 

8z-- + 
k 

1 + ky Sy 

ST, 

the energy equation. 

Boundary Conditons 

1 At the edge of the velocity boundary layer defined by y = 
8. 

(i) The base component of the boundary-layer velocity 
equals the free-stream velocity, «o(5) = U„ 

(ii) ^ = 0 
dy 

(iii) The boundary-layer temperature equals the free-
stream temperature To{5) = T 

These equations were now nondimensiouahzed by using the fol­
lowing relations, 

i)b = uj>/v, «o = Of/m> — = - X —:' 
«V o2 dy-

i«i = wVm y = ?)5, x = X+8, 

A = a8i, Mi = uUa 

dui Uay du 

dy dy 

In this analysis the following ranges of variables were consid­
ered : 

K—As r = o in. in the experimental work and 8 varies from 0 to 
about 0.2, so K varies from 0-0.04 (K = S/r). 

A—In the experimental work, X was measured to be about O.'i 

in. Thus .4 varies from 0-6 I A = 
2TT5 

X 

fl—For flow velocities from 0-30 fps, R varies from 0-1000 (R,s 
= UJ/y). 

As (KriY was small compared to unity, so 

(1 4- Ky)"1 = 1 - Ky 

(1 4- Kyy* = 1 - 2Ky 

The final nondimensional set of equations obtained was as fol­
lows : 
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Fig. 13 Polynomial approximation versus Blasius profile 

d'hi du dll 
— + K — - Ahi - ( Rj — + RiKU ) v = 0 (18) 

d2v rr dv , , „ Rs dP 

a?/ 2 a?; 2 <?T/ 

+ K — - Ahi 
d-if ch) 

dv 

ARsp 
(20) 

— + Aw + & = 0 (21) 

<2T / : 
+ K f - A^ - RSV,. - U = (R4P r)(l - KV)u - 7 7 

C<T/ \ dv/ (L\ T 

(22) 

Solutions of the Equations 
Due to the complexity of the foregoing equations, an approxi­

mate technique was resorted to, to obtain a useful solution. 
I t was assumed that the normal component of velocity (in the 

^-direction) takes the form, 

V = Sr]2 exp(-b-q) (23) 

where S is an amplitude factor and b is a decay factor. 
A polynomial approximation to the Blasius profile was also 

adopted, agreeing with that profile to within 2 percent; see Fig. 
13. 

U = — = (57/ - 5T/> + 3r/<*)/3 for 0 < r/ < 1 (24) 
U a, 

(a) n = 0; u(0) = «(0) = u>(0) = 0 

and from the equation of continuity 

dv(0) 

drj 
= 0 

(b) at r/ • lt(co) = '((>( co ) = y ( o o ) = 0 

dv( co ) 

(1)/ 
= 0 

(c) at r/ = 1, the solutions inside the boundary layer must 
match the solutions outside the boundary layer. 

Solution for 
7/ < 1 

Solution for 

<?> 1 

Note: the expression used for v (equation (23)) satisfies all the 
boundary conditions. 

Substituting the expression for v into equation (21) gives the vi 
component immediately: 

w = ~Kv — 
dv 

dr, 
(26) 

The equation to be solved for u, in both regions, is an inhomoge-
neous second-order linear differential equation of the form 

* . r — 
dtf dr\ 

A" it = /(»/) (27) 

where 

dXJ 
f(,V) = ( R« J- + RsKU ) v = RSS 

dXJ_ 

dr\ 
KUj + KU) 7/2exp (-6rj) (28) 

This equation was solved using the variation of parameters tech­
nique both inside and outside the boundary layer. 

The general solutions obtained were: 

u = [c, + ci(7/)]Wl(ij) + [c2 + c2(7/)lM2(r/) (29) 

0 < 7) < 1 

u = [c3 + C3(T/)]U3(T/) + [ci + ci(T/)]-M4(r/) (30) 

1 < 7/ < co 

«l(7?) = M3(7/) = e-(- ' l+A72), 

«2(7/) = «„(?/) = e + M+A'/2), 

where, 

and 

(/£/ 1 dU 
(5 - 20T/3 + IOT/'1) for 1 < 7/ < co, (J = 1 ,— = 0 

drj 3 dj/ 

(25) 

As U equals unity outside the boundary layer and matches the 
Blasius profile within it, one must solve equation (18) in both 
regions and match the solutions at 17 = 1. 

The boundary conditions are as follows: 

The constant parameters ch c2, c3, and c4 and the variable parame­
ters CI(T/), etc., were determined by applying the boundary condi­
tions and matching the two solutions at 7/ = 1 [8]. The analysis 
does not predict- the final vortex size and so the parameter A = 
ad, which measures the vortex size, was varied over a suitable 
range—in this case from 2-6. 

The parameter S in equation (28), or the product RgS is also 
not predicted by the theory and has to be computed by compari­
son with experimental results. A value of S = —2.81 was de­
termined. 

Now RL is the Reynolds number based on the entrance veloc­
ity and length of the test section, 

Rr. UJy 
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and Hj is the Reynolds number for a plate based on the free-
stream velocity and distance from the plate edge. 

Rs = 
10 

v/lU (31) 

In the variation of parameters method used to evaluate the c,-
and c;(n) an expansion in terms of ?;'' is involved. The value of 
P used in the computations was chosen so that the disturbance 
components reached their peak halfway through the boundary 
layer. Smith [3] has shown that this is a reasonable assumption. 
The value was P — 4. 

The profiles u(n), !/(?/), and -10(17) are graphed in Fig. 14, for a 
typical set of parameter values. 

The result predicts that the u component of velocity is sig­
nificantly greater than either v or w and iis gradient is also larger 
than that of v or w. So one would expect the ((-component to be 
most effective in mass or energy transport from the curved wall. 

I t is also to be noted that v and u are out of phase. Thus, 
where the u-gradieiif is such that energy or mass is being trans­
ported from the boundary layer, the ^-gradient is such that a flux 
in toward the wall is set up. 

Fig. 14(5) shows that for JisK from 0-20, the change in curva­
ture has little effect on the profiles. The peculiarity for KjZv = 
— 40 is attributed to a breakdown in the validity of the lineariza­
tion technique. 

Temperature Profile 

If one takes the Prandtl number as unity, K as small (say, 
0.02), and dd,/dx as small, then the energy equation (22) has 
the same form as the equation for u, equation (18). Thus the 
nondimensional temperature and velocity profiles are the same, 

cj>(v) = u(n) 

Reynold's analogy takes the form: 

Stress on curved surface Forced convection on curved surface 

Stress on flat surface Forced convection on flat surface 

(dU du / „ 
I -— -j~ — cos (az) 

Nu t (dut/dy)o \rf77 drj 

N i l , (fh(o/rfi/)o 

Now from (25), 

<dU 

,dv 

dU 

drjo 

(du ldU\ 

-1 + W^ ,C08fl" 

= 5/3 .-. | | ^ = 1 + 3/5 [~ J cos (az) (32) 

Fig. 14(a) 
cave wall 

Amplitude of disturbed velocity versus distance from a corn 

Fig. 14(b) Amplitude of disturbed velocity versus distance from a con­
cave wall 

From Fig. 14(a), the slope of u at the origin is about 1 

N I L 
= 1 + 0.6 cos (az) (33) 

Thus the analysis predicts that the ratio of Nusselt numbers 
should fluctuate sinusoidally in the spanwise direction. The in­
crease or decrease in local heal transfer should be +60 percent with 
no overall increase for an integral number of waves. One sees from 
equation (33) that the semiempirieal relation for Niij/Nuy is in­
dependent of Nusselt number. 

The dashed line in Fig. 12 shows the wave form one would ex­
pect from the theory, lifted upward to cover the region occupied 
by the experimental points. The lack of correlation is. obvious. 
Skewing of the streamlines (so that they lay across the heating 
elements) coidd explain why the data didn't follow the sinusoidal 
curve. However, the theory, as it stands, does not explain the 
appreciable increase in the Nusselt number in the presence of the 

Fig. 14(c) 
cave wal l 

.02 

-0.4 O 0.4 

Amplitude of disturbed velocity versus distance from a con-
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nertler vortices. For an integral number of wavelengths equa-
oii (3.1) predicts no overall increase in heat transfer over the 
at plate case. Of course, an analysis based on linearized equa-
ons cannot predict, a change in the overall rate of heat transfer, 
his increase could only be realized analytically, by the retention 
:' the nonlinear terms in the fluid equations. 

Recently, Sulera [9, 10] has obtained analog computer solu-
nus to the full Xavier-Stokes' equations for the case of finite 
orticity addition to a boundary layer and the very appreciably 
langed heat transfer rates which result. 
His model of vorticity amplification stretching would appear 

i be very relevant to the case of the buildup of Taylor-Goertler 
ni'tices on concave plates, and his analytical procedure could 
elp to produce a more realistic analysis in this case. 

Conclusions 
The experimental work described in the section, "Experimen­

tal Work on the Production and Characteristics of Taylor-
(ioerller Vorticity," showed that the periodic disturbances known 
a- Taylor-Goertler vortices did exist on the concave surface of 
the test ducts studied. The hot-wire data also showed that the 
disturbances did not change (within experimental error) with time 
and did not move about in the spanwise direction. 

The prediction by the theory that the rate of naphthalene 
transport from the concave duet wall was due mainly to fluctua­
tions in the ((-component of velocity was consistent with the ex­
perimental studies. 

The experimental results indicate that a 100-150 percent in­
crease in Nusselt number occurs in the presence of Taylor-
Goertler vortex formation on the concave wall of a duct. The 
theoretical analysis fails to predict such an overall increase in 
heat transfer. Being a linear analysis this isn't, surprising. The 
basic assumption being that the total flow is the sum of the base 
and disturbed components, which are treated as independent of 
each other. 

It is likely that the oscillatory components set up some sort of 
pressure gradient which changes the mean temperature and 
velocity profiles, producing an overall increase in heat transfer. 
Such an effect can only be catered for theoretically by retaining 
the nonlinear terms in the flow equations. 

It is common practice to treat heat transfer in curved ducts as 
being closely approximated by heat transfer in a flat duct—at 
least for large radii of curvature. This work indicates clearly, 
however, that if the combination of Reynolds number, duet 
curvature, and fluid properties are such that the Goertler number 
Her, between 1(3 and 300, this assumption is gravely in error. 

The possibility also arises that by making use of curved ducts, 
t he performance of heat exchangers can be significantly improved, 
at very little extra cost. 
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A P P E N D I X 
Glossary 

Base flow = undisturbed laminar flow over a flatplate. 
Boundary-layer { _ dist ance above the wall at which point 

thickness \ the velocity profile reaches 0.99 the 
free-stream velocity. 

Btu = abbreviation for British Thermal Unit. 
Core = region in the center of a duct where the 

velocity profile is uniform and ac­
celerating. 

Disturbance = disturbance in this study was periodic 
vortices which were superimposed on 
the base flow. The disturbance was 
steady and periodic in the spanwise 
direction and should not be confused 
with oscillatory turbulence. 

Center line of duct = half the distance between the walls, el/2. 
Center line of) half the distance between the test sec-

test section) tion sides, W/2. 

Element = thin strip of electrofilm laid on surface 
approximately 0.00900, 0.005 in. X 
0.1 in. X 8 in. 

Fiberfrax = a highly uniform structural insulating 
ceramic fabric which assumes equal 
thermal conductivity throughout Khl 

« 0.35 Btu in/ft2 deg F hr. 
Entrance length \ the distance from the entrance of a duct 

to a duct J at which point the core velocity 

reaches 0.99 of its asymptotic value. 
Fluctuation = periodic change in flow characteristics in 

the spanwise direction; should not be 
confused with time oscillations of flow 
characteristics. 

Intensity of | (/<) the mis value of oscillations as read 
turbulence \ on a rms voltmeter divided by the 

free-stream velocity. I, = rms U/U& 
= 0.707 (77.0/2. 

Leading edge = front edge of a surface upon which the 
flow first impinges, x = 0. 

Lengthwise direction = distance along the surface in the direc­
tion of flow (x). 

Oscillation = changes in fluid characteristics with 
time. 

Spanwise direction = direction perpendicular to the x-y plane 
across the width of the test section (z). 

Test section = three test sections were made and num­
bered I, II , I I I . Basically they were 
simply two parallel plates which 
formed a curved duct. The latter was 
specially prepared with a heated con­
cave surface. 

Turbulence) ratio of peak-to-peak oscillation in 
level (TL)§ — velocity read by hot wire to free-

stream velocity. 77J = (UHi — 
ULo)/U„. 

Vertical distance = distance above the wall (y). 

Wavelength = distance in the z-direction required for 
one sinusoidal fluctuation of the dis­
turbance. 
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D I S C U S S I O N 

A. M. 0. Smith2 

I t is remarkable that the influence of concave curvature on heat 
transfer rates was not studied long ago. Professor McCormack 
and his co-workers are to be congratulated for their efforts in this 
area. 

The paper brings forth several questions. The first one con­
cerns the increased net heat transfer rate, which is contrary to 
linear theory. Why has it occurred? Are you sure you were 
measuring a true average for the entire plate? In the paper you 
say the heating elements were 0.1-in. wide, spaced 0.03-in. apart, 
and located parallel to the flow. Something is not clear. There 
appears to be interference. I presume you mean the elements are 
transverse to the flow, and if so, the 14 elements cover about one 
cycle. This extent may not be enough to obtain a good average. 
Another point arises; the flow is highly unstable. Perhaps, it is 
transitional, thus explaining the increased heat transfer rate, al­
though your hot-wire measurements seem to deny this possibility. 

1 am curious how much the vortices have been amplified at your 
measurement station. Have you tried to make such calcula­
tions, as I did in your reference [3]? 

The evaporation rate for naphthalene is proportional to the 
rate of heat transfer. This fact suggests a possible experiment 
with respect to the gross heat transfer rate. Under carefully 
controlled conditions, run the channel for a short period of time, 
learn the loss in weight w of naphthalene, and hence dw/dt either 
for the complete model or for an insert. For the same velocity, 
temperature and other conditions with naphthalene evaporate 
from a curved plate at the same rate as from a flat plate, or at a 
different average rate? 

A statement is made in the paper as follows: "Since the ex­
istence of the phenomenon (Gortler vortices) to be studied had 
at best been shown indirectly by Liepmau and MeGahan, it was 
first desired to demonstrate their existence with some visual 

2 Chief Aerodynamics Engineer, Research, Douglas Aircraft Com­
pany, Long Beach, Calif. 

technique." Tani has demonstrated their existence (Proceedings, 
International Council of the Aero Sciences, Stockholm, 1962). 
Wortmann observed them visually and generally verified the 
theory by work in a water channel. His work was reported at 
the X I International Congress of Applied Mechanics, Munich, 
19(54. Neither of these experiments involved heat transfer. 

Gortler-type instability can exist in either laminar or turbulent 
flows. What does it do to turbulent heat transfer? What does 
it do to separation? These are unanswered questions. 

I would like to close by saying that interesting work has been 
reported but many questions still remain and it is hoped that 
Professor McCormack and his colleagues can continue their work 
on finding the answers. 

Authors' Closure 
As mentioned in the paper, the temperature of each heating ele­

ment (on the curved duct) was taken as the average of 6 measure­
ments taken along the element. A sample is given in Table 1— 
the average is 25S deg F and the spread is about ± 9 percent. 
There are 14 such elements, each parallel to the flow. I do not 
understand Dr. Smith's objection to this arrangement. They do 
indeed cover just over 1 cycle of temperature (or velocity) varia­
tion in the spanwise (z) direction. 

The flow was, in fact, very stable and the free stream turbulence 
fluctuations were always well under 3 percent of the free stream 
velocity—that is, less than 10 percent of the longitudinal velocity 
fluctuations associated with the Gortler vortices. 

We did not measure the amplification factor of the vortices. 
However, our observations indicated that these reach a constant 
maximum strength at a certain distance along the curved plate 
(as expected from Kirchgassner's work) and our heat measure­
ments were made in this region. 

The suggestions for a further naphthalene experiment are ap­
preciated. 

We are now aware of the work of Tani and Wortman on demon­
strating the formation and nature of Gortler vortices. 

We agree that it is likely that Gortler vortices are present in the 
sublaminar layer in turbulent flow on concave plates and proba­
bly turbulent heat transfer. These and other unanswered 
problems associated with this interesting phenomena are worthy 
of continued attention. 
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There are 14 such elements, each parallel to the flow. I do not 
understand Dr. Smith's objection to this arrangement. They do 
indeed cover just over 1 cycle of temperature (or velocity) varia­
tion in the spanwise (z) direction. 

The flow was, in fact, very stable and the free stream turbulence 
fluctuations were always well under 3 percent of the free stream 
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ments were made in this region. 
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Radiation Heat Transfer for Annular Fins 
of Trapezoidal Profile1 

A one-dimensional numerical solution is obtained for the steady-state thermal behavior 
of annular fins of trapezoidal profile which transfer heal by conduction and radiation. 
The results obtained are presented as charts relating fin efficiency to the dimensionless 
group (rT — rB)t<rTB

z/k cos a, for various values of the dimensionless groups rB/(rT — 
fii), ZT/{rr — rB), and arctan [{ZB — ZT)/(rT — rB)]. As presented the problem is 
the general formulation for the problem of radiating fins with flat surfaces. 

LXTKNDKD surfaces transferring heat by radiation 
and conduction only are becoming increasingly important for 
space vehicles where these modes of heat transfer are the only 
means for disposing of waste heat. From the standpoint of mass 
reduction, it is generally preferable to utilize tapered fins for 
these applications. 

The thermal behavior of straight radiating tins of rectangular 
profile has been studied by Lieblein [ l] ,2 Bartas and Sellers [2], 
and Tatum [3] using numerical techniques. Liu [4] has found 
an exact solution for a straight radiating fin of rectangular profile 
and Shouman [5] has found an exact solution for a radiating fin 
of constant area. Ilolstead [6], Mackay [7J, and Reynolds [8] 
have analyzed a straight fin of trapezoidal profile by numerical 
methods. Chambers and Somers [9] studied annular fins of 
rectangular profile. The solutions for these geometries can be 
obtained as special cases of the geometry studied in this paper. 

Treatment of Problem 
A sketch of the fin to be studied is shown in Fig. 1. The 

following idealizations are made. 
1 The conductive flow of heat is radial. 
2 The heat flow and temperature distribution throughout 

t he fin are independent of time. 
3 There are no heat sources or sinks in the fin. 
4 The temperature at the base of the fin is uniform. 
5 The fin material is homogeneous, and the properties of the 

material are independent of the temperature. 
6 There is no incident radiation on the surface of the fin. 
7 There is no heat transfer from the tip of the fin. 
8 The fin is a gray body. 

These idealizations result in the following dimensionless dif­
ferential equation and boundary conditions: 

1 This paper is based on a PhD dissertation submitted by H. H. 
Keller, to the Mechanical Engineering Department, Texas A & M 
University. 

2 Numbers in brackets designate References at end of paper. 
Contributed by the Heat Transfer Division of THE AMERICAN 

SOCIETY OF MECHANICAL ENGINEERS and presented at the ASME-
AIChE Heat Transfer Conference, Minneapolis, Minn., August 3-0, 
1969. Manuscript received at ASME. Headquarters, June 3, 1968. 
Paper No. 69-HT-6. 

tffl2 

i tan a 

R + p (1 - #) tan a + 
dJJ 
dR 

(311* 

(1 - It) tan a + 

C/(0) = 1.0 

= 0. 

= 0. (1) 

(2) 

(3) 

The finite-difference equation describing the temperature dis­
tribution in this fin is given by 

P + 
i - I V I 

(7,4/3 

iV2 = 0, (4) 

where 

INSULATION-
HEAT CONDUCTING FIN SUPPORT-' 
ANNULAR FIN OF TRAPEZOIDAL PROFILE^" 

Fig. 1 Sketch of system 

.Nomenclature. 

/ = subscript to denote nodal point 

k = thermal conductivity 

N = number of radial increments 

)• = radial position 

rH = radius of fin base 

rT = radius of fin tip 

/ ? = ( / • - rB)/(rT - rB) 

T = temperature 
TB = temperature at fin base 
U = T/TB 

ZB = fin thickness at base 
ZT = fin thickness at tip 

a = angle of taper 

/3 = 0> — rB)toTn'/h cos a 

6 = emissivity 

6 = ZT/(rT - rB) 

9 = ' V ( » ' T - I'B) 

a — Stefau-Boltzmaun constant 

(j> = efficiency 
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*. 

fc = 

p + 

p + 

2 7 - 3 

' 2Ar 1 -
2/ 

21 

2A< 

2/_-_ l 
2A r" 

tan a + 

tan a + 

(/>) 

(0) 

This equation is good for the limits 2 < / < Ar, where / is 1 at 
the base of the fin and / is Ar + 1 at, the tip of the fin. 

The finite-difference equation written at the tip of the fin be­
comes 

UN - V 
13 U. •Y+l 

u„- u. 
4Af 

,v+i = 
2A« P + 

2Ar - 1 

2Ar 

tan a 

2Ar + 
(7) 

Equations (4) and (7) together with the boundary condition 

C/i = 1.0 (8) 

constitute the complete finite-difference characterization of the 
dimensionless temperature distribution in an annular fin of 
trapezoidal profile. 

Fin efficiency, used as the basis for determining a fin design, is 
defined as the ratio of the actual heat-flow rate to the heat-flow 
rate that would occur if the entire fin were at the temperature of 
its base. For this problem, the actual heat-flow rate was ob­
tained by summing the radiant heat-flow rates from all of the 
finite elements. This results in the following equation for the 
efficiency: 

rv)-,5M'^)]-+h 
A'(2p + 1) 

Solution of Problem 
The solution of the problem was accomplished by using the 

technique presented by Holstead [6]. The method first solves 
equation (7) for the temperature ratio Ux and notes that Ux is a 
function of only £/,v+i. Hence, by assuming a value of Ux+i, Ux 
may be calculated directly. Likewise, equation (4) may be 
solved for J7/_i. This gives I//_i as a function of Vi and Ui+i. 
Therefore Ux~i may be found since UN and Ux+i are now 
known. This procedure is carried out until a value is obtained 
for L\. This value is then compared to the required value of 
unity. If the calculated value of Vi differs from unity by more 
than the desired tolerance, a new value of Ux+i is chosen and the 
calculations are repeated. A systematic procedure for selecting 
Ux+i is used so that the value of Ui will approach unity rapidly. 

The data obtained are presented here as charts relating fin ef-

0.6 

>-
£0.6 
UJ 

u 
u, 
u. 
UJ 

0.4 

U. 

C.Z 

0 
. 0 

^ S S ^ ^ T . 

01 

^ -^ 

N ^\V " N \ \ \ 
X \ \ 

.01 

^x^H^y(rT-

; \ < ^ 

M 1 ji I \ 
O.I 

_ 

= 1.0 

\ - = 0.5 

! I 1 E 1 I I 
i. 

Fifl. 

( r T - r 3 ) e c r TB / k c o s a 

2 Fin efficiency versus /3 for a = 0.00 and 0 = 0.05 

( r T - r B ) e c r T B / k c o s a 

Fig. 3 Fin efficiency versus (3 for a = 0.00 and 0 = 0.10 

ficieney to the dimensionless group /3 for three values of p (0.5, 
1.0, 10.0), with a and 6 held constant. The values of a and 6 
are successively fixed at all possible combinations of the three 
values of a, (0.0, 6.0, and 12.0 deg), and the three values of 0, 
(0.0, 0.05, 0.10), with the exception of both parameters equal to 
zero. 

I t should be noted that the number of parameters could be re­
duced to three by dividing both (i and 8 by tan a and eliminating 

4 A ' r [ 
—y— C/.v+i-

(9) 

a as one of the parameters. This would reduce the number of 
charts needed to present, the data. However, this removes some 
of the general nature of the problem since the case of a equals zero 
must be treated as a special case. 

The efficiencies of annular fins of trapezoidal profile were com­
pared to the efficiencies of straight fins with the same trapezoidal 
profile as determined by Holstead [6]. This comparison is pre­
sented in Table 1. The efficiencies of the annular fins are es­
sentially the same as the efficiencies of the straight fins at a value 
of p equal to 10. 

The results obtained here are valid for any one of six fin 
geometries. The three parameters which control the fin geometry 
are a, d, and p. A value of zero for a denotes a rectangular pro­
file. A value of zero for d denotes a triangular profile. Nonzero 
values for both a and 6 denote a trapezoidal profile. Straight 
fins with any of these three profiles may be represented by choos­
ing p equal to or greater than 10. Thus the solution as pre­
sented here can be regarded as a general solution for fins having 
flat surfaces. 

Table 1 Comparison of efficiencies for annular and straight fins of 
irapezoidal profile; a = 6.0 deg, 8 = 0.05 

0 

0.010 
0.020 
0.040 
0.060 
0.100 
0.200 
0.400 
0.600 
1.000 

Straight 
fin 

0.91 
0.84 
0.74 
0.67 
0.58 
0.455 
0.345 
0.29 
0.23 

P = 0.5 

0.856 
0.761 
0.638 
0.558 
0.459 
0.337 
0.239 
0.194 
0.148 

Annular fin 
p = 1.0 

0.878 
0.793 
0.078 
0.602 
0.505 
0.381 
0.277 
0.228 
0.177 

p = 10 
0.905 
0.835 
0.736 
0.666 
0.573 
0.448 
0.338 
0.283 
0.225 
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Fig. 4 Fin efficiency versus 0 for a = 6.00 and 6 — 0.0 

(rT-rB)<fo-TBVkcos a 

Fig. 7 Fin efficiency versus f3 for a ~ 12.00 and 6 — 0.0 

•\~"\ 

^%x 
i \ \ \ = 1.0 

^\xT^ca5 

Dl 0.01 0.1 

(rT-rBUo-T„3/kcos a 

Fig. 5 Fin efficiency versus (3 for a ~ 6.00 and Q — 0.05 

( r T - r 0 ) e c r T B / k cos a 

Fig. 8 Fin efficiency versus (3 for a = 12.00 and 0 = 0.05 

— ^ 

^ ' ^ 

^ 

1 1 i ! ! 1 1 1 

X 

( r T - r B ) e o - T B
3 / k cos a 

Fig. 6 Fin efficiency versus /3 for a = 6.00 and 0 = 0.10 

( r T - r B ) e o - T B
3 / k cos a 

Fig. 9 Fin efficiency versus /3 for a = 12.00 and 6 = 0.10 
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D I S C U S S I O N 
A. R. Shouman 

The one-dimensional steady-state general heat t ransfer throng! 
radiating fins was studied.3 The study covered the variabii 
geometry fin, considered the radiating case, as well as the com 
posite radiating eonvecting case witli or without heat generation 
The effect of dependency of thermal properties and heat genera 
tion on temperature was included. The conditions under wliicl 
the governing differential equation can be solved exactly wat 
pointed out. For the cases when an exact solution could not b( 
obtained, a numerical evaluation technique was outlined. How­
ever, (he graphs provided by the paper should be useful for tlu 
designer. 

° Shouman, A. R., "Nonlinear Heat Transfer and Temperature Dis­
tribution Through Fins and Electric Filaments of Arbitrary Geometrv 
With Temperature-Dependent Properties and Heat Generation,' 
NASA Technical Memorandum NASA TM X-53621, June 14, 1967 
superseded by NASA TN D-4257, Jan. 1908. 
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Turbulent Flow, Heat Transfer, and lass 
Transfer in a T i le With Surface Suction 
The problem of turbulent pipe flow with mass removal at the bounding surface, is 
analyzed, and numerical results are presented for the friction factor, axial pressure 
gradient, heal and mass transfer coefficients, and velocity and temperature profiles. 
The results, which are relevant to forced-convection condensation in a tube (either with 
or without noncoiulensable gases) are shown to be substantially affected by even small 
amounts of wall suction. Therefore, the present findings do not support the current 
practice of using impermeable-boundary transfer coefficients in condensation calcula­
tions. The analysis is performed under the condition that the velocity field is locally 
self-similar. Corresponding conditions are used for the distributions of temperature 
and mass fraction. The cross-sectional distributions of the transverse velocity and 
the shear stress are not constrained in advance, but rather, are permitted to vary in ac­
cordance with the conservation laws. The turbulent transport is expressed in terms 
of the mixing-length, model, modified in the neighborhood of the wall by a specially de­
rived dumping factor. 

Introduction 

I UKBULENT pipe flows iii which there is withdrawal 
of mass (i.e., suction) at the boundaries of the flow are encoun­
tered in a variety of engineering applications. Such flows occur, 
for example, when components are separated from gas mixtures 
flowing in tubes whose walls are selectively porous. Another 
widely encountered application is forced-convection condensation 
in a tube. In this example, condensed liquid flows in an annular 
film adjacent: to the cooled wall of the tube, and vapor flows 
through the core. There is a continuous transfer of mass across 
the interface between the vapor and the liquid phases. The 
vapor may thus be regarded as a turbulent pipe flow with mass 
removal at its boundary (i.e., at the interface). 

With regard to the aforementioned condensation problem, it is 

1 Presently, Associate Professor of Aerospace and Mechanical 
Engineering, University of Arizona, Tucson, Ariz. 

Contributed by the Heat Transfer Division of THE AMERICAN 
SOCIETY OP MECHANICAL ENGINEERS and presented at the ASME-
AIChE Heat Transfer Conference, Minneapolis, Minn., August 
3-6, 1969. Manuscript received at ASME Headquarters, May 9, 
1968. Paper No. 69-HT-4. 

interesting to observe that, the effects of the interfaeial mass 
transfer (i.e., the suction) on the predicted heat transfer, mass 
transfer, and friction coefficients of the vapor are generally ig­
nored. Thus, for instance, when there are noncondensable gases 
in the vapor, the suggested mass transfer coefficient is that calcu­
lated for flow over an impermeable wall [ l] . a Similarly, the 
predicted interfaeial shear is obtained using information for 
flow with an impermeable interface [2, 3]. 

Consideration of available results for other types of turbulent 
flows, in particular external flows, indicates that suction or blow­
ing at the boundary can have a significant effect on all of the 
transfer coefficients. It is, therefore, to be expected that wall 
suction will have a distinct effect on the transport characteristics 
of turbulent tube-flows as well. An analytical investigation of 
the effect of wall suction on these flow characteristics, including 
friction, heat transfer, and mass transfer, is the subject of the 
present research. 

In formulating the analytical model, every effort was made to 

2 Numbers in brackets designate References at end of paper. 

.Nomenclature* 

ct = friction factor, 2r„,/pi72 

cp = specific heat at constant pressure 
D = binary diffusion coefficient 

D, = eddy diffusion coefficient 
DF = damping factor, equation (16) 

g = temperature similarity variable, 
equation (27) 

h = heat or mass transfer coefficient, 
equation (33) or (38) 

j = diffusive mass flux, 
(37) 

K = momentum flux factor, 

(19) 
k = thermal conductivity 

k, = eddy conductivity 

I = mixing length 
!+ = dimensionless mixing 

iVrJp/v 
Nu = Nusselt number, equation (33) 

or(38) 

equation 

equation 

length, 

Pr 

V 
1 

Re 
r 

ru, 
r + 

• + 

Sc 

r 
u 

u + 

V 

vm 

v + 

= 
= 
= 
= 
= 
= 

= 

= 

= 

Prandtl number, v/a 
static pressure 
heat flux 
Reynolds number, i7(2r„,)/c 
radial coordinate 
tube radius 
dimensionless radial coordinate, 

r\>Tw/p/v 
dimensionless tube radius, 

rlv\/T,Jp/v 
Schmidt number, v/D 
temperature 
axial velocity 
mean velocity 
dimensionless axial velocity, 

u/s/rjp 
transverse velocity 
suction velocity at wall 
dimensionless transverse velocity, 

v/VrJp 

W 
X 

y 

y+ 

a 

IS 
7 

M 
Mi 

V 

= 
= 
= 

= 

= 

= 
P = 

T = 

Subscripts b = 
0 = 
w = 

mass fraction 
axial coordinate 
transverse coordinate normal to 

wall 
dimensionless transverse coordi­

nate, y\'Tjp 
thermal diffusivity 
eigenvalue; fii, first, eigenvalue 
transport parameter, equation 

(26) 
viscosity 
eddy viscosity 
kinematic viscosity 
density 
shear stress 

bulk 
without surface mass transfer 
at, wall 
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preserve as much generality as possible. To this end, the local 
similarity concept is employed. This avoids the need to con­
sider specific axial distributions of the suction velocity. Fur­
thermore, radial distributions of shear stress and transverse ve­
locity need not be specified in advance, but rather, follow from 
the conservation laws. The turbulent exchange model incorpo­
rated into the analysis is believed to be the best available repre­
sentation consistent with surface mass transfer. 

Numerical results are provided for application-oriented quan­
tities such as the surface shear stress, the axial pressure gradient, 
and heat and mass transfer coefficients. Representative ve­
locity and temperature profiles are also presented. The results 
depend upon the axial flow Reynolds number, the velocity ratio 
vw/'ii (vu- = suction velocity at boundary, u = mean axial ve­
locity), and, for heat and mass transfer, the Pi'andtl and Schmidt 
numbers. 

Prior investigations of turbulent duct flows subject to surface 
mass transfer have been directed primarily toward fluid injec­
tion (i.e., blowing). This work is well summarized by Olson 
and Eckert [4], Velocity-profile measurements for airflow in a 
porous tube with wall suction have been made by Weissberg 
and Berman [;">]. These will be discussed in a later section of the 
present paper. 

Velocity Problem 
The analysis begins with the conservation equations for mass 

and momentum for turbulent flow in a circular tube. These 
may be written 

so that, with equation (4) 

d d 
- ( ™ ) + -(»•«.) = o 
or ox 

du2 

i 
eta or 

[ruv) 
dp 

dx 

O(TT) 

dr 
(2) 

where the inertia terms (left-hand side of equation (2)) have been 
recast into a somewhat more convenient form by application of 
the continuity equation. The negative sign affixed to the vis­
cous shear term anticipates a derivative, o/dy, in the definition 
of r(y is normal to the wall). For the purposes of the present 
analysis, compressibility and variable properties are regarded 
as second-order influences and are omitted from the conservation 
equations. 

Cross-Sectional Distribution of Shear. By application of the mo­
mentum equation, the distribution of the shear stress across the 
section can be derived, this distribution being one of the essential 
ingredients in the solution. First, equation (2) is formally 
integrated from an arbitrary radius r to rw (rw = tube radius). 
Then, the integration is specialized to the range r = 0 to r = 
rw. In this way, the pressure gradient, op/ox (assumed inde­
pendent of ?•), can be eliminated in favor of the wall shear stress 
and total integrated change in axial momentum flux. Following 
these steps, there results after rearrangement 

puv p 

— + — 
T,„ rr„ 

r du2 

i 1 
dx 

'-dr 

r 
Jo 

du2 

r—dr 
ox 

(3) 

The local similarity model will now be invoked. I t is postu­
lated that the velocity profiles are locally self-similar; that is, 

/I (4) 

where u is the local value of the mean velocity. Furthermore, 
from mass conservation 

du 

dx 
2«V 

(5) 

du 

dx 
f6) 

The integrals appearing in equation (3) can now be rephrased 
using equation (6). Following this step and the introduction of 
the well-known u +, r+ variables, there follows 

T 

T,„ 
- -U+V+ + 4 1 

Equation (7) represents the radial distribution of the shear stress 
consistent with the conservation-of-momentum principle and 
local similarity. Clearly, for the case in which surface mass 
transfer is absent (v,c = 0, v — 0), equation (7) reduces to the 
familiar linear variation of shear stress with pipe radius. 

Inspection of equation (7) indicates that the evaluation of 
T/TW depends upon a knowledge of the velocity distributions 
v+(r+) and u+(r+), as well as on the radial position r + and the 
prescribable constant parameters rw

+ and vw/u. However, the 
transverse velocity v+ can be eliminated as an independent en­
tity by integrating mass conservation, equation (I), from r = 0 to 
;• = r and substituting equation (6) for du/dx. These opera­
tions yield 

( ' ) in which 

4-7 f 
if, J y 1 

+ _ K\ Re 

r+u+dr + 

u J2r,/ 

He denotes the Reynolds number 

Re 
«.(2r,) 

v 

(8) 

(8a) 

fl» 

and use has been made of the fact that Re = 2r„ :
+u+. As a result 

of equation (8), it is seen that the distribution of the transverse 
velocity is explicitly related to the distribution of u+. 

Taken together, equations (7) and (8) provide a relationship 
between the radial distributions of r and M+ . This relationship 
will serve as input to the shear stress-velocity gradient repre­
sentation, the details of which will be discussed in the next 
section. 

Turbulent Transport Model. For turbulent flows, it is customary 
to write the relationship between the shear stress and the ve­
locity gradient in a form equivalent to the following 

T = (p. + Mi) 
.du 

'dy 
(10) 

where pt denotes the eddy viscosity and y is the distance from 
the wall. There are a number of competing representations for 
p„ based on various models of the turbulent exchange process. 
After a careful consideration of the possibilities, it is the view 
of the authors that the mixing-length concept, suitably modified 
by a damping factor in the neighborhood of the wall, offers the 
best available representation. 

In assessing the possible influence of wall mass transfer on the 
mixing length, it is to be noted that recent experience suggests 
that this quantity is insensitive to both mass transfer and com­
pressibility effects. In particular, Townsend [6] has put forth 
strong arguments supporting the use of a universal mixing length 
(I = 0.4?/) in the wall layer of turbulent flows with surface mass 
transfer. These arguments have been reinforced by Bradshaw 
[7]. In addition, Maise and McDonald [8] have demonstrated 
that the mixing length is sensibly independent of density vari­
ations over the entire thickness of compressible turbulent bound-
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ary layers . F ina l ly , Spa ld ing [9], seeking a t r a n s p o r t mode l 

( h a t could be appl ied for all types of turbulent , b o u n d a r y layers , 

has r ecen t ly a d v o c a t e d use of t h e mix ing length , modified by a 

d a m p i n g factor (after v a n Dr ie s t ) near t h e wall. C o n s i s t e n t 

wi th t h e i n t e r p r e t a t i o n s of these au thor i t i e s , therefore, t h e mix ing 

l eng th in t h e fully t u r b u l e n t por t ion of the flow m a y be v iewed 

as a un iversa l q u a n t i t y which is, for all p rac t i ca l pu rposes , un ­

a l tered b y surface mass t ransfer and compress ib i l i ty effects. 

A d o p t i n g th i s v iewpoin t , the t u r b u l e n t viscosi ty / j , is expressed 

in t e rms of t h e mix ing l eng th as follows 

u, = pl-du/dy ( I D 

Upon i n t roduc ing this r ep r e sen t a t i on for fx, in to e q u a t i o n (10) 

and r ea r r ang ing , one o b t a i n s 

T / , du '• \du + 

— = 1 1 + l+1 

r„. \ dyT/ dyT 
(12) 

An expression for the mix ing length in p ipe flow, p u r p o r t e d to 

a p p l y all the w a y from the wall to t h e center line, is t h e following 

[10, p a g e 568] 

/ y ( ii 
- = 0 .4- 0.441 - + 0.24 0.06 :i3) 

T h e first t e r m of t h e foregoing, / = 0.4//, cor responds to P r a n d U ' s 

hypo thes i s for smal l y/rw. 

I t is widely held (e.g., [9, 11]) t h a t the conven t iona l mix ing-

length r e p r e s e n t a t i o n (e.g., equa t ion (13)) ove r s t a t e s t h e effect 

of t u r b u l e n c e in t h e i m m e d i a t e ne ighborhood of the wall . O n e 

m e t h o d of a c c o u n t i n g for the d a m p i n g effect of the wall has been 

proposed by van Dr ies t [11]. A l t h o u g h v a n Dr i e s t ' s d a m p i n g 

factor is, in itself, no t d i rec t ly app l icab le to t u r b u l e n t flows wi th 

surface m a s s t ransfer , his mode l can be general ized t o yield a 

d a m p i n g fac tor for s u c h flows. 

T h e basis for t h e v a n Dr i e s t mode l can be s t a t e d as fol lows: 

An infinitely ex t ended flat p l a t e s i t ua t ed in a n o therwise qu iescen t 

fluid e n v i r o n m e n t oscil lates ha rmon ica l l y in its own p l ane . Ow­

ing to viscosit3' , t he a m p l i t u d e of the osci l la t ions exper ienced b y 

the fluid d imin i sh exponen t i a l ly w i th increas ing d i s t a n c e from 

the p l a t e ; t h a t is, t he d a m p i n g factor is exp ( — y+/A+), whe re 

A + is t h e d a m p i n g c o n s t a n t . I n t h e ease in which t h e p l a t e is 

s t a t i o n a r y a n d t h e fluid is osci l la t ing ( t u r b u l e n t eddies) , t h e cor­

respond ing d a m p i n g fac tor is 1 — exp ( — y+/A+). 

T o general ize t h e v a n Dr ies t mode l for t h e case of surface m a s s 

transfer, s u p p o s e t h a t t h e r e is a uniform suc t ion vw a t the surface 

of the a fo remen t ioned osci l la t ing p la te . Cor respond ing ly , t h e 

govern ing e q u a t i o n for the ve loc i ty field in the fluid a b o v e the 

p l a t e is 

du du d2» 
— — v„. — — v — 
~dl, ' di/ df/2 

(14) 

with t h e b o u n d a r y condi t ion u = iii, cos oil a t the p l a t e surface . 

T h e s t e a d y per iodic so lu t ion for u can be shown to be 

iio cos I oil — y\ '"- sin I exp I ~ 
vu:y 

2v 
j /X ' / 2 cos -t 

2 

do) 

where 

X COS 0 = 
4Xi'2 

( l o o ) 

T h e exponen t i a l q u a n t i t y wi th in braces in e q u a t i o n (15) is the 

d a m p i n g factor . 

In acco rdance w i t h t h e v a n Dr ies t model , the d a m p i n g fac tor 

for the case in which the p l a t e is s t a t i o n a r y a n d t h e fluid is os­

ci l lat ing (i.e., e d d y i n g ) is o b t a i n e d by s u b t r a c t i n g the a fo remen­

tioned exponen t i a l t e r m from u n i t y . After cons iderable re­

a r r a n g e m e n t , th is d a m p i n g factor can be w r i t t e n as 

OF = 1 - exp 

in which 

V - ' 
X1 + 4 + X2 

= 1, +•!,+ J\,+2/V2 

(16) 

(16a) 

I t m a y b e verified t h a t for flow in an i m p e r m e a b l e t ube (x = 0) , 

e q u a t i o n (16) reduces to the d a m p i n g factor p roposed by v a n 

Dr ies t . I n t h e absence of ev idence t o t h e c o n t r a r y , the d a m p i n g 

c o n s t a n t A+ will be ass igned t h e s a m e numer i ca l v a l u e used b y 

v a n Dr ies t , t h a t is, 26. 

C o n t i n u i n g , t h e mix ing - l eng th r ep re sen t a t i on , e q u a t i o n (13), 

can now be modified to t a k e a c c o u n t of t h e d a m p i n g of t u r b u l e n t 

eddies in the i m m e d i a t e ne ighborhood of the wall . If, a t t h e 

s a m e t ime , dimensioi i less va r i ab les are in t roduced , the re follows 

/+ ir 
----- = 0A(DF)- 0.44 0.24 

y • 
0.06 

(17) 

where DF is expressed by e q u a t i o n (16). T h e mix ing- l eng th 

r e p r e s e n t a t i o n of e q u a t i o n (17) is employed in con junc t ion w i th 

the T/TU„ du+/dy+ re la t ion of e q u a t i o n (12). 

Integrodifferential Equation for u + . T h e shear -s t ress d i s t r i bu t ion 

expressed b y e q u a t i o n (7) m a y now be s u b s t i t u t e d in to e q u a t i o n 

(12), t h e r e b y y ie ld ing t h e govern ing e q u a t i o n for u+. After 

rep lac ing r+ in favor of y+ (i.e., y+ = >\,+ — r + ) and r ea r rang ing , 

one o b t a i n s 

die __ + /+2 dir 

+ 4 

( IS) 

w i th the b o u n d a r y condi t ion u+ = 0 a t y+ = 0. T h e q u a n t i t y 

K in t h e foregoing is an a b b r e v i a t i o n for the m o m e n t u m flux 

factor given b y 

K 
i rrw s Crw" 

2irruUr = « + 2 0 \ , 
7r''«'2"2 J o R e 2 J 0 

•y+)dy+ (19) 

I t is seen t h a t K is t h e r a t io of t h e axial m o m e n t u m t r a n s p o r t e d 

by the a c t u a l flow to t h a t t r a n s p o r t e d b y a s lug flow m o v i n g a t 

the m e a n ve loc i ty u. I n general , for t u r b u l e n t flows, K is on ly 

s l igh t ly g rea te r t h a n un i ty . In add i t i on , it is readi ly verified 

tha t r„ ,+ and R e a re re la ted b y 

Re = f 
J o 

« '• 0v+ — y+)dy* (20) 

E q u a t i o n (18) is a nonl inear integrodifferent ia l e q u a t i o n for the 

ve loc i ty d i s t r i bu t ion u+(r+). T h e e q u a t i o n con ta ins a to ta l of 

four p a r a m e t e r s : vu./u, R e , r,„+, and K. However , in l ight of 

e q u a t i o n s (19) a n d (20), only two of these p a r a m e t e r s a re inde­

p e n d e n t . 

So lu t ions of e q u a t i o n (18) h a v e been ob ta ined numer i ca l ly 

for specified p a r a m e t r i c va lues of vw/u and Re , respect ive ly , 

s p a n n i n g the r a n g e from 0-0 .02 and from 10,000-150,000. I n 

its b r o a d out l ines , the numer ica l s cheme is as follows: Specific 

va lues a re se lected for v,v/u and Re. T h e n , trial va lues are 

ass igned for /•„.+ and K. W i t h these , equa t ion (18) can be 

forward i n t eg ra t ed from y+ = 0 to y+ = rw
+. T h e t hus -ob t a ined 

ve loc i ty d i s t r i bu t ion u+(y+) is t h e n employed to e v a l u a t e K 
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and Re. If the numerical values of these quantities do not 
agree with those originally assigned, then new values of »•„.+ 
and K are selected and the process repeated until convergence 
is achieved. 

Friction Factor, Pressure Drop. Once the velocity distribution has 
been determined, numerical results for the friction factor and 
pressure drop follow directly. The friction factor cf is defined as 

c, = rJipiP (21) 

In terms of the variables of the analysis, c/ can be written 

c.f = 2(2>v+/Re)2 (22) 

In the presence of surface mass transfer, the axial pressure 
gradient dp/dx contains both wall shear and momentum flux 
contributions. From the integrated form of equation (2), the 
following expression for dp/dx can be derived 

dp/dfr/2rj 
= 4c, 16 K (23) 

Numerical results for these quantities will lie presented in a 
later section of the paper. 

Heat and Mass Transfer 
The formulation and solution of the heat and mass transfer 

problems follow along identical lines. In the heat transfer 
problem, we are concerned with the temperature field and the 
wall heat flux for a fluid flowing in an isothermal tube. In the 
case of mass transfer, consideration is given to a binary gas mix­
ture flowing in a tube at whose wall the mass fraction of one of 
the components is constant. Prior experience with turbulent 
flows suggests that the heat and mass transfer coefficients are 
not very sensitive to the specific nature of the thermal and mass-
concentration boundary conditions at the wall [12]. 

The forthcoming development will lie made primarily in terms 
of the heat transfer problem, specific comments on the mass 
transfer problem being deferred until the end of this section. 
The final results apply equally well to both transfer problems. 

The starting point of the analysis is the energy equation for 
turbulent tube flow 

, 0T dT\ 1 d 

q = -(h + k.) 
dy 

(24) 

(25) 

in which k, denotes the eddy conductivity. Under the assump­
tion that the turbulent Prandtl number is unity, that is, kt = 
cp jxt, and introducing the mixing length from equation (11), 
the expression for q becomes 

<? = -cPny{y+)c— y{y+) = — + l+,-~ (26) 
dy i r ay •' 

I t will now be assumed that the temperature profiles are 
locally self-similar, so that [12] 

T - r„ 

Th - T, (I (27) 

and, additionally, for consistency with the definition of the bulk 
temperature 

Jo rU!ldr Jo rudr = 1 (28) 

After application of the local similarity assumption, the energy 
equation becomes 

d.Tb/dx 

T,. 

dg 

T,J dy (/',„ — y) dy 
('•«, - v)y 

(1l 
dy _ 

(2(1) 

With respect to integration in y, the quantity (dTb/dx')/(Tb — 
Tv:) is a constant. Thus one can write 

dTb/dx 0' 
r„ Re Pr 

(30) 

where the factor Re Pr is introduced-for consistency with prior 
tube-flow analyses [12], 

In light of the foregoing, the energy equation can now be re­
cast in the form 

_d_ 
i / + )y + (r„,+ - y+)v-

dy + 

+ (r„+ - V+h+g-^—- = 0 (31) 
r,„+ Re Pr 

with the boundary conditions 

g = 0 at 2/H 0, dg/dy '• = 0 a t y+ = >•„ (32) 

the last condition being an expression of symmetry. The dis­
tributions of u+ and v+ are known functions of y+ from the 
already-discussed solutions of the velocity problem, while Re, 
vu,/u, and Pr are prescribable parameters. 

I t is readily seen that equations (31) and (32) constitute a 
homogeneous mathematical system; therefore, /32 plays the role 
of an eigenvalue. I t is known that an infinite but discrete set 
of eigenvalues and associated eigenfunctions can be found to 
satisfy the foregoing mathematical system. However, it may 
be shown that, the thermally fully developed temperature profile 
corresponds to the first eigenfunction. Thus it is sufficient for 
the purposes of the present investigation to obtain solutions to 
equation (31) corresponding to the first eigenvalue, (3i. 

In determining values of (3i for specified values of the param­
eters, the following numerical scheme was employed: First, it 
was recognized that the value of /3i is unaffected by a change in 
the level of the eigenfunction g; that is, g multiplied by any con­
stant is also a solution to equation (31) for a given j3i. Thus 
the wall derivative (dg/dy+)w can be assigned any arbitrary 
value. With g and dg/dy+ prescribed at ?/+ = 0, a forward 
integration of equation (31) can be performed with y+ = 0 as 
starting point. A trial value of /3i is selected and the integra­
tion is carried out; note is then taken of the resulting value of 
{dg/dy+) at (/+ = ru,

+. If this derivative is not zero (to within 
a specified tolerance), then a new trial value for /3i is selected, and 
so on and so forth. 

Once the first eigenvalue has been found, the corresponding 
eigenfunction g is scaled (i.e., multiplied by a constant) so that 
equation (28) is satisfied. In all subsequent developments, it 
will be assumed that we are dealing with properly scaled eigen­
functions, g. 

After the eigenvalues fix and eigenfunctions g have been found, 
the heat transfer coefficient and Nusselt number can be evalu­
ated. In the usual way, one defines 

h = 
T,„ - T,' 

Nu 
h(2rw) 

so that, in terms of the variables of the analysis 

Nu = 2rw
+(dg/dy+)w 

(33) 

(34) 

By formally integrating equation (31) across the section from 
)/+ = 0 to y+ = rw

+ and making use of other pertinent relation­
ships, the Nusselt number expression can be reduced to the form 

|Si2 

Nu = — + Re Pr 
2 \u 

(*">) 
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Thus the Nusself number is determined as soon as the eigen­
values j3i are known. 

The modifications of the just-concluded analysis that are 
relevant to the mass transfer problem will now be outlined. Let 
[(', and H'j represent the local mass fractions of the two com­
ponents of a binary gas mixture. At every point in the cross 
section, Il'i + Wz = 1. Mass conservation for component 1 
yields the following diffusion equation 

1.0 

P 1 « 
dll", 

dx 
+ i 

dr 
1 5 

dr 
Oil) (30) 

where the diffusive mass flux of component 1, j{, is given by 

-p(D + Dt)-
dW 

dy 
(37) 

Equations (36) and (37) are the counterparts of equations (24) 
and (25) of the heat transfer problem. 

The solution of the diffusion equation follows along lines 
identical to those for the energy equation. If one defines a mass 
transfer coefficient and a corresponding Nusselt number as 

h = 
Jlu. 

IF.,,, - WV 

then the expression for Nu is 

ft 

Nu = 
pi) 

Nu o + Re Sc 
2 \ u 

(38) 

(39) 

in which Sc is the Schmidt number. 
The Nusselt numbers for heat and mass transfer, equations 

(35) and (39), respectively, are identical in form. In this con­
nection, the mass transfer coefficient h, equation (38), must be 
defined in terms of the diffusive mass flux ,/i„, of component 1, 
rather than the total mass flux3 of component 1. In some 
situations, the diffusive mass flux and the total mass flux are 
nearly equal, while in other situations the two mass fluxes are 
quite different. This important distinction does not seem to be 
widely recognized. 

Results and Discussion 
In the forthcoming presentation, first consideration will be 

given to quantities of direct engineering interest such as the fric­
tion factor, pressure gradient, and heat and mass transfer co­
efficients. Velocity and temperature profiles will be presented 
later. 

Friction, Pressure Drop, Heat and Mass Transfer Coefficients. The 
variation of the friction factor with the relative suction velocity, 
vw/u, is shown in Fig. 1 for parametric values of the Reynolds 
number. The ordinate variable is the ratio c^/c,, where c/0 is 
the friction factor for the case of zero suction, while cf includes 
the effects of suction. The departure of the curves from unity 
is a direct measure of the effect of suction. The range of the 
abscissa parameter vw/u includes operating conditions encoun­
tered in forced-convection condensation processes. For instance, 
in recent experiments involving condensing Freon-l l , with and 
without air present as a noncondensable, the v„,/u values fell 
approximately in the range 0.002-0.00n [14]. 

The figure shows that the higher the suction velocity, the 
greater the friction factor; i.e., cfo/cf < 1. In other words, 
the fluid exerts a greater shear force on the bounding surface in the 
presence of suction than when suction is absent. If, as in 
the condensation problem, the flow is bounded by an annular fluid 
layer, then the drag force exerted on the layer is greater than that 
exerted by a How without surface mass transfer. As a conse­
quence, the resulting velocities in the annular fluid layer are 

s The total mass flux includes both ditiusive and convective con­
tributions [13]. 
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Fig. 2 Dependence of dimensionless axial pressure gradient on relative 
suction velocity 

greater than those calculated by employing shear stress in­
formation for tube flows with impermeable boundaries. 

A casual look at Fig. 1 suggests that a high Reynolds number 
flow is more sensitive to suction than is a low Reynolds number 
flow. In considering such a conclusion, cognizance must be 
taken of the fact, that the abscissa variable contains u as well as 
vw. For fixed r„, and v, two flows with equal !>,„/« al*d different 
Re will have different vu,. This follows from the fact that 
vJ2rwj/v = (v„,/u) Re. In particular, the vw for the higher 
Reynolds number flow will be higher. Thus the ordering of the 
curves in Fig. 1 reflects the fact that higher suction velocities are 
associated more with the high Reynolds number curves than 
with the low Reynolds number curves. 

For fully developed tube flows without surface mass transfer, 
the friction factor and the axial pressure gradient, normalized 
by the dynamic pressure, are essentially equivalent quantities. 
On the other hand, in the presence of surface mass transfer, the 
pressure gradient is affected by changes in axial momentum flux 
as well as by the wall shear stress. In particular, when there 
is suction at the wall, the momentum change of the flow tends to 
cause an increase in pressure in the flow direction, while the wall 
shear tends to decrease the pressure. 
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Fig. 4 Effect of Prandtl or Schmidt number on local Nusselt number for a 
f ixed ax ia l f l ow Reynolds number 

Results for the axial pressure gradient are presented in Fig. 2 
as a function of the relative suction velocity vw/u- The Reynolds 
number is the curve parameter. In the absence of suction, i.e., 
vw = 0, the pressure gradient is negative. With increasing vm 

d'p/dx changes sign and becomes positive. In accordance with 
the foregoing discussion, this behavior is indicative of the fact 
that the momentum change due to suction overrides the skin 
friction at the wall. It: is known that Hows characterized by 
positive pressure gradients are prone to separation. However, 
no amount of suction in fully developed turbulent pipe flow can 
reduce the velocity gradient at the wall to zero. Therefore, 
as long as the flow remains turbulent, separation cannot occur. 

The effect of suction on the heat and mass transfer coefficients 
is illustrated in Fig. 3. On the ordinate, Nu is the Nusselt 
number in the presence of suction and Nuo is the Nusselt number 
for no suction. The results correspond to a Prandtl or Schmidt 
number of 0.7. The qualitative trends in evidence in Fig. 3 are 
the same as those already discussed in connection with the fric­
tion factors in Fig. 1. The results displayed in Fig. 3 emphasize 
the fact that even small amounts of suction cause a major in­
crease in the Nusselt number. For instance, the Nusselt num­
ber for vw/u = 0.004 is approximately twice as large as that for 
vw/u = 0. Such a deviation is undoubtedly worthy of considera­
tion in calculations of condensation involving noncondensable 
gases. 

u/0 

.4 .6 .8 1.0 

v/rw 

Fig. 5 Representative ve loc i ty profi les for t w o suction condit ions 

U/U 

y / r w 

Fig. 6 Effect of suction on veloci ty profi les near tube w a l l 

The influence of Prandtl or Schmidt number on (he Nusselt 
number results is dealt with in Fig. 4. Curves are shown for 
Pr or Sc equal to 1.0, 0.7, and 0.4. Inspection of the figure shows 
that the higher the Prandtl or Schmidt number, the more sensi­
tive is the Nusselt number to the effects of suction. 

Velocity, Temperature, and Mass Fraction Profiles. Representative 
velocity profiles, plotted in terms of the variables u/u and ,!//)',,, 
are presented in Fig. 5. Curves are shown for the extreme values 
of vu,/u = 0 and 0.02. From an overall viewpoint, the two pro-
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Fig. 7 Velocity profiles expressed in dimensionless friction coordinates 
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Fig, 8 Typical transverse velocity distributions 

files appear to differ very little from one another. However, 
a closer inspection shows that the profile corresponding to suction 
is very much steeper near the wall, as would be expected in view 
of the higher wall shear associated with a suction-modified flow. 
Furthermore, near the wall, the velocities are higher in the 
presence of suction. A more detailed display of the velocity 
profiles in the immediate neighborhood of the wall is provided 
by Fig. 6. 

The occurrence of higher velocities near the wall helps explain 
the previous observation that higher Prandtl number (or Schmidt 
number) fluids are more affected by suction than are fluids 
with lower Prandtl numbers, Fig. 4. The higher the Prandtl 
number, the thinner is the thermal wall layer. Correspondingly, 
the region immediately adjacent to the wall plays an ever more 
dominant role in the thermal transport process as the Prandtl 
number increases. Thus higher velocities in the wall region are 
particularly effective in increasing (he transfer coefficients. 

Turbulent velocity profiles are often presented in terms of 
the dimensionless u+, y+ variables, and such a plot is given in 
Fig. 7. There is substantial spread among the curves for the 
various parametric values of vw/u. This is to be contrasted with 
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Fig. 9 Comparison of predicted and measured velocity profiles for two 
suction conditions 
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Fig. 10 Representative temperature profiles 

the near congruence of the curves in Fig. .5. Evidently, in the 
presence of surface suction, the u+, y+ variables do not lead to a 
universal velocity representation as in the case of turbulent pipe 
flow without surface mass transfer. 

Transverse velocities are induced by the surface suction. 
Representative profiles of transverse velocity are plotted in Fig. 
8. A curve for vw/u = 0 does not appear in the figure because 
v is equal to zero in the absence of surface mass transfer. The 
transverse velocity profiles in Fig. 8 show only a weak dependence 
on vw/u. There is a moderate departure of the curves from a 
linear relationship between v and y (dashed line), such a linear 
relationship being a natural first guess concerning the radial 
variation of the transverse velocity. 
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It is of interest to compare the velocity profiles of the present 
analysis with the measurements of Weis.sberg and Bermau [5]. 
Data points, taken from Figs. .5 and 6 of the just-cited paper, are 
compared with corresponding analytical curves in Fig. 9. The 
agreement: may lie viewed as satisfactory when it is realized 
that these measured and predicted results represent the first 
attempts at studying this problem in detail. However, more 
experimental work on the suction problem is evidently needed 
to help establish the analysis or to suggest modifications. 

Representative temperature profiles are displayed in Fig. 10 
for several values of v„./u. It is evident from the figure that the 
temperature distribution is markedly affected by suction, be­
coming flatter in the core and steeper near the wall as the suction 
velocity increases. By comparing Figs. 5 and 10, it is seen that 
any semblance of similarity between the velocity and tempera­
ture fields vanishes with strong suction. This trend is not un­
expected, since the presence of suction introduces a momentum 
change into the velocity problem, such momentum change not 
having a counterpart in the heat transfer problem. 

Concluding Remarks 
The effect of surface suction on the fricfional, heat-transfer, 

and mass-transfer characteristics of turbulent tube Hows has 
been investigated analytically. In so doing, it has been necessary 
to postulate a model for the turbulent transport processes occur­
ring within the How. It is believed that the mixing-length model 
herein adopted is strongly supported by the presently available 
evidence. This evidence is understandably far from conclusive. 
Nevertheless, it is significant that the mixing-length model em­
ployed, when coupled with the local flow similarity hypothesis, 
yields predicted velocity profiles which are consistent with the 
only known experimental measurements made to date. Indeed, 
the level of agreement is well within the range shared by the re­
sults of early analytical and experimental studies of external 
boundary-layer flows with wall mass transfer. 

Investigating a range of relative suction velocities and axial 
flow Reynolds numbers, it has been shown that even small 
amounts of suction can have an appreciable effect on the friction 
factor and Nusselt number results. Therefore, the present 
findings do not support the current practice of using impermeable-
boundary transfer coefficients in condensation calculations. 

14 Kudoy, \V.t "Local ileal Transfer Measurements for H-ll 
Condensing With and Without the Presence of a Noncondensing 
Gas," PhD thesis, Department of Mechanical Engineering. Univer­
sity of .Minnesota, 1907. 

D I S C U S S I O N 

Tuncer Cebeci4 

The authors are to be commended on their analytical study 
concerning the problem of turbulent How with mass transfer in 
tubes. The discusser would like to present some thoughts on 
which the authors may wish to comment. 

First, I would like to comment on the way the authors have in­
cluded the damping factor CDF) into the mixing-length expression 
given by equation (!,'->). If we argue (as Van Driest did) that 
the presence of the wall changes the mixing length by 

1 - exp (-y/A) 

where A is a constant defined as 2(ii'(r,l,/p„:) 
should write equation (13) as 

then one 

0.4 0.44 ' * + 0.24 — -

- 0.06 DF 

rather than the way it is written; i.e., equation (17). Although 
for sucked boundary layers, the difference between the foregoing 
equation and the one given by equation (17) is negligible, the dif­
ference may be quite important for blown boundary layers where 
the sublayer thickness is not so small. 

Second, I would like to comment on the generalization of Van 
Driest's model for flows with mass transfer. The expression that 
the authors obtain by solving the Stokes problem with mass 
transfer does not consider the pressure gradient effect. As it 
stands, the DF, as given by equation (16), in the absence of 
mass transfer, cannot be used for flows with pressure gradient 
since for such flows ;y+ may approach zero (flow separation). 
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G. B. Wallis5 

This paper contains a nice theoretical analysis of a significant 
practical problem. However, it would be more useful to engi­
neers if some of the more important results could be expressed in 
a more compact form and could be related to simpler theoretical 
models. This is particularly true in the present case because the 
solution is not exact, but is based on some idealized model for 
turbulence, and it is not clear just what has been gained by the 
choice of a rather sophisticated calculation procedure which would 
be very time-consuming if it were used to solve all such problems 
in practice. 

Now, there already exists a very simple model for interfaeial 
shear in condensing flows, or flows with suction, based on the 
Reynolds flux concept.6 According to this theory, the ratio 
Cfo/C/, shown in the authors' Fig. 1, should depend on the ratio 
»„./wo, where tto is a characteristic transverse velocity characteriz­
ing the turbulence and is given by 

= Ciisu (40) 
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It is of interest to compare the velocity profiles of the present 
analysis with the measurements of Weis.sberg and Bermau [5]. 
Data points, taken from Figs. .5 and 6 of the just-cited paper, are 
compared with corresponding analytical curves in Fig. 9. The 
agreement: may lie viewed as satisfactory when it is realized 
that these measured and predicted results represent the first 
attempts at studying this problem in detail. However, more 
experimental work on the suction problem is evidently needed 
to help establish the analysis or to suggest modifications. 

Representative temperature profiles are displayed in Fig. 10 
for several values of v„./u. It is evident from the figure that the 
temperature distribution is markedly affected by suction, be­
coming flatter in the core and steeper near the wall as the suction 
velocity increases. By comparing Figs. 5 and 10, it is seen that 
any semblance of similarity between the velocity and tempera­
ture fields vanishes with strong suction. This trend is not un­
expected, since the presence of suction introduces a momentum 
change into the velocity problem, such momentum change not 
having a counterpart in the heat transfer problem. 

Concluding Remarks 
The effect of surface suction on the fricfional, heat-transfer, 

and mass-transfer characteristics of turbulent tube Hows has 
been investigated analytically. In so doing, it has been necessary 
to postulate a model for the turbulent transport processes occur­
ring within the How. It is believed that the mixing-length model 
herein adopted is strongly supported by the presently available 
evidence. This evidence is understandably far from conclusive. 
Nevertheless, it is significant that the mixing-length model em­
ployed, when coupled with the local flow similarity hypothesis, 
yields predicted velocity profiles which are consistent with the 
only known experimental measurements made to date. Indeed, 
the level of agreement is well within the range shared by the re­
sults of early analytical and experimental studies of external 
boundary-layer flows with wall mass transfer. 

Investigating a range of relative suction velocities and axial 
flow Reynolds numbers, it has been shown that even small 
amounts of suction can have an appreciable effect on the friction 
factor and Nusselt number results. Therefore, the present 
findings do not support the current practice of using impermeable-
boundary transfer coefficients in condensation calculations. 
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for sucked boundary layers, the difference between the foregoing 
equation and the one given by equation (17) is negligible, the dif­
ference may be quite important for blown boundary layers where 
the sublayer thickness is not so small. 

Second, I would like to comment on the generalization of Van 
Driest's model for flows with mass transfer. The expression that 
the authors obtain by solving the Stokes problem with mass 
transfer does not consider the pressure gradient effect. As it 
stands, the DF, as given by equation (16), in the absence of 
mass transfer, cannot be used for flows with pressure gradient 
since for such flows ;y+ may approach zero (flow separation). 
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This paper contains a nice theoretical analysis of a significant 
practical problem. However, it would be more useful to engi­
neers if some of the more important results could be expressed in 
a more compact form and could be related to simpler theoretical 
models. This is particularly true in the present case because the 
solution is not exact, but is based on some idealized model for 
turbulence, and it is not clear just what has been gained by the 
choice of a rather sophisticated calculation procedure which would 
be very time-consuming if it were used to solve all such problems 
in practice. 

Now, there already exists a very simple model for interfaeial 
shear in condensing flows, or flows with suction, based on the 
Reynolds flux concept.6 According to this theory, the ratio 
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It i:; of interest, to compare the velocity profiles of the present 
analysis with the measmements of Weissherg and Bennan UiJ. 
Data points, taken from Figs. ;i and (j of the just-cited paper, are 
compared with corresponding anal)·tieal emves ill Fig.!J. The 
agreement may he viewed as satisfactory wlt('n it is realized 
that these mcasmed and predicted ]"(~sults represent the first 
attempts at stmlying this prohlem ill detail. I1owever, more 
experimental work on the suction problem is evidently needed 
to help estahlish the analysis or to sugge,;t modifi(·tltions. 

Hepresentative t()Inpentt me profih's are displayed in Fig. 10 
for several values of v"./I7. It is evident from the figure that. the 
temperature di,;( rihution is markedly affel'lecl by sllction, he­
corning flat,ter ill the {'ore and steeper near t he wall as the suction 
vcloeity increases. By ('oIl1paring Figs. ;, amI 10, it is seen that, 
any semhlance of similarity between the veloeity and teIl1pern­
tme fields vanishes with strong suction. This trend is not un­
expected, ,inee the presence of sllction introdllees a momentllm 
change into the velocity problem, sllch mom('ntum change not 
having a counterpart in the heat tmnsfer problem. 

Concluding Remarks 
The effect of smface s\I(·t,ion on the fridiollal, heat-t nlnsfer, 

amI mass-transfer eharacteristics of tmhllh~llt tllbe Hows has 
heen invest igaled analytically. In so doing, it has been necessary 
to postillate a model for the turlllllcnt transport processes OCCIll'­

ring within the How. It i, believed thnt the mixing-length model 
herein adopted is strongly supported b.'i the presently available 
evidenee. This evidence i, understandably far from conclilsive. 
Nevertheless, it is significant that the mixillg-length model em­
ployed, whell coupled with the local flow similarity hypothesis, 
yields predicted velocit~, profiles whieh are consistent wit h the 
only kllowll experimental measmemenls made to dat.e. Indeed, 
the level of agreement. is well within the range shared by the re­
sults of early analytical ami experimental stll(lies of external 
bOllndary-Iayer Hows with wall mass transfer. 

Investigating a range of relntive welion velocities and axial 
flow Heynolds nlllllbers, it has been shown that even small 
amounts of ~\l(~ti()1l cnn have an appreciable effeet Oil the friction 
factor and N lIsselt lIumber results. Therefore, the presellt 
filldings do lIot support the CUITent pract.ice of usillg imperrneable­
hOllndary t·ransfer coefficient.s ill condensat.ion calculations. 
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DISCUSSION 
Tuncer Cebecj4 

The t\nthors are to be (:o\\\\\\ellded 0\\ their :llIalytieal stmlc' 
('onceming the problem of t,mlmlclit flow "'itll mass transfer ill 
tnbcs. The clisellsser wOlild like to present some thollghts 011 

whieh the allthors may wish to (·ommelit. 
First, I would like to ('OlllllHmt on the \yay tlie allthors have in­

cluded the clampillg fa(:tor (/)F) int" the mixing-Iellgt h expressioll 
given h.\· eq lIat ion (l:n If \yc arglll' (as \' all Driest did) that 
the prescnt'e of t he wall dwnges t he mixing lengt h by 

- exp (-y/J) 

\rhere A is a cOllstant defined as 2(i"(Tw,p",)~1 

sholild writc c([llHtion (l:n as 

/+ 
0.44 ( , +)' + O.2-l ( !!-f~)" 

'It' I{I' 

tlwl! Oil<' 

O.Otl ( !I: )'J 1)F 
1(1' 

rather thall the way it is written; i.e., equation (17). Althollgh 
for ~lIcked bOllndary layer~, t he difference hetween the forcgoinl' 
equation and the one given by equatioll (17) is negligible, the dif­
ference may he quite important for blown bOllndary layers whel"(' 
the sublayer lhidmess is not so small. 

Second, I would like to commellt on the generalizat.ion of Vall 
Driest's mociel for [iows with mass transfer. The expression thai 
the authors obtain by solving the Stokes problem with mas.; 
tl'Hnsfer does not consider the presslll'e gradient effect. As it 
stands, the DF, as given by equation (tG), in the absence of 
mass t I'flnsfer, ('llllllOt be used for flO\y:; with pressme gradient 
since for such flows .11+ may nppl'Oaeh zew (flow separation). 

G. B. Wallis5 

This paper contain~ a nice theoretical analysis of a significant 
pradical problem. However, it, would be more useful to engi­
neers if some of the Illore important results could be expressed ill 
a more compact form and could be relat.ed to simpler theoretical 
modek This is particularly t me in the present case because th(' 
solution is not exaet, but is based on some idealized model for 
turbulence, and it is not clear just what has been gained by tIl<' 
choice of a rather sophisticated calculation procedure which would 
be very time-consuming if it were used to solve all such problem.; 
in practiee. 
~ow, there already exists a very simple model for interfacial 

shear in condensing Hows, or flows wit h suction, based on the 
Heynolds fiux concept. 6 According to this theory, the ratio 
C/o/CJ, shown in the authors' Fig. 1, should depend on the ratio 
I'"Illo, where 110 is a eharacleriHtic transverse velocity eharaeteriz­
ing the t lIl"hulelle(l and is given by 

(401 
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6 Silver, H. S., and ,"allis, G. B., "A Simple Theory for Longitudinal 

Pressure Drop in the Presence of Lateral Condensation," ProceedinGS, 
institution of Mcchan'ical EnGineers, Vol. 180, Part I, 19G5-i96(j, Pl'· 
:3(;-40. 
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Over the pl'('"ent range of HeYllold" number~ the Blasiu" e([Uatioll 
may be u"ed to estimate C/o; thus 

(41) 

A simple cheek as to the validity of the Heynolds flux theory is 
t hen to plot the auth(J)'~' values of versus Iteynolds number 
at constant vailles of C;o Ie;. The resllit is found to be a series 
of lines with a negative slope almost exactly eqllal to 1/,. This 
indicates that plotting Cro/e,! versus vu./Ilo will indeed give one 
unique Clll've for the whole range of Heynolds II1lmhers chose II by 
(he allthors. 

:;'vlol'(lover, the simple theory of Bilver amI \Vallis indieates that 
the eqllation of this unique ('\lIye shollld he 

c· 1 

(42) 

01', U"illg eqllations (40) and (41) if a more direct eqllation IS 

needed for practical computation, 

1 

1 + 12.7 He'l< 11,,-
11 

(43) 

A cl'Ossplot of the authors' Fig. 1 reveals that, all the reslllts 
arc very dose to a slightl~' Illodified version of e([twtions (42) 
and (4:~) 

1 + 1.4 1~" 
Vo 

(44) 

In the ab"encc of good experimental data we cannot determine 
which theOl'~' is the most aeClll'ate. However, that is not the 
point. The fact i" that in most praetical design sit,uations utility 
and brevity are more important properties of a theory than ele­
g:mce. It should not be left entirely up to the reader to manipll­
late the re~ults into the mo~l u~eful form. (For most purpCJRes 
t his means an algebraic equat ion in terms of simple func:ti()ll~, not 
It calculation pl'Ocedlll'e or a set of graphs.) 

Even i'l academia, we are often left to explain an cmbalTassing 
gap between theories whith are too simple to he accurate and 
t hose which are too complex to he useful. 

Of ('O\ll'~e these criticiHlls dn not apply to t hose parts of the 
paper which arc concerned with veloeity and temperature profiles. 

Journal of Heat Transfer 

Clearly these (':lllno( be predicted frolll one-dimensional or 
l\llllped-pnrameler th'~ories. 

Authors' Closure 
The authors appreeiate the interest shown in their WOl'k by 

])1'. Cehcei :lllcl Profes~or Wallis. The disc:ussers have raised 
sorlle interesting points, to which we would like to respond in 
order. 

])r. Cebcci is quite corrcct in asserting that some eare must be 
exercised in applying the damping factor to the mixing length. 
It is notcd, however, that for aow in an impermeable tube, as 
well as for t he case of s\ll'faee suet ion, the damping factor is 
essentially \lnil~' before the higher order terms in equation (17) 
become operative. Thus it is immaterial in this ease whether 
one applies the damping factor to just the first· linear term 
or to the entire expression. However, for the ('ase of 
surface inject ion, one should follow the recomrnendat ion of 
IJr. Cebeci and apply the Ill" to the entire mixing length ex­
pression. 

The seeond point raised by Dr. Cebeei is also well taken. 
For allY flows in which Ihe wall shear stress gel,; very small 
or goes to %eJ'O, it is a dangerous procednre to nondirnensionalize 

variables with resped to V;,~/p. In this case, 1/+ gets very 
large and J1+ gets very small; dearly this is a situation to be 
avoided in any cakulation procedure. 

It is apparent that Professor Wallis has taken considerable 
time to study the authors' resnlts in light of his earlier simple 
model. However, it is nol dear how Professor "Valli" obtained 
his result.s (40) and (42). Having read his earlier paper, it 
appears to the authors that Professor "Vallis still had to "nulllipu­
late the re"ults" into a more usefnl form. Aside from this, 
the authors have ('ompared more preeise tablllations of their 
numerical results with the discusser's equation (44). \'cry 
satisfac:tOl'Y agreement is obtained over the entire range He = 

10,000 to j;jO,()()O. 
By wa~' of dosing, the anthon, would like to cautioll Pl\)[essor 

Wallis concerning his "check m; to the validity of the Heyno!ds 
flux theor~'." It appears that all that has been denlOnstrated is 
some gros" measure of consist cncy het ween t he present; ('aleu­
lat ions and t hose performed earlier by "Yallis. Even then, 
an empirical adjustment had to be made to his result before 
approximate agreement could be aehieved. The authors feel 
that more substantial evidence than this is re([uired to validate 
the simple lumped-parameter the()l'~' proposed by Wallis. 
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Surface Wetting Through Capillary Grooves 
The effects of capillary grooves on surface welting and evaporation have been analysed. 
An attempt has been made to obtain expressions which approximately describe the in­
crease in heal transfer in order to select for given properties and temperature differences 
a groove of optimum design. For this purpose, it is assumed that the heat transfer 
mechanism is determined by thermal resistance of the liquid layers inside the grooves. 
From a numerical evaluation of linearized equations, heat transfer rates have been com­
puted for grooves with triangular, semicircular, and square cross sections. 

introduction 

I iirc great importance which physical and chemical 
surface conditions have in boiling and evaporation has long been 
recognized [ l] ,2 and the effects of surface material, treatment, 
finish, past history, and liquid-surface combinations have been 
investigated in recent .years. Phenonienological descriptions 
and experimental results, particularly with regard to nucleate 
boiling, can be found in various papers and texts [2, 3]. Of 
particular interest for most evaporation processes is the wettabil­
ity of the heating surface, because nonwetting may lead, among 
other things, to reduced heat transfer and overheating of the 
surface. Moreover, the condition of surface wetting seems to 
lie a most important criterion for high heat fluxes in all evapora­
tion processes, and it represents a crucial property whenever the 
liquid phase forms a relatively thin layer on a heat-exchanger 
surface, e.g., in thin-film evaporators and spray or dry-type 
evaporators. In such applications, different methods are used 
to insure a uniform spreading of the liquid phase over most of 
the heating surface and to improve the surface wettability, if 
possible. The latter is mostly done by chemical treatment of 
the surface, by providing special finishes and roughnesses, or by 
adding surface-active substances to the liquid. The distribution 
of the liquid over the evaporator surface is often improved by 
utilizing advantageously the vapor shear at the liquid-vapor 
interface, e.g., in annular two-phase flow inside horizontal or 
vertical tubes. In addition, a variety of mechanical devices 
such as spiral fins, turbulators, moving scrapers, and wipers are 
used in different process heat exchangers, mostly for the same 
objective. Capillary wicking and surface deposits have been 
added more recently to this list. 

Photographic studies of the evaporation of thin liquid films 
revealed that mechanical scrapers and wipers were unable to 

1 Presently, Engineer, Bettis Laboratories, Westinghouse Electric 
Corporation, Pittsburgh, Pa. 

2 Numbers in brackets designate References at end of paper. 
Contributed by the Heat Transfer Division and presented at the 

ASME-AIChE Heat Transfer Conference, Minneapolis, Minn., 
August 3-6, 1969. Manuscript received by the Heat Transfer 
Division, April 3, 1969; revised manuscript received, July 16, 1969. 
Paper No. 69-HT-19. 

prevent completely a formation of dry spots, when any form of 
evaporation took place [4]. Irregularities of the heat fluxes 
which were observed at characteristic temperatures could be di­
rectly related to the partially dried-out areas. A modification 
of Nusselt's classical analysis of film condensation to interfacial 
evaporation, due to heat conduction through a falling liquid 
film, led to calculated heat transfer rates which explained quali­
tatively the relationship between surface wetting and overall 
performance. In the regime of nucleate boiling, the experi­
mentally measured heat fluxes were up to 30 percent larger than 
those predicted from the laminar film model, but the differences 
decreased remarkably when the film thickness grew smaller, 
regardless of whether or not nucleation was observed. The 
results suggested that the heat transfer mechanism was governed 
byr thermal conductance across the film. It was therefore 
postulated that the heat transfer rates in thin-film evaporators 
could be improved if the liquid phase might be spread more 
uniformly' and thinly over the total heating surface. For this 
purpose, the author proposed to utilize capillary grooves as a 
means of distributing a liquid coolant in thin-film evaporators 
and later in dry-type evaporators, too [o]. 

The topic of surface wetting as a contact-angle and capillary-
action phenomenon is discussed in several texts within the 
general framework of the physical chemistry of surfaces [6, 7]. 
The wetting process through capillary grooves is essentially a 
capillary-rise phenomenon and its dynamic behavior is of in­
terest here. The governing differential equations for fluid mo­
tion induced by capillary forces under isothermal conditions have 
been derived for different conditions. Analytical solutions are 
available for several cases, e.g., for laminar flow of a wetting 
liquid inside capillary tubes of round or rectangular cross sections 
[8], between parallel plates [9], and within porous materials 
[10]. The fluid motion inside capillary grooves has been studied 
experimentally by Parker and Smoluchowski [11] who succeeded 
in enhancing the spreading of a liquid metal over a solid surface 
through etched grooves. 

The present study3 sought to investigate the effects which 
3 The research reported herein is part of an investigation sup­

ported by the Office of Naval Research under Contract NONR-4289 
(02). 
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capillary grooves of different shape and size might have with 
respect to the wetting of a solid surface for the case of intei'facial 
evaporation without, bubble formation. In the following, it is 
assumed that n liquid coolant is lifted and distributed over a 
vertical heating surface by a system of capillary grooves. 
Through the thin liquid layers which are formed inside the 
grooves, heat is conducted from the wall to the liquid and 
evaporation takes place at the liquid-vapor interface. It is the 
purpose of this paper to examine the mentioned capillary effects 
in connection with interfacial evaporation. 

Static Capillary Rise 
When two immiscible fluids are in contact with each other, 

under conditions of mechanical equilibrium, their common inter­
face can be determined from the fundamental equation of Young 
and LaPlaee 

Ap = <7(l//-i + \/r2) (1) 

where r, and r2 are the principal radii of curvature; Ap represents 
the pressure difference across the interface, and <r is the inter­
facial, or surface, tension. The oldest method of measuring 
surface tensions is the observation of liquid rise in a vertical 
capillary. Here, the pressure difference across the meniscus in 
the capillary, Ap, must lie equal to the hydrostatic pressure of 
the column of liquid of height, h, which is lifted inside the tube. 
If the liquid and vapor densities are denoted by pt and p,„ re­
spectively, it follows that Ap = r/(pi — p,.)/!. For an approxi­
mate treatment, of the capillary rise, when r « h, equation (1) 
can be reduced to a simpler relation with one radius of curvature, 
and the pressure difference becomes 

Ap = 2a/r = (/(pi — pr)h (2) 

In the ca.se of a perfectly wetting liquid, the radius of curvature 
of the surface of the meniscus, r, equals the radius of the capillary, 
li. If the liquid does not wet the capillary surface completely, 
an angle of contact between the liquid and the solid surface, a, 
will be observed and the radius of curvature becomes r = /i(cos 
a). Thus the height, h, to which the liquid rises in a capillary 
lube can be ascertained by the relation 

h = 2o-(cos a)/jjf(pi — pr)l{ (3) 

The static contact angle, a, has been widely used as a criterion 
for surface wetting, which is usually considered as being limited 
to angles of 90 deg or less. Strictly speaking, however, a liquid 
that does not wet a solid would be characterized by an angle of 
180 deg. The contact angle represents a mean value which 

averages local and microscopic effects of the combined properties 
of the liquid and the solid wall, which are affected by absorption 
of impurities and possible molecular reorientation of the solid 
surface in presence of the fluid. The apparent contact angle 
seems also to be influenced by the roughness of the surface. For 
the experimental part of this investigation, the required contact, 
angles were measured; for the analytical study, a fixed contact 
angle was taken as, a boundary condition. 

Analytical Treatment 
If a wetting liquid is in contact with a plane vertical wall, 

the liquid wets the solid surface due to capillary action up to a 
height, /lo, in mechanical equilibrium. The contour of the liquid 
interface as a function of ;/*, the distance from the wall, is de­
scribed by the differential equation 

tPz/dy* g(ot - p,.)z 

(i + (<(z/dy*rr 
(4) 

where z represents the local height or rise of the liquid inter­
face. An analytical solution of equation (4) yields the ex­
pression (12] 

(c2 - V ) 1 ' ' 

= (c/2)(cos/i-' (c/z) - cos/i-Kc/M) (») 

y* + (c- - z'-y-

where 
c = 2(a/g(Ql - p,.))1''-

and the maximum height /io for the capillary rise at a plane wall is 

h„ = 2(o-/ff(e. - P , ) ) ' A sin (TT/4 - a/2) (6) 

The liquid-vapor interface in a capillary groove with rec­
tangular cross section under the action of gravity is shown 
schematically in Fig. 1. The contour of the liquid interface is 
represented by a surface z(x, y) which is evaluated by solving 
the governing equation derived from a two-dimensional force 
balance. For this purpose, it is considered that, in mechanical 
equilibrium, the driving force which is acting on every fluid 
element (dx dy z) is equal to the weight of the column of liquid 
pgz(dxdy) which is lifted. Thus the driving force per unit, area, 
due to surface tension, becomes 

f/(pi Prt-' 
d*Z 

dx1 - (i + (dz/dxy) 

d;/2 (dz/di/)2)-2 

•Nomenclature-

As = free surface area 
A r = cross-sectional area 

c = 2(<7/(Pl - p„)0)V* 
d = depth of gi'oove 

do = optimized groove depth, de­
fined in equation (17) 

g = magnitude of gravitational 

acceleration 
ft = height, of meniscus above 

fiat liquid surface. 
ht, hf' = fully wetted heights at static 

equilibrium or at steady-
state evaporation 

/if j = latent heat of vaporization 
his = maximum rise of a liquid on 

a plane wall 
k = thermal conductivity of 

liquid 
Ap = pressure difference 

Q = total heat transfer rate of 

gi'oove 
maximum heat transfer rate (3 

of groove (with optimized 
depth) S 

radius of curvature 
radius of tube A 
equivalent capillary ratlins 

defined in equation (10) p. 
7',,,) rl\ = temperatures of solid-liquid pi, p„ 

and liquid-vapor bounda­
ries cr 

flow veloci ty in direct ion z 4> 
width of groove 
coordinates 
heights of liquid-vapor inter- \p 

face inside a groove, at 
static equilibrium and at 0 
steady-state evaporation, 
respectively B, C, I), E 

angle of contact of liquid at 

Qo 

R 
RE 

v 
V) 

•!', y, v 

solid surface 
vertex angle of a triangular 

groove 
mean thickness of liquid 

layer in direction y 
parameter defined in equa­

tion (14) 
dynamic liquid viscosity 
densities of liquid and vapor, 

respectively 
surface tension 
angle between x-axis and 

horizontal tangent, to the 
groove surface 

parameter defined in equa­
tion (19) 

parameter defined in equa­
tion (15) 

constants whose values are 
given when used in text 
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Fig. I Liquid-vapor interface in a capillary groove with square cross-
sectional area 

X <r(l + (dz/dxy + (dz/dyyy/"- (7) 

The differential equation (7) has been used to describe the 
liquid-vapor interface, subject to the following boundary condi­
tions: 

1 Along the liquid-vapor solid boundary, the contact angle, 
a , in a vertical plane normal to the groove surface remains con-
slant. A Neumann boundary condition4 is expressed by 

dz/dx'(sin <f>) — dz/dyfeon <f>) = cot a (8) 

where <f> is the angle between the .r-axis and a horizontal tangent 
to the groove surface. 

2 The liquid-vapor interface along the lines y — 3d and 
x = 3w/2 approaches the contour of the liquid interface given 
by equation (5). The distances for x and y were selected be­
cause experimental evidence indicated that these boundaries 
were acceptable for the purposes of this analysis. 

3 Along the center line of the interface inside a groove, a 
symmetric condition yields dz/dx = 0. In addition, for tri­
angular grooves, dz/dy = —cot a, at the apex (x = 0, y = 0). 

Equation (7) has been solved numerically for grooves of 
triangular, semicircular, and square cross sections over a wide 
range of properties [13]. For the numerical treatment, each 
half groove (bilateral geometry) has been subdivided into 150-
200 cells. All equations were written in finite-difference form 
and the interfacial surfaces z(x, y) were calculated with an IBM 
7040 computer. 

Calculated Static Results 
It was found that the height, hj, up to which a groove is fully 

wetted can be approximated by a similar relation as given in 
equation (3), when R <S ht 

h; ~ 2<r(eos «)/f/(pi — P„)RE (9) 

where RE designates an equivalent capillary radius for grooves, 
which is denned by 

(cross-sectional area) 
RE = 2 (10) 

(wetted perimeter) — (width) 

Hence, RE is given by d/(ese(0/2) — 1), ird/(T — 2) or d for 
4 Specification of the normal component of the gradient of a varia­

ble at each point along the boundary. 

D Square Grooves 
O Semicircular Grooves 
A Triangular Grooves 

2cr(cosa)/g(/> -p )R [ in j r l V E I 

Fig. 2 Fully wetted static rise, f>/, calculated for capillary grooves 

triangular, semicircular, or square grooves, respectively. I t 
can be seen from Fig. 2 that, most, values of ht, as determined 
from digital computation, are somewhat smaller (about 5 percent) 
than those calculated from equation (9). If grooves of the same 
depth are wetted by the same fluid, ht reaches its largest values 
in triangular, and its smallest in semicircular grooves. The 
free surface area could not be predicted in a similarly simple 
way. For hf > XOw, however, the interfacial area approached 
approximately a constant value ,4,s ~ 0.96(/i/w). 

Since the weight of the lifted liquid has to be balanced by the 
surface-tension forces in static equilibrium, the results of equa­
tion (9) can be interpreted as follows. If the cross-sectional 
area of a capillary groove could be filled completely, but only 
up to its fully wetted height, hf, the weight of the lifted liquid is 
{hfAJf>i — p„)g). This weight has to be equal to the difference 
between surface-tension components pulling in upward and 
downward directions, which gives 

hfAx(gi — pv)g = <r(cos a)((wetted Perimeter) — (width)) (11) 

Since this force balance leads to equation (9), it might be ex­
pected that the volume of liquid which is rising inside a groove in 
excess of h/ should be approximately equal to the volume which 
is actually missing over the height, hj, since the liquid is not 
filling the cross-sectional area completely. The computed re­
sults have been compared with experimental observations of 
vapor-liquid interfaces. 

Experimental Measurements 
Test sections (2-in. OD; 3-in. long) were made of brass (ASTM 

B-18) and provided with capillary grooves of different sizes and 
shapes. All groove dimensions were measured with a micro­
scope (50 and 100 X magnification). After being most care­
fully cleaned by a series of different solvents, the grooved test 
sections were set up inside a small desiccator where the test 
liquid was added. The general arrangement of the test pro­
cedure is illustrated in Fig. 3. The wetted grooves were illumi­
nated by the monochromatic light of a sodium-vapor lamp (about 
5889-5895 Angstrom) which allowed observation of the inter­
faces. The fully wetted height, hh the maximum rise, and other 
characteristic points were measured by means of a cathetometer. 
Benzene, methyl alcohol, and carbon tetrachloride were used 
as test fluids. The liquid surface tensions were determined by 
using the capillary-rise method and applying equation (3). With 
the same general test arrangement, the maximum rise, /i0, at a 
plane test surface (between grooves) was measured in each 
case; the results were used in combination with equation (6) to 
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f i g . 3 Exper imental measurement of cap i l la ry r i se—A Light source 
B Cathetometer; C Desiccator; D Grooved tes tsurface 

a Square Grooves 
o Semicircular Grooves 
A Triangular Grooves 
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Fig. 4 Ful ly wet ted static r ise, h / , measured in cap i l la ry grooves 

determine the apparent contact angles, a. The results for 
fully wetted heights are presented in Fig. 4, which shows general 
agreement with the computed data. 

Capillary Rise and Evaporation 
As the temperature of the groove surface is increased, evapora­

tion will eventually take place at the liquid-vapor interface. 
In the absence of vapor bubble formation or free convection, 
the heat liberated by this process is transferred by thermal con­
duction through the liquid which is rising in the capillary grooves. 
Considering heat flow in the ^-direction only, the temperature 
distribution within the liquid layer is linear and the thermal 
resistance is proportional to a mean "film" thickness 8. Each 
liquid layer has zero film thickness a t its upper edge and the 
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Fig . 5 Calculated mean veloci t ies in terms of dimensionless parameters 
A and O def ined in equat ions (14) and (15) 

thickness increases in the downward direction. Under steady-
state conditions, the rate at which the liquid is evaporated is 
equal to the rate at which the liquid is rising, due to capillary 
action. If the solid-liquid and liquid-vapor interfaces are iso­
thermal at temperatures Tw and Ts, the average velocity v in 
directions within a cross section element (AxAy) can therefore 
Ire estimated to be 

v = k(T,r - Ts)Az'/Slhfll8Ay (12) 

where k is the thermal conductivity and hjg the latent heat of 
evaporation of the liquid. 

When steady-state conditions are reached, the sum of the 
gravitational, viscous, and surface-tension forces acting on any 
liquid column (dxdy z') is zero, z' denotes the dynamic height 
which is smaller than z, since the height of the liquid-vapor inter­
face at any point (x, y) is decreased from z(x, y) to z'(x, y) be­
cause of the interfacial evaporation. It follows that the differ­
ence between the weight of the liquid column in static equilib­
rium pi gz(dxdy) and the liquid column with evaporation pif/z' 
(dxdy) is equal to the viscous forces. Thus, for steady-state 
conditions and laminar flow, the governing equation can be 
written in a simplified form as 

dVcte 2 + Wv/bif- = -(<Koi - P, . ) /M)((Z - *')/*') (M) 

where fi is the dynamic viscosity of the liquid phase. Based 
on the previously calculated static interfaces z(x, y), the velocity-
distribution v(x, y) has been evaluated by solving equation (13) 
together with equation (12) numerically. 

Considering 2 — z' « z, the differential equations were re­
placed by finite-difference approximations [12] and the following 
boundary conditions were applied: 

1 The velocity v = 0 along the liquid-solid boundary. 
2 The normal velocity gradient at the liquid-vapor interface 

is zero. 
3 The dynamic rise z' = /?„ at y = d; through this approxi­

mation, the calculated heat transfer rates account roughly for 
the additional heat transferred because of the groove. 

4 The derivative dv/dx = 0 on the center line. 

All numerical solutions are presented in Fig. 5 in terms of 
two dimensionless numbers A and 0 which are defined 

A = CVnA-tcos a)(Tw - r j / fp i fp , - pe)yh/ed*) (14) 

0 = Dfiv/(si - pt)gd* (15) 

In equations (14) and (15) are included two factors which vary 
for different groove geometries. The factor C is given for grooves 
with triangular, semicircular, and square cross sections by (2 
cscHfi/2) - 2 csc2(/3/2), (8(7T - 2)/V2) and (2); while D equals 
(csc2(f9/2)), (2) and (2), respectively. An inspection of Fig. 
5 reveals that the calculated results can be correlated reasonably 
well in terms of A and Q. For a given groove geometry and 
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Fig. 6 Heat flux per unit groove width, Q / w , versus groove depth, a", 
for triangular grooves (13 = 30 deg) and (<ifik(cos a ) / ( p i ( p i — p»)2g2f>/»)) 
= 5.24 X 1 0 ~ " ( i n . 5 / d e g F ) 

certain fluid properties, the average velocity v may be deter­
mined from the graph, if d and (Tw — Ts) are known. The 
total heat flux Q can then be calculated from the relation 

Q = 9ivAJiJt, (16) 

Heat Transfer Rates 
In this way, heat fluxes have been computed from (lie nu­

merical solutions of the simplified velocity and conduction 
equations for three types of groove geometry: triangular, semi­
circular, and square. The results show that for a given set of 
properties and temperature difference between the solid-liquid 
and liquid-vapor boundaries (T„, — Ts), the heat transfer rates 
are different for each individual groove design; they depend 
largely on the depth, and for triangular shapes on the vertex 
angle, too. A typical relationship between the heat flux per 
unit groove width, Q/w, and the depth, d, is illustrated in Fig. 
6, with one example for a triangular groove. In a similar form, 
the heat transfer rates, Q/w, for all grooves exhibit maxima at 
some characteristic depths, do. If for given properties and 
(Tw — T,), the depth of a triangular groove were kept constant, 
but the vertex angle, (3, were changed gradually, say, from 0-
180 deg, the flow and hence heat transfer rates, Q/w, would 
vary gradually too. A smaller angle, for example, leads to in­
creased capillary rise and improved wetting characteristics, but 
it also leads to larger dynamic velocity gradients and thus in­
creased viscous forces. Consequently, the heat transfer rates 
would rise gradually as the angle changes from zero to a maxi­
mum value and return to zero again; it was found that they 
leveled out at a maximum around /3 » 30 deg. That is why 
only results for triangular grooves with a vertex angle of 30 deg 
are reported in this study. 

From a curve fit of all computed data, the following expression 
was obtained for (he depth, do, at which the heat transfer rate 
per unit width reaches its maximum value, Qo/io, if all other 
parameters are kept unchanged. The relation may be written 
in the form 

do = li{<Tfik(cos a )('/',„ - 7'.,)/pi(pt - p„) '-</2/ i / o j1 / i (17) 

where the constant B is 5.11, 1.97, and 2.67 for 30-deg triangular, 
semicircular, and square grooves, respectively. Thus the opti­
mum depths, do, are different for each geometry, being largest 
for triangular and smallest for semicircular grooves. With the 
optimum depth, do, as given by equation (17), the maximum 
heat transfer rate, Qo/ic, is now 

Qo/w = Ef(TK - Tsfs> ( IS) 
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Fig. 7 Max imum heat flux per unit groove width, Qo/w, for (TV — T;) 
— 1.8 deg F versus parameter \p defined in equation (19} 
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Fig. 8 Heat flux per unit groove width, Q / w , in semicircular grooves, 
calculated for freon — 22 at + 40 deg F 

where E is a constant with a value of 0.209, 0.283, and 0.438 for 
30-deg triangular, semicircular, and square cross sections. i> 
denotes a function of all properties, which is defined as 

<A = (piJV<r'*»(co.s» «) /«* ' (£ , - P . ) } 7 ' (l9i 

Hence, the maximum heat transfer rates, Qo/w, in square grooves 
are larger than in other geometries. 

A typical relationship is shown for one set of physical proper­
ties in Fig. 7. If should be noted that each of the three grooves 
which are compared in this graph is designed for its optimum 
depth, do, which is different for each groove. Therefore, all 
three grooves in Fig. 7 have different, depths and such a com­
parison might, not be realistic. In addition, the opti"1 ' '" 
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depth, do, depends on the temperature difference {Tw — TJ too, 
which is shown for one case of semicircular grooves in Fig. 8. 
From these results it appears that the heat transfer rates per 
unit groove width, Q/w, depend in a complex way on the chosen 
geometry, depth, temperature difference, and physical proper­
ties. The performance of any capillary groove will vary largely 
according to the specific operating conditions. No particular 
groove type can give the highest heat flux, Q/w, neither for all 
temperature differences (Tu. — TJ, if the depth, d, and all proper­
ties remain unchanged; nor for all rf's, if (Tw — T,) and the 
properties are constant. The optimum size, shape, and per­
formance of a capillary-groove system must therefore lie deter­
mined for each specific case. As a final illustration of this point, 
a plot of Q 'w versus d for (Tm — T,) = 9 (deg F) is presented in 
Fig. 9 for three selected fluid property groups. In a practical 
case, if the fluid properties and (Tm — T',) are known, a similar 
plot could be used to select the groove design with the highest 
performance per weight or volume. Estimated maximum heat 
fluxes per unit area Q/A are plotted versus (Tw — Ts) in Fig. 10 
for the analyzed capillary grooves together with predicted heat 
fluxes for interfacial evaporation with free convection [1] and 
pool boiling with evaporation [2]. The graph indicates the 
magnitude of the heat transfer rates which might be expected 
when using capillary grooves in the range of small temperature 
differences. The present results cannot be extrapolated to 
larger temperature differences because the assumed linearity 
in this analysis would be less valid and the onset of nucleate 
boiling in the grooves has not been considered here. 

Summary and Conclusions 
The effects of capillary grooves on surface wet ting and evapora­

tion have been examined for three groove types: square, semi­
circular, and triangular. The total capillary force has been 
determined in static equilibrium experimentally and theoretically. 
For the theoretical analysis, the governing differential equation 
has been solved numerically. It was found that all data for 
r^iatic capillary rise could be best represented in terms of a 
"fully wetted" height and an "equivalent" capillary radius, 
which led to a similar expression as that for capillary tubes. 

For the heat transfer analysis, it was assumed that evapora­
tion at the liquid-vapor interface takes place due to thermal 
conduction through the liquid layers inside the grooves. As a 
consequence of the surface evaporation, supplementaiy liquid is 
lifted by capillary action, and the system finally reaches steady 
slate. Simplified and linearized equations for velocity and 
temperature distributions have been evaluated numerically in 
order to study the effects of the principal design parameters for 
capillary-grooved surfaces. Besides the relevant properties 
and the temperature difference (7',„ — Ta), the performance de­
pends on geometrical factors such as the groove type, the depth 
(or width), and in triangular shapes, the vertex angle. 

The computed heat transfer rates indicate that capillary 
grooves seem to offer definite advantages, which ultimately 
might lead to a reduction in size of process equipment where 
surface wetting is of importance. The selection of an optimum 
groove design, however, is a complex problem which requires 
knowledge of specific operating conditions. A vertex angle of 
approximately 30 deg led to the highest flow rates among tri­
angular grooves. An expression was derived to determine 
maximum heat fluxes for each groove based on an optimized 
depth, do. Accordingly, square grooves are characterized by 
the highest heat transfer rates per unit groove width. The re­
sults change, however, if all grooves are compared at the same 
depth, d, and same temperature difference (Tw — T,). 

The utilization of capillary forces in the design of heat ex­
changers to control surface wetting seems to offer additional 
advantages. Thus capillary systems in general do not require 
an additional power input, and capillary grooves may reduce 
problems which are commonly associated with the distribution 
and stabilization of two-phase mixtures in multiple-tube heat 

O Semicircular Grooves 
D Squore Grooves 
A 30° Triangular Groi 

Polossium 
( I 4 7 2 ° F ) 

Groove Dep!h. d [ir ^ 

Fig. 9 Heat flux per unit groove width, Q/w calculated with (T,„ 
7"s) ~ 9 deg F for potassium, water, and freon -—22 

10 
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I 
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O Semioircuiar Grooves 
A Triangular Grooves 

Pool-Boi l ing 
(W.M. Rohsenow [ 2 ] ) 

Surface - Evaporation 
(M. Jakob [ l ] ) 

I 10 10 
Temperature Difference (Tw -T_) [° F] 

Fig. 10 Heat transfer rates per unit heating surface area, Q/A, as pre­
dicted for conduction through capillary grooves, for pool-boiling, and 
surface evaporation with free convection 
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exchangers. In addition, surfaces prepared in this way should 
be advantageous in situations where acceleration forces, such 
as might be found, e.g., on board an aircraft or ship during 
certain operations, would force the liquid away from the heating 
surface. When operating at low or zero gravity, grooved sur­
faces also seem to be able to distribute the liquid phase in a de­
sired form. In all these eases, a proper application of capillary 
grooves might insure the required surface wetting to prevent 
disturbances in the heat transfer process or overheating of the 
surfaces. Besides the prerequisite of a capillary rise as such, 
the only practical limitation seems to be the tendency of a par­
ticular liquid to corrode a selected surface or to develop fouling 
and scaling-type deposits. 
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Solution of the Incompressible 
Turbulent Boundary-Layer Equations 
With leat Transfer 
The boundary-layer equations for laminar and turbulent incompressible flows about 
two-dimensional and axisymmetric flows are solved by an implicit finite-difference 
method. An eddy-viscosity concept is used to eliminate the Reynolds shear-stress term, 
and an eddy-conductivity concept is used to eliminate the time mean of the product of 
fluctuating velocity and temperature. Several flows have been computed by this method, 
and comparisons with experimental data and with the Bradshaw-Ferriss method are 
made. In general, the agreement is quite good. 

Introduction 

I HE boundary-layer concept, first introduced in 
1904 by Prandtl, divides tlie flow past a body into two regions: 
an inviscid region, governed by the Elder equations of motion, 
and a thin viscous region in the neighborhood of the body, 
governed by the boundary-layer equations. For laminar flow, 
the existence of a known relationship between the shear stress 
and the velocity gradient completes a set of partial differential 
equations, and exact solution of the boundary-layer equations 
is mathematically possible. With the advent of high-speed com­
puters, quite satisfactory results have been obtained for skin 
fraction and heat transfer in incompressible and compressible 

Contributed by the Heat Transfer Division of THE AMEKICAN 
SOCIETY OF MECHANICAL ENGINEERS and presented at the ASME-
AIChE Heat Transfer Conference, Minneapolis, Minn., August 
3-fi, 1969. Manuscript received at ASME Headquarters, January 3, 
1969. Paper No. 69-HT-7. 

flows. On the other hand, because of the limited understanding 
of the turbulent process, the problem of turbulent flow is phe-
nomenological as well as mathematical, and exact solution of the 
boundary-layer equations is not possible. The usual boundary-
layer equations for such flows contain a term involving the time 
mean of the product of two fluctuating velocities (the Reynolds 
shear stress) and a term involving the time mean of the product 
of a fluctuating velocity and a fluctuating temperature. At pres­
ent, these terms have not been rigorously related to the mean 
velocity and mean temperature distributions. In order to pro­
ceed at all, the solutions must depend on some empiricism, which 
leads to various approaches and consequently to various methods1 

with varying degrees of accuracy in predicting boundary-layer 
parameters. 

1 A summary of the latest prediction methods for incompressible, 
two-dimensional, turbulent boundary layers is given by Reynolds in 
reference [1 J. 

•Nomenclature-

c„ — specific heat at constant pressure r = 
C = viscosity-density parameter, pixj 

PePe '0 = 

/ = dimensionless stream function; R^ = 
see equation (18) Pio = 

y = dimensionless total enthalpy ratio St = 
h = specific enthalpy, or heat transfer 

film coefficient wherever ap- (. = 
plicable 

II = total enthalpy, h + «2/2 At = 
k — flow index, = 0 (two-dimensional 

flow) and = 1 (axisymmetrical 
flow) ' T = 

hi, k-i — constants in eddy-viscosity for- u = 
mulas Ue = 

K = variable - grid parameter; see 
equation (30) e = 

/ = mixing length x = 
L = reference body length 

M = Mach number y = 
Nit, = Nusselt number hx/\t ct = 

p = pressure 13 = 
Pr = Prandtl number, jj.cp/\t 

q — local heat-transfer rate per unit X = 
area 5 = 

fix radial distance 
revolution 

body radius 
Reynolds number, U ex:/ve 

Reynolds number, Ufi/ve 

Stanton number, —qw/peU<: (Ht — 

transverse curvature term, (y 
cos a ) / r 0 

temperature difference between 
wall and free stream, T,L, — 

absolute temperature 
x-eomponent of velocity 
velocity at outer edge of bound­

ary layer 
j/-component of velocity 
distance along body surface mea­

sured from leading edge 
distance normal to x 
angle between y and /• 
velocity - gradient parameter, 

2^/UJdUJd^) 
intermittency factor 
boundary-la ver thickness 

5* = displacement thickness 
e = eddy viscosity 

e+ = ratio of eddy viscosity to kine­
matic viscosity, t/v 

rj = transformed (/-coordinate 
6 = momentum thickness 
X = thermal conductivity 
fi = dynamic viscosity 
v = kinematic viscosity 
£ = transformed x-coordinate 
p = density 
T = shear stress 

\p = stream function 

Subscripts 

c — switching point between inner 
and outer eddy viscosity for­
mulas 

e = outer edge of boundary layer 
I = laminar flow 
t = turbulent flow 

w = wall 
°° = free-stream conditions 

' = differentiation with respect to 

V 
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The present method uses an eddy-viscosity concept to eliminate 
the Reynolds shear-stress term and an eddy-conductivity con­
cept to eliminate the time mean of fluctuating velocity and 
temperature. The eddy-viscosity formulation used here is the 
same as the one used for incompressible flow in several previous 
studies [2, 3]. The formulation worked well for incompressible 
flows, and hence it was extended to compressible flows. In the 
formula! ion, the boundary layer is regarded as a composite layer 
characterized by inner and outer regions. In the inner region, 
a constant eddy viscosity modified by an intermittency factor is 
used. The eddy-conduetivily term is lumped into a "turbulent" 
Prandtl number that is assumed to be constant and equal to 
0.9. 

In principle, the present method is similar to the ones used by 
Herring and Mellor [4] and Patankar and Spalding [5]. The 
main difference between the three methods lies in the eddy-
viscosity expression used for each region. In addition, the trans­
formations used to stretch the coordinate normal to the flow 
direction as well as the numerical method used to solve the 
boundary-layer equations are considerably different. 

Several incompressible turbulent flows with heat transfer are 
computed by the present method, and comparisons with ex­
perimental data and with the Bradshaw-Ferriss (BF) method 
[6] are made. The latter method differs from the present one 
in that it involves a solution of turbulence kinetic energy, mean 
momentum equation, continuity equation, and the instantaneous 
temperature equation by making certain assumptions to the 
turbulence terms appearing in these equations. In general, pre­
diction of both methods is quite good. 

Analysis 

Boundary-Layer Equations. The boundary-layer equations for 
two-dimensional and axisvnimetric compressible turbulent flow 
are [7]: 

Continuity: 

— ()*pu) + — [,*(pv + p V ) ] = 0 
ox by (1) 

Momentum: 

dU. bu d» 
pu - + (pv + p v ) — = peUe 

ox oy ax 

1 j ) 
) • * IX 

bu 

dy 
(2) 

H(x,0) = Hw or or 
oy 

(x,0) 
'bH. 

\oy 

lim H{x,y) = HJx) (5) 

Formulation of Eddy Viscosity and Turbulent Prandtl Number. 

In order to solve equations (l)-(3), it is necessary to relate 
— u'v', the Reynolds shear-stress term, and the —v'H' term to 
the dependent variables u (or v), and / / , respectively. Here wre 
use eddy viscosity (e) and eddy-conductivity (X,) concepts, and 
set 

— uv = e 
bu 

d7y 

and 

-v'H' \ 
bH_ 

oy 

Equation (7) can also be written as 

cpe bH 

(6) 

(7) 

(S) 

by defining the turbulent Prandtl number as Pr, = cpe/\t. 
The expression for e in the inner region is based on PrandtPs 

mixing-length theory; that is, 

\bu 
e, = I1 !— (») 

where /, the mixing length, is given by I = k\y. A modified ex­
pression for I is used in equation (9) to account for the viscous 
sublayer close to the wall. This modification, suggested by Van 
Driest [8], is 

I = k,y 1 exp (10) 

where 4̂ is a constant, for a given streamwise location in the 
boundary layer, and is defined as '2C)v(rli,/p)~1^, with w denoting 
values at the wall. Equation (10) was developed for a flat plate. 
Here, we modify the constant A to account for pressure gradient. 
From the momentum equation it follows that the shear stress 
close to the wall may be written as 

dp 
r = rw + — y 

ax (11) 

Energy: 

bH bH 
pu — + (pv + p'v') -—-

ox by 

1 d 
<-k by 

X, bH. 

cP by 
~ pv'H' + u M> (3) 

In these equations, the transverse curvature effect is retained 
because of its importance in predicting boundary-layer growth 
on slender bodies, such as certain missiles or at the tail of a stream­
lined body of revolution. In such cases the radius of the body 
may be the same order of magnitude as the thickness of the 
boundary layer, and neglect of this effect could be quite important. 

The boundary conditions are 

Momentum: 

u(x,0) = 0, v(x,0) = 0 or v(x,0) = vw (mass transfer) 

lim u(x,y) = Ue(x) (4) 

Energy: 

If A is defined as 26P(T/P)~1/''-, the constant becomes 

2 6 / ^ , dpy\-l/l 

\p dx p ) 

Then the expression for inner eddy viscosity becomes 

!
r v i Tw dp v ^ 

1 - exp - — - + -
|_ 26i> \ p dx p 

(12) 

(13) 

The expression for e in the outer region is based on a constant 
edd.y viscosit)', e0, 

e„ = k-,UeS* (14) 

modified by Klebanoff's [9] intermittency factor y, approximated 
by the following formula 

T 1 + 5 
* ( ! ) " 

(15) 

which is a rough but very convenient approximation to the error 
function. 
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The choice of constants ki and fe in the eddy-viscosity for­
mulas depends slightly on the definition of the boundary-layer 
thickness 5. As in several previous studies, for example, refer­
ences [2, 3], the values of the constants A'i and k-> are taken to be 
0.40 and 0.0168, respectively, and 8 is defined as the ^/-distance 
for which/ ' = 0.995. 

The constraint used to define the inner and outer regions is 
the continuity of the eddy viscosity; from the wall outward, 
the expression for inner eddy viscosity applies until e; = 6„. 
The dividing point is yc. Fig. 1 shows a typical eddy-viscosity 
variation across the boundary layer for a flat-plate flow. 

Transformation of Boundary-Layer and Eddy-Viscosity Equations. 
Equations ( l)-(3) , which are expressed in the coordinates of the 
physical plane, require starting profiles, but these equations are 
singular at x = 0. For this reason, we first transform them as in 
the previous study [2], to a coordinate system that removes the 
singularity at x = 0, stretches the coordinate normal to the flow 
direction, and places the equations in an almost two-dimensional 
form. We use a combination of the Probstein-EUiot [10] and 
Levy-Lees [11] transformations. 

d £ = P,H,Ue dx. dV = 
PUC 

(2?)' /2 \L 
dy (16) 

OUTER L A W 

Fig. 1 Eddy-viscosity distribution across a boundary layer 

If a stream function i/' is introduced such that 

pu, dx 
(pv + p V ) (17) 

and if ip is related to a dimensionless stream function/as 

<P(x,y) = (2f) , /«/(f ; V) (18) 

then the momentum equation, equation (2), and the energy 
equation, equation (3), become 

Momentum: 

[(1 + 02*C(1 + e+)/"] ' + //" 

+ 0 

Energy: 

(1 + 02 4 C 

P. 

P 

d/ 
(19) 

1 _L_ 6 , 1 _1_ 

Pr,/ Pr // , 
v, f'f" 

(20) 

after the terms —u'v' and —v'H' are replaced by the relations 
given by equations (6) and (8). In equations (19) and (20), I is 
the transverse-curvature term, (3 is the pressure-gradient term, 
C is the viscosity-density term, and e+ is the ratio of eddy vis­
cosity to kinematic viscosity. They are defined as follows 

t = - 1 + 
1L cos a (2%P-

'.U. Jo 
' dr] 

•A 

0 = 
2g dUe 

U. W c = pp 

PePe 
£T = _ 

V 

The dependent var iables / ' and g in equations (19) and (20) are 
dimensionless velocity and total-enthalpy ratios, respectively, 
defined a s / ' = u/Ut and g = H/He. I t can be seen from equa­
tions (19) and (20) that setting k = 0 reduces the boundary-
layer equations to two-dimensional form. For axisymmetric 
flow with no transverse-curvature effect, k — 1 and I = 0, which 
indicates that the ratio of r to r0 is unity, since 

r = r0 + y cos a 

and t in the physical plane is defined as I = (y cos a)/r„. Further­
more, if e + is zero, equations (19) and (20) reduce to a classical 
form of the compressible laminar boundary-layer equations. 

The boundary conditions given by equations (4) and (5) 
become 

Momentum: 

«£,0) = / „ = 0 o r / „ , = 

1 CUL\ W» ,,f 

/'(£,()) = 0 

mass transfer) (21a) 

lim / ' (f,r/) = 1 (216) 

Energy: 

f/(?,0) = — = g„ or gj (£,0) = gw' 
H 

lim </(£,??) = 1 

(22a) 

(226) 

Similarly, we can transform the eddy-viscosity expressions b3r 

using the transformation given by equations (16) and (18). In 
dimensionless form, the expression for eddy viscosity for the inner 
region becomes 

€,•+ = h11 — 
\P, 

X | | (1 + 0 - * ( - ) dJJ X 1 - exp 
P Pe 

LV'2 i n Pe f Pw Pw 

' '»/ 2 6 J o P \ P (2s> 

P, 

P (2 &>£ (1 + 0"* - dV 
P 

(23) 

For two-dimensional and axisymmetric flows, the definition of 
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V 

<> ( n , i + 2 ) 

11 (n, i + i) 

( n - 2 , i) ( n - l , i ) 
f (n, i) 

(n, i - l ) 

(n , i-2) 

Fig. 2 Finite-difference molecule for the momentum equation at (n,i) 

displacement thickness, 8*, used in tlie outer eddy-viscosity 
expression is2 

5* = (24) 

which, in terms of the transformation defined by equations (16) 
and (IS), becomes 

PeUe W J0 p 

In dimensionless form, the expression for the outer eddy 
viscosity then becomes 

2 It is to be noted that the definition of &* for axisymmetric flows 
with transverse-curvature effect is not the same as the definition of 
S* for two-dimensional flows. In the former case, tlie displacement 
thickness is defined as 

•(••£)-/." OX'-iO 
which can be related to two-dimensional 5* as follows: 

dy 

- = - 1 + 
n 

^ ~ ^ 

In the outer eddy-viscosity expression, however, the 5* is used as a 
characteristic length, and its definition remains unchanged from that 
given by equation (24) for either incompressible, compressible, or 
axisymmetric flows with transverse-curvature effects. 

60
+ = fe 

P ( 

P, 

2 f [ r 

X 1 + 5.5 
f 
Jo 

Q-" - (1 - f')dv 
p 

(1 + IT" pJp dn 

(1 + t)-k pjpdr, 

(26) 

Fluid Properties. Fluid properties that appear in the momentum 
and energy equations are density (p), viscosity (p.), specific 
heat at, constant pressure (cp), and thermal conductivity (X). 
The latter appears in the energy equation through the laminar 
Prandtl number, Pr, defined as Pr = pcp/\i-

The present method is developed so that arbitrary fluid proper­
ties may be used. In other words, the fluid properties are inputs 
in the computer program in the form of formulas or tables as 
functions of temperature. In this study, air is treated as a per­
fect gas, and the fluid properties p and p are assumed to be func­
tions of specific enthalpy only; the specific heat of air at con­
stant pressure, cp, is assumed to be constant and equal to 6035 
ft2/sec2 deg R. Tlie viscosity p is obtained from Sutherland's 
law expressed as 

JL h Y / 2 h„ + 1.19493 X 10" 

h + 1.19493 X 10" 
(27) 

The density-enthalpy relation is obtained from the equation of 
state and from the assumption that static pressure remains con­
stant within the boundary layer. Prandtl number is an input 
to the computer program. 

Method of Solution 
Solution of Momentum Equation. Before we solve equations (19) 

and (20) by an implicit finite-difference method, we first linearize 
equation (19). Introducing a translated stream function tp de­
fined by <p = f — •(] and replacing the streamwise derivatives by 
three-point finite-difference formulas at £ = £,„ we get 

[(i + iy« C(i + e+V] ' + (<p + V)<P" + PKPJP) - OPT 

- 2<p' - 1] = 2%l(<p' + 1)( .4>' + A«pnJ + A3<p„^') 

- <P" (.4, <p + /!#„__, + A3<p„_2)] (28) 

where for simplicity, the subscript n is dropped. At £ = £„, 
the quantities Al} A*, and A3 are known, and the quantities hav-

25 

20 

n 

136 /FEBRUARY 1970 

Fig. 3 Finite-difference variable-grid system in the /(-direction 
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Fig. 4 Comparison of calculated and experimental Stanton numbers for 
the flat-plate boundary layer measured by Reynolds, Kays, and Kline 
[13] 

nig the subscripts n-1 and n-2 are known functions of 77 from 
-olutions obtained at the two previous stations. Thus, at £ = 
£„, equation (28) is an ordinary differential equation in ?;. There 
i-> no problem of .starting the solution, because the terms with 
streamwise derivatives disappear, since £ = 0. At the next 
elation, £1, the three-point formulas are replaced by two-point 
formulas; at all stations farther downstream the three-point 
formulas are used. 

To linearize equation (28), we assume that certain terms that 
make the equation nonlinear are known from the previous itera­
tion: that is, 

|( I + t)u <'» (J + t+)o<p"Y + (<f« + V')f" + P[(p,/p)o 

- v V y ' - -lip' - 1] = 2£[(<A/ + 1) ( - W + . - l ^ , , - / + A3iP„_2') 

- <pa" (A,<p + A*pH_x + A3<p„_»)] (29) 

The subscript 0 indicates that the function is obtained from a 
previous iteration. 

The solution of equation (29) is obtained by an implicit finite-
difference method after the dependent variable <p has been re­
placed by the perturbation terms A<p = <p — ip,Jt &<p' = <p' — 
•sn', etc. The reason for choosing <p rather than /, and Aip rather 
than ip, is that the round-off errors are reduced. Fig. 2 shows the 
finite-difference molecule used. 

Solution of Energy Equation. The method of solution of the energy 
equation is similar to that of the momentum equation. Again the 
^-derivatives are replaced by finite-difference formulas that are 
identical to those in the momentum equation. As for the mo­
mentum equation, an implicit finite-difference method is used to 
solve the energy equation. However, this time the five-point 
finite-difference molecule is replaced by a three-point finite-
difference molecule. 

For details of .solution of both momentum and energy equations, 
see reference [12]. 

Variable-Grid Spacing in ^-Direction. The finite-difference formulas 
used both in momentum and energy equations contain a variable 
grid in the redirection, which permits shorter steps close to the 
wall and longer steps away from the wall. The grid has the 
property that the ratio of lengths of any two adjacent intervals 
is a constant; that is, A??,- = K AJ/,-_I. The distance to the j'th 
grid line is given by the following formula 

A'' 
/ = 0, I, 2, ?,, . . . .V (30) 

where hi is the length of the first step. Fig. 3 accurately repre­
sents the ^-spacing for r)„ = 100, hi = 0.01, and K = 1.07. In 
general, about 200 77-points are used in a typical turbulent flow 
calculation. 

Starting the Solution. The calculations begin at the leading edge 
or at the stagnation point, where £ = 0, and proceed downstream 

g r - u O O O -

f i—©—e—^~-

- u 

O DATA OF REYNOLDS ET AL 

PRESENT METHOD 

0.9 

Fig. 5 Comparison of calculated and experimental velocity profiles for 
the flat-plate boundary layer measured by Reynolds, Kays, and Kline 
[13] 

with arbitrary A£-increments. At station f = 0, the flow is 
laminar, and it becomes turbulent at any .specified station where 
£ > 0. A calculation can be started at, any ^-location, provided 
that initial velocity and enthalpy profiles (flows with heat trans­
fer) are specified. Of course, for flows without heat transfer, it 
is only necessary to specify the initial velocity profile. 

Comparisons of Calculated and Experimental Results 
The method discussed in previous sections has been used to 

compute several incompressible turbulent flows with heat trans­
fer. These flows consist of flat-plate flows with heating and 
cooling as well as flows in both favorable and adverse pressure 
gradients with cooling. 

Flat-Plate Flows. For constant-velocity flows with different 
distributions of wall temperatures, we have considered three 
separate sets of experimental data and have made comparisons 
of velocity profiles, (when they were reported) and comparisons 
of local Stanton numbers. 

The local Stanton number is defined as 

St., = 
-<lw 

p.U, (H. - HJ 

which, in terms of transformed variables, can be written as 

St, c He 
L) \ P r / , „ ( 2 £ ) , A \ l - gw 

9w 

(3D 

(32) 

Figs. 4 and 5 show comparisons of local Stanton numbers and 
velocity profiles, respectively, on an isothermal, heated plate 
measured by Reynolds, Kays, and Kline [13]. In the calcula­
tions the laminar Prandtl number was assumed to be 0.70. 
Figs. 0 and 7 show the same types of comparisons for a flow 
measured by Seban and Doughty [14]. Here the calculations 
were performed for an isothermal heated plate for the same 
Prandtl number. 

Seban and Doughty note that if their experimental results 
are expressed as 

Nux = C I R ; ' / S 

then the constant C, for their results is 0.0236. They further 
note that this constant is 0.024, according to Jakob's measure­
ments, and is 0.023 according to Sugawara's measurements; it 
is 0.0255 according to Scesa's experiments, a value which is 
thought to be somewhat high. I t is interesting to note that an 
average value for this constant obtained bj ' the present method is 
0.0235, a value that agrees quite well with these results. 
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Fig. 8 Comparison of calculated and experimental Stanton numbers for 
the flat-plate boundary layer measured by Moretli and Kays [15] 

Fig. 8 shows a comparison of calculated and experimental local 
Stanton numbers for an isothermal, cooled plate measured by 
Moretti and Kays [15]. The solid lines are those calculated by 
the present method and the dashed lines are those computed by 
the BP method [6]. Both methods predict the Stanton number 
very well, and the slight difference at the beginning of the flow 
can probably be attributed to different matching or starting 
conditions. 

Pig. 9 shows the computed local Stanton numbers, together 
with the experimental values obtained by Reynolds, Kays, and 
Kline [16], for a step variation of wall temperature. Figs. 10 
and 11 show comparisons of computed values with experimental 

Fig. 9 Comparison of calculated and experimental Stanton numbers for 
the flat-plate boundary layer measured by Reynolds, Kays, and Kline 
[16] 
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Fig. 10 Comparison of calculated and experimental Stanton numbers for 
the flat-plate boundary layer measured by Reynolds, Kays, and Kline 
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for the flat-plate boundary layer measured by Reynolds, Kays, and 
Kline [17] 

values obtained by Reynolds, Kays, and Kline [1.7] for a double-
step wall temperature and step-ramp temperature distribution, 
respectively. In all cases the agreement is quite good. 

Accelerating Flows. Figs. 12-15 show the results obtained for 
four accelerating flows. The first three of these flows, labeled as 
Runs 12, 13, and 24, were measured by Moretti and Kays [15]. 
In the calculations, the experimental temperature difference 
between wall and free stream, Al(x), and velocity distribution, 
Ue(x), were used as reported in reference [15]. This is the reason 
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for the small oscillations that show up in the calculated values 
of Stanton number. 

Fig. 12 also shows a comparison of the results obtained by the 
present method, together with those obtained by the BF method. 
In general, the results are in good agreement with each other. 
However, the present method shows the experimental trend in 
Stanton number better toward the end of the run. 

Fig. 15 shows a comparison of calculated and experimental 
local Stanton numbers for the accelerating flow measured by 
Back and Seban [18], together with the experimental velocity 
distribution. The present results were obtained for a constant 
heat, flux (data kindly supplied by Dr. Back) for a free-stream 
velocity of 110 fps. In this figure, the results obtained by the 
BF method are also included. 

In general, both predictions have the same trend. Toward the 
end, both computed values agree well with each other. The 
disagreement between the results obtained by the present 
method and the BF method is probably due to the uncertainty 
in matching initial experimental conditions, since the B F method 
starts the computations with a lower Stanton number than the 
present method. 

Decelerating Flows. Figs. 16 and 17 show comparisons of com­
puted local Stanton numbers and experimental values for two 
decelerating flows measured by Moretti and Kays [15], together 
with the experimental streamwise At{x) and U,(x) variations. 
In reference [6], Bradshaw and Ferriss also report their predic­
tions for the flow shown in Fig. 17. For all practical purposes, 
their predictions agree quite well with the predictions of the pres­
ent method and with experiment. I t is interesting to note that 
Bradshaw and Ferriss report flow separation at x » 8 ft, on the 

basis of the linear extrapolation of the experimental velocity and 
temperature distributions. The same result was obtained by the 
present method. 

Concluding Remarks 
A numerical solution of the turbulent-boundary-layer equa­

tions based on a particular eddy-viscosity formulation and the 
assumption of a constant-turbulent Prandtl number is presented 
for incompressible flows with heat transfer. Several flows com­
puted by this method show that the method is quite accurate, 
as it was in flows without heat transfer. I t is remarkable that a 
simple eddy-viscosity formulation based on flat-plate data can 
give such satisfactory results. 

The computation time of the present method is quite small. 
A typical flow consists of about 20 stations and can be calculated 
approximately in 1 min. on the IBM 360/65 digital computer. 
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D I S C U S S I O N 

B. E. Launder3 

T h e wr i te r agrees w i t h the a u t h o r s t h a t it, is now c o m p u t a ­

t ional ly feasible and economica l ly des i rab le to e m p l o y finite-

dit'ference p rocedu re s to p red ic t hea t t ransfer r a t es in b o u n d a r y -

layer flows. 

.Moreover, because the par t ia l -di f ferent ia l e q u a t i o n s can, w i t h 

care, be so lved to a h igh degree of accuracy , one can focus a t t e n ­

tion on the mode l of t u rbu l ence which is emp loyed . It t hus 

seems u n f o r t u n a t e t h a t , b y the use of e q u a t i o n (11), the a u t h o r s 

h a v e m a n a g e d to ge t m a t h e m a t i c a l a p p r o x i m a t i o n e n t a n g l e d 

wi th phys ica l hypo thes i s . T h e poin t is t h a t , h a v i n g chosen the 

S p a l d i n g - P a t a n k a r vers ion of the v a n Driest function, i .e.: 

.4 = •2(w(j/p)-'/' 

t hey then a p p r o x i m a t e the shea r s t ress a p p e a r i n g in the foregoing 

expression b y 

dp 
T = r,„ + — • ?/ 

ax 

'wh i ch is the a u t h o r s ' e q u a t i o n (11)) . E q u a t i o n (11) is cor rec t 

only w h e n convec t ion is a b s e n t such as in fully d e v e l o p e d flow 

be tween para l le l p l anes . In m a n y ex te rna l b o u n d a r y - l a y e r 

tlows the consequences of us ing e q u a t i o n (11) ( r a t h e r t h a n the 

exact va lue of r ) will n o t be i m p o r t a n t because t h e e x p o n e n t i a l 

t e rm in e q u a t i o n (10) is negligible ou t s ide the s u b l a y e r — a n d 

across the s u b l a y e r itself e q u a t i o n (11) is often an a d e q u a t e 

;i Depa r tmen t of Alechanical Engineering, Ci ty and Guilds College, 
Imperial College of Science and Technology, London, England. 
Arem. ASAIE. 

a p p r o x i m a t i o n . In s t rong acce le ra t ions , however , convec t ive 

t e r m s a re known to lie s u b s t a n t i a l even wi th in the region w h e r e 

v iscous s t resses a re i m p o r t a n t (e.g., P a t e l and H e a d [19] ' ) and , 

consequen t ly , t h e shear s t ress impl ied by e q u a t i o n (11) will be 

s ignif icant ly too smal l . I n d e e d , i t would seem likely t h a t , for 

JVIorelti and K a y s ' run 12 (d i sp layed in F ig . 12), the shea r s t ress 

impl ied by e q u a t i o n ( I I ) would fall to ze ro—or worse, become 

n e g a t i v e — w i t h i n tha t region of the b o u n d a r y layer where e q u a ­

t ion (HI) was used. 

T h e wr i t e r h a s m a d e ex tens ive b o u n d a r y - l a y e r ca lcula t ions of 

s t rong ly acce l e ra t ed flows [20] w i t h the s a m e inne r law as t h e 

a u t h o r s except t ha t the s h e a r s t ress used in the ca lcu la t ion of A 

was t h a t o b t a i n e d from the finite-difference p r o c e d u r e itself. 

W h e n this exact va lue of r is used, the mode l does not give rise t o 

the s u b s t a n t i a l d r o p in S t a n t o n n u m b e r shown by the a u t h o r s in 

F ig . 12. 

Superficial ly, the foregoing finding m i g h t suggest t h a t it is 

p re fe rab le to use the a u t h o r s ' equa t ion (11) r a t h e r t h a n r itself. 

However , to p r e d i c t w i th confidence the complex s t r u c t u r a l 

changes which occur in s t rong ly acce le ra ted b o u n d a r y layer is 

not an easy task . Some progress h a s been m a d e (e.g., references 

[20-22] ) b u t m u c h r ema ins to be d o n e . T o d e v e l o p an a d e q u a t e 

mode l of t u rbu l ence for such flows, it is i m p e r a t i v e t h a t a n y p r e ­

d ic t ions shou ld d i sp lay t h e impl ica t ions of t h e mode l a lone and 

no t those assoc ia ted wi th m a t h e m a t i c a l a p p r o x i m a t i o n . 
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Chang-Keng Liu5 

T h e a u t h o r s a re to be cong ra tu l a t ed in p rov id ing still one more 

predic t ion m e t h o d of the heat t ransfer in t u rbu l en t b o u n d a r y 

layer . T h e usual b o u n d a r y - l a y e r a p p r o x i m a t i o n s and a s s u m p ­

t ions were used and good agreement wi th expe r imen ta l d a t a was 

o b t a i n e d w ' t h q u i t e small c o m p u t a t i o n t ime. T h e s e good resul ts 

were o b t a i n e d even in t h e p ressure -grad ien t case in sp i t e of the 

use of s imple eddy-v i scos i ty fo rmula t ion based on f la t -p la te d a t a . 

One ques t ion from this discusser arises rom the a p p r o x i m a t e d 

formula of the in termi t tent !} ' factor g 'ven in equa t ion (15). In 

Fig . 18, which is reproduced from Fig. I I of reference [23),° 

e q u a t i o n (15) as p lo t t ed in the d o i t e d line a n d a d d e d there in is 

seen to be m u c h lower t h a n the G a u s s i a n d i s t r i bu t i on p lo t t ed 

in t h e solid line. Obvious ly , t h e modified va lue of the e d d y vis­

cosity in the o u t e r region will be too low. 

T h i s br ings up a n o t h e r ques t ion , i.e., the va lue of fc in equa t ion 

(14). By d imens iona l a r g u m e n t s a n d based on test d a t a of pre­

v ious inves t iga to r s , the va lue of k> was e s t i m a t e d by C lause r 

[24] to b e 0.01S bu t b y l i o t t a [25] to be 0.022. Recen t inves t iga­

t ion [26] showed tha t k-, in the s m o o t h wall case is a p p r o x i m a t e l y 

0.024 ± 0.002. T h e v a l u e of 0.0108 used by the a u t h o r s m a d e 

the v a l u e of eddy viscosi ty in the o u t e r l aye r m u c h lower, after 

be ing modified b y the a l ready lower d i s t r ibu t ion of the in-

t e r m i t t e n c y fac tor . 

Howeve r , t h e ag reemen t b e t w e e n the proposed predic t ion 

m e t h o d and most of the expe r imen ta l d a t a is surpr is ingly good 

in t u r b u l e n t b o u n d a r y - l a y e r flows w i t h a n d wi thout l ong i t ud ina l 

1 Numbers in brackets designate Additional References a t end of 
Discussion. 

5 Member , Aerospace Sciences Laboratory , Lockheed Palo Alto 
Research Labora tory , Palo Alto, Calif. 

B Numbers in brackets designate Additional References a t end of 
Discussion. 
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D I S C U S S I O N 

B. E. Launder3 

T h e wr i te r agrees w i t h the a u t h o r s t h a t it, is now c o m p u t a ­

t ional ly feasible and economica l ly des i rab le to e m p l o y finite-

dit'ference p rocedu re s to p red ic t hea t t ransfer r a t es in b o u n d a r y -

layer flows. 

.Moreover, because the par t ia l -di f ferent ia l e q u a t i o n s can, w i t h 

care, be so lved to a h igh degree of accuracy , one can focus a t t e n ­

tion on the mode l of t u rbu l ence which is emp loyed . It t hus 

seems u n f o r t u n a t e t h a t , b y the use of e q u a t i o n (11), the a u t h o r s 

h a v e m a n a g e d to ge t m a t h e m a t i c a l a p p r o x i m a t i o n e n t a n g l e d 

wi th phys ica l hypo thes i s . T h e poin t is t h a t , h a v i n g chosen the 

S p a l d i n g - P a t a n k a r vers ion of the v a n Driest function, i .e.: 

.4 = •2(w(j/p)-'/' 

t hey then a p p r o x i m a t e the shea r s t ress a p p e a r i n g in the foregoing 

expression b y 

dp 
T = r,„ + — • ?/ 

ax 

'wh i ch is the a u t h o r s ' e q u a t i o n (11)) . E q u a t i o n (11) is cor rec t 

only w h e n convec t ion is a b s e n t such as in fully d e v e l o p e d flow 

be tween para l le l p l anes . In m a n y ex te rna l b o u n d a r y - l a y e r 

tlows the consequences of us ing e q u a t i o n (11) ( r a t h e r t h a n the 

exact va lue of r ) will n o t be i m p o r t a n t because t h e e x p o n e n t i a l 

t e rm in e q u a t i o n (10) is negligible ou t s ide the s u b l a y e r — a n d 

across the s u b l a y e r itself e q u a t i o n (11) is often an a d e q u a t e 

;i Depa r tmen t of Alechanical Engineering, Ci ty and Guilds College, 
Imperial College of Science and Technology, London, England. 
Arem. ASAIE. 

a p p r o x i m a t i o n . In s t rong acce le ra t ions , however , convec t ive 

t e r m s a re known to lie s u b s t a n t i a l even wi th in the region w h e r e 

v iscous s t resses a re i m p o r t a n t (e.g., P a t e l and H e a d [19] ' ) and , 

consequen t ly , t h e shear s t ress impl ied by e q u a t i o n (11) will be 

s ignif icant ly too smal l . I n d e e d , i t would seem likely t h a t , for 

JVIorelti and K a y s ' run 12 (d i sp layed in F ig . 12), the shea r s t ress 

impl ied by e q u a t i o n ( I I ) would fall to ze ro—or worse, become 

n e g a t i v e — w i t h i n tha t region of the b o u n d a r y layer where e q u a ­

t ion (HI) was used. 

T h e wr i t e r h a s m a d e ex tens ive b o u n d a r y - l a y e r ca lcula t ions of 

s t rong ly acce l e ra t ed flows [20] w i t h the s a m e inne r law as t h e 

a u t h o r s except t ha t the s h e a r s t ress used in the ca lcu la t ion of A 

was t h a t o b t a i n e d from the finite-difference p r o c e d u r e itself. 

W h e n this exact va lue of r is used, the mode l does not give rise t o 

the s u b s t a n t i a l d r o p in S t a n t o n n u m b e r shown by the a u t h o r s in 

F ig . 12. 

Superficial ly, the foregoing finding m i g h t suggest t h a t it is 

p re fe rab le to use the a u t h o r s ' equa t ion (11) r a t h e r t h a n r itself. 

However , to p r e d i c t w i th confidence the complex s t r u c t u r a l 

changes which occur in s t rong ly acce le ra ted b o u n d a r y layer is 

not an easy task . Some progress h a s been m a d e (e.g., references 

[20-22] ) b u t m u c h r ema ins to be d o n e . T o d e v e l o p an a d e q u a t e 

mode l of t u rbu l ence for such flows, it is i m p e r a t i v e t h a t a n y p r e ­

d ic t ions shou ld d i sp lay t h e impl ica t ions of t h e mode l a lone and 

no t those assoc ia ted wi th m a t h e m a t i c a l a p p r o x i m a t i o n . 
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Chang-Keng Liu5 

T h e a u t h o r s a re to be cong ra tu l a t ed in p rov id ing still one more 

predic t ion m e t h o d of the heat t ransfer in t u rbu l en t b o u n d a r y 

layer . T h e usual b o u n d a r y - l a y e r a p p r o x i m a t i o n s and a s s u m p ­

t ions were used and good agreement wi th expe r imen ta l d a t a was 

o b t a i n e d w ' t h q u i t e small c o m p u t a t i o n t ime. T h e s e good resul ts 

were o b t a i n e d even in t h e p ressure -grad ien t case in sp i t e of the 

use of s imple eddy-v i scos i ty fo rmula t ion based on f la t -p la te d a t a . 

One ques t ion from this discusser arises rom the a p p r o x i m a t e d 

formula of the in termi t tent !} ' factor g 'ven in equa t ion (15). In 

Fig . 18, which is reproduced from Fig. I I of reference [23),° 

e q u a t i o n (15) as p lo t t ed in the d o i t e d line a n d a d d e d there in is 

seen to be m u c h lower t h a n the G a u s s i a n d i s t r i bu t i on p lo t t ed 

in t h e solid line. Obvious ly , t h e modified va lue of the e d d y vis­

cosity in the o u t e r region will be too low. 

T h i s br ings up a n o t h e r ques t ion , i.e., the va lue of fc in equa t ion 

(14). By d imens iona l a r g u m e n t s a n d based on test d a t a of pre­

v ious inves t iga to r s , the va lue of k> was e s t i m a t e d by C lause r 

[24] to b e 0.01S bu t b y l i o t t a [25] to be 0.022. Recen t inves t iga­

t ion [26] showed tha t k-, in the s m o o t h wall case is a p p r o x i m a t e l y 

0.024 ± 0.002. T h e v a l u e of 0.0108 used by the a u t h o r s m a d e 

the v a l u e of eddy viscosi ty in the o u t e r l aye r m u c h lower, after 

be ing modified b y the a l ready lower d i s t r ibu t ion of the in-

t e r m i t t e n c y fac tor . 

Howeve r , t h e ag reemen t b e t w e e n the proposed predic t ion 

m e t h o d and most of the expe r imen ta l d a t a is surpr is ingly good 

in t u r b u l e n t b o u n d a r y - l a y e r flows w i t h a n d wi thout l ong i t ud ina l 

1 Numbers in brackets designate Additional References a t end of 
Discussion. 
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DISCUSSION 

B. E. launde(l 
The writer agrees with the authors that it is noW computa­

j ionally feasihle ami economically desirahle to employ finite­
difIerenc:e procedlll'es to predict l1('at transfer rates ill hOlllldary­
la~'er flow,;. 

:\[oreover, becauC'e the partial-elilTerential eqllatiolls ('all, ,,,ilh 
care, he ,olved to a high degree of aecuracy, one can focll~ atten­
t ion OIl t he model of t nrlmlenee whi('h is employed. It tim,; 
,.;eem, ullfOl'tlllmte that, by the ll,e of equation (II), the rmthor,; 
have managed to get mathemalieal approximation entallgled 
wit h phy,;ical hypothe,sis. The point i,; that, having (,ho,en the 
";palding-Patankar version of the van Drie:;t fUlletion, i.e.: 

they then approximate the ~hear ~tres, appearillg ill the foregoing 
eXjJre",ion by 

tip 
T = Tw + - . y 

Ii:!' 

(which i, the author,;' eqllation (I I)). Equation (II) is correct 
only when eonveeti"n is ab,;ent such a,; in fully developed fluw 
het ween parallel planes. In many extel'llal boundary-layer 
flows the consequences of uoing equatioll (II) (rather than the 
pxaet value of T) will not, be important becauoe the exponential 
term in equatioll (to) is negligible outside the wblayer-and 
acroso the suhlayer itself equation (11) is often an adcqllate 

a Department of :'IIechanical Engineering, City anel Guilds College, 
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approximation. In st rollg tU'celerations, however, convective 
term~ are known to he ~llb~talltial even within the region where 
viscou, HtresC'es are important (e.g., Patel and Head [WJ') and, 
con,;equ8ntly, t he shear st·re" implied by equation (11) will he 
significantly too small. Indeed, it would ,;eem likely that, for 
:\Ioretti and Kays' rnll 12 (displayed in Fig. 12), the shear otress 
implied by eqnation (II) would fall to ~ero-or worse, he come 
negative-within that region of the boundary la:,er where equa­
tion (lO) wa,; uHed. 

The writer ha,; made exten,ive bonndary-Iayer calculation,; of 
strongly accelerated flow:; [20J with the same inner law as the 
authors except that the shear stre,s u,;ed in the calculation of A 
wa,; that ohtained from the finite-difference pl'Oeedme itself. 
\Vhen this exact, value of T is used, t he model doe~ not give rise to 
the ~uh~tantial drop ill Stanton nmnher shown hy the author,; in 
Fig. 12. 

Superficially, t he foregoing finding might suggest t hat it io 
preferahle to nse the authors' equatioll (11) rather than T itC'elf. 
However, to prediet with ('onfidence the cOlnplex ~tnl('tural 

changes whi('h occur in strongly accelerated boundary layer i,; 
Hot all easy ta,·de f-;OIllC pl'()gre~s has been Illade (e.g., references 

[20-22J) Imt much remains to be done. To develop an adequate 
model of tmlmlence for such tlow,;, it is imperative that any pre­
dictions should di~play the implication, of the model alone and 
not tho,;e associated with mathematical approximation. 
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Chang-Keng liu" 
The authors are to he (·()Ilgndula.ted in pl'Ovidin,~ still one mol'() 

prediction method of the beat transfer in tmlmlent boundary 
layer. The \l,;ual boundar~'-layel' approximations ami a:;SUIl1p­
tion,; were u~ecl and good agreement with experimcntal data wa . .; 
obtaincd w'th quite small ('omputatioll time. These good rcsult, 
were ohtained even in the pl'essme-gradiellt ('ase in ~pite of the 
nse of ~imJlle eddy-viscosity formulation ba~ecl on flat-plate data. 

One question from thi,; discu,;~er ari,;e,; 'rom the approximated 
formula of the intermitten('y facior g'ven in equation (Li). In 
Fig. II'), which is reproduced from Fig. 11 of referem'e [2:-J],' 
equation (1;i) as plotted in the dotted line nllel added therein i, 
,;een to be lllllCh lower thall the (;uu,;siall distribution plotted 
in the solid lillc. Obviousl.,', the modified value of the e(ld~' vi,;­
(,oHit~, in the onter region will be too low. 

ThiH hrillgs UJl another c[llCstion, i.e., the value of k, in equation 
(14). By dimenO:onal argumcllt,; and based Oll test data of pre­
viou,; inve:,t'gntor,;, the valne of k, wa, eshnated by Clauser 
[24] to be 0.011') hut by Hot tn [2;iJ to be 0.022. Heeent invc,;tiga­
tion [2GJ showcd that k, in the ~mooth wall 8a,;e is approximately 
0.024 ± O.()02. The value of 0.0 HiI') used by the anthors made 
the value of eddy vi,(·()~ity in the outer layer lll11ch lower, after 
beillg lllodified by t he already lower distribut ion of the i n­
tennittency facto!'. 

However, the agreement between the proposed prediction 
method and most of the experimental data is ompl'isingly good 
in tmbulellt boundary-layer flow,; with and without longillldinal 
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Fig.18 Intermittency distribution by the bubble technique 

preSSlll"C gradient. It will be interesting to know what effect 
soltle higher vailles of eddy viscosity and the intel"IniUency factor 
distriblltion in the outer region of the bOllndary layer will have 
Oil the results of the present prediction method, particularly on 
I he disagreement shown in Figs. j 2 and [:3. 
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Authors' Closure 
Comments to Dr. B. E. Launder's Discussion 

With respect to entangling mathematical approximation and 
physical hypothesis, we are not SlU'e what Dr. Launder mean~. 
I It the ob~cnre field of turbulent boundary layers it seems to tlS 
that mathematical approximation and physical hypothesis 
should work hand in hanc\. One is de~perately trying to penetrate 
the problem and any lead not obviously in violation of phy~ical 
kllowledge should receive seriotls consideration. No theory is 
much weaker than Pntndtl'~ original derivation of the log law, 
btlt it works. That is Oul' main defense. Our proof lies not in a 
few test cases btlt in many, a~ reported in this paper as well as in 
reference [3]. 

In interpreting the cOIl~tant 11 appearing in Van Driest's ex­
pression 

( ) 

-'I"~ 

A = 26v ~ . 

for Hows with pressure gradient, we have several possibilities. 
Olle possibility is to use the local value of 7 rather Ulan its wall 
value (as it was first ~tlgge~ted by Spalding and Palankar and 
later adopted by several investigators) and write equation (:~:~) as 

( )

-1/2 

A = 26v ~ (M) 

Allother possibility is to replace the value of 7 appearing in equa­
tion (:34) by the expression given by equation (12) which is ob-
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Fig. 19 Comparison of calculated and experimental results for Back 
and Seban's data [IS). Calculations were made with and without the 
pressure-gradient term in the damping constant 

klilled from the momenttllll eqtlation applicd very dose to the 
wall, namely, 

A = 26v -'" + - ~ (7 rip 1/) -1/2 

p d.r p 

Obviously, equations (34) ami (:3;-») nre not the same. Equalioll 
(:34) is written ill a form that remove~ the singularity at separa­
tion that equatioll (::;;{) has. If it does !lot give good agreemcllt, 
as Oul' expression doe~, thi~ b not because equation (;{4) has 
"physical" hypothesis but bad assumptions! In writing the ex­
pression given by equation (:35), we have assuIllcd that the charac­
teristic velocity which Van Driest assllIned to be the friction 
velocity is affected by a "pressme" velocity which is given hy 

V(dp/clx)(y/p). Calculations, including the pressmc gradient 
term ill the exponential term of Van DriesL's forIllula, ~o far give 
good agreement for a large number of flows. As all example we 
have calculated the accelerating flow measured by Back and 
Heban [18] with and without the pressure-gradient term in the 
clamping constant. Hesults shown in Fig. 1\) indicate the marketl 
effect of the pressure-gradient term. 

,Ve also would like to point out that the approach used to 
modify the damping constant by using the momentum equation 
has abo worked very well for (nrbulent flows with mass lran"fer. 
:-:iee references [27 and 28]. In this ca~e the momentUIll equatioll 
wa,s agai n wri t ten very close to the wallns 
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11,1/ 
r 

rip 

d.e 

which led to a damping const ant given by 

(:Hi) 

A" = 26 {- p" [eXP(lf.SVw +) 
iJ 1V ' 

] } 

-If, 

1 +explll.Svw +) 

where 

p 
dp v 

(/;r plll*)::' 
v + 

w 

Fig. 20 shows om derived deviation of damping constant A + with 
blowing parameter 'V2/c/uw +. The experimental values of it + 

were obtained from the data of :-;impson, et al. [2\l1, amI Kendall 
[:)()], and were reported in reference [:ll] by Bushnell and Beck­
with. The figure abo shows t.he Clll"ve faired to the experi­
mental data used by Bushnell and Beckwith, together with the 
resnlts obtained from equation (:-l7) for zero pressure gradient. 
The skin-frictioll values for e([uation (:H) were ohtained from 
:-;impson's data [2!l] for blowing; and from Tellnekes' data [:12] 
for suction. The agreement. between equat ion (:)7), the experi­
mental data, and the faired curve is very good for blowing 
parameter up to 14. For larger blowing parameters, the ealeu­
lated A + values deviate from the faired eurve used by Bushnell 
ami Beckwith, but seem to agree reasonably well wit h experi­
mental data except for (Jne value. 

Finally, shonld one include the convective terIllS in the damp­
ing constant? This b a good q nest ion and may be wort h st udy­
ing. On the other hand, according to the data of Back [:{:)], the 
cOllvective terms are quite small in comparison with the pressure­
gradient term. If we write the incompressible moment um equa­
tion for t \Yo-dimensional flows in t he form 

au all 1 tip a 
11 - + V - = - - - + - (r/p) 

a.r ay p d.r ay 

it can he shown by (\ired integratioll that equation (:39) can be 
written as 

T «,(<lll/d.r) d i UI 
= 1 - --'-- Ifl + - u 2dlf 

(u*)2' 2(u*)' d.c 0 . 

lid!! + ,- - .,'-. u d i UI 
I (li)2 dljl 

(11*)' d.r 0 2 u* d.r 
(40) 

Taking.l/l as the distance from the wall where .11+ = :301111(lllsing 
I he experimental velocity profile to evaluate the integrals, Back 
fonnd the result corresponding to the terms in equation (40) that 

~+ = ao 
= 1 - 0.17 - O.O()4 + 0.02;i - O.O:H = O.S2 (41) 

ro 

whieh indicates that the last three terms Olt the right side of equa­
I iou (40) are negligibly small, wit.h the oilly significant. term being 
I he one involving the pressure gradieltt.. 

Comments to Dr. Chang-Keng Liu's Discussion 

The intermit tem:y factor we use in the outer eddy viscosity 
formula has very little erfed on the calculated results. For this 
leason, if the outer eddy viscosity becomes a little low, this will 
I,arely affect the results. As a matter of fact, calculations with 
and without equation (Li) give almost identical results. 
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Fig. 20 Comparison of calculated and experimenlal damping conslonts 
for a flat-plate flow with mass Iransfer 

The value of k, in the outer eddy viseo,ity expression varies wit.h 
pressnre gradiellt, although we assume it to be constant and equal 
to O'(116H. A bet tel' expressioll for the outer eddy viscosity 
should be 

Eo aIlJ.r)o*(;r) (42n) 

where 

a = a(:r, rlp/d.r) (42b) 

This is Ilot snrprisillg uecause, as the How approaches separation 
cOllditiolls, t.he outer regioll becomes larger, which means that the 
switchillg poillt between the eddy viscosity formulas, which occnrs 
abou(. 20 percent of the boundary layer for flat-plate How,.:, should 
become smaller. This would mean a higher a, or a variable a. 
The facts of the matter are that the sub.iect constants were 
selected in 1\)6:) and results agree so well with experiment that 
there has been no inclination to ehange them. 
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Condensation of Steam on a Rotating 
Vertical Cylinder 
Heat transfer coefficients have been determined for steam condensing on a 1-in-dia 
vertical tube, rotating on its axis. The condensing heat transfer coefficients increased 
with speed of rotation and for the maximum rotational speed of 2700 rpm investigated, 
were found to be four or five times the stationary value. When the results were plotted 
in terms of the pertinent parameters of Ntisselt number and Weber number, the Nusselt 
number was found to be constant for Weber numbers below 500, and above this the cor­
relating equation was NNU,, = 6.13 Nwo0-406. 

Introduction 

w, I rni THE advent of space-age technology con­
siderable interest has been shown in the effect of accelerations 
other than that of gravity on heat transfer systems. In this paper 
high heat transfer coefficients have been obtained by condensing 
steam on a vertical cyclinder rotating on its axis, and the in­
crease in heat transfer is attributed to the film being thrown off 
due to the centrifugal force acting on it. 

Birt,et al. [ 1 ],'obtained heat transfer coefficients for steam con­
densing on the outside of a vertical 8.48-in-dia rotor. Their 
main interest, however, was in the overall heat transfer from steam 
to cooling water, and the steam side heat transfer coefficients were 
obtained from one thermocouple embedded at an unspecified 
location in the wall. They reported high condensation heat 
transfer coefficients ranging from 3000-9000 Btu/hr ft deg F. 
for centrifugal accelerations up to 70 g's. Yeh [2] carried out 
work on a horizontally rotating cylinder cooled on the inside by 
water and enclosed in a steam chamber. He discovered that the 
flow and heat transfer characteristics of the system went through 
three phases. At low rotational speeds the centrifugal force and 
t he friction force between the shaft and the condensate film tended 
to counteract the force of gravity, causing in some instances carry­
over of the condensate and a reduction in heat: transfer. The 
second phase occurred at higher rotational speeds when the 
liquid was sprayed off the cylinder making the liquid film thinner 
and giving an increase in the heat transfer rate. At high rota­
tional speeds the film became very thin and droplets appeared 

1 Numbers in brackets designate References at end of paper. 
Contributed by the Heat Transfer Division of THE AMEBICAN 

SOCIETY OF MECHANICAL ENGINEERS and presented at the ASME-
AIChE Heat Transfer Conference, Minneapolis, Minn., August 3-6, 
1909. Manuscript received by the Heat Transfer Division, 
Mav 13, 1968; revised manuscript received, April 8, 1969. Paper 
No. 09-HT-36. 

which elongated and eventually became streaks. During this 
last phase the heat transfer rate became progressively smaller. 

Singer and Preckshot ['£] carried out heat transfer measure­
ments on an apparatus similar to Yen's but with some modifica­
tions. An interesting point in their technique was the fact that 
they did not measure the temperature on the rotating shaft, 
thereby obviating any problems which might have been encoun­
tered using slip rings. They measured the overall temperature 
drop between the cooling water and the steam atmosphere by 
means of stationary probes and knowing the heat flux from the 
water flow and temperature rise measurement, they calculated 
the overall heat transfer coefficient. By determining the water 
side heat transfer coefficient using the results of Kno, et al. [4], 
they were then able to estimate the steam side coefficient. They 
also reported the presence of the three regimes described by Yeh 
and gave physical models and theoretical estimates of the heat 
transfer for two of the regions. At high rotational speeds they 
predicted that NS l , = / Nwo0,3, a result of interest to this paper 
which will be referred to in the discussion section. 

Recently, Hoyle and Matthews [f>, 6] investigated the effect of 
diameter size as well as the speed of rotation on the transfer of 
heat from steam to horizontally mounted, water-cooled cylinders. 
The cylinders used in their study were 4, 8, and 10-in. outside 
diameters and provision was made for measuring the cylinder sur­
face temperatures. Based on photographic studies they con­
tended that the condensate layer was in laminar flow throughout. 
When their results were compared with those of Y'eh, and Singer 
and Preckshot they differed in the respect that no decrease in 
heat transfer over the high range of Weber number was obtained. 

In the present, paper steam was condensed on the outside of a 
1-in-dia tube and provision was made for measuring wall temper­
atures at a number of locations on the tube surface. The vertical 
geometry was chosen to make the problem more symmetrical 
in the lower regions of Weber number than is the ease with the 
horizontal tube, and rotational speeds of up to 2700 rpm, cor­
responding to a Weber number of 5000, were investigated. 

-Nomenclature-

d = distance from root of test sec­
tion, ft 

D = external diameter of condenser 
tube, ft 

g = gravitational constant, ft/hr2 

h,„ = mean heat transfer coefficient, 
B tu /hr ft2 deg F 

kA = thermal conductivity' of water at 
atmospheric pressure, Btu /hr 
ft deg F 

NN u 

N N u a 

Nwc 

AT 

thermal conductivity of con­
densate, Btu /hr ft deg F 

length of test section, ft 

M i , hmD0 

N usselt number, 
kf 

Nusselt number, —— 
2kA 

„ . . . P/W2D0
:i 

Weber number, — 
4ag 

temperature difference across 
condensate film, deg F 

To = condenser surface temperature 
degF 

pt = specific weight of condensate, 
lb/ft3 

<r = surface tension, lb/ft 

w = angular velocity, 1/hr 

X = latent heat of vaporization, 
Btu/ lb 

v = kinematic viscosity, ft2/hr 
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Fig. 1 Schematic layout of experimental rig 

Apparatus and Instrumentation 
Since the investigation was primarily experimental in nature 

She important aspects of the apparatus, namely, the steam cham­
ber and the condenser tube will be described in some detail. The 
ancillary equipment such as the steam supply, cooling water 
mixer, etc., will be described more briefly with reference to Fig. 1. 

The steam was supplied by an automatic boiler (A) which had 
a pressure range of 0-12") psig and was led to the steam chamber 
(E), through a flow control valve (C) and a pressure regulating 
valve (D). A condensate trap (B) was installed at the low point 
in the pipework to drain off any condensate in the system. 

The cooling water leaving the three-way mixing valve (F) was 
mixed further by means of bailies in the receiving tank (G). The 
receiving tank also served as the anchoring base for the packing 
housing (K), a bearing (L), and the housing for the cold water 
temperature probe (P). From the receiving tank the cooling-
water entered the condenser tube from which it was ejected 
through three radial holes into the emptying tank (N). The 
temperature of the cooling water at any position inside the con­
denser tube could be measured with the probe (H) which con­
tained a copper constantan thermocouple. 

The position of the steam chamber with respect to the other 
equipment is shown in Fig. 1, and the details of it are shown in 
Big. 2. The chamber consisted of two concentric boxes; each 
box was made in two halves and put together by means of vertical 
flanges with the inner box secured to the outer. Steam entered 
the outer box through the opening in one side and was deflected 
by a baffle so that it diffused evenly through all four sides of the 
inner box. Louvres covering the slots were installed to prevent, 
droplets of condensate from being thrown from the tube and out 
through the slots. Steam that condensed on the walls of the 
outer box was drained through the secondary condensate outlet 
and discarded, and the condensate which formed on the condenser 
tube was collected and weighed at the primary condensate outlet. 

A section of the condenser tube is shown in detail in Fig. 3. 
The aluminium tube was 1-in. OF) X '/<"'"• w a " X 4 ft. long, 
and three grooves Vs in. X Vs in. were milled on the out­
side at 120-deg intervals. At the test section part of the tube, 10 
circumferential slots were ground, perpendicular to each groove, 
approximately Vie in- wide and such that the bottom of the slot 
was the same depth as the groove at the point of intersection. 
Holes 0.40-in. dia were drilled at the end of the slots and emerged 

from the surface a/M in. beyond the slot. Copper-constantan 
thermocouples were then placed in the slots and holes, with the 
junction as close to the surface as possible. The grooves were 
then filled with an aluminium filler and the surface was rubbed 
smooth. When this had hardened, two aluminium disks were 
then fitted to the tube, one at either end of the test section and 
10-in. apart. These disks effectively defined the test section and 
also prevented leakage of condensate into or out of the inner box. 
The disks were insulated from the tube by means of Teflon sleeves 
to minimize errors due to condensation on the disks themselves and 
the tube was then installed in the steam chamber. 

Since the slip ring unit available had only 10 rings, the leads 
from 9 representative thermocouples were attached to it. All the 
copper leads were soldered together and attached to a single lead 
on the ring side of the slip ring unit. The nine constantan leads 
were attached singly to the remaining 9 positions on the unit. 
The outputs from the slip ring assembly and from the other 
stationary thermocouples were measured to an accuracy of 
\fxV using a potentiometer. 

Experimental Procedure 
During assembly of the apparatus, the outside surface of the 

condenser tube was thoroughly cleaned using steel wool, then 
polished using abrasive powder and finally washed with alcohol. 
At the beginning of each experiment the equipment was operated 
under test conditions for some time before readings were taken to 
insure that a steady state existed. The steam pressure at the 
boiler was adjusted so that when the steam was throttled to the 
test conditions of 6.3 lbf/in.2 g it was superheated by 2 deg F. 

The cooling water temperature was measured at a number of 
points along the test section by means of a copper-constantan 
thermocouple inserted in a 0.062o-in-OD X 0.048-in-II) stain­
less-steel tube. This traveling thermocouple arrangement was 
installed in the condenser tube as shown in Fig. 1. 

A small propeller, 1 in. from the thermocouple junction, was 
attached to the stainless-steel tube to insure thorough mixing of 
the cooling water as it passed over the thermocouple. A number 
of vane devices were tried before satisfactory results were ob­
tained with the propeller. 

The cooling water and condensate flow rates were measured by 
collecting the quantities involved. Seventy-six experiments 
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were performed, varying the rotational speed from 0-2700 rpm 
and the cooling water temperature and flow from 45 deg F to 
120 deg F and 3600 Ib/hr to 7200 lb/hr, respectively. 

Results and Discussion 
Condenser surface temperatures for three rotational speeds 

are shown in Fig. 4. In these runs the coolant flow rate and in­
let, temperature were maintained at approximately 3600 lb/hr 
and 43 deg F, respectively. As the speed of rotation increases a 
definite increase in surface temperature occurs which can be 
taken as a good qualitative measure of the change in the con­
densing heat transfer coefficient since the heat load increases only 
slightly over this speed range. 

Originally, it was intended to obtain local as well as overall 
heat transfer coefficients from the apparatus. But although 
Fig. 4 shows a marked increase in the surface temperature with 
speed, the end effects, shown by the falling end temperatures in 
the static case, were thought to be too severe to permit the cal-
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Fig. 5 Variation of condenser 
surface temperature with rota­
tional speed for a coolant flow 
rate of 4800 Ib/hr T0 °F 

230 

710 

190 

170 

150 

150 

no 

90 

70 

50 

30 

1 1 

_ 

.•% •• • 

-

-

1 1 

1 1 1 
\ v_ 

'"f: :~~¥\ 

1 1 1 

I 1 i 1 1 

STEAM 

JL_ 
—*—"—T—1 ' 

cowDEKisee SURFACE 

\ — cooLAUT 

1 1 1 1 1 

1 

I 

1 

1 

] 

1 

1 

_ 
1 . 

-

-

-

-

-

I 
0 200 400 600 800 1000 1200 1400 IfcOO 1800 2000 2200 2400 EbOO 2800 

EPU 

Journal of Heat Transfer FEBRUARY 1 9 7 0 / 147 

Downloaded 04 Jan 2011 to 194.27.225.72. Redistribution subject to ASME license or copyright; see http://www.asme.org/terms/Terms_Use.cfm



250 

2lo 

I90 

170 

150 

150 

no 

90 

70 

5o 

=W 

1 

- j , 

, - • -

-

_ 

_ 

1 

1 1 

; ; ! j : J 

1 1 

1 1 1 1 

V 
^ STEAM 

\^^\ 

-̂*̂ \ * . 
^ — C O K I D E M S E R 

/~C°^T 

I I I ! 

S 

1 1 1 1 

i ^ • 

JRPACE 

1 1 1 1 

1 1 

7 

-

-

-

-

-

-

— 

_ 

1 1 

0 2oo 400 600 800 1.000 I.JOO [.400 i.fcoo 1.800 2.000 2,200 2400 2boo 2,800 
RPM 

Fig. 6 Variation of condenser surface temperature with rotational speed for a coolant-flow rate of 
3600 Ib/hr 

To °P 

230 

210 

190 

170 

150 

130 i 

110 

90 -

70 

50 

30 

-CONOEWSEE SUBPACE. 

COOLANT 

I J L _L I 
0 200 4O0 600 800 1000 1200 1400 1S00 1800 2000 2200 2400 2600 2800 

BPM. 

Fig. 7 Variation of condenser surface temperature with rotational speed for a coolant 
flow rate of 7200 Ib /hr 

dilation of meaningful local coefficients. However, over the 
major part of the condenser surface, the surface temperature was 
consistent and the heat transfer coefficient and Nusselt number 
were based on the average surface temperature. 

All the data are shown in Figs. 5-7, where each diagram repre­
sents one series of tests in which the cooling water inlet conditions 
were maintained essentially constant. The steam and coolant 
inlet temperatures are also shown. The exact flow rates, sur­
face, and cooling water temperatures were reported in the work 
by Gacesa [7]. 

As in the discussion of the previous figure the increase in surface 
temperature with increasing rotational speed can only be used as 
a qualitative indication of the condensing heat transfer coeffi­
cient, since the cooling water outlet temperature changes slightly 
with increasing rotational speed. The shape of the curve drawn 
through the average temperature of the groups of points is seen 

to be essentially the same in all cases. Initially the temperature 
falls very slightly until some critical speed is reached where the 
temperature rises quite markedly, especially in Fig. 7, where the 
cooling water inlet temperature is lowest. This critical speed is 
dependent on the surface tension forces holding the film to the 
wall and the centrifugal forces which cause its detachment from 
the wall. 

The basic data in the form of mean heat transfer coefficients 
against speed of rotation are shown in Figs. 8-10. Here t he-
true magnitude of the increase in heat transfer with speed is 
shown and all three figures show significant increases in heat 
transfer coefficient, after an initial region at low speeds where 
h,n is affected only slightly. 

Finally, the results were plotted as in Figs. 11 and 12 where in 
each case a Nusselt number has been plotted against the Weber 
number, which characterizes the effects of the surface tension and 
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centrifugal forces on the film. In Fig. 11, the influence of AT 
has been allowed for by dividing the Nusselt number by 
fqIJp\ \l/i 

I —-— 1 . This enables the stationary and low Weber 
\vkAT ) 
number results to be compared with the theoretical value for 
condensation on a vertical cylinder. The Nusselt number is 
based on the diameter, this being the important dimension for 
condensation at high rotational speeds and the stationary value 

' ' aUpW ~~l/i 
J * ' calculated from Nusselt's theory is 0.0943. of Nu 
vkAT 

I t can be seen that the best line through the low Weber 
number points lies slightly below 0.0943 and this can be attrib­
uted to the heat loss along the tube at the ends of the test sec­
tion, which can be calculated as 4-5 percent of the total heat 
transferred in the section. Above a Weber number of about 
250 the relationship is 

\AAT ) = ° - 0 0 9 2 3 N W 

For the high-speed runs the inclusion of the I term 

The correlation coefficient for this set of results is 0.886. 

' \vkAT , 
did not affect the correlation to any significant extent and 
the results were recalculated with the Nusselt number based on 
D/2 so that they could be compared with those of other workers. 
The relationship for high Weber numbers in Fig. 12 is 

NNua = 0.13 Nwe0-496 

with a correlation coefficient of 0.87. Comparison of these re­
sults with those of other workers is shown in Fig. 13. The 
curves of Yeh, and Singer and Preckshot represent data for 1-in. 
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cylinders, and that of Hoyle and Matthews for a 4-in. cylinder. 
Initially, at low values of Weber number the present results 
predict lower Nusselt numbers than the others, as might be 
expected from a comparison of condensation on stationary hori­
zontal and vertical cylinders: Garrett and Wighton [8] and 
Hassan and Jakob [9] report values of hm to be almost twice as 
high for horizontal tubes as for vertical tubes. For high Weber 
numbers the trend is seen to be in agreement with the results of 
Hoyle and Matthews and the correlation equation for Weber 
numbers greater than 500 is 

N i 6.13 N w e U ! 

The converging curves for the horizontal and vertical geo­
metries at high Weber numbers would seem reasonable since the 
centrifugal forces would dominate in this range and the effect of 
gravity on the film would become of decreasing importance. 

I t is also interesting to note that the power of the Weber num­
ber is almost the value of 0.5 predicted by Singer and Preckshot 

for this region. For high rotational speeds they proposed a model 
in which the surface was covered with hemispherical drops, 
which formed the controlling heat transfer resistance, and showed 
that the N N u <* Nwe

05. That they were unable to demonstrate 
this behavior at high speeds with their own apparatus, might 
possibly be due, as they suggested, to starving the surface of 
fresh vapor or to some inherent difficulty in their experimental 
technique. In this respect it is noticeable that the results based 
on actual temperature measurements (Hoyle and Matthews, and 
the author's) show the expected trend, while those of Singer and 
Preckshot, dependent on the results of Kuo, et al., for the calcula­
tion of the heat transfer coefficients, show a decreasing character­
istic. 
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h,AT = k 
dx 

= Q (heat transferred) at any instant. 
where 

It* Q is negligibly different from one speed to another, as is men­
tioned in the body of the paper, then the temperature gradient in 
the solid 

dTo 

dx 

To — Tmt 

dx 

should be nearly the same for different speeds. Te„„ia„t and wall 
thickness being constant, To, the surface temperature would be 
the same for all speeds. How could this discrepancy be ac­
counted? 

Fig. 1 is a combined graph, obtained by the superposition of 
Figs. 0, 7, 9, and 10 of the paper. AT, the difference between 
steam temperature and surface temperature, is indicated by AB 
for a coolant flow rate of 3000 lb/hr, while it is AC for a coolant 
flow rate of 7200 lb/hr. I t is seen that (he values of hm are al­
most the same for the two coolant flow rates at all speeds. At 
any speed, the heat flux Q is given by DE X AB in the case of 
3600 lb/hr case and DE X AC in the case of 7200 lb/hr case. 
In other words, the ratio of heat fluxes would be in the ratio of 
AT, i.e., 

AC __ (heat flux at 7200 lb/hr) 

AB ~ (heat flux at 3600 lb/hr) 

This shows that heat flux in the case of 7200 lb/hr is about 30 
to 35 percent more than the value of heat flux in the case of 
3600 lb/hr, and is significantly different. If the heat fluxes were 
not significantly different, then the surface temperature would be 
the same. A heat flux versus speed plot would give a better 
picture. 

As the condensate film forms and is torn off at a certain thick­
ness, the process becomes an unsteady and a nearly cyclic process, 
and as such the accurate measurement of T0 would be difficult. 
The main question would be, can one use (lie steady-state concept 
of h„, in an unsteady case such as this? 

G. B. Wallis3 

Condensation on a cylinder rotating at high speed, so that the 
centrifugal effects dominate gravity, should be dynamically 
similar to both condensation on a flat surface facing downward 
and film boiling on a flat surface facing upward. For the latter 
problem, Berenson4 found that 

h = 0.425 V ' V P / ~ p») 

nA'r V. (l(P.r - P„)_ 

(1) 

If we replace the vapor transport properties by those of the 
liquid, replace g by the centrifugal acceleration uPD/2, and 
neglect the vapor density compared with the liquid density, some 
rearrangement allows equation (1) to be written as 

v . / n \ « A 
(2Nwc)3/l Nu = 

hD 
0.425 

\L3gp 

k fix AT 

X 
/gpD'' ->A 

(2) 

3 Associate Professor of Engineering, Thayer School of Engineering, 
Dartmouth College, Hanover, N. H. Assoc. Mem. ASME. 

1 Berenson, P. J., "Film-Boiling Heat Transfer From a Horizontal 
Surface," JOURNAL OP HEAT TRANSFER, TRANS. ASME, Vol. 83, 
Series G, No. 3, Aug. 1901, pp. 351-358. 

Nwe 
pg'D* 

(31 

is the Weber number used by the authors. (The symbol g in 
their expression is really a unit conversion constant go.) 

For the authors' experiments we have L/D = 48, gpW/a = 10(i 
and equation (2) becomes 

Ni 

XIJgp\l/* 

kfiAT/ 

= 0.0094 Nw/'-: 

This is almost indistinguishable from the authors' correlation 
in Fig. 11. Since equations (1) and (2) are theoretical, being 
based on analysis of the flow dynamics, we can use them with 
confidence under conditions which differ from those in the authors' 
experiments. Equation (4) merely confirms the general equa­
tion for a particular set of conditions and should not be used for 
other fluids or for water at other pressures. I suspect that the 
same applies to the correlation shown in Fig. 12. 

Authors' Closure 
The criticism of B. T. Nijaguna is based primarily on his state­

ment that "Q is negligibly different from one speed to another, as 
is mentioned somewhere in the body of the paper." What is ac­
tually written at the beginning of the Results and Discussion 
Section is; "the heat load increases only slightly over this speed 
range." Three paragraphs later it is mentioned that the cooling 
water outlet temperature varies slightly with rotational speed. 
The anomaly posed by the critic is therefore self made, since Q 
does and must vary, and in the case of Fig. 4 the variation is about 
30 percent. Furthermore, the reason for choosing the AT values 
to illustrate the results is evident when it is realized that in Fig. 4 
AT varies by 300 percent while, as already mentioned, Q varies by 
30 percent. The heat transfer coefficient h will be affected to a 
much greater extent by the AT variation and so the plots of T 
versus rpm are more representative of the trend of h than plots of 
Q versus rpm. 

The use of the accepted heat transfer coefficients for this system 
seems reasonable since a dynamic equilibrium would exist and time 
average surface temperatures would be recorded. Perhaps on a 
microscopic scale some variation in surface temperature might be 
noticed, but in this case the thermal capacity of the tube wall pre­
vented the observation of any such variation. 

The comments of G. B. Wallis on the dynamic similarity be­
tween the rotating system and film boiling are valid and one would 
expect, that such an analysis would produce similar dimensionless 
groups. However, the L/D ratio for the experiments was not 48 
but 10, and so the constant in the new expression would be con­
siderably different from 0.0094, thus easting doubt on whether 
Berenson's correlation can be used in its entirety in this case. 
Considering the different mechanisms involved in the boiling and 
condensing processes, it is not surprising that the constant is 
different even though the remainder of the correlation gives 
similar dimensionless groups on rearrangement. 

Moreover, the correlation given in the paper is for the higher m 
would seem to be ol doubtful physical significance under these 
circumstances. 

values of Ar„„ onlv and the term in equation (2) 

152 / F E B R U A R Y 1 9 7 0 Transactions of the ASME 

Downloaded 04 Jan 2011 to 194.27.225.72. Redistribution subject to ASME license or copyright; see http://www.asme.org/terms/Terms_Use.cfm



W. J. FREA 
Associate Professor, 

Mechanical Engineering Department, 
Michigan Technological University, 

Houghton, Mich. 

J. H. HAMELINK 
Assistant Professor, 

Western Michigan University, 
Kalamazoo, Mich. 

Heat Transfer From t i e Wall of a Porous 
Solid involving Gas Injection and Vaporization 
An experimental study was made of heat transfer with gas injection through a porous 
wall into a pool of liquid, including vaporization effects. Air bubbling from the surface 
of a graphite cylinder into water at atmospheric pressure was used. It was possible 
to determine limits on energy transfer due to convection and. to latent heat transport. 
It was found that under some conditions it was possible to operate the system with the 
surface rejecting heal while at temperatures less than that of the bulk pool liquid. 

Introduction 

I KEVIOUS heat transfer investigations of the effects 
of gas bubbling from a surface into a liquid have focused largely 
on conditions where vaporization of the liquid was minimal. 
The object in some cases was to study convective mixing pro­
duced by the bubbles in the absence of vaporization effects and 
relate the results to nucleate boiling. However, in boiling, heat 
transfer is influenced both by bubble-induced convection and by 
latent heat transport. In the work reported on in this paper, 
gas-injection rates, liquid temperatures, and heat fluxes were 
varied such that liquid vaporization was a significant factor in 
the heat transfer process. The tests were conducted primarily 
to obtain more information on the capability of vaporization with 
bubbling to promote heat transfer. 

Background 
Studies with gas injection producing evaporative cooling have 

been made by Larsen, et al. [I] ,1 and Schmidt [2]. The cooling 
effect on the bulk liquid for cryogenic liquids, produced by the 
injection of a noncondensible gas, was investigated analytically 
and experimentally. Heat transfer rates considered were much 
lower than those of the present study. 

Sims, Akturk, and Evans-Lutterodt [3] correlated earlier air 
bubbling results of Close, et al. [13], as did Kudirka, Grosh, and 
McFadden [4] for their own data, considering convection only 
and using Kutaleladze's [5] pool-boiling relationship. Good 

1 Numbers in brackets designate References at, end of paper. 
Contributed by the Heat Transfer Division of THE AMERICAN 

SOCIETY OF MECHANICAL ENGINEERS and presented at the 10th 
National Heat Transfer Conference, Philadelphia, Pa., August 11-14, 
1968. Manuscript received by the Heat Transfer Division, February 
29, 1968; revised manuscript received, February 19, 1969; final 
revised manuscript received, June 23, 1969. Paper No. 68-HT-46. 

agreement was found for some test conditions, but not at the 
high and low ends of the Reynolds number ranges considered. 
Based on visual comparison of bubble geometries, gas injection 
appeared to closely simulate boiling. 

In a recent investigation, Bard and Leonard [6] studied varia­
tions in the convective heat transfer coefficient produced by air 
bubbling through an orifice into a pool of hexane. It was pro­
posed that during the bubble detachment phase the convective 
heat transfer coefficient reaches a very high value due to the 
liquid being drawn suddenly toward the orifice. Relating this 
mechanism to boiling, they concluded that correlations based on 
only bubble growth or rising phases alone might not be reliable. 

Mixon, Chon, and Beatty [7] produced bubbles electrolytically 
and found that electrolytic bubbles, although much smaller than 
the usual boiling bubbles, are more effective for the enhancement 
of heat transfer than are surface boiling bubbles on a per unit 
bubble volume basis. In their work and in the later work of 
Bhand, Patgaonkar, and Gogate [8], effects on the heat transfer 
coefficient, on bubble size, and on number of bubbles, attributable 
to vaporization into the bubbles were noted. 

In pool boiling from a nickel wire, Rallis and Jawurek [9] ob­
tained measurements from which it was indicated that at high 
heat fluxes latent heat transport by vapor formation near the 
heating surface may represent the major portion of the total heat 
flux. Graham and Hendricks [10] concluded that for nucleate 
pool-boiling heat fluxes greater than 20 percent of the critical, 
vaporization becomes the chief contributor. The ability of an 
evaporating microlayer of liquid to produce high local heat fluxes 
and at the same time reduce the heat transfer surface tempera­
ture has been investigated analytically by Dzakowic and Frost 
[11]. 

Experimental Apparatus and Instrumentation 
Arrangement of the apparatus used in these experiments is 

-Nomenclature-

cp = average specific heat at constant 
pressure, Btu/lb,„ deg F 

<7 = acceleration due to gravity, ft/hr2 

</o = conversion factor, 4.17 X 108 ft 
lb^/lb/hr2 

h = heat transfer coefficient, Btu/hr ft2 

deg F 
i = enthalpy, Btu/lb,„ 
k = thermal conductivity, Btu/hr ft 

d e g F 
Kcl = mass transfer coefficient lb,„-mole/ 

hr lb / 

m = mass flux referred to heater surface 

area, lb,„/hrft2 

M = molecular weight, lb,„/lb,„-mole 

P = partial pressure, Iby/ft2 

PT = total pressure, lby/ft2 

q = heat flux referred to heater surface 

area, Btu /hr ft2 

(jj = heat flux due to joulian heating, 
Btu /hr ft2 

It = gas constant, ft lby/lb,,, deg It 

T = temperature, deg It 

V = volume flux referred to heater sur­
face area, ft3/hr ft2 

H = viscosity, lb,„/fthr 

p = density, lb,„/ft:i 

<x = surface tension for gas-liquid inter­
face, lb, /f t 

Subscripts 

c = 
0 = 

H = 
i = 
I = 

L = 
M = 

0 = 
P = 
S = 

vb = 

V = 

convection 
injected gas 
heater surface 
into control volume 
interface between liquid and 

ture 
liquid 
mixture of gas and vapor 
out of control volume 
pool 
refers to saturation temper 

at vapor partial pressure 
refers to upperbound vaporiz 

heat flux 
vapor, or vaporization 

mix-

it ure 

ation 
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10 determille limits 011 tIlergy trall4er due 10 col11 leetion and 10 latellt heal Inll/sport. 
It was found Ihat IIllrier some COllilitioliSit was possible 10 operale the system. with the 
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Introduction 
P m,V[{)lJH heat I mn~fer inve~tigati()ns of the elTeds 

of gas bubbling from n slll'faee into a liquid have foeused largely 
on conditi()n~ where vnporization of the liquid was minimal. 
The object in some case~ was to study convective mixing pro­
duced by the bubbles in the ab~ence of vaporization effects and 
relate t.he result~ to Ilucleate boiling. However, in boiling, heat 
I ran~fer is influeneed both by bubble-induced convection and by 
latent heat transport. In the work reported on in thi~ paper, 
ga,;-injection rates, liquid ternperatlll'e~, ane! heat fluxes were 
"'lried such that liquid vaporizatioll was a significant factor in 
I he hent. transfer pl'Oee~s. The tests were conducted primnrily 
to) obtain lllore illformation on the capahility of vaporiwt ion with 
Imhhling to promote heat transfer. 

Background 
Studies with gas injection producing evnpomtive cooling have 

heenlllade by Lan;en, et a!. [1],' and t-lchmidt [2]. The cooling 
• {fect. on the bulk liquid for cryogenic liquids, produced by the 
illjection of a lion condensible gas, \Ya~ investigated analytically 
and experiment.all~'. I-leal. transfer rates considered \\'ere llluch 
lower than those of the present ~t ud~·. 

Sims, Aktlll'k, and Evan~-LuUerodt [3) correlated earlicr air 
bllbbling result~ of Uosc, et al. [1:3], as did Kuclirka, Gro~h, ane! 
:lleFadden [4] for their own data, considering convection only 
and using Kutateladze'~ [il] pool-hoiling relationship. Good 

1 Numbers in hrackets designate Hefercnces at end of paper. 
Contributed by the Heat Transfer Division of TfIIC A"ICmcAN 

;';ocmTY 01' lVIICCHANICAL ENGINICEHS and presented at the lOth 
:\ational Heat Transfer Conference, Philadelphia, Pa., August 11-14, 
t !J58. lVlanuscript received by the Heat Tmnsfer Division, Febmary 
"D, 1958; revised manuscript reeeived, February HJ, 19(i(J; final 
,,·visedmanuscript recei\'ed, June 23, 1959. Paper ~o. 58-HT-45. 

agreement was fOllnd for some test conditions, but not at. the 
high ami low ends of the HeYllolds number range, considered. 
Ba~ed Oil visual cOlllparisoll of bubble geometries. ga,; injection 
appeared to dosely simulate boiling. 

In a recent inve~tigation, Bard ami Leonard [0] ~t udied varia­
t.ions in the convective heat. transfer coefficiellt produced by ail' 
bubbling through an orifice into a pool of hexane. It wa,.; pro­
posed that during the buhble detachmcnt pha,;e t.he convective 
heat transfer coefficient reaches a very high value due to t.he 
liquid being drawn suddenly IowaI'd the orifice. Helating this 
mechani~m t.o boiling, they concluded that cOl'l'eIations based on 
only bubble growth or rising pha~es alone might not be reliable. 

j\IIixon, Chon, and Beatty [71 produced bubble~ electrolytically 
and found that eleeil'olyt.ic bubbles, although milch smaller than 
the usual boiling bubbles, are more effective for the enhancement 
of heat tranflfer than nre surface boiling Imbble~ on a pel' unit 
bubble volume basi,;. In their work and in the later work of 
Bhand, Palgaonkar, and Gogale [8], effects on the heat tran~fer 
coefficient, Oil bubble size, and on number of Imbble,;, at lributable 
to vaporization into the bubble~ were noted . 

In pool boiling from a nickel wire, Balli,; and JawlIl'ck [HI ob­
tained mea~lIl'ement~ from which it was indicated Owl, at high 
heat. fluxe~ latent heat. tran~port by vapor format.ion near the 
heating slll'face lIlay represent the major portion of the total heat 
flux. Graham and Hendricks [10] conduded that fll!' nucleate 
pool-boiling hent fluxes greater than 20 percent of the critical, 
vaporization becomes the chief contributor. The ability of an 
evaporating microiayer of liquid to produce high local heat fluxes 
and at the same time reduce the heat tran~fer surface tempera­
I \ll'e has been investigated analytically by Dzakmyic ami Frost 
[11]. 

Experimental Apparatus and Instrumentation 
Arrangement of t.he apparatufl llsed in t.hese experiments IS 

---Nomenclature----------------........ ------....... --....... 
"I' average specific heat at constant. 

pressure, Btu/lb", deg F 
fI acceleration due to gravity, ft/hr' 

[/0 conver~ion factor, 4.17 X U)8 ft 
Ih",/Ihfhr' 

h heat transfer coetTicicnt, Btu/hI' f(2 
deg F 

I enthalpy, Btu/lb", 

k thermal conductivity, Btu/hI' ft. 
deg F 

fIr; mass tnlllder cocflicicnt Ibm-mole/ 
hrlb f 

II! mass flux referred to heater surface 
area, Ib",/hr ft.2 

.\/ = molecular weight, Ib"jlb",-lllole 
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H 

v 

f.1. 

P 

partial pressure, Ib rift." 
tot al pre~~\ll'e, III rift 2 

heal flux referred to heater surface 
area, Btu/hI' ft2 

heat flux clue 10 joulian heat ing, 
Btu/hI' fV 

gas con~tant, ft Ibf/lb", deg H 

temperatme, deg R 
volume flux refel'l'ed to heater sur-

face area, ft "/hr ft.' 

viscosity, Ibm/It. hI' 

(lensity,lb",/ft" 

~lIl'face tension for gas-liquid inler­
face, Ih ;1ft 

Subscripts 

c eonvedion 
fI injected gas 

H heater surface 
into contl'Ol volume 

I interface between liquid ami nllX­
ture 

L liquid 
ill mixt ure of ga~ alld vapor 
o out of eontr!)1 volume 
P pool 
S refer~ to ,;aluration temperature 

at vapor partial prc.SSlll'e 
vb refer,; to upperbuund vaporization 

heat flux 
V vapor, 01' vaporization 
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D.C. ELECTRICAL LEADS 

LIQUID SURFACE 

GLASS TANK 
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__ INJECTION 
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POROUS TEST 
SECTION 

BAKELITE CAP 

Fig. 1 Apparatus used in the experiments 

Hhown in Fig. 1. The POl'OUH test sec(,ion was a hollow cylinder 
with its axiH horizontal and it was healed by passing electric 
cml'ent through it. A glass lank 8 in. X 8 in. X 14 in. deep, 
heated by an ~Iectric hot plate and open to the atmosphere was 
Hoed to contain the pool liquid. 

The test section was a O.379-in. OD normally porous graphite 
cylinder, having a wall thickness of 0.033 in. Pore diameter 
ranges from O.OOi-O.OO)) in. and porosity is about 50 percent with 
t,his material. The act ive length of the graphite test section was 
1.l in., and the overall length of the 0.379-in-dia portion was 2 in. 
Ail' WHS supplied to the inside of the test cylinder; flow nde of the 
ail' was found from t he pressure drop across a calibrated restric­
tion in the ail' supply line. :Measurement accmacy of the air 
nutss flow rate here is esLimated as ±5 percent. 

Test section temperature was measured by 1l1Ounting a c1uo­
mel-alumel therlllocouple in t he graphite cylinder wall as ~hown 
in Fig. 2. The thermocouple being mounted in this way pro­
duced a ~ll1all region of t he cylinder wall where no heat wa~ g,en­
emt.ed. Allal\"~is of the thermocouple region of the cylinder wall 
was made bv ~l\lmerical solution to the conductioll heat transfer 
equation. it wa~ cO!l(:lnded that the thermoco\lple should read 
the wall temperatme correctly within less than ±2 deg F under 
the conditions of the;;e test.s. At low values of 'I'll - 1'1' the 
possible error is reduced 10 an estimated ±O.4 deg F, dictated by 
lhe precision of the sl rip chart recorder that was used. 

Using the bakelite cap shown ill Figs. 1 and 2 produced ap­
proximately :30 percent reduc(.ion in cross-sectional area for elec­
tric-current flow and hence a greater beat-generation rate existed 
over t.he active lengt II compared to the rest of the O.379-in-dia 
portion. Therefore some heat, conduction in directions along the 
test section axis was pre;;ent. Calculation of a conservative esti­
mate for the temperature decrease at the center of the active 
length (the thermocouple junction location) due to axial heat 
conduet ion showed it to be alway~ less than 1 deg F for the teots 
reported 011 here. 

An upper limit Oil the tempemtme drop through the graphite 
cylinder wall was computed and it. was found that t.he maximum 
possible temperatme drop from inner to outer wall was less than 
2 deg Ii' over the range of heat generatioll amI air-injeetioll rates 
studied. Therefore, the graphite cylinder was treated as having 
a uniform temperature through it" wall. 

1)001 temperaLme was measnrecl by a thermocouple locat,ed in 
the liquid, IJi in. from the test section ~ttrface and at the same 
elevat.ion as the test section. 

J\[easurement of the cl-c heating voltage drop along the active 
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004" DIAMETER 
THERMOCOUPLE WIRE 

IO:=:==~~~~rl 
.379" 

L ~~rT7J'TT71\ii'r~rl 

BAKELITE CAP 

SIDE VIEW OF TEST CYLINDER (IN SECTION) 

,004" DIAMETER 

THERMOCOUPLE WIRE 
--..,-",...- MOUNTED IN EPOXY 

,033" 

BAKELITE CAP 

SECTIONED VIEW OF TEST CYLINDER NORMAL 

TO ITS AXIS 

Fig. 2 Thermocouple arrangement for measuring wall temperature 

length of t,he test section was obtained by two voltage taps, and 
CUlTent wns measured by the voltage drop across a cnlibra\c,1 
shunt. Calibrated voltmeters were used; t,he overall measur('­
ment. :lceumey of t.he heat-generation rate is estimated as "<i 
percent. 

Experi mental Procedure 
A test was begun with the pool liquid at room temperature. 

The external pool heater was then turned OIl and readings of pool 
temperature Ilnd t.empeml ure difference between test section Ilnd 
pool were recorded as the pool slowly increased in temperature. 
Dat.a at, various heat generation and airflow rate settings were 
taken until the pool reached its maximum at.tainable tempera­
tUI'e, several degrees below saturatiou. The time interval at 
each heat generat ion lind airfiow rate setting was minimum of ;-) 
min. Over 11 typical ii-min interval t.he pool temperat.ure ro,"c 
about 4 deg F. 

It would be anticipated, due to the high degree of agitation 
produced by bubbling, that the pool tcmpemt,ul'e would be rela­
tively uniform throughout at any instant CUixon, Chon, and 
BeltUy [5] fO\\Hd that, when bubbles were being rapidly genemtp,l 
on 010 hea ting snrface, no significant etreet,s were prod need by 
supplemental stirring of the pool liquid), and this factor wOlild 
reduce the tmn;;ient. a;;pect of the test" comluc1ed with varyill).( 
pool temperatul'e. To a;;cerlain the presence of any transient. 
effects, individual te,-,;to were conducted at steady pool tempel':l­
ture. Comparison with the results obtained under varying pool 
temperatnre showed no appreeiable difference. Thu.' the result:. 
given here shonl<l closely represent val lies that wOllld be obtained 
uncler steady pool temperntllre tests. 

Experimental Results 
In Fig. 3 is shown it plot of the (7'1l 7'1') versus 1'1' at sevpml 

heat genera! ion and airfiow mte;;. The points are specifie 
values taken from cont inllous st rip chart recordiugs. Some of \ h,! 
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Fig. 3 Effect of pool temperature on heat transfer surface temperature 
difference with gas injection 

l",inls have been numbered so tlmt theil" locatioll Oil su("(,eedillg 
j11"t~ may be easily determined. 

It is seen that the test seetion temperatme is les~ than the pool 
I('(nperatul"e ill ~ollle instances. Under condit.iOlls where (1'1/ 
- Tp) is negative, the efl'eel of eOllveetive heal tmnsfer must be 
III add heat f}'(J1ll the poolliquicl to the test ~ection. As ealcula­
\ i, >IlS in later sect ions of t his paper will show, under these negative 
1('lI1perature difference conditions the heat generated ill the test 
.-">'lion alld the heat added froIll the pool b~- cOllveelion are able 
III be transferred away from the test section essentiall~' only by 
vaporization of liquid. 

Analysis of Results 
A control volume i~ shown in Fig. 4 fm which conservation of 

lliass and of energy on a time average basis gives 

hi!letic and potential energies are neglected and Ilolle of the 
vapor produced by evaporation io considered to reenter t.he eon­
II',,] volume. Equation (1) will be rewritten a~ 

(2) 

:-leasul'ementK of t,he inlet gas tell1peratme within the test 
-('('Iion showed that it is appl'Oximately equal to the pool tem­
]H'ratme. It will be assumed here that t.he injected gas is ideal 
alld that. it enters the control volume at, the pool temperature 
alld leaves at the vapor outlet temperature so 

The injected gas illitially contained negligible vapor, however, 
:\lty initial vapor present can be treated a~ an integral com­
ponent of the illjected gas by using all appropriate value for 
'I'ccific hea t. 

By treating the injeeted gas as ideal, q,. and '1'1' CtHl be related 
ns follows. For the gas vapor mixture leaving the heating sur­
{ace 

(4) 

The vaporizatioll heat fiux is 

(;j) 
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i\Laking use of the relations 

l'T = P \" + Po and 

along with (,1) and (il) gives 

qv 
--~--~ 

(ivaiLO) 

v u 

I/l.gR/l'vPv 

(P1' - Pv) 

(tj) 

(7) 

The resistance to heat transfer by vaporization (l/hv) is 
visualized as that due to heat conductioll aeros,s a vaporizillg' 
liquid layer attached to the heating surface and having HOme time 
average thickne~s and heater surface area fraction. Tempera­
ture at the smfaee of thi~ hypothetical layer should not. be ml}('h 
higher I,han the saturation temperature corresponding to J\ in 
the mixtme, as will be disenssed in what follows. The definition 
of t he relationship for vaporizat ion heat flux that will be used 
here i~ 

IS) 

There will he a resistance to vaporization of li(lI!id int.o the ),(as 
vapor mixture; this resistance to mass tran~fer will lie only in the 
mixture, the liquid being a pme phase. The mass transfer ra 1 e 
in turbulent flow for constant tempemt.me through it stationary 
gas eall be \vl'it,ten as 

(0) 

The telllperat,me at an interface between I,he liquid and Ute mix­
ture will be nearly equal to the ~alumtion temperature of ehe 
liquid at PI if thermodynamie eCluilibrium is nearly sat.isfied 
t.here. However, the vahle of PI is unknown; assuming PI equals 
PI' is the same as a~suming an infinite Kc;. Intensive convC'c­
tive mixing must occur between the injected ),(as and the vapor 
and Ka would he expected to be relatively large. If Kr; is a.'­
sumed infinite, the tempemture at a liquid-mixture intcrfnee \I·ill 
nearly equal the saturation temperature at PI"' 

It i~ seen that Ka could affect hI', ~in('e Kc; being less than i!l­
finity will tend to increase 1'/> thus deereasing conduction t.hrough 
the liquid layer amI giving a lower hI" at a partieuiar ('I'll - 1',,). 

An upperbound on the vaporization heat fiux at any tesl 
condition (other t.hanlll" 0) can he ('olllputed with equation (7) 

for given TIl, III", and P'j' hy assuming saturated vapor in t·he mix­
ture and t,hat (1' H - 1'8) = O. Snt nration values for in, i 1.1), 

PI"' and PI' in (7) can be employed. The use of these assump­
tions implies that hI' and K" are infinite. 

At given qj ane! lit", the terms ill equation (2) will all have 
particular time avemge values for a particular T/" If T/, is in­
creased, l' f[ will increase in order 10 ~at isfy the rcquirelllent of 
constant If}. However, with P'j' constant t.he upperboulld va­
poriwtion heat flux inereases with increased Tf[ (beeause I'T -
P v in equation (7) decreases) and thns Ihe cOllvection fiux needed 
to satisfy equation (2) is reduced. Hence less telllpemtme dif­
ference bet ween heater and pool is required as pool temperatlu'c 
increases. Even negative temperature difl'erences can oceur as 
shown in Fig. :3, indicating that the vaporization heat flux is 
greater than If; and t.hat t.he convective fiux must be directed 
toward the test section. 

It should be emphasized that the tme vaporization heat flux 
is always les.s (,JUlil the upperbound va]lorization heat, flux, since 
h1' and [\0 are not infinite. 

Convection Coefficient 
Under test Gonclitions where q1' and (I y are relat,ively small, the 

convective heat. flux can be accurately eompnterlusing e([lUlt iOlls 
(2), (:3), and (7). With a definition of the conveetion coeffieil'IJt. 
taken as 

q,. (LO) 
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Fig. 6 Convection coeffIcient variation with parameters used in Rohse­
now's method 

t he convection coefficient i~ plotter! versu" the Reynolds' number 
of the mixture volume flow rate in Fig. 5. Here it was a~'mmed 
(TlI - '1'8) = 0, w only data poinh from Fig. 3 were used for 
which the upperboulld on qv by equation (7) was leos than 15 
percent qj and therefore error in computing qv would not seriouslv 
elfeet the value obtained for he' The ealculation of g with equ;­
t ion (:3) for these same points lihowed it to be alway: leos than 1 
)J(,reent qj RO that energy absorbed by the change in enthalpv of 
the injeeled gas is very small. ., 

The points plotted in Fig. ') are abo plotted in terms of the di­
mensionless parallleter~ amI exponentli of Rohsenow's [12] corre­
lation ill Fig. G. Fluid properties were evaluated at the heater 
.-llrface temperat ure. 

Similar to what has been found previously wit h electrolytically 
produced gas bubbles (7, 8), h, at a given He is seen in Fig. 5 to 
he greater at. higher heat Huxes or more fundmnentally, with the 
lugher ('1'JI - 1'1') valnes that accompany the highel' heat fluxes. 
Effect of (7'[[ - '1'1') is not evident in Fig. 6. However, an effect 
due to 7'1' with this correlation Illay be indicated since the two 
points in Fig. 6 having the lowest. ordinates have the highest pool 
tl'mperaLure", approximately 14.3 deg F; the rest of the points arc 
a 1 pool temperat mes ranging fmm 110 cleg F down to 72 cleg F. 

2 Reynolds number = 
PJ[ V [ (Jo<1' JO.5 

}J.L g(p!, - Pel!) 

156 FEBRUARY 1970 

10,000r,-,--,li--rrr---,----,--.,..-r--T"'T-n-,-----.. 

1,000 

0.1 
RE 

Fig. 5 Variation of convection coefficient with Reynolds number 
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Fig. 7 Effect of Reynolds nvmb"r on voporization coefficient 

Vaporization Coefficient and Vaporization Heat flux 
Determination of the vaporization coefficient amI the vaporiw­

tion heat Hux can be made aecmately from data where heater amI 
pool tempel'lltures are equal, because convective heat flux should 
be nearly zero t hen. The values of 11 v and ql' can abo be fouml 
for data where the cOllvective heat flux is not. too large, by using 
all estimated value for h, oblained based on the resulb shown ill 
Figs. 5 and G. 

Hesults obtained for hI' taking the mixtnre a,; being saturnt(',] 
and using equations (2), (:J), (7), (8), and (lO), are plo~ted in Fig. 
7. In ealcnlating hI', an estimation for he was used as oblail\t~d 
frolll the dashed line in Fig. G. In order to l'8otriet the effect of 
h, estimation accuracy on hI' results, only dala ]Join Is froIll Fi.l!;. ± 
we.re used,for which ([, wali le;;s than ,)0 percenl qj. All of the 
POllltS llll' 19. 7 had qv less than 1 percent qj' 

It "hould be pointed out t.hal with r8.'ipect lo calculation (If 
qv, inHccmacy in the est imat.ioll of h, is more likelv to be "i .. ·­
nificallt than are t.he uncertainties in any of the ~xperimonl'~l 
measurements. However, the value obtained for hI' is sensit.ive 
to tho measurements of temperatures and of the airmass fluw 
rate and is t.herefore more uncertain than qv. 

Two prominent effect,; shown in Fig. 7 are, first, thaI hI' rea('hes 
values several limes higher than h" amI, second, t.hat hI' is fOlln.! 
~o be greater at a given Reynolds ll\unlJer with decrem,ed III". .\n 
lllcreased rate of vapor generated is required in order to pl'OdllcC 
a given Reynolds number as ilia is decreased. The increa-cd 
vapor generation may callse increased hI' by produeing a t.hinller 
time average liquid layer Lhickness 01' increased heater surfnee 
area fraction, or l.ho increase in hI' Illay cOllle about dlle to an in-
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Fig.8 Comparative effects of vaporization and convection when iniec­
fion occurs 

nl'ased mass transfer coeflicicnt accompallyillg ~l larger vapor 
g(~lleral iOll rate. 

fvlagnitude and Influence of Vaporization Effect 
[n Fig. 8 are plot I eel curves which show I he rclative maglli­

I'lde,; of Ifv alld lj,. over the pool tempera I ure mllge st wlied. The 
'l,leclioll of Ifj eqllal to 20,000 Btu/hr ft' as the value to be plotted 
\ms marie beeause data at ('1'J! - '1',,) equal or nearly equal to 
~('ro at bolh gas-injection rates lested wa:; available. Values 
f"r Ifa were small, so 11u was not ploUed. 

Abo shown are curve,.; for the upper-hound vaporil,alioll heat 
flIIX !j"b a! the two gfls-injeclion rate."', ns cumputed from equa­
tilll] (7) wilh the observed value'i of 'i'll' 

It is evidenlthnt Ifv i:; subsl~llltially lower Ihalllj,/" at least in 
the range where 'Iv wa:; able to be nccul't\tely ca\eulated. This 
1\'as to be expected, since as shown previousl.v hI' was nevel' in­
illlite. 

Comparison With BOiling 
An at tempt to relate the results found here involving vaporil,l!­

t iOIl to the ca'ie of heaL tran:;fer in boiling with no gas inject.ion 
will be made in what follows. 

Saturate(\ pool boiling of water at atmospheric pressure will be 
considered. Heat flux versus tempemtnre difference for a 
cylindrical electrically heated graphite (e,( section, O.37ij-in. dia, 
1l1001Ilted horizontally, is shown in Fig. H. Theoe reoults are 
similar to what is exhibited wilh a "clean" slainle:;s-steel surface 
llnder the same test conditions. 

Only Olle point 011 the nucleate-boiling curve will be considered 
since the COllelusioll reached wOllld be the s[une for any of the 
points in the high heat-flux region. At Ifj = 300,000 Btu/hI' it 2, 

tile tempemtme difIerence is seell in Fig. \) to be approximately 
:?ti deg F. This heat fillx and temperatnre dill'erence will be com­
pared with t.he results of the air-injection tesls by imagining two 
extreme cases. First, if 110 conveetion were present, t.hen qv 
= ;~O(),O()O Btu/hI' ft2. The HeYllold, Ilumber for this heat flux 
"I a wall temperature 26 deg F above satnmtion is 4.:3. Fig. 7 
l!;ives hI' for this Heynolcb number of at. least 20,000 Btu/hI' it2 
<leg F, which is too high since Ifv = ;,)20,000 Btn/hr ft2 would be 
predict.ed at. ('1'[[ - 'i'8) = 26 deg F, 

As the second case, a lower bound for qv will be calculated. 
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Fig. 9 Saturated nucleate pool boiling of water from a graphite surface 

From Fig. il, usillg an upper-hound llcynolds IlumiJer of 4.>; alill 
wall telllpemtlll'C :.W deg above saturation, h, is 460() Btu/Ill' ft 2 
deg F. This gives an upper bound for If, of 120,000 Btu/hI' 1'1 2, 
and a lower bound for !jv woulll then be 180,000 Btu/hI' fV 1'''1' 
whieh the lleYlIolds 1Il1111ber i:; 2.u. Again, hI' from Fig. 7 is u t. 
least 20,000 Btu/hr 1'(2 def~ F and too high. 

AL a heat. flux 'lj of 300,000 Btu/hI' it' in 'iMmatcd lIucleall' 
]lool hoiliug of waleI' at atmospheric preSSllre, a value for qv equal 
to 2GO,OOO Btu/hI' fl2 has been assigned (9) with an erl'Or bouilli 
of approximately ± 13 pereent. To within the errol' bound, thl' 
same value for 'Iv is indicated by the resulls of a laler study [ltl]. 
This leaves!j, eqllallo '10,000 ± 34,O()0 Btll/hr fV, which doe,.; IIC,t 
conaiet with the upper bound on g, of 120,000 Btu/hI' ft' fOUIJ(1 ill 
the present investigalion. 

From the [lforementioned, it is shown ilmt the results in Fig. 7 
cannot be directly extrapolated to the prediction of hI' in boiling. 
However, all of the results showll in Fig. 7 1yere al; (Tf{ - 1',,) 
equal to 3 deg F or less, except ]Joint. 23 which had (Tf{ - '1',.) 
equal 10 11 deg F. The pool boiling result used for eO!nparis(J11 
was at (TIl - '1'1') = 26 deg F. Hence, an effect llIay be indicated 
tlmt illere[L~ed (Til - 1'1') decreases hI' at· It given HeYllold:; number 
to below what i'i shown in Fig. D. This is opposite to the effe('\. 
('I'll 1'1') has Oil h" as was foulld for the data shown in Fig. ;j. 

Summary and Conclusions 
For gas injection through the wall of a \Jorou,.; heater intq water, 

at moderate to high heat fllO'CS and gas-injection rates, the following 
statements can be made based on the experimental evidence 
found here: 

Gas injection can promote heat t.nlllsfer from the smfaee 
to an extent, such t.lmt, in some cases, the healing surface o]lernles 
at a lower temperat.ure than that of the bulk liquid 

2 Heat transfer from the surface of the heater takes place 
through the act.ion of two primary mechallisms, bubble-induced 
convection, and vaporil,ation into the bubbles. Under conditions 
of low or Ilegative temperature differences between heater ami 
pool, the vaporization mechanism produces the major component 
of heat flux directed away from the heater. 

3 Coefficients for the bubble-induced convection component 
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of lile' heal fillx olJtailled WhCll thc vaporizatioll compollClti wa.' 
I()\I' \n~re fOllfld to increase with increa,.;ed \nlll tempera(llrc dif­
fl'rcnce at a g;iven He~'nolds lllllnlwr. 

-I At low wall temperatllre dilIerellccs where thc cOllveetioll 
('()fllpOllent was small, the vaporiza(.ioll coefIieien( was found (0 be 
a slrong fllllctioll of IlcYllolds lllllllhcr, iU('l'easiflg with incre,k;ing 
I':pynolds !lllmher. Ilenensed air-injection rate a( a givcn 
nl'.\'IlOlds nllmber increased (he vaporizat ion eocifieient, 

,) Vaporizatioll coefIicien\"; with ail' injection a( wall teIll­
pera(me dilTerenccs in (he rang;e of :: deg; Ii' wcre fOllnd (0 he 
hig;her thall those ill lludea(e pool boiling; at a wall (emperatlll'e 
dit'l'ercnce of 2G deg F when the lllldeate-boiling heal flux is 
:H)O,OOll Btu/hI' f( 2. It is cO!lje('( med that increased wall tcm­
jll'ratllre difIercnce supprcsoes thc vapol'i;mtioll cocfficicnt at n 
.u:ivcn HC~'llOlds numbcr. 
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Heat Transfer I f Laminar Natural Confection 
Within Rectangular Enclosures 
Two-dimensional laminar natural convection in air contained in a long horizontal 
rectangular enclosure with isothermal walls at different temperatures lias been investi­
gated using numerical techniques. The time-dependent governing differential equations 
were solved using a method based on that of Crank and Nicholson. Steady-state solu­
tions were obtained for height to width ratios of 1, 2.5, 10, and 20, and for values of the 
Grashof number, GrL', covering the range 4 X 103 to 1.4 X 10*. The bounds on the 
Grashof number for H/L = 20 is 8 X 103 < Gn! <4X 10*. The results were cor­
related with a three-dimensional power law which, yielded 

H/L = 1 NuL' = 0.0547 (GrL')«-397 

2.5 < H/L < 20 NuL' = 0.155 (GrL')°-3v'(H/L)^-w' 

The results compare favorably with available experimental results. 

Introduction 

1 HE STEADY coiivective motion of a fluid contained 
within a long horizontal rectangulai enclosure is investigated 
using numerical techniques. The two vertical walls of the en­
closure are held at different temperatures, and the top and bottom 
are considered perfect: insulators. The objective of this investiga­
tion is to obtain relationships between the coiivective heat trans­
fer coefficients and the imposed conditions. Heat transfer by 
radiation is not included since, for most fluids of practical interest, 

Contributed by the Heat Transfer Division of THE AMERICAN 
SOCIETY OF MECHANICAL ENGINEERS and presented at the ASME-
AIChE Heat TransferConference, Minneapolis, Minn., August 3-0, 
1969. Manuscript received by the Heat Transfer Division, July 9, 
1968; revised manuscript received, February 25, 1969. Paper No. 69-
HT-42. 

its effect, may be considered to be independent of the coiivective 
effect. I t is considered that the length of the enclosure is suf­
ficiently large for two-dimensional motion to be assumed in the 
section considered. 

A number of experimental investigations of coiivective flow 
within enclosed fluids have been carried out since the turn of the 
century. An excellent review of these is given by Carlson [5][ 

and Elder [7], In 1946, Jakob [11] analyzed the experimental 
results of Mull and Reiher [13] and proposed the following corre­
lations : 

2 X 10* < G l . L ' < 2 x 105 NuV = 0 . l S ( G r L ' ) ' A ( H / / , ) - 1 / ' 

(1) 

1 Numbers in brackets designate References at end of paper. 

.Nomenclature* 

A — coefficient in least-squares fit, N u f / 
equation (40) 

B = coefficient in least-squares fit, N u t 

equation (40) 
C = coefficient of least-squares fit, NuL 

equation (40) 
c = coefficient in general form, equa- Nu L ' 

tion (25) 
/ = dependent variable in general 

form, equation (25) 
Gi> = Grashof number, <//3 H3(TH — 

rc)/v> 
Gr7j = Grashof number, g(3L3(TH — 

TJ/V 
Gi' i ' = Grashof number, gf3L3(T„ — 

Te)/v* 
g = gravitational acceleration 

H — height of enclosure 
h = grid spacing in A"-direetion 

K = thermal conductivity of fluid 
k = grid spacing in F-direction 
L — width of enclosure 
I = coefficient in general form, equa­

tion (25) 
M = coordinate tangential to wall 

being considered 
N = coordinate normal to wall being 

considered 

Pr 
V' 

<I 

<l/ 
<l" 
It 

Ra 
Ra ' 

T 
Te 

T„ 
Tm 

mean Nusselt number, equation 
(35) 

local Nusselt number, equation 
(32) 

mean Nusselt number, equation 
(33) ^ 

mean Nusselt number, equation 
(34) 

Prandtl number 
fluid pressure above hydrostatic 
coefficient in general form, equa­

tion (25) 
local heat transfer rate 
mean heat transfer rate 
ratio of grid spacings, h/k 
Rayleigh number, Gi^Pr 
Rayleigh number, Gr L ' P r 
coefficient in general form, equa­

tion (25) 
coefficient in general form, equa­

tion (25) 
temperature 
temperature at cold wall 
temperature at hot wall 
mean temperature of fluid, 

all cases here T,„ = (T„ 
Tc)/2 

time relative to beginning 
solution 

In 

of 

U = nondimensioual velocity in x-di-
rection, uL/v 

u = velocity in x-direetion 
V = nondimensioual velocity in ^-di­

rection, VIJ/V 

v = velocity in ^-direction 
A' = transformed coordinate in x-di-

rection 
x = independent coordinate in verti­

cal direction 
Y = transformed coordinate in (/-di­

rection 
y = independent coordinate in hori­

zontal direction 
z = coefficient in general form, equa­

tion (25) 
a = thermal dif'fusivity of fluid 
j3 — coefficient of thermal expansion 
8 = nondimensioual temperature, 

(T - Tm)/(TH - T,n) 
v — kinematic viscosity of fluid 
p = density of fluid 
T = nondimensioual time, I v/L'1 

\p = stream function, equation (15) 
^ = nondimensioual stream function, 

co = vorticity, equation (16) 
fl = nondimensioual vorticity, Uw/v 
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2 X 105 < G17/ < It)8 N u / = 0.0(i5(Gr7 j ' )
1 /3(///L)~1 /3 . 

(2) 

Equation (2) is intended to describe turbulent flow conditions. 
Jakob proposed that equations (1) and (2) would be valid for 
values of H/L as small as 3, although this conclusion appears to 
be the subject of some question. 

In 1901 Eckert and Carlson [5] published the results of their 
experimental work on this subject. They used a Mach-Zehnder 
interferometer to determine the temperature distribution in 
enclosures with several aspect ratios. The empirical equations 
they derived were as follows: 

N u „ ' = O.L19(Gr„')°-' (3) 

from which the following relationship is obtained 

Nil , / = 0.119(GrL ' )»-3(^/L)^'». (4) 

Equation (3) implies that N t i , / is independent of L. The reason 
for this is that the relationship given is only intended to apply in 
eases where the flow may be considered to consist of two inde­
pendent boundary layers, one on each wall. 

An experimental study of natural convection in a rectangular 
enclosure using particle suspension techniques was reported by 
Elder [7|. High Prandtl number fluids were used and the Ray­
leigh number was varied up to 10s. An excellent discussion of the 
flow patterns and temperature profiles was presented although no 
relationships for the Nusselt number were given. 

Only a few analytical investigations of the current problem 
have been published, and those which have did not come to any 
conclusive agreement, or otherwise, with experimental results. 
In 1954, Batchelor [3] published the results of his analytical ap­
proach to the problem. He was unable to obtain any generalized 
solution to the governing differential equations, although certain 
limiting cases were solved. For small values of the Rayleigh 
number, Ra', he obtained the solution in the form of a power 
series in Ra' . For cases where conditions near the center of the 
enclosure may be approximated by the solution for infinite H/L, 
Batchelor obtained the approximation 

N u „ ' = H/L + (27 - l )Ra ' /720 (5) 

where >/> < 7 < 1 and 7 —• 1 as Ra ' —>- <». For high values of 
Ra' , when the flow may be approximated by a continuous bound­
ary layer surrounding a core of uniform temperature and vortic-
ity, he derived the expression 

N i l / = 7 1 ( R a ' ) v W £ ) - , A (0) 

which gives fairly good agreement with the results of Mull and 
Reiher when 71 = 0.3. Notice the high value of exponent on 
H/L compared with that of Jakob's correlation. 

An analytical solution to this problem was presented by Foots 
[14] in 1958. He derived solutions in the form of doubly infinite 
series. No convergence analysis was given, and it was found to 
be very difficult to evaluate the solution to a reliable degree of 
accuracy. Apart from this, the main objection to the analytical 
solution is that it is restricted to idealized boundary condition and 
simple geometry, whereas a solution by finite differences can be 
easily modified to handle arbitrary temperature boundary con­
ditions and irregular geometries. 

An analysis of natural convection in an enclosure using integral 
techniques was reported by Emery and Chu [9]. The velocity 
and temperature profiles were considered to correspond to those 
for natural convection from a vertical plate in an infinite medium. 

In 1906, Wilkes and Churchill [15] published one of the first 
successful attempts at solving the full two-dimensional, time-
dependent differential equations describing the flow. They used 
an implicit alternating-direction finite-difference method and 
were able to obtain steady-state solutions for values of H/L of 
1, 2, and 3, although solutions for only one value of Gr^,' were 
reported for H/L of 2 and 3. Values of N i i t ' reported were up 

to 70 percent in excess of those given by Jakob's empirical equa­
tion. This was partly due to the low values of H/L used, com­
pared with those for which Jakob's correlation is considered 
valid. Insufficient results prevented a correlation in the form of 
a power law from being made. 

An analytical and experimental study of transient laminar 
natural convection in partially filled liquid containers was pre­
sented by Barakat and Clark [2], An explicit finite-difference 
method was used to obtain the solutions and no results compar­
able with this study were presented. 

Two papers were published on the numerical solution of steady 
natural convection in a square duct. Elder [8] replaced the dif­
ferential equations at each mesh point by finite-difference expres­
sions and then employed a Liebmann-type extrapolation method 
with alternate row and column scanning for the solution of the 
resulting set of difference equations. His results were compared 
with those obtained in his previous experimental investigation. 
The following expression was given for the Nusselt number: 

N u , / = 0.25(PrGr t ' )
0-2 5 (or H/L = 1 and G r L ' P r > 4000. (7) 

For a Prandtl number of 0.733 this reduces to 

NuL = 0.231 (Gr t ')°-25. (8) 

A similar study was conducted by Han [10], His correlations in­
dicated a relationship of the form 

Nit, / = 0.0782(GrL')°-D594-

Aziz and Heliums [1] presented a finite-difference technique 
for the numerical solution of three-dimensional natural convec­
tion in an enclosure. An alternating-direction method was used 
for the solution of the transient parabolic equations, energy and 
vortieity transport, while a successive overrelaxation method 
was used for the determination of the vortieity. Although some 
results are given, this paper principally presents a discussion of 
the various methods available. 

An experimental and analytical study of moderate and high 
Prandtl number fluids was presented by MacGregor and Emery 
[12]. An explicit finite-difference technique was used in conjunc­
tion with a Gauss-Seidel iterative method for the solution of the 
time-dependent equations. Comparisons were presented of their 
computed and experimental results. 

The objective of the present study is to investigate, using finite-
difference techniques, the effect on the Nusselt number of the 
Grashof number, and the height to width ratio of the enclosure 
over sufficient ranges to enable correlations to be made and to 
compare these with existing experimental results. Altliough the 
only results reported here are for constant wall temperatures, the 
computer program used was set up to handle arbitrary tempera­
ture profiles and, through the use of transformations of the inde­
pendent variables, any height to width ratio can be studied. One 
of the more unusual features of the method of solution is the use 
of a direct method to solve the sets of linearized difference equa­
tions, rather than an iterative method as is usually employed. 

Theory 

Governing Differential Equations 

The physical model is shown in Fig. 1. In formulating the 
governing differential equations, the following assumptions were 
made: 

1 Constant properties except in the formulation of the buoy­
ancy term. 

2 Compressibility effects and viscous dissipation can be 
neglected. 

3 The fluid is Newtonian. 
4 The flow is laminar and two-dimensional. 

Under these conditions the differential equations describing the 
flow are given by Batchelor [3]. 

160 / F E B R U A R Y 1 9 7 0 Transactions of the ASME 

Downloaded 04 Jan 2011 to 194.27.225.72. Redistribution subject to ASME license or copyright; see http://www.asme.org/terms/Terms_Use.cfm



INSULATED 

'^mmmmii!fMmmmMmmm& 

W/J>M/////mw//zMmzmmim 
y 

INSULATED 

Fig . 1 Physical model 

Continuity Equation: 

du dv 
— + — = 0, 
dx dy 

(9) 

Conservation of Momentum Equations: 

du 

dt 

du 
UdZ 

du 

dy 

'dhi bhi 
v\ — + — 

ydx2 d;/2 

1 dP 

p dx 

dv dv dv 
(- u (- v — — v 

dt dx dy 

d 2 y d2i> 

dx* d;/2 

+ gB(T-TJ 

(10) 

1 dP 

P d# 

Conservation of Energy Equation 

dt 

dT dT 
if — + v — = a 

dx dy 

(d*T d2?' 

Vdi2 d«/2 

The solution to the foregoing set of equations must satisfy the 
following conditions: on the walls, 

u„ = t'o = 0 

T = Ta (given) 

or on an adiabatic wall 

d r 

cW 
= 0. 

Since the primary interest was in the steady-state solutions, the 
initial conditions used were chosen to be self-consistent and as 
near as possible to the expected steady-state solution. 

The pressure term, P, may be eliminated from the system of 
equations by differentiating equations (10) and (11) with respect 
to y and x, respectively, and subtracting one from the other. After 
simplification, which involves the use of equation (0), the follow­
ing is obtained: 

do) 

dt 

do) dw / d2w d2oj 
u — + v —' = v I -f- -— 

dy \d.r2 dy-dx ' dy \d.c2 

where the vorticit}', w, is defined as 

</;3 
67' 

dy 
(13) 

by 
I t is convenient to introduce the stream function, \p, defined 

dtp 

dy 

d\p 

~ dx 

(15) 

The continuity equation (9) is thus satisfied. Equation (14) 
may now be written: 

'bh^ d^P 
(16) 

The system to be solved now consists of equations (12), (13), (15), 
and (16). 

N o n d i m e n s i o n a l Var iab les 

In order that changes in the duct geometiy could be conve­
niently investigated, the independent variables were transformed 
such that in the transformed system of coordinates, the duct 
geometry was always square. In some cases it was found desir­
able to compress certain areas of the duct more than others. In 
view of this, the equations were set up to accommodate nonlinear 
transformations. 

Let the transformations be of the form 

A" = X(x/L) 

Y = Y(y/L) 

wliere X and Y, the coordinates in the transformed system, are 
single-valued functions with continuous derivatives up to the 
second in the region of interest. The remaining variables are 
arranged in nondimensional groups 8, ty, U, V, T, and U as defined 
in the Nomenclature. The following nondimensional equations 
are thus obtained: 

0 = (A') 2 

dA2 (Y'V- + (A" 
v ' dF 2 

P r A ' ( 7 ) 
d0 

dA 

(12) G r t r 
dd 

d F 
(A')2 

d2fi 

dA2 

d 2 * 
- f l = (X')> — 

dA2 

dd 
+ (Y" - Pr Y'V) — - P 

d l 

d20 

dF 2 

dQ 
+ (X" - Y'V) — -

dr 
52\j/ 5vj/ 

(Y'Y (- X" (-' Y" 
V ' d F 2 dA' 

d ^ 
U=Y'*f 

„ ,,, a* 

dO 
r — 

dr 

dQ 

dA 

dQ 

dr 

d-fy 

d F 

(17) 

(18) 

(19) 

(20) 

V = X' 

where 

A" = JX_ 
d(x/L] 

dX 

and X" 
d2A 

d(x/L) 

with similar expressions for F ' and Y". 
Equations (17) to (20) are in a form suitable for solution using 

finite-difference techniques. The solution must satisfy the follow­
ing boundary conditions: 

U„ = V0 =0 . (21) 

Using equations (20), equation (21) may be written as 

dv 

dx 

du 

dy' 
(14) 

dM ( 

d * 
= 0 (22) 
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provided 

and 

Y' ^ 0 

X' ^ 0 

where M and N are in the directions of the tangent and normal to 
the wall being considered. Thus ~i'<, must be a constant on all 
walls. For convenience, Î'o = 0 was chosen. 

The boundary conditions for d are as follows when 7'0 is 
specified, 

(TH ~ Tm) 

and on an adiabatic wall, 

Z>6 

dN 
0. 

(23) 

(24) 

No explicit boundary conditions can be written for 0, since the 
distribution of 12 must be such that both of the conditions on 

d* | XI', namely, P̂o = 0 and —I = 0 , are satisfied and only one of 
dN',o 

these conditions can lie directly imposed on the solution. 
Various initial conditions were used. In some cases they had 

to be chosen carefully in order to obtain stable solutions. How­
ever, for most cases uniform temperature and zero velocity were 
used. In cases where steacty-state solutions were being sought 
for various values of Grashof number, GrL, with a fixed geometry, 
the initial condition for a new Grashof number were taken as the 
steady-state solutions obtained with the previous Grashof number. 

Finite-Difference Representations of the Differential Equations 

I t is desired to write finite-difference approximations to equa­
tions (17) to (20) at selected points in the field, and then to solve 
the resulting sets of equations for the unknowns at these points. 
For the time-dependent relationships, equations (17) and (18), 
a scheme based on the method of Crank and Nicholson was used. 
Equations (19) and (20) were approximated using central dif­
ferences. 

Equations (17), (18), and (19) are of the general form 

a2/ ay a/ a/ 
ax2 q av2 dx dY + z ar 

where / represents either 0, Q, or ^ depending upon which equa­
tion is being considered, and I, q, r, s, z, and c represent the corre­
sponding coefficients. For the purpose of establishing the dif­
ference equations the nodes were numbered as in Fig. 2. For 
interior nodes equations (17) and (18) were approximated using 
central differences by 

+ ±(f.-M + g& 

2/3 + U) + - ih - h) 

2/8 + /,o) + f, (h ~ 2/s + .A) 

h) 
a 2 

(26) 

where / represents 8 or S2, respectively. The representation of 
equation (19) was obtained using central differences, and is 

h 
(*6 - 2 * 8 2 * 8 * D ) 

III IK 
(27) 

Fig. 2 Numbering system tor interior nodes 

Fig. 3 Numbering system for nodes adjacent to walls 

Equation (20) n n y be approximated using central differences by 

Us = Fs'(*9 - fy)/2k 

Vs = - A V ( * 6 - *i„)/2fc. 
(28) 

The representations for nodes adjacent to walls where the condi-
a* j bd 

tions — and — = 0 hold will now be considered. Using the av!„ av„ b 

numbering indicated in Fig. 3, three-point representations of 

¥ , a2/ 
— and 
dN i dN! 

through the values of f at points 0, 1, and 2, and satisfying the 
condition 

dN 

were obtained by fitting a cubic polynomial 

es of / at points 0, 1, and 2, and satisfying the 

0. This yields the following approximations at 

(25) node 1: 

_djf_| 1 

avL ~ 4(AN) 

1 a2/ 
a.v2 (AN)' 

(-•5/» + 4 / ,+ / 2 ) 

(/„ - 2/, + /2) 

(29) 

(30) 

which were vised when appropriate in place of the central differ­
ence representations in equation (26). 

The only remaining nodes requiring special attention are those 
on the adiabatic walls. Using the numbering indicated in Fig. 3, 
a two-point representation may be obtained by fitting a parabolic 
polynomial through the values of/ at points 0 and 1, and satisfy-

df 
— 0. The following representation of the ing the condition 

dN 
second derivative is obtained: 

a2/ 
av2 

(AV)2 (jfi - /»)• (31) 

This completes the finite-difference representations of the 
governing differential equations (17) to (20) for cases where 
the complete duct was considered. However, in cases where the 
temperature boundary conditions exhibit certain symmetries, 
the complete duct need not be considered, thus reducing the num­
ber of nodes needed for a given grid spacing. 

By writing the appropriate difference representations of equa-
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lions (17), (18), and (19) for all the nodes in the field, three sets of 
implicit nonlinear simultaneous difference equations were ob­
tained. Also, by writing the appropriate difference representa­
tions of equations (20), two sets of explicit, equations resulted. 
The solution sought had to satisfy, simultaneously, these five sets 
of equations. 

Computation of Nusselt Numbers 

In the analysis and presentation of the results by previous in­
vestigators, four types of Nusselt numbers have been utilized: 

L dT\ 
N i l , = — 1 = —YD' 

(T„ - r,„) dy v = o 
(32) 

N u i 

Nil, / = -

Xu, 

T„ - T,„)H J 0 dy-y-o H J0 X' 

h_ r"< 

r„ - ¥JH J0 ; 
1 CH dT\ 1 Z"1 Nu, 

- dx = - — - dX. 
(T„ - rc)J0 dy\y = 0 2 j 0 A" 

d7'| 
dx = Nu,,/2 

(33) 

(34) 

(35) 

dd] 
In order to evaluate these, a representation of —I was needed, 

for constant wall temperature and steady-state solution, 

dn-6\ ^ dd 

<)X\Y=O ~ a x Y = 0 

dd = v0 = - = o 
or 

and for a linear transformation in the F-direction, 1" = 0. 
from equation (17) 

t>20| 

Thus 

(36) 

Using the numbering indicated in Fig. 3, where A7 represents Y, 

. 501 
a three-point representation of -I may be obtained bv fitting 

i>Y\0 

a cubic polynomial through the values of 6 at points 0, 1, and 2 
and satisfying equation (36). We obtain 

d6\ 

dFJ, 
•7d0 + H6l 

6/v 
(37) 

The integrations required to evaluate the mean Nusselt numbers 
were carried out using Simpson's rule. 

Method of Solution of the Difference Equations 

It was assumed that the distributions of the five variables 0, fi, 
yV, I', and V were known at time r . In order to advance the solu-
iion through a step in time, an iterative solution was used. In 
this procedure, the representations of each of equations (17), 
118), (19), and (20) were considered, in turn, to be linear in these 
variables and, while the representation of any one of these equa­
tions was being solved, the other variables appearing were treated 
as known functions. 

First, the representation of equation (17) was solved for 6, 
treating U and V as known functions. For the first iteration, 
therefore, approximations to U and V at the new lime step had 
to be made. Some past workers have used the distributions from 
the previous time step. Here, however, since the accuracy of the 
solution obtained at the first iteration depends solely on the ac­
curacy of U and V, apart from rounding and truncation errors, 
an attempt was made to obtain a better initial estimate of the 
functions U and V at the new time step. This was done by 
linearly extrapolating from the previous two time steps. 

Next, the representation for equation (18) was solved for Q, 
treating U, V, and 6 as known functions. Here, however, no 

boundary conditions for il were known. One way to get around 
this problem, which has proved successful, is to compute estimates 
of Q on the boundaries from the most recent estimates of either 
"$? using equation (19), or from U and V, using equation (20). 
The method used here will be described in the next section. 
Having established estimates of 0 on the boundaries, the solution 
of the representation of equation (18) was carried out in a manner 
similar to that used for equation (17). 

The third step of the iteration involved solving the representa­
tion of equation (19) for vl' treating Q as a known function. The 
boundary condition "^ = 0 was used. 

Finally, the explicit representations of equation (20) were 
solved, using the most recently obtained distribution of >£. 

The preceding four steps were repeated until the required ac­
curacy was obtained. However, since the transient solutions 
were of secondary interest, the main objective being the steady-
state solutions, the accuracy obtained at each time step did not 
need to be as good as that required for the steady-state solutions. 

Estimation of il on the Boundaries 

As was mentioned in the previous section, two methods are 
available for the determination of the distribution of Q on the 
boundaries at airy step in the iteration. The first method, where 
fi was found using the most recent; estimates of ty using equation 
(19), was utilized by both Wilkes and Churchill and Barakat and 
Clark, while Aziz and Heliums use the second where the values of 
U and V and equation (20) allowed 0 to be determined. From 
our experiences it was determined that the latter method yielded 
more stable results. Any instabilities which did occur could, in 
nearly all cases, be eliminated by using the mean of the distribu­
tion of 0 at the wall determined by this method and the dis­
tribution from the previous iteration. In terms of nondimen-
sional variables, equation (14) becomes 

V ^ - Y' dU 

dX dY 
(38) 

On the walls the tangential derivatives of velocity are zero, so 
one or the other of the two terms on the right-hand side of equa­
tion (38) drops out. In either case, the representation of a normal 
derivative is required. Using the numbering indicated in Fig. 3, 
a three-point representation was obtained by fitting a parabolic 
polynomial through the values of independent variable at points 
0, 1, and 2, which yields 

dAr!o 2(AX 
(4.A - h). (39) 

The truncation error in equation (39) is of one order less than that 
which is obtained by estimating O0 from XI'. However, the im­
proved stability was considered to be of more importance. 

Method of Solution of Each Set 
of Linearized Difference Equations 

In cases where the whole duct was considered, each difference 
equation includes, at most, unknowns at the node and the four 
surrounding nodes. The nodes were numbered using an ordered 
system, and so the coefficient matrices of the resulting sets of 
simultaneous equations have all their nonzero elements contained 
in five diagonals grouped around the main diagonal. The use of 
conventional techniques for the solution of each set of equations 
is prohibitively wasteful because of the predominance of zero 
elements in the coefficient matrices. An iterative solution was 
not considered desirable since central difference representations 
of the first derivatives were used and the main diagonals of the 
coefficient matrices could become very weak. This can create 
formidable problems in devising an iterative scheme to give 
reliable results—indeed, to give results at all. The success of the 
iterative scheme appears to be greatly dependent upon the scan­
ning procedure employed. Second, although iterative methods 
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Fig. 4 Isotherms for H/1 = 10 

virtually eliminate storage problems, computation time considera­
tions limit the number of nodes which may be considered to 
about the same as can be used when direct solution is employed, 
provided economic storage techniques are used which do not 
store all the zero elements in the coefficient matrix. 

For the foregoing reasons, a direct solution method was used, 
which gives reliable, accurate solutions, and only requires the 
storage of those elements contained between the two outermost 
nonzero diagonals of the coefficient matrix. The method used 
involves the triangular decomposition of the coefficient matrix 
followed by the solution of two triangular systems. Rounding 
errors present in the first solution are then reduced to negligible 
porportions by an iterative method. The theory is based on the 
method described by Bowdler, et al. [4], and is discussed in more 
detail in the Appendix. 

Discussion of Results 
Results are presented for values of GvL covering the range 

2 X 103 to 7 X 104 for values of H/L of 1, 2.5, 10, and 20. All 
the results presented are for Pr = 0.733. In all cases, 13 nodes 
were used in the F-direction, and 25 nodes in the A'-direction 
except for the case H/L = 20 where 49 nodes were used in the A'-
direction. These grid systems were determined to be the most 
practical after running test cases with various numbers of nodes. 
The reasons for using more nodes when H/L = 20 were partly 
because of the relatively large distance to be covered in the X-
direction, and partly because it was found that the various func­
tions depended very little on A' over most of the height but 
changed quite rapidly near the top and bottom, thus warranting 
a finer mesh size. In view of this finding a nonlinear coordinate 
transformation in the A'-direction was used in the cases H/L = 10 
and 20. The nonlinear transformations chosen were cubic, with 
symmetry about A' = H/2 and were arranged to compress nodes 
into the regions near the top and bottom of the enclosure. For 
the cases H/L = 1 and 2.5, linear transformations were used in 
the A'-direction, and for all cases linear transformations were 
used in the F-direction. 

An example of the effect of the Grashof number, Gr^, on the 
steady-state nondimensional temperature distribution, d, is 
shown in Fig. 4. Isotherms in the upper half of a duct for which 
H/L = 10 are shown for three values of Grashof number, G17,. 
For the relatively low Grashof number of 5000, the isotherms are 

Fig. 5 Temperature profiles at X = H/2 for H/L = 10 

Fig. 6 Local Nusselt number versus ( - J for H/L = 10 

not greatly affected by convection and are roughly parallel and 
equispaced over most of the enclosure. This is similar to the 
results in a case of pure conduction. The effect of the top and 
bottom walls only extends a short distance into the enclosure. 
When the Grashof number is raised to the intermediate value of 
12,000, the effect of the top and bottom walls spreads further 
into the enclosure, and the isotherms in the central region tend 
toward the horizontal. For the relatively high Grashof number 
of 35,000, the effect of the top and bottom walls is apparent 
throughout the entire enclosure, and the structure of the tempera­
ture field resembles that of two boundary layers, one growing 
up the hot wall and the other growing down the cold wall. How­
ever, in the central region, the isotherms have gone past the 
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Fig. 7 Mean Nussell number versus Grashof number 

horizOIltal, indicating that the trallsjlort of enel'gy there must be 
]JlIl'ely by convection. Abo, thb indicates that the two boundmT 
layers do not become independent of each othel' as the Grash,;f 
number is incl'eased, and so analyses based upon thb assmnption, 
as have sometimes been carl'ied out, arc open to sorne questions. 
A fmther increase in the Grashof llllmbcl' caused the distortion 
of the isothennals in the eentral region In become more severe, 
A transition to the secondary flow paltums similar to t hose re­
ported by Elder [7J appears to be ocelll'ring although ('omputa­
tional instabilities were ellcOlllltel'ed before lhese patterns could 
be established. Fig. ;) dlOWS the nondimensional temperature 
profiles at X = H /,2 for the same three cases as ill Fig. 4. 

An example of the variation of the local N usselt lllllnber on 
the hot wall, NUL, with X/Lis shown ill Fig. O. The value of 
NUL for pure conduction, UrL 0, is 2. For uouzero GrL, cou­
vection increases NUL over most of the height of the eneioslll'e; 
the lllaxinmm occlll'riug very near the hottom of the wall. This 
is to he expected since the fluid there has jWi( passed over the 
cold wall, so the temperatlll'e gradienis are greatest. As the fluid 
rises up the hot wall, its lemperat1ll'e rises and the heat transfer 
rate decreases, As GrL is increased, the convective effect pro­
mot.es great.er heat trausfer rates over the entire height of the 
enclosure wall. 

The variation of the mean N usse]t, number 5:UL' with GrL and 
H/ L is shoml in Figs. 7 and 8. The temperature difference as­
sociated with this Nlisselt uumber is (1'/1 1'",), The solid 
lines showll are the results of least-squares fits through the data 
points. Referriug to Fig. 7, it, can be seen that N \;L increases 
with GrL for all values of H / [" This is due to the increasing 
contribution to the heat trausfer macle by couvection. This 
means that for a given set of conditions, an' increase in tempera~ 
Lure diJI'erence will bring about more thau a proportiOlwl increase 
in heat transfer. For small values of GrL, NliL approaches the 

10 <>-----

value 2 for all values of H / L, although this erfect can only be 
seen here for H / L = 20. When this transition occurs, the 'flow 
has been classified by Carlson and Eckert as asymptotic fiow. 
This elIee!. OCCllI'S because for small GrL, the heat transfer is pre­
dominantly by conduction for which X UL 2. Solution in­
stabilities were eneountered at high values of GrL. For H / L 
20, the limits were 4 X 10" ::::: Gr" ::::: 2 X 10' while for H/L = 

1, 2.;'i, and 10 the limits were 2 X 10" ::::: GrL ::::: 7 X lO·'. 
An inspection of the data points in Fig. 7 shows that for nearly 

nil the points plotted, the logarithm of NUL bears a relation to 
the logarithm of GrL, which is very close to linear. The results 
for H / L = 2.,), 10, and 20 lie eiose to straight lines which are 
very nearly parallel, whereas the slope of the line through the 
points for H / L = 1 is noticeably steeper. As a result of having 
these two distinet trends, t,wo different least-squares fils wer~ 
employed, one for H / L = 1 ami the other for H / L = 2.'-i, 10, and 
20. 

Heferring to Fig. fI, it can he seen that two diJIerent regions 
exist and that for H / L greater than about 2, NUL decreases as 
H / L is inereased. This is because most of the heat transfer into 
the fluid occurs neal' the bottom of the hot ,nlll, and ,;0 adding 
more height to the eneiosure does little to increase the total heat 
transfer and so t he mean N usselt number decreases. 'Vhen H / L 
is less than 2, an increase in the height of the chamber will resnlt 
in a more effeetive fimv pattern for heat transfer. As a result, 
the mean N nsselt IHlillber will be increa,;ed. The results of 
Wilkes ami Churchill also indicate this trend. It, appears that 
the logarithms of NUL and H / L bear a lincar relation to each 
other for ff / [, = 2.;'), 10, and 20, and so an exprcssion of the form 

(40) 

wm; fitted t.hrough the data jJoinls for these cases, Ilsing a three­
dimensional least-squares techniqne. The resulting expression is 

(41 ) 

For the casc H / L 1, a two-llimensional least-square" fit was 
used, the rcsul(,ing expression being 

(42) 

Equations (41) and (42) are indicated by the solid lincs in Figs. 7 

and fl. 
For the pmpose of comparing these re~l\lls with those of jJre­

ViOllS workers, mean Nllsselt nlllnbers, KllL', and Grashof num­
bers, GrL', based on the total temperature ditIercnce al'l'OSS the 
enclosure were computed. In terms of Kur,' find GrL', equations 
(41) and (,12) become 

and 

o GCL" 50,000 
x GrL:= 30,000 
+ GcL " 15,000 
o GrL:= 10,000 
o GcL " 5,000 A----_:-~ -x ____ 

..,..---___ --_________ A ---- EQUATION (41) 

O'"------~ __ ~':::-__ 
------ --....: -- --if c:r--. __ + __ -- ""'------ ~ """--~ 

j 
GCLoo-------I! 

10 
(H/U----

Fig. 8 Mean Nussell number versus HIL 
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Fig. 9 Mean Nusselt number versus Grashof number 

N u , 0.0547(Grr,')°-397 (44) 

respectively. 
A listing of the various expressions for Nit/,' which have been 

previously reported is presented in Fig. 9. The exponent on Gi-/,' 
for the present study is higher than those given by all previous 
investigators but follows the trend indicated by Landis in his dis­
cussion of the work of Emery and Chu. This higher exponent 
may be due in part to the inclusion in the least-squares fit of the 
results for H/L = 2.5, since a least-squares fit through these 
points alone indicates a slightly higher exponent than that ob­
tained for H/L = 10. 

The exponent on H/L derived here is — 0.265 which is consider­
ably higher than the values obtained by either Jakob or Eckert 
and Carlson ( — 0.111 and —0.1, respective!}') and of the same 
order as that of MacGregor, et al. One reason for this difference 
may possibly be explained by the way in which Eckert and Carl­
son derived their value for the exponent. As was pointed out in 
the Introduction, they stated that their result was derived only 
for cases where the flow may be considered to consist of two inde­
pendent boundary layers, one on each wall, the structures of 
which would not be influenced by the spacing L. They then 
carried out a two-dimensional fit to correlate Nil// ' with Gi ' / / , 
and by converting the resulting expression to a relation between 
Nit/,' and Gi'/,, they derived the exponent on H/L. Thus the 
exponent, C, on H/L was calculated from the expression 

C = 3B - 1 

where B is the exponent on Gr,/ ' . The value of C computed by 
this method is critically dependent on the value used for B. 
For example, had Jakob used this method, he would have ob­
tained a value of —0.25 and, if it had been used here, a value of 
— 0.055 would have resulted. 

A comparison of equation (44) with those of Han and Elder 
indicates similar trends for the Grashof number. MacGregor 
and Emery have used their expression setting H/L = 1 for pur­
poses of comparing experimental and analytical results (Fig. 10 
in reference [12]). The experimental values are all at a Gr L ' 
greater than 1.4 X 10° but a superposition of equation (42) upon 
this figure indicates good agreement within the Grashof number 
limitation of the equation. The validity of MacGregor and 
Emery's expression for H/L = 1 is seriously questioned. 

In order to more easily compare the results, the data points are 
plotted in terms of GrL ' and N u i / for H/L = 1, 10, and 20 in 
Fig. 9. The lines shown represent the results of Eckert and 
Carlson, Jakob, and Han. I t can be seen that the agreement 
between the present results and those of Han is quite good. The 
results of Eckert and Carlson lie below the present results for 
H/L = 10, and above them for H/L = 20. Thus it is to be 

expected that good agreement would be obtained for a value of 
H/L about midway between 10 and 20, which is roughly the 
middle of the range over which the results of Eckert and Carlson 
are intended to apply. The lesser influence attributed to the 
parameter H/L has already been discussed. The results of Jakob 
are lower than both the present results and those of Eckert and 
Carlson. No explanation to account for this has been found. 

Conclusions 
Results have been presented from which heat transfer rates 

through air enclosed in a rectangular enclosure can be calculated 
for various temperature differences and enclosure shapes. The 
results are in a close agreement with those of previous analytical 
studies and are in tolerable agreement with available experimental 
results. 
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A P P E N D I X 
A direct solution method was used, for the solution of the set 

of difference equations, requiring only the storage of those ele­
ments contained between the two outermost nonzero diagonals 
of the coefficient matrix. The method used involves the tri­
angular decomposition of the coefficient matrix followed by the 
solution of two triangular systems. Hounding errors present in 
t he first solution are then reduced to negligible proportions by an 
iterative method. The theory is as follows. 

Each set of equations may be written in the form 

AX = B (45) 

where 

A = coefficient matrix 
B = constant vector 
X = solution vector 

Provided A is nonsingular, it may be factorized in the form 

A = III (40) 

where 

L = lower triangular matrix 
U = upper triangular matrix with unity elements on main 

diagonal 

In the case where the nonzero elements of A are all contained 
within a band around the main diagonal, it may be shown (hat 
the nonzero elements of L and (J all lie within corresponding-
bands. 

Substituting equation (45) into (46), we obtains 

10 X = B 

which may be written as the two equations 

LY = E (47) 

and 

OX = F (48) 

where 

Y = auxiliary vector. 

These two triangular systems may be solved very simply by a 
back substitution type of approach, first solving equation (47) 
for Y, then equation (48) for X. In general, the solution thus ob­
tained will contain rounding errors, but in most cases these may 
be reduced to negligible size by the following iterative method. 

Let the first-obtained solution be A7'0', and let the difference 
between this and the true solution, X, be the vector £ ( 0 ) such that 

f (0) = x - X<°>. 

Form the vector Z)<0) such that 

J5<°> = B - i l » 

which, by the definition of Em, may be written 

/ > ) = B - AX + EAvi 

= /l£<°>. 

Thus 

AEW = S<») 

which must be solved for Em. However, since the coefficient 
matrix, A, is unchanged, the factors L and U are unchanged, and 
so only the solution of the two triangular systems is needed. Let 

the solution obtained from this system be Eil0), which will differ 
in general from Em due to rounding errors. Then a second ap­
proximation to X is obtained from 

X(» = j w -f- Eim, 

where X (1) is the new approximation to the solution. The pre­
ceding procedure may be repeated until the required accuracy is 
obtained. 

This method fails if the matrix, A, is so ill-conditioned that the 
rounding errors in L and U are prohibitive. However, even in 
systems of several hundred equations, and where A has a rela­
tively weak main diagonal, it has been found that onby rarely 
have more than three iterations been needed for full-work 
(seven-place) accuracy in the largest element of the solution 
vector. It may be noted that higher than single-precision accu­
racy is not possible, since the computation of the vector D must 
be carried out in a higher precision arithmetic than the storage 
precision being used, although double-precision accumulation of 
inner products of the single-precision components should be used 
throughout. 

As was pointed out, in cases where symmetry is present, which 
means that only half the duct need be considered, the difference 
equations for nodes on the line of symmetry involve not only the 
unknowns at a node and its immediate neighbors, but also the 
unknown at the node symmetrically opposite. This gives rise 
to an extra diagonal in the coefficient matrix. However, by 
suitable numbering of the nodes, this can be made into two extra 
diagonals which are totally contained within the original 
five diagonals, and so no extra storage is needed. 

D I S C U S S I O N 

F. Landis2 and A. Rubel3 

The authors have added to the growing literature on the com­
putational analysis of natural convection flows in rectangular en­
closures by presenting an additional computational scheme and 
by illustrating it over a large range of Grashot numbers and H/L 
ratios, although unfortunately only for one Proud tl number. 

Although the paper discussed much of the previous literature, 
especially the work of MacGregor and Emery [12], which covers 
the same range of calculations, several recent investigations into 
numerical schemes and into the structure of natural convection 
have been omitted. This becomes especially important as 
Grashof numbers and aspect ratios are increased to the point 
where either stability problems may become severe or where 
cellular motions will arise. 

An extensive study of numerical techniques for the solution of 
the transient equation system has been performed by Torrance 
[16]4 which fully discusses the errors inherent in various tech­
niques. 

Reference should also have been made to the work of deVahl 
Davis and his co-workers [17-19] who have analyzed both the 
transient and the steady flow behavior in vertical concentric 
cylinders and rectangular cavities. 

In discussing the flow structure, deVahl Davis and Thomas as 
well as Rubel and Landis [20] and Polezhaev [21] have found 
secondary flows not unlike those observed by Elder [7]. I t should 
be noted, however, that a mesh width which is too coarse can 
lead to spurious secondary flows even in a regime where computa­
tional stability is not a problem [22]. With a coarse mesh in 
either direction it is also difficult to gain an accurate representa­
tion of the flow near the hot and cold corners where the stream 

- Department of Mechanical Engineering, New York University, 
Bronx, N. Y. Mem. ASME. 

3 Advanced Technology Laboratories, Inc., Jericho, N. Y. 
•' Numbers in brackets designate Additional References at end of 

Discussion. 
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A P P E N D I X 
A direct solution method was used, for the solution of the set 

of difference equations, requiring only the storage of those ele­
ments contained between the two outermost nonzero diagonals 
of the coefficient matrix. The method used involves the tri­
angular decomposition of the coefficient matrix followed by the 
solution of two triangular systems. Hounding errors present in 
t he first solution are then reduced to negligible proportions by an 
iterative method. The theory is as follows. 

Each set of equations may be written in the form 

AX = B (45) 

where 

A = coefficient matrix 
B = constant vector 
X = solution vector 

Provided A is nonsingular, it may be factorized in the form 

A = III (40) 

where 

L = lower triangular matrix 
U = upper triangular matrix with unity elements on main 

diagonal 

In the case where the nonzero elements of A are all contained 
within a band around the main diagonal, it may be shown (hat 
the nonzero elements of L and (J all lie within corresponding-
bands. 

Substituting equation (45) into (46), we obtains 

10 X = B 

which may be written as the two equations 

LY = E (47) 

and 

OX = F (48) 

where 

Y = auxiliary vector. 

These two triangular systems may be solved very simply by a 
back substitution type of approach, first solving equation (47) 
for Y, then equation (48) for X. In general, the solution thus ob­
tained will contain rounding errors, but in most cases these may 
be reduced to negligible size by the following iterative method. 

Let the first-obtained solution be A7'0', and let the difference 
between this and the true solution, X, be the vector £ ( 0 ) such that 

f (0) = x - X<°>. 

Form the vector Z)<0) such that 

J5<°> = B - i l » 

which, by the definition of Em, may be written 

/ > ) = B - AX + EAvi 

= /l£<°>. 

Thus 

AEW = S<») 

which must be solved for Em. However, since the coefficient 
matrix, A, is unchanged, the factors L and U are unchanged, and 
so only the solution of the two triangular systems is needed. Let 

the solution obtained from this system be Eil0), which will differ 
in general from Em due to rounding errors. Then a second ap­
proximation to X is obtained from 

X(» = j w -f- Eim, 

where X (1) is the new approximation to the solution. The pre­
ceding procedure may be repeated until the required accuracy is 
obtained. 

This method fails if the matrix, A, is so ill-conditioned that the 
rounding errors in L and U are prohibitive. However, even in 
systems of several hundred equations, and where A has a rela­
tively weak main diagonal, it has been found that onby rarely 
have more than three iterations been needed for full-work 
(seven-place) accuracy in the largest element of the solution 
vector. It may be noted that higher than single-precision accu­
racy is not possible, since the computation of the vector D must 
be carried out in a higher precision arithmetic than the storage 
precision being used, although double-precision accumulation of 
inner products of the single-precision components should be used 
throughout. 

As was pointed out, in cases where symmetry is present, which 
means that only half the duct need be considered, the difference 
equations for nodes on the line of symmetry involve not only the 
unknowns at a node and its immediate neighbors, but also the 
unknown at the node symmetrically opposite. This gives rise 
to an extra diagonal in the coefficient matrix. However, by 
suitable numbering of the nodes, this can be made into two extra 
diagonals which are totally contained within the original 
five diagonals, and so no extra storage is needed. 

D I S C U S S I O N 

F. Landis2 and A. Rubel3 

The authors have added to the growing literature on the com­
putational analysis of natural convection flows in rectangular en­
closures by presenting an additional computational scheme and 
by illustrating it over a large range of Grashot numbers and H/L 
ratios, although unfortunately only for one Proud tl number. 

Although the paper discussed much of the previous literature, 
especially the work of MacGregor and Emery [12], which covers 
the same range of calculations, several recent investigations into 
numerical schemes and into the structure of natural convection 
have been omitted. This becomes especially important as 
Grashof numbers and aspect ratios are increased to the point 
where either stability problems may become severe or where 
cellular motions will arise. 

An extensive study of numerical techniques for the solution of 
the transient equation system has been performed by Torrance 
[16]4 which fully discusses the errors inherent in various tech­
niques. 

Reference should also have been made to the work of deVahl 
Davis and his co-workers [17-19] who have analyzed both the 
transient and the steady flow behavior in vertical concentric 
cylinders and rectangular cavities. 

In discussing the flow structure, deVahl Davis and Thomas as 
well as Rubel and Landis [20] and Polezhaev [21] have found 
secondary flows not unlike those observed by Elder [7]. I t should 
be noted, however, that a mesh width which is too coarse can 
lead to spurious secondary flows even in a regime where computa­
tional stability is not a problem [22]. With a coarse mesh in 
either direction it is also difficult to gain an accurate representa­
tion of the flow near the hot and cold corners where the stream 

- Department of Mechanical Engineering, New York University, 
Bronx, N. Y. Mem. ASME. 

3 Advanced Technology Laboratories, Inc., Jericho, N. Y. 
•' Numbers in brackets designate Additional References at end of 

Discussion. 
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function gradients show the sharpest change. As a result the 
difference equations tend to fail in representing the differential 
equations accurately unless the mesh size is very small. For the 
type of problem selected this frequently results in a local mini­
mum temperature near the x = 0, y = 0 corner (especially at 
high Grashof numbers) which is likely to lead to instabilities. 
By using a finer mesh deVahl Davis and Thomas as well as Rubel 
and Landis were able to go to higher Grashof numbers than the 
authors without running into stability problems. 

Too coarse a mesh can also lead to erroneous predictions of the 
Nusselt number. In reference [22] it is demonstrated that at 
G r / = 100,000, H/L = 1.0, the Nusselt number decreases by 
about 15 percent in going from an 11 X 11 to a 21 X 21 grid. 
This mesh effect appears to be most severe at the lower aspect 
ratios and an evaluation of the authors' results suggests that 
their Nusselt number predictions for H/L = 1.0 and 2.5 may be 
slightly too high. 

Work by deVahl Davis over a large range of the Rayleigh 
numbers and aspect ratios for both concentric cylinders and 
rectangular enclosures [23] led to a suggested correlation of the 
form 

N u L ' = 0.149 (RaL ')°-316 Pi-«M7(H/Ly>-,M(Ro/Rif-m (49) 

where (lia/R/) is the radius ratio for concentric cylinders. 
For the case discussed by the authors, this reduces to 

N i i / = 0 .135(Gr i ' )
0 - 3 1 5 (^/ i )^- 2 0 4 (50) 

and is valid for a range of about 2.5 ^ H/L 5$ 35 and 104 5J Gr L ' 
Sj 3 X 105. Although over the range given by Newell and 

Schmidt's equation (43) the results agree to within 10 percent, the 
discussers prefer to use the deVahl Davis correlation because of 
its wider applicability and because it appears to represent the 
aspect ratio trends slightly more accurately. 

Based on a 21 X 21 grid for H/L = 1.0, the discussers obtained 
an approximate correlation of the form 

Nu L ' = 0.082 (GrL'f-3ii, 2 X 104 ^ Gr L ' sC 1 X 105 (51) 

which is closest to the results of Han [10]. The higher Grashof 
number exponent proposed by the authors may have been in­
fluenced by their coarse mesh. The apparent inconsistency in 
the MaeGregor and Emery data for H/L = 1.0 results was also 
confirmed by the discussers. 
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The effect of grid size on the stability and accuracy of the 
solution was of great concern to the authors. Aris and Heliums 
[1] reported that for a particular set of conditions, a refinement 
of the grid size from 11 X ft to 41 X 41 caused a change in the 
Nusselt number of 40 percent. Preliminary calculations by us 
and, as noted in the discussion, Rubel [22] have confirmed these 
facts, although de Vahl Davis [18] noted that his calculations 
were performed with an 11 X 11 grid since previous investigators 
had indicated that finer mesh points made relatively little sig­
nificant difference in the final results. The calculation of the 
Nusselt number requires that the first derivative of the tempera­
ture normal to the walls be evaluated. The mesh size and the 
order of the finite difference approximation of the derivative 
thus significantly influences the accuracy of the calculation of 
the Nusselt numbers. 

As noted in the paper, a nonlinear coordinate transformation 
was used in the X-direction for H/L = 10 and 20. The non­
linear transformations used were 

H/L " 10 X " 2000- {ij ~ 400 ( f J + 5) ( f ) (52) 

H/L=2°
 x - î ioo (f y -1600 ( i ) 2 + 1 , ( t )• 

(53) 

An analysis of this transformation indicates that nodes are 
compressed near the top and the bottom of the enclosures where 
the gradients are most severe and where the largest truncation 
errors will occur. In fact, the mesh in the immediate vicinity 
of the corners is of the order of one half that for a 21 X 21 grid 
with H/L = 10 and of the order of one fourth that for a 21 X 21 
grid with H/L = 20. I t is felt that the coarse grid in the center 
position of the enclosure does not introduce significant errors. 
A discussion of the effect of grid size on the calculated Nusselt 
number has been presented by Newell.5 

In conclusion the authors have not been able to precisely 
define the cause of the computational instabilities which were 
encountered at high Grashof number. I t is felt that the solutions 
present are as accurate as possible within the limits of the com­
putational equipment available. 

5 Newell, M. E., "Heat Transfer by Laminar Natural Convection 
Within Rectangular Enclosures," MS Thesis, Pennsylvania State 
University. 1968. 
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On the Deposition of Small Particles From 
Turbulent Streams 
It is shown in the paper that the two fundamental assumptions (that of equality of 
particle and fluid diffusivity and that of purely inertia! coasting within the viscous sub­
layer) on. which existing deposition models are based, are untenable under most actual 
conditions. The concept of Stokes stopping distance, in particular, is shown to be in­
valid, since the effect of shear•-flow-induced transverse lift force, which heretofore has 
been disregarded, is not negligible when considering the passage of a dense particle 
through the viscous sublayer. Due to the action of this lift force much lower radial 
velocities are required at the edge of the sublayer to insure particle deposition on the wall 
than would be the case if Stokes drag were the only force present. This explains why 
deposition models based on Stokes stopping distance concept must resort to the use of un-
realistically high radial velocities within the sublayer to insure agreement, with experi­
mental data. 

Existing Deposition Models 

1 HK transfer of solid particles or liquid droplets from 
turbulent streams to channel walls has been studied by a number 
of investigators both theoretically and experimentally. The 
theoretical treatment has generally been based on the diffusion 
model, in which particle flux is expressed in terms of particle dif-
fusivity and concentration gradient. 

Thus 

dc 
N = (D + e„) — 

dij 

(1) 

For very small particle sizes (in the submicron range) both the 
molecular diffusivity D and the turbulent eddy tliffusivity ep must 
be considered, such as in the work of Lin, Moulton, and Putnam 
[ l ] 1 and Beal [2]. For larger particle sizes, I) is much smaller 
than ep and can be neglected. This is the model employed by 
Friedlander and Johnstone [3, 4] and Davies [">]. 

The first difficulty that must be overcome in order to solve this 
equation is the determination of the turbulent dil'fusivity of 
particles. Here all the authors use the same basic assumption 
that the diffusivities of the particles and of the fluid are identical. 
This assumption is reasonable for submicron particles (as in 
reference [t]) but becomes questionable for particle sizes of 

1 Numbers in brackets designate References at end of paper. 
Contributed by the Heat Transfer Division of THE AMERICAN" 

SOCIETY OF MECHANICAL ENGINEERS and presented at the AIChE-
ASME Heat Transfer Conference, Minneapolis, Minn., August 3-5, 
1969. Manuscript received at ASME Headquarters, January 27, 
1969; revised manuscript received, April 21, 1909, Paper No. 09-
HT-41. 

about Ifx and is shown to be completely untenable for 30/i 
particles (such as those used in reference [3]) as will be demon­
strated in detail in the present paper. 

Once particle diffusivities (ep) are equated to fluid diffusivities 
(tf), expressions for the latter must be found before equation (1) 
can be integrated. 

If the classical approach of subdividing the boundary layer into 
three zones (laminar, buffer, and turbulent) is followed, t{ in the 
laminar sublayer should be set to zero. 

Lin, et al., found, however, that when this was done, and equa­
tion (I) was integrated to obtain the deposition velocity coef­
ficient K, the theoretical results fell considerably below the ex­
perimental ones. 

In order to overcome this discrepancy they proposed the fol­
lowing variation of e, in the laminar sublayer 

1 1 
14.5 

(2) 

This is a purely empirical relation used for the very pragmatic 
reason that "it produces the best correlation" between their 
model and the experimental results. 

Davies ff>], who did not assume a laminated structure for the 
boundary layer, also derived an empirical equation for ef based 
on his experimental results. This equation holds for values of ;/ + 

up to 500 (at pipe lie = 104) and gives the same order of magni-
t ude of ep/v in the laminar sublayer as equation (2). (At y + = 5 
equation (2) gives 0.041 while Davies' equation gives 0.08.) 

The model of Friedlander and Johnstone [4] is similar to Lin, 
et al., except that the molecular tliffusivity D was assumed zero 
not: only in the turbulent core but also in the laminar and buffer 
layers, which is reasonable for particles of more than 1/x tlia. 
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According to Friedlander's model, eddies carrying the particles 
diffuse from the turbulent core to within the stopping distance of 
the wall, from where the particles coast to the wall by virtue of 
their inertia. This stopping distance depends of course on the 
initial velocity of the particle and is calculated by assuming Stokes 
drag relation for a sphere moving in a stagnant fluid. 

The initial velocity is imparted to the particle by the trans­
verse velocity fluctuations of the gas which carries it. The 
higher this fluctuating velocity, the larger the stopping distance. 
Unfortunately, unreasonably high initial velocities are required 
for the stopping distance to exceed the thickness of the laminar 
sublayer. Friedlander used a figure of ().()«* which, according to 
Laufer, exists at a distance of i/4 = SO from the wall, or well into 
the turbulent core of the boundary layer. Even then the stopping 
distance was in most cases smaller than the thickness of the 
laminar layer. 

If there were no eddies in the laminar layer no deposition 
should thus occur since no particles could diffuse to within one 
stopping distance of the wall. This conclusion leads Friedlander 
to employ in his analysis Lin's, el al., expression for e7 in the sub­
layer [equation (2)]. 

Thus, according to this model, eddies from the turbulent core 
(i/+ = 80) penetrate the boundary layer and retain their momen­
tum until they reach to within the Stokes stopping distance (S+) 
of the wall (which could be as low as y+ = 1 for 2p particles.) In 
addition, a finite eddy diffusivity within the laminar layer must 
be assumed. If S+ is calculated by using the actual value of v' at 
,(/+ — S + , transport coefficients are obtained which are some four 
orders of magnitude lower than those found experimentally by 
Friedlander and Johnstone. 

In a more recent analysis Beal [2] discusses in detail the stop­
ping distance assumption and notes that "while containing certain 
inconsistencies, (it) is the only one of several investigated whose 
results agree reasonably with the experimental data." He uses 
the same assumption himself. In addition, in order to calculate 
the deposition flux, he assumes that the radial velocity of the 
particles within the laminar and buffer layer is equal to half the 
axial velocity of the fluid at a given point y + from the wall. He 
admits this to be a somewhat unrealistic assumption and agrees 
that the radial velocity is probably much lower than the axial but, 
unless such an assumption is made, analytical results again fall 
short of experimental data. 

We are thus faced with the situation that, in the best deposition 
models available today, assumptions, which cannot be defended 
on theoretical grounds and with which the authors themselves 
are somewhat unhappy, must be made in order to make the 
models agree with experimental data. 

These assumptions will now be discussed in more detail and it 
will be demonstrated that the concept of Stokes stopping dis­
tance loses much of its significance when all the forces acting on a 
particle traversing a laminar boundary layer are taken into 
account. 

Relationship Between Eddy Diffusivity 
of Particle and Fluid 

The subject has received considerable attention in the past and 
Soo [61 presents an extensive discussion of it in Chapter 2 of his 
text, where an equation for tp/ef in terms of Lagrangian and 
Eulerian microscales of turbulence and of particle Reynolds 
number is given. 

In trying to obtain a quantitative evaluation of e,-.'e,- we found 
it more convenient to use the concept of frequency response de­
veloped by Hjelmfelt and Mockros [7]. 

The Basset, Boussinesq, Oseen equation for motion of a particle 
in a turbulent fluid as extended by Tchen [8] to the case of a 
moving fluid is 

—• d/pp — = A-Kixd^Uf - u ) 
o ill 

du, J IT 

0 ' " dl 2 G "" 

, 3 , , , f' (du,/dt' - du 

+ -dp-v*w)h—v=y 

diij du, 

~dl ~~ It 

Idl') 
dl' + I<\ (3) 

This equation is not exact but is valid when the following rela­
tions hold [<)] 

d/ du 

v dx 
« 1, 

dJ 
dhi 

bx'1 

» I (3a) 

Following Ilinze's approach [10], we write the equation in a 
simplified form, neglecting t he external force Fe 

du. , , ,du f 

- ' + a'up = a'uf + V -df 

, f" {duf/dl' - du 
* ^ d l > (4) 

Vt - i 

Expressing u and uf by their Fourier integrals, we have 

f {<T C> 
J o 

(£ cos cot + X sin eot)du 

(5) 

cos cat + if sin oit)dta 

Substituting equations (5) into (4) yields 

o- = [1 - / i ] £ + M 

<f = -M + [1 + / . 1X 

where 

(6) 

•Nomenclature-

a 
Deq 

dp 

E(n) 
P. 

f 
II 

Re 
S 

s+ 
f/„ve 

U* 

U + 

particle radius, ft 
equivalent diameter = 4 flow area/wetted perimeter, ft 
particle diameter, ft 
Lagrangian energy spectrum of velocity fluctuations 
external force, lb 
friction factor (0.079 Re^0-26 in turbulent flow) 
wave number, or frequency in cps 
Reynolds number = UaVI!D<m/v 
Stokes stopping distance = ppd

2v/IS/J., ft 
Stokes stopping distance = Su*/v, dimensionless 
average stream velocity, fps 
friction velocity = Uave\/f/2 
dimensionless velocity u/u* 
velocity in transverse direction, fps 
rms turbulent fluctuating velocity in y-direction, fps 

y = distance from wall, ft 
y+ = dimensionless distance = yu*/v 

t = turbulent diffusivity, ft2/hr 
•i) = ratio between amplitudes of oscillation of particle and 

fluid 
K = magnitude of velocity gradient du/dy, sec~' 

yu = absolute viscosity, lb/f t-hr 
v = kinematic viscosity, ft2/hr 
p = density, lb/ft3 

co = angular frequency, rad/sec 

Subscripts 

f = fluid 
p = particle 
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Fig. 1 Variation of amplitude ratio with frequency 

.A = 
to(a> + c'\/iru>/2)(b' — 1) 

( « ' -f- c ' - \A"to/2)2 + (a> - f c'-\A"W/'2)2 

o ( a ' + c'\Zmj/2)(b' - 1) 

(a' + c ' V i r W ^ ) 2 + (w + c ' V i r & v ^ ) 2 

36jU , ; 'Sp; 
(7) 

C-'PP + P / )# 
// 2pj; + p, 

18 

(2p„ V-P/M 

At this point, following Hjelmfelt and Moekros [7] we introduce 
the concept of amplitude ratio and phase angle between particle 
and fluid motion and express the velocity as follows: 

!??[£ cos M + (3) + X sin (oil + /3)]}rfa> (8) 

where the amplitude ratio 

V = \/("L + fiF+fc 

and the phase angle 

h 
(3 = t a i r 

.1 +/.. 
(9) 

The amplitude ratio between particle and fluid fluctuations is 
thus seen to be primarily a function of the angular frequency to of 
fluid fluctuations, as well as being a function of fluid and particle 
properties. Fig. t shows a plot of the amplitude ratio t\ against 
to for the three types of particles investigated in this work.2 I t 
is evident that particle frequency response decreases from unity 
to zero within about two decades of to. 

To determine actual particle eddy diffusivity as a function of 
Reynolds number we must obtain relations between eddy dif­
fusivity and amplitude ratio and between angular frequency and 
Reynolds number. 

In terms of the Lagrangian energy spectra (Ef(n) for fluid and 
Ep(n) for particles), the ratio of eddy diffusivities is [10, p. 359] 

2 These particular types were chosen because they were readily 
available for experimental work, and were in the right size range. 
Information on them is given in Appendix A, 
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Fig. 2 Variation of particle and fluid diffusivities with Reynolds number 

f "'" (ji)dn 

•' I Et{n)dn 

(10) 

where n is the wave number, or frequency in cps 
Using the result obtained by Tcheu [8] 

Ep(n) = (1 +/1)2+/22 

Ef(n) 

it follows from equation (9) that 

E„(n) = T)2Ef(n) 

from which we obtain 

/ ; 
•n*Ef(n)dn 

1 I Ef(n)dn 
Jo 

(11) 

(12) 

(13) 

To calculate ep/ef as a function of Reynolds number we need 
information on the Lagrangian spectral energy distribution 
Ef(n). Unfortunately this information is not directly obtainable 
from anemometer measurements which yield Eulerian spectra only. 
Basing his results on measurements obtained in the core region of 
turbulent pipe flow, Mickelsen [20] has shown that the curves of 
Eulerian and Lagrangian correlation coefficients have similar 
shapes, which suggests that the shapes of the energy spectra 
should also be similar. Although in the case under discussion 
flow is essentially two-dimensional and the application of Mickel-
sen's results represents a gross oversimplification, it is a simplifica­
tion that must be made if any practical results are to be obtained. 

Journal of Heat Transfer FEBRUARY 1 9 7 0 / 171 

Downloaded 04 Jan 2011 to 194.27.225.72. Redistribution subject to ASME license or copyright; see http://www.asme.org/terms/Terms_Use.cfm



liven then, information on Eulerian energy spectra is extremely 
sparse. The most reliable measurements are probably those of 
Comte-Bellot [11] who (Fig. IV-49, 51, 52,) gives plots of energy 
spectra of the v' component in two-dimensional flow at three dif­
ferent: lieynolds numbers and at a distance y/h = 0.45 from the 
wall (where 2h is the height, of the two-dimensional channel). 

Using these figures and our Fig. 1 the product rj^E/ln) can be 
obtained as a function of n and hence, by a numerical integration, 
equation (13) can be solved to yield tlJt! for the particles under 
consideration. 

The results are plotted in Fig. 2 for 30jt lyeopodium spores. 
The curve is admittedly not very accurate, being based on only 
three points measured at locations which differed somewhat in 
each of the three tests, but it does indicate that a fourfold increase 
in lieynolds number, which causes a more than fourfold increase 
in ef> results in less than a twofold increase in particle diffusivity, 

e"'r 

These results are based on measurements taken at a large dis­
tance from the wall (1000 < y 4- <4000). Near the wall, higher 
frequency oscillations contribute more to the value of Ef(n)dn 
(Fig. IV-33 of reference [11]) and hence the amplitude ratio r\ and 
consequently «p/e f will be even smaller than calculated here. 

With X.tp. from particles, r\ is near unity for frequencies as high 
as 105 rad/sec. Fig. IV-33 of reference [11] shows that the whole 
energy spectrum of v' oscillations lies within these frequencies 
(even near the wall) and in this case in the assumption of £,,/«/ = 
1.0 will not cause serious errors. 

Particle Motion Within the Laminar Sublayer 
Friedlander and Johnstone [3, 4] as well as Beal [2] had to re­

sort to the use of unreasonably high radial velocities within the 
boundary layer when they calculated the stopping distance, in 
order to get their model to agree with experimental data. This 
suggests that pure inertia! coasting may not be the only means 
by which particles are transported across the laminar sublayer. 

In viscous motion through a stagnant fluid in the absence of 
external forces, the Stokes drag is indeed the only force acting on 
the particle and this forms the basis for the calculation of Stokes 
stopping distance. 

The laminar sublayer, however, is anything but stagnant. On 
the contrary, it, is characterized by very steep velocity gradients. 
Now while it is a well-known fact that a spinning sphere (or cylin­
der) in a moving fluid experiences a lateral lift force due to its rota­
tion (Magnus effect) it, is perhaps not so generally appreciated 
that a similar effect is present when a sphere moves through a 
viscous fluid in shear flow. Such effects were clearly demon­
strated, however, by a number of investigators. Segre and 
Silberberg [12] observed that small, neutrally bouyant spheres in 
Poiseuille flow through a tube slowly migrated laterally away 
from the wall to a position 0.6 tube radii from the axis. 

Karnis, Goldsmith, and Mason [13], Denson, Christiansen, and 
Salt [14], and Jeffrey and Pearson [15], all report a radial migra­
tion of particles, the latter stating that particles denser than the 
fluid migrate toward the wall in downward flow, and toward 
the center of the tube in upward flow. 

Most researchers who considered the possibility of the shear-
flow lift causing radial migration were reluctant to accept it on the 
grounds that the magnitude of the lift force was too small to pro­
duce such an effect. 

Let us examine in more detail the magnitude of the forces in­
volved. We shall use for this purpose the expression derived by 
Saffman [16] for the lift force experienced by a small sphere 
moving in an unbounded viscous shear flow 

,/A 
du 

.dy 

'A 
(14) 

where U is the difference between the velocity of the particle and 
the fluid, du/dy is the velocity gradient in the infinite shear flow, 

and K = 81.2 is a constant obtained from a numerical evaluation 
of an integral. 

As a sufficient condition for validity of equation (14), Saffman 
stipulates 

R e ( / « l!e,/ / ;, H e t « l , Ken « 1 

where the three Reynolds numbers are defined as follows: 

(7a 

v 
P e , = 

v dy' 
Hes» = — 

v 

(il is the rotational speed of the particle which, for free rotation, is 
equal to l/»du/dy).3 

If we compare the magnitude of the shear flow lift, force [equa­
tion (14)| to Stokes drag force (Z'1,, = GirfiaV) we obtain 

\l'\\ tiir 

«2 da 

v dy _ 

V 
(15) 

Both U and V represent particle velocities relative to mean 
stream velocity and, if their ratio is taken as unity, equation 
(15) reduces to 

= • — R e * ' * 
(>ir 

4.3 Re,; "' 

For Re,,. « 1 which is one of the conditions of validity of equation 
(14), the lift force is indeed negligible compared to frictional drag, 
which is the conclusion reached by Soo, reference [6, p. 28]. 

If we apply the argument to the passage of the particle through 
the laminar sublayer, however, V will represent the transverse 
(radial) velocity which, very near the wall, must necessarily be 
very small and thus, even though the relative axial velocity U is 
not large in that region, the ratio UIV may be significant. 
Thus the lift force may have a measurable effect on particle 
motion. 

To verify this contention, we write the equations of motion for 
a dense particle moving in the laminar sublayer when the main 
flow is directed vertically upward: 

~(iirfMi(up — uf) — i/:STra3(pl, — p,)g = i/3irpI,a
3 die,, 

(16a) 

-liiTfiavp — Kn(uv — uf) 
diif 

7/7 
a- dv„ 
-,?:, = 4 A T P , / ( 3 - j 7 - H66) 
v > - d! 

Equation (16a) is a force balance on the particle in the direction 
of flow (x-direction), x being taken as positive upward. Equa­
tion (166) is the force balance in the .(/-direction, y being taken as 
zero at, the wall, increasing positively toward the center line of 
the channel. 

Subscripts p a n d / refer to particle and fluid, respectively. The 
first terms in both equations are Stokes friction force terms. The 
second term in equation (16a) is the gravitational term, negative 
for upward flow which was assumed here. 

The second term in equation (166) is Saffman's shear-flow 
lift term, which is negative (toward the wall) when the par­
ticle velocity in the ^-direction (up) is greater than the local 
stream velocity Uf. 

In the sublayer it+ = y+, so that 

diif 

1y~ 
t/ave2 / 

where K is the magnitude of the velocity gradient. 
Equations (16) were solved numerically using a predictor cor­

rector method described in reference [17]. Details of the pro­
gram are given in reference [18]. 

I t was assumed that the value of up at the edge of the sublayer 
3 Validity of application of equation (14) to the present case is dis­

cussed in Appendix B. 
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Fig. 3 Particle velocity in viscous sublayer 

(l/+ = 5) was equal to the local mean fluid velocity minus the 
velocity of gravitational settling, and different negative values of 
vPl were tried at y + = 5. 

Since the flow is upward, up is lower than uf and the lift force is 
directed toward the center line. Thus the particle, whose initial 
transverse velocity i^, causes it to start moving toward the wall, 
will decelerate because of the additive effect of lift and Stokes 
drag. 

If the initial velocity vPl is low, the particle will soon reverse 
directions and start, moving away from the wall. 

If v,n is high enough, however, the particle will be carried suf­
ficiently close to the wall, so that it enters the region in which its 
velocity in the direction of flow (up) becomes greater t han the local 
fluid velocity uf. 

Under these conditions the lift force is directed toward the wall 
and the particle will start accelerating in that direction. This is 
vividby demonstrated in Fig. 3 where the transverse velocity v is 
plotted against the distance from the wall for the o'2fx lycopodium 
particle. 

For this particular flow condition, an initial velocity vPl = 
— 0.0227 fps was sufficient to cause the particle to travel to the 
wall. This is a threshold value; a very small decrease in it would 
cause the particle to reverse directions and to return to the main 
stream. 

By contrast, an initial velocity vVl = —0.344 fps (or about 
15 times the previous value) would be required for the particle 
to reach the surface if Stokes drag was the only force acting on it 
in the sublayer. 

With the initial velocity of v,>t = —0.0227 fps, the Stokes 
stopping distance is 0.43o X 10 - 4 ft, so that, the particle would be 
able to penetrate only about 7 percent of the laminar sublayer 
thickness if Stokes drag was the only force acting on it. 

Thus it appears that in the laminar sublayer the assumption of 
negligible shear flow lift is not valid and therefore the whole con­
cept of the Stokes stopping distance becomes questionable 

The effect of the lift force was examined in some detail to deter­
mine its dependence on such factors as particle size and density 
and the flow Reynolds number. Results are presented for up-
flow of dense particles in terms of (lie following parameters: 

1 Threshold velocity, v,,t: The minimum velocity toward the 
wall which the particle must possess at the edge of the sublayer so 
that it will be deposited on the wall when the effect of the lift 
force is included. 

2 Stokes-drag velocity, v,,s: The minimum velocity toward 
the wall which the particle must possess at the edge of the sub­
layer so that it will be deposited on the wall when the effect of 
Stokes drag only is considered. 

Effect of Particle Size 
Fig. 4 shows a plot of both vVt and </„, for various particle sizes 

as a function of Reynolds numbers. 
At low Reynolds numbers (Re < 4000) the threshold velocity is 

the same as the Stokes drag velocity for small particles, indicating 
that the effect of the lift force on the particles is indeed negligible. 
This is as expected since both the particle radius "a" and the 
velocity gradient tlu/dy are small so that Vh is very small (equa­
tion (14)). As the size of the particle increases, the lift force 
which varies as the radius squared, increases more rapidly than 
the drag which varies linearly with radius. The inertia of the 
particle increases even more rapidly, however (varying with the 
cube of the radius), so that the particle is able to penetrate suf­
ficiently far into the boundary layer for the lift force to reverse its 
direction and to start accelerating the particle toward the wall. 
With the lift force now operating to assist deposition a lower 
velocity is needed than if Stokes drag was the only force acting 
on the particle and this is evident in Fig. 4 for particles greater 
than 8/U in diameter. 

As the Reynolds number increases, du/dy becomes steeper and 
the particle reaches much more quickly the region wrhere the direc-

IO I 0 4 10s 

FLOW REYNOLDS NUMBER 

Fig. 4 Variation of threshold velocity and Stokes drag velocity with 
flow Reynolds number 
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tion of the lift, force is reversed. This helps deposition and thus 
the threshold velocity of small particles drops several orders of 
magnitude within a relatively narrow Reynolds number range. 
This effect, is much less pronounced with larger particles and the 
curve for the 32jU particles suggests that it may disappear com­
ple te^ with larger sizes. This again is reasonable because with 
large particles their inertia becomes the dominant factor and al­
though the lift force is operating its effect is relatively small so 
that there is not much difference between Vi>, and <v.. 

At high Ueynokls numbers the small particles benefit most from 
the effect of the lift force. Since the boundary layer is very thin, 
the distance that the particle must travel into the sublayer for the 
lift force to reverse directions is very small and although that 
force is not very large (a2 being very small though du/dy1'1 is 
large), the particle begins to accelerate toward the wall at a very 
early stage of its travel through the sublayer. Thus a very low 
threshold velocity is required for deposition, while a relatively 
high Stokes drag velocity would be needed because of the small 
inertia of the particle. 

This most vividly demonstrated in Fig. .5 where the ratio of the 
threshold velocity to Stokes drag velocity is plotted. At. high 
Ueynokls numbers small particles need less than 1 percent of 
Stokes drag velocity in order to traverse the sublayer. Large 
particles, however, whose large inertia enables them to reach the 
wall without difficulty even without the assistance of the lift 
force, benefit, but little from its presence. As a matter of fact, 
the ratio v„t/v,,„ exceeds unity for the 32ju particle at large Reyn­
olds numbers. This again is logical, for both "a" and du/dy are 
now very large and the lift force acts so effectively that it tends 
to return the particle to the main stream, so that, the threshold 
velocity must, be increased considerably to prevent, this from 
happening. 

An interesting result is obtained when data of Fig. ."> are cross-
plotted to show the dependence of vPt/v„s on particle diameter a I 
constant. Reynolds number. There appears to exist a definite 
particle size which is most affected by the action of the lift force 
at. any given Reynolds number. (See Fig. 6.) 

At low Reynolds numbers, this optimum size is fairly large 
(~16/x) because the large particle diameter produces a large lift 
force and the large inertia helps to overcome the initial deleterious 
effect of the lift. 

At high Reynolds numbers, on the other hand, small particles 
benefit most from the action of the lift force because with their 
low inertia they would be stopped very quickly if drag force alone 
acted on them. 

Effect of Particle Density 
Fig. 7 shows the effect of particle density on the ratio uP: ')>,. 

I t can be seen that, except, at low Reynolds numbers, the light 
particles benefit, most from the lift force. 

This is understandable since, without the help of the lift force, 
the low inertia of these light particles prevents them from pene­
trating the sublayer to any great depth. This effect is not so 
pronounced at low Reynolds numbers, because here again, the 
magnitude of the lift force becomes small (because of small 
du/dy) and viscous drag predominates so that vPt/vps will tend to 
approach unity. 

Wall Impact 
There is another conclusion which can be drawn from I his 

analysis which is highly pertinent to the study of particle deposi­
tion from turbulent streams. 
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Fig. 7 Effect of particle density on ratio of threshold velocity to Stokes drag velocity 

According to the Stokes stopping distance concept the particles 
approach the wall with an exponentially decaying transverse 
velocity, so that many of them would just barely reach the sur­
face and might tend to skip or roll along it without being firmly 
deposited on it even at low stream velocities 

Thus the efficiency of collection would become a problematic 
quantity. Most, researchers, however, have not found this to be 
the case except at high Reynolds numbers, and not even then if 
the surface was coated with an adhesive substance. To verify 
this point, we observed under a microscope the surface on which 
particles were being deposited. The particles seemed to land 
with a definite impact and to embed themselves to a considerable 
depth in the adhesive with which the surface was coated. This 
behavior would not be likely with an exponentially decaying 
approach velocity. 

A somewhat similar phenomenon was observed by Cousins and 
Hewitt [19] who report photographic studies in two-phase upflow 
which indicate that droplets "reach the surface with high veloci­
ties" without being "appreciably slowed as they enter the region 
of low gas velocity adjacent to the surface." They ascribe this 
to the fact that the stopping distance for the large droplet sizes 
they investigated is very large and therefore "the boundary sub­
layer is irrelevant in the type of mass transfer considered" by 
them. In many of their tests, however, the mean droplet 
diameter was no greater than JSOju, with 70 to 80 percent of the 
total number of droplets being less than 2ofx in diameter. Since 
their photographic tests were made with water droplets sus­
pended in air flowing at room temperature and pressure, the 
latter being also the conditions assumed for calculation of Fig. 7, 
the f.O gm/cc density curve in Fig. 7 (calculated for 20/J par­
ticles) can be used to obtain an estimate of the effect of lift on 
the particles photographed by Cousins and Hewitt. This effect 
is seen to be substantial, the threshold velocity being about an 
order of magnitude lower than the Stokes drag velocity for all 
Reynolds numbers, thus indicating that the lift force effect may 
well be responsible for the observed large velocities of at least the 
smaller droplets. 

I t is, of course, realized that the presence of a wavy liquid sur­
face in this case renders the whole concept of a laminar sublayer 
even more questionable than it already is; it is remarkable 
nevertheless that in a study of deposition on solid wavy surfaces 

(to be published shortly) the authors have found that many of the 
observed deposition phenomena can be explained in terms of the 
effects of the Saffman lift force. 

Conclusions 
The foregoing discussion indicates clearly that the two funda­

mental assumptions (that of equality of particle and fluid dif-
fusivity and that of purely inertia! coasting within the viscous 
subkiyer) on which existing deposition models are based can be 
completely invalid under most actual conditions. 

A simple method of calculating the dependence of the ratio of 
particle to fluid difi'usivity on Reynolds number is outlined, 
based on the integration of turbulent energy spectra. 

The concept of Stokes stopping distance is shown to be invalid 
under most flow conditions, since the effect of shear flow induced 
transverse lift force, which heretofore has been disregarded, is 
not negligible when considering the passage of a dense particle 
through the viscous sublayer. Due to the action of this force 
much lower radial velocities are required at the edge of the sub­
layer to insure particle deposition on the wall than would be the 
case if Stokes drag were the only force present. This explains 
why deposition models based on Stokes stopping distance concept 
must resort to the use of unrealistically high radial velocities 
within the sublayer to insure agreement with experimental data. 

The question that must be answered now is how to predict 
particle deposition, taking into account, the presence of the lift 
force. Since the effect of lift force varies with the location of 
particle in the flow field it appears that in order to obtain the mass 
flux to the wall, trajectories of particles would have to be deter­
mined by solving the force-balance equations at incremental in­
tervals in a manner similar to that employed by the authors. 

As long as this procedure is restricted to the viscous (and 
possibly the buffer) layer, in which the motion of the fluid is as­
sumed quasi-laminar, this presents no problem. As soon, how­
ever, as we move out into the turbulent core, velocity fluctuations 
of the main fluid cannot be neglected. Indeed, it is these fluctua­
tions which cause the diffusion of particles toward the wall and 
it is these fluctuations which propel the particles sufficiently close 
to the wail to cause the reversal of the lift force (in upward flow) 
and eventual deposition. 
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Thus any realistic trajectory calculation would have to be 
based on a mathematical description of the turbulent motion of 
the fluid and in addition it should also include a proper assess­
ment of the response of the particle to this motion. This is a 
formidable problem indeed but is one that must be solved before 
we can make realistic predictions of deposition of particles from 
turbulent streams. 
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Properties of Particle Used in Computation 

Shape 
Size, microns 
Specific gravity 

Lycopodium 
spores 

Spherical 
82 

0.621 

Glass 
beads 

Spherical 
32 

2 .5 

Iron 
particles 

Spherical 
1.7 
7.8 

Configuration of Channel Used in Computation 

Deposition on these surfaces 

•6.00 

.475 

Equivalent diameter =0 .0734 ft. 
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Fig. 8 Gradient Reynolds number in sublayer 
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A P P E N D I X B 

(a) Proximity of Wall. Saffman derived this equation for a par­
ticle in an unbounded flow. Therefore the particle must be far 
enough from the wall if the equation is to hold. Fig. 3 shows the 
comparative thickness of the sublayer and of a 32/j particle. I t 
also shows that the most crucial effects of the lift force occur near 
the edge of the laminar sublayer, or sufficiently far away from 
the wall, so that its effect may be neglected. 

(b) Magnitude of Reynolds Number. As mentioned in the main 
text, the first condition is Re„ « He*1'2or in another form 

(•*) ' / ' 
- « 1 

This quantity was calculated for the case of lycopodium spores 
and for a mean air velocity of 20 fps at every step of the in­
tegration of equation (16). 

I t was found to have a maximum value of 0.05 at the edge of the 
sublayer, when vPl is near its threshold value. As the Reynolds 
number increases k increases also, reducing the value (up — 
Uf)/(vk) '-'even further. Thus the requirement of Re„ « Re,,'/'2 

is well satisfied. 
The second requirement was that lie,. « I and lies) « 1. 

Since for a freely rotating particle lies; = l/i\\ak we shall ex­
amine the behavior of \iet only. 

Re t was calculated for all types of particles used in this study. 
In Fig. 8 Re;. for 32/j and Up. particles is plotted as a function of 
the duct. Reynolds number. For the smaller particles, the Re t 

requirement is well satisfied—for the larger ones, it holds reason­
ably well at lower Reynolds numbers. 

(c) Constancy of Velocity Gradient. This assumption holds in 
the sublayer as far as mean flow velocity is concerned. Any 
velocity fluctuations which may be present there would tend to 

make the quantitative results inaccurate, but qualitative conclu­
sions would remain the same. 
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A Note on the Radiative Interchange 
Among Nongray Surfaces 

B. F. ARMALY1 and C. L. TIEN2 

Introduction 

T H E calculation of the radiative interchange among nongray 
surfaces is complicated due to the dependence of the surface 
radiation properties on the wavelength. As a result, the gray-
surface assumption is commonly employed to simplify the calcu­
lations. Several approximate methods, however, have been de­
veloped in order to take into account the nongray effect [1-4]. s 

All these methods are common in their basic nature and are based 
on the band approximation, in which the important energy-con­
taining wavelength region is subdivided into finite bands of 
wavelength-independent radiation properties. Mathematically, 
this approximation is equivalent to replacing the integration 
over wavelength by the summation over various bands. The 
purpose of the present Note is to present a basically different 
method for calculation of the radiative interchange among non­
gray surfaces. The primary advantage of this method is to 
have the formulation and solution procedure the same as that for 
gray surfaces. In this sense, the present approach is similar to 
the studj' of radiative transfer in nongray gases by use of ap­
propriately defined mean absorption coefficients [o]. 

Analysis 

The general formulation of the radiative interchange among 
nongray surfaces can be found in standard texts. For the case 
where each of the participating surfaces has uniform tempera­
ture and radiosity while emitting and reflecting diffusely at each 
wavelength, the governing equations can be expressed [1] as 
follows: 

1i r. xd\ = £ (fi, - Bj)Fu (1) 

and 

X = 0 J X 

£-\e'\(,x 

\ = 0 

A' p\ = < 

+ (t - et.)B,.d\ (2) 
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3 Numbers in brackets designate References at end of Note. 
Contributed by the Heat Transfer Division of T H E AMERICAN 

SOCIETY OF MECHANICAL ENGINEERS. 
Manuscript received at ASME Headquarters, May 26, 1969; 

revised manuscript received, September 17, 1969. 

where q is the heat flux, B the radiosity, /'' the angle factor, e the 
black-body emissive power, e the emissivity, and A" the total 
number of the participating surfaces. The subscripts i and j 
refer to surface i and j , while X refers to spectral quantities. 
Equation (2) can be restated as 

B, efit + £ (1 
3=1 

a^BjF,, 

where 

J \ = o 

is the total emissivity and 

Jx = o 

e,xe,xrf/\/Ci 

xBJxd\/Bj 

( 3 ) 

( 4 ) 

(5) 

is the total absorptivity. 
Equation (3) reduces directly to the gray-surface equations [6] 

under the assumption that 

e,- = ati (6) 

This assumption is usually designated as the gray-surface assump­
tion which is valid only when surface properties are independent 
of wavelength or when the surface is exchanging energy with a 
source having the same spectrally dependent emissive power; 
for example, another surface at the same temperature. This 
assumption is rarely valid and could result in a significant error 
when applied to actual situations. 

For the development of the present method the spectral 
radiosity is expressed as: 

Bh = ^xeh + (! E e^\F» 

+ E (1 " '"xWi* E 
k = 1 m = I 

im>emxFk„ 

E d - <*>)F» E (1 - em.)Fk E e'xe'xF" ( 7 ) 

which represents the emitted and the reflected energy from the 
surface. The terms in the square brackets represent the energy 
incident on the surface due to emission and reflection of other 
surfaces. Each of the terms in the square brackets is equal to 
that portion of energy which arrives to the surface directly or 
after one or more reflections. This line of thought is similar to 
(he one usually used for specular surfaces. The same equation 
can also be obtained by successively substituting the spectral 
radiosities of the participating surfaces in the expression for the 
spectral radiosity of surface j . 

From the definition of the absorptivity, equation (5), and the 
use of equation (7) it is possible to express a;i as a ratio of two 
infinite series. The resulting expression, however, is too complex 
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Table 1 Comparison of heal fluxes (subscripts 1, 2, and 3 refer to gray, approximate nongray, and exact non-
gray, respectively) 

Case 1 Case 2 Case 3 Case 4 
Plate 1 at 800 deg K equation (10) equation (10) equation (17) equation (17) 
Plate 2 at 100 deg K equation (17) equation (16) equation (16) equation (17) 

qt/q, 0.876 1.014 1.011 1.005 
q,/q3 0.358 1.326 1.055 0.408 

to be of any practical value. For actual calculations, an ap­
proximate expression for the absorptivity can be obtained by ter­
minating the infinite series after the second term. This can then 
be used to calculate the radiosity and the heat flux from equa­
tions (3) and (1), respectively. Thus 

A;=J 
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eJgi + I ] (e>: ~ Sik)e,,^j,: 
k= 1 

(8) 

viiere 

••' - r 
J\=°o 

„ - / " • • 

ei.euej.dX/Cj 

ei.ej.ekJik.dX/Ck 

(9) 

(10) 

The foregoing expression should be a good approximation when 
each of the participating surfaces sees all the others, since under 
this condition the absorptivity depends strongly on (he spectral 
omittances of all the participating surfaces. 

This method can be extended to include the case when some 
of the participating surfaces have specified heat fluxes instead of 
temperatures. For such a case it is more convenient to write 

N 

Hi = ?•• + £ JijFv NT + 1 < ( < N (11) 
i = i 

.V 

«, = efii + £ (I - « , ) « / s 1 < i < KT (12) 
i = l 

where XT is the number of surfaces for which the temperature is 
specified. Following the same argument developed previously, 
there results whenj is a member of A:V 

-\-T X 
s>iei + Y, (s>* ~ sUk)"kFjk + J2 cikqkF,k 

k =1 k = XT+I 

eic'j + £ fe _ s<k)ek 
k= 1 

A' 

A- = A'r+i 

(13) 

plates was analyzed. One plate was maintained at 800 deg K 
while the other was at 100 deg K. The heat, flux was obtained on 
the basis of three different calculations: gray through equations 
(6), (3), and (1); approximate nongray through equations (8), (3), 
and (1); exact nongray through equations (2) and (1). The 
emissivities of the surfaces were taken as 

ex = 0 . 0 5 + 0 . 9 5 e - ( 3 X 1 0 " V M 

ex = 0.4850-/X)1-

(16) 

(17) 

where X is the wavelength in cm and /• is the resistivity in ohm-
cm. Equation (16) approximates the emission characteristics 
of a high emittance material such as electrical nonconductors [7], 
while equation (17) is the Hagen-Rubens relation approximating 
the behavior of low emittance materials such as metals. The re­
sults, as presented in Table 1, clearly demonstrate the good agree­
ment between the approximate nongray and the exact nongray 
results, while the gray calculation could yield substantial errors. 
The surprisingly large errors involved in the gray solution for 
Case 1 and 4 are due to the fact that the larger reflectivity (or 
smaller emissivity) of Plate 2 (metal) at low temperature results 
in more bounces or rays and consequently more multiple errors. 

In conclusion, an approximate method lias been proposed 
which uses the model of the gray-surface analysis to predict with 
a reasonable accuracy the radiative interchange among nongray 
surfaces. The use of the gray assumption in the solution of a 
nongray problem could result in a large error. 
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Once the radiosities of the surfaces are determined the heat fluxes 
and the unknown surface temperatures can be calculated, respec­
tively, from equations ( t ) and (12). 

Example 

In order to illustrate the proposed approximate method the 
radiative interchange between two nongray, infinite, parallel 
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Fig. 1 Thermal conductivity of types 416 and 440c stainless steels 

In t roduct ion 

A LOW heat-loss method developed by Williams and Blum [I]3 

which employed an almost identical apparatus to that developed 
at the National Bureau of Standards [2] was used to obtain 
needed, but not available, thermal conductivities as a function of 
temperature of AISI types 416 and 440C vacuum-melt, stainless 
steels in the unhardened condition. Equations are presented for 
straight lines which represent the data over the range from 80-240 
deg F. Data points from several generally available references 
are presented for comparison purposes only and to indicate the 
type of data previously available. The results are considered 
to be accurate to within two percent. 

Results 

Three experiments were run using an AISI type 416 sample and 
six experiments were run using an AISI type 440C vacuum-melt 
sample. The results of these experiments are shown in Fig. 1 
along with straight lines representing the data. The equation for 
the line representing the AISI type 416 is 

k = -0.0330/ + 20.7 (Btu/hr ft deg F) 

and, for the line representing the AISI type440C vacuum-melt, 

k = - 0.030 U + 23.0 (Btu/hr ft deg F) 

I t is interesting to note the decrease in thermal conductivity 
with increasing temperature (in this range) for these two types of 
stainless steel. This appears to be the general trend of the 400 
series (no nickel) stainless steels whereas the reverse is true for 
the 300 series stainless steels [1], 
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Transient Cooling of a Sphere in Space 

D. L. AYERS1 

A method is presented for dclermining the transient temperature 
distribution of a solid sphere cooling in space. The sphere is as­
sumed initially to he at a uniform temperature and then instantane­
ously subjected to the radiation sink of space at time -zero. This 
nonlinear problem was solved by using finite-difference computing 
techniques. Results are presented in dimensionless graphical form 
over a wide range of variables. This facilitates calculation of the 
transient temperature history at several points in the sphere. 

Nomenclature 

A = area, ft2 

C„ = specific heat, Btu/( lb deg R) 
3 = radiation exchange factor between surface and en­

vironment, dimensionless 
k = thermal conductivity, Bt,u/(hr ft deg R) 

ArFo = OL8/R2 = Fourier number, dimensionless 
A"r„ = k/aS^R = radiation number for cooling, dimension­

less 
r = radial coordinate, ft 

R = outside radius, ft 
T = absolute temperature, deg R 

T\ = environmental temperature, deg R 
Tj = original temperature of solid, deg R 
Tl{ = surface temperature, deg It 

a = k/pCp = thermal dil'fusivity, sq ft/hr 
p = density, lb/cu ft 
<r = Steffan-Boltzman constant = 0.1714 X 10^8, B t u / 

(hr f t 2 degR 4 ) 
6 — lime, hr 

Introduction 

W I T H the advent: of space exploration and intensified research 
in plasmas and high-temperature technology, radiation heat 
transfer is becoming more important. There are few papers in 
this field, however, that enable the analyst to compute the 
transient temperature histories of nonisothermal solids. The 
difficulty in handling the nonlinear radiation boundary condition 
in the mathematical analysis explains the lack of available 
solutions. 

There are various papers that deal with radiating semi-infinite 
solids or plates [1, 2, 7-14, 16, 18-21, 24, 25, 27, 28]. - Cylin­
drical geometries are analyzed in [4, 8, 9, 11, 23]. The sphere 
is also analyzed in [1-3, 6, 8, 9, 11, 15, 20, 26], but unlike the 
plate and cylinder there are no dimensionless curves describing 
the thermal cooling of a sphere that are valid for long periods of 
time and a wide range of physical parameters. This paper pre­
sents curves of this nature which will enable the user to easily 
determine the temperature history of the sphere. 

Statement of Prob lem 

In solving for the transient temperature history of a radiating 
sphere, the following assumptions are made: 

1 The sphere is composed of a homogeneous, opaque material 
wdiose thermal, physical properties are independent of tem­
perature. 

2 Radiation is the only mode of heat transfer between the 
surface and the space environment. At time zero the external 
surface of the sphere is exposed to a radiation environment of zero 
deg It. 

1 Senior Thermodvnamic Engineer, Itek Corporation, Palo Alto, 
Calif. 
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3 Heat flows only in the radial direction (end effects are 
negligible). 

4 The radiation interchange factor a is independent of the 
sphere's surface temperature. 

5 There is no heat generation within the sphere nor is there 
any internal cooling. 

0 The sphere has a uniform initial temperature. 

Mathematically, this problem is formulated as follows. The 
transient temperature distribution in the sphere must solve the 
Fourier equation for a sphere. 

d°-T 2 dT _ 1 Z>T 

dr2 r dr a dd 
0 < r < K, 0 < 0 (1) 

The solution to (1) must also satisfy the following initial and 
boundary conditions: 

T(r, 0) = T, 0 < r < R, 

tV 
= 0 r = 0, > 0 

(2) 

(3) 

0 1 

NF0=aQ/R'1 

0.0 

Fig. 1 Transient temperature of surface of a sphere subjected to rad ia t ion 
coo l ing ; Te = 0 deg R, r/R = 1.0 

dr k [7? - ?V] = R, e > o ( 4 ) 

Because of boundary condition (4), which includes the tem­
perature to the fourth power, this problem is nonlinear. For 
this reason an analytical solution is not derived. Instead, a 
numerical solution is obtained. 

N u m e r i c a l Resul ts 

The numerical results were obtained using finite-difference 
computing techniques with a digital computer. In this numeri­
cal analysis, the sphere was divided into separate concentric 
spherical shells and each shell or node was assumed to be iso­
thermal. The number of shells or nodes needed was determined 
by trial and error. The sphere was divided into finer and finer 
shells (or more and more nodes) until no difference in the com­
puted results could be determined. For the case of the sphere 
whose surface is instantaneously reduced to the environmental 
temperature, an exact solution does exist, since eliminating the 
surface radiation also eliminates the problem of nonlinearity. 
A comparison of the digital results with the exact solution for this 
extreme case of cooling shows a maximum dimensionless tem­
perature difference of 0.003 at the position of r/It = 0.95. This 
accuracy is quite adequate for a graphical presentation of the 
results. A comparison was also made where possible with the 
results of Crosbie [8] and there is agreement to within 0.003 in 
the dimensionless temperature. 

The numerical results for the temperature distribution in a 
sphere are given in dimensionless form in Figs. 1-3. Five di­
mensionless parameters appear in these charts and are as follows: 

Parameter 

Temperature 
Time 

Position 
Radiation 

Exi 

T/T< 
aQ/R? 

r/R 
iV,T = 

ression 

k/aST Hi 

Values 

Continuous from 0-1.0 
Continuous from 0.001-

100.0 
0 ,0 .5 , 1.0 
0 , 0 . 1 , 0 . 3 , 0 . 5 , 1.0,2.0, 

3.0, 5.0, 10.0, 20.0, 
30.0 

10.0 

<e//r 
Fig. 2 Transient temperature of m idp lane of a sphere subjected to rad ia ­
t ion cooling; r „ = 0 deg R, r/R = 0.5 

0 . 0 0 0 1 

NF0 -- aB/R2 

0.0 

Fig. 3 Transient temperature of center of a sphere subjected to rad ia t ion 
coo l ing ; Te = 0 deg R, r/R = 0 .0 

C o n c l u s i o n s 

The transient cooling of a sphere initially at a uniform tem­
perature is presented graphically hi Figs. 1-3. These charts 
cover the wide region of time where approximate solutions are not 
valid. These charts will enable the user to easily determine the 
temperature history of the cylinder. For cases not presented 
directly in the plots either chart interpolation is used, or ap­
proximate solutions valid for short, or long times can be used. 

If Fourier numbers less than NFO = 0.001 are of interest, then 
the solutions presented in [1, 2, 14, 16, IS, 21, 24] will be valid if 
applied within the limitations stated. During this time, flat 
plate or infinite solid solutions can be applied to a sphere, be­
cause, for these very short times, only the very outermost region 
of the sphere has started to respond to the environment. If 
this response depth is small in comparison with the outer radius, 
then the sphere can be assumed to be a flat plate. 
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T h e g r a p h s in this p a p e r e n c o m p a s s a b r o a d range and ex tend 

unt i l t he sphe re is cooling in an i so thermal m a n n e r . Cases be ­

y o n d N„. = 30 or AVo = 10.0 a re i so the rmal for all p rac t i ca l pu r ­

poses. Once the sphere is cooling in an i so the rmal m a n n e r , t he 

following exac t so lu t ion can be used : 

T l +
 !f» (5) 

T h e cooling of an i so the rma l solid is m o r e t h o r o u g h l y discussed in 
[5 ,221 . 
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Approximate Solution of Heat-Conduction Problems 
in Systems With Nonuniform Initial 
Temperature Distribution 

H. H. BENGSTON1 and F. KREITH1 

A N in tegra l m e t h o d for t h e a p p r o x i m a t e so lu t ion of hea t - con ­

duc t ion prob lems has been descr ibed b y G o o d m a n [ l ] . 2 Me 

appl ied the m e t h o d to a v a r i e t y of p rob lems , inc luding nonl inear 

ones, a n d ob t a ined , wi th g r e a t sav ings in c o m p u t a t i o n a l effort, 

so lu t ions t h a t agree well w i t h exac t so lu t ions . I t has been sug­

ges ted [1] t h a t t he m e t h o d of m o m e n t s [2-4] m a y b e su i t ab le to 

solve the h e a t - c o n d u c t i o n e q u a t i o n in s y s t e m s w i t h n o n u n i f o r m 

ini t ial t e m p e r a t u r e d i s t r ibu t ion , b u t so far i t h a s on ly been used 

for p rob lems wi th uni form ini t ia l condi t ions [5, 6 ] . F u j i t a [5] 

solved h e a t - c o n d u c t i o n p rob lems wi th t e m p e r a t u r e dependent , 

t h e r m a l p roper t i e s and C r a n k [6] solved diffusion p rob lems wi th 

concen t r a t i on d e p e n d e n t diffusivity. Th i s N o t e i l lus t ra tes a p ­

pl icat ion of the m e t h o d of m o m e n t s in the solut ion of a p r o b l e m 

wi th nonun i fo rm in i t ia l condi t ions . 

T h e p r o b l e m considered he re is t h a t of one-d imens iona l heat 

conduc t ion in a finite s lab w i t h o u t h e a t gene ra t ion . T h e s lab is 

insu la ted on one s ide b u t , on the o t h e r side, t h e h e a t flux, —f(T„ 

l)/k, is specified. T h e ini t ia l t e m p e r a t u r e d i s t r i bu t ion , g(x), is 

given. T h e m a t h e m a t i c a l s t a t e m e n t of the p rob lem to b e solved 

is, therefore , 

d2 '/ ' 1 dT 
= , 0 < x < I, t> 0 

dx2 a dl 

sub jec t to 

dT d T 
— (0, I) = 0, — (/, I) = - / ( ' / ' „ t) 
dx dx ( i ) 

T(x, 0) = g(x) 

T h e m e t h o d of so lu t ion assumes a profile, T(x), wh ich satisfies 

the b o u n d a r y condi t ions and , in add i t ion , con ta ins n u n k n o w n 

p a r a m e t e r s . E q u a t i o n s (2) and (3) are t h e n used to d e t e r m i n e 

these p a r a m e t e r s : 

' / d2T I 57 ' , 
x' ( — - - — dx = 0, j = 0, 1, . . . n - 1 (2) 
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unt i l t he sphe re is cooling in an i so thermal m a n n e r . Cases be ­

y o n d N„. = 30 or AVo = 10.0 a re i so the rmal for all p rac t i ca l pu r ­

poses. Once the sphere is cooling in an i so the rmal m a n n e r , t he 

following exac t so lu t ion can be used : 

T l +
 !f» (5) 

T h e cooling of an i so the rma l solid is m o r e t h o r o u g h l y discussed in 
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I x'T(x, 0)dx = I x'g(x)dx, j = 0, 1, . . . n - 1 (3) 
Jo Jo 

Choosing a cubic profile, T(x) = A + Bx + Cx"1 + Dx3, where 
A, B, C, and D are functions of I, and applying boundary con­
ditions (1) yields 

T(x, t, Tt) = A - [f(T„ t) + 3Dt*)x*/2l + Dx3 (4) 

Substituting equation (4) into equation (2) with j = 0 yields an 
ordinary differential equation. Solution of the differential equa­
tion subject to the initial conditions generated by equation (3) 
withy = Ogives 

,-l (T„ I) = Go(l)/l + PD/4 + lf(T„ 0 / 6 

where 

?j> f(T„ T)dr (.5) 

J o 
&'„(/) = g(x)dx 

Jo 
A similar procedure using j = 1, followed by substituting equa­

tion (5)for A(7'„ 0 , yields 

l3D(T„ t) + lOal 

where 

f D{1\, 
J o 

r'jdr 

10G0(l)/l ~~ 20G1(/)//2 - ,mr„t)/(> (6) 

(Ml) f 
J o 

xg(x)dx 

In order to continue the solution, more information must be 
given about f(Tlt t). Three cases wrill be considered further: 

1 / = constant. 

2 / = f{t). 

3 f = f(Tl). 

Case 1: f — Const. For this case, equation (6) can be solved 
to give D(t), and equation (5) specifies A(t). Therefore, equation 
(4) becomes 

T(x, t) = G„(l)/l + lf/6 - x*f/2l - afl/l 

+ (o/2l)[Go(l) - 2Gl(l)/l - fiyi2]F{x/l)e-Wat-/v' (7) 

where 
F(x/l) = 1 - %(x/lf + i(x/l)3 

The exact solution for / = 0 is given by Carslaw and Jaeger [7]. 
The steady-state portion of the exact solution is the same as the 
steady-state portion of equation (7) w i t h / = 0. The first eigen­
value of the exact solution is 7r2a//2 and is approximated in equa­
tion (7) by 10a//2. In order to compare equation (7) with the 
exact solution for a specific case, let g(x) = x. The approximate 
solution is then 

(ol!\2)Fix/l)trl0at'vl (8) T(x, I) = 1/2 

The steady-state portion with the first eigenfunction of the exact 
solution is 

T(x,t) = 1/2 - (4//7T2) cos (wx/l)e- (9) 

A graphical comparison of the solutions is presented in Fig. 1. 
The greatest deviation between the approximate solution and 
first eigenfunction of the exact solution is 12 percent at I, = 0 and 
x = 0 or I. However, for at/I1 > 0.05, they agree to within 2.0 
percent over the entire slab, and for 0.2 < x < 0.8, they agree to 
within 1.5 percent over the entire range of time. At extremely 
small values of time the first eigenfunction may not give a suf­
ficiently close approximation of the complete exact solution. If 
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Fig. 1 Comparison of approximate and exact solution with f = const, 
g(x) = x 

greater accuracy is required during the initial period, the ap­
proximate solution can be improved in that region by adding 
more terms to the assumed profile for T(x); approximations for 
additional eigenfunctions can then be obtained. For example, 
if a quartic profile is assumed for T(x) and a similar procedure is 
used to evaluate the three undetermined parameters, an ap­
proximation for the second eigenfunction is found in addition to 
the solution given by equation (7). The approximation found in 
this manner for 4ir2o://2, the second eigenvalue of the exact solu­
tion, was 42 a/I2. 

Case 2: f = f(t). In this case equation (6) can be solved readily 
to give D(l), but since the actual solution for D(t) depends upon 
the form of /( / ) , no further generalizations will be made. 

Case 3: / = f(T,). In this case equation (6) can be solved to give 
D(T,, t), and equation (4) becomes 

T(x, t, T,) = 0,(1)/I + (1/6 - :r.2/2/)/(T;) 

a r1 

~ - I f(T,)dt + (5/2l)[G0(l) - 2Gl(l)/l 

- (iyi2)f(Tl)]F(x/l)e-l0al/li (10) 

If Tt(t) is then substituted into equation (10), an expression 
for T(x, I) is obtained but, if/ — f(T,, t), it may not always be 
possible to obtain an analytical solution. 

Ames [3, 4] discusses the value of using orthogonal polynomials, 
Pj(x), rather than x> as the weighting functions in equations (2) 
and (3). The problem under discussion was worked for/ = const 
using the orthogonal polynomials, P<i = 1 and Pi — 1 — x, as 
weighting functions instead of x>. The solution found was ex­
actly the same as equation (7), the solution obtained using x' as 
the weighting function. For other applications, there may be an 
advantage in using orthogonal polynomials as weighting func­
tions. The main disadvantage of using orthogonal polynomials is 
the increased computational effort required. 

The method of solution presented in this Note is suitable for 
many other heat-conduction problems with nonuniform initial 
conditions. 
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Fig. 2 Tracer element enters annulus with incoming fluid, Re 411

Fig. 1 Definition sketch

Sevcral phenomena wem immediately apparen t. First, the
jetting of the entering flow developed an unstable free-shear layer
which caused the development of a pail' of toroidal vortices. This
is shown in Fig. 2. Seeond, the flow is unst.eady due to the
downstream movement of the toroidal vortices whieh form a
countenotating pail' of vortices. The development of the
counterrotating vortiee, is shown in Fig. 3. These two phe­
nomena were observed over a Reynolds number (of the flow in
the approach pipe) range of 208--4020.

The loeation of the separation point. was observed to be time­
dependent. The entering How separated from the inner sphere
just upstrealn of the moving countenotating vortiees and moved
downstream as the vortex pail' moved downstream. This pl'Ocess
continued until another vortex was formed at the surface of the
inner sphere back upstream. Separation then occlll'red at the
upstream vortex. vVard [2] and Ilunclell [1] had observed a
fixed separation point.

For all of the Heynolds numbers observed, the regions of high
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Introduction

H UN DELL, et al. [1]," have examined the forced-convection
concentric-sphere heat exchanger and indicate that a better
understanding of the fluid mechanics is essential for a more com­
plete understanding of the heat transfer problem. This Note is
the result of a study to gain more knowledge of the fluid How in
the entrance region of the concentric spheres uscd in [1]. The
concentric-sphere heat exchanger is deseribed as follows: The
fluid enters and leaves the annulus throu,gh diametrically op­
posed openings in the outer sphere. Fig. 1 describes the basic
configmation and shows a simplified version of the inlet flow.

'Yarel [2] made a flow visualization study of the flow through
the annular space, concentrating on the region between GO and
120-deg downstream of the entrance, and drew certain eone!usions
from his observations. Some of 'Yard's visualizaticHl studies are
eontained in [I]. The results of \Yard's study may be snmmar­
ized as follows: All of the How patterns indicated a higher
velocity in the outer portion of the annulus than in the region neal'
the inner sphere. A high degree of irregularity in the decelerat­
ing flow was indicated by the swirling vortical motions. Sepa­
ration was observed to occm at approximately 45-deg downstream
of the entrance and seemed to be independent of flow rate.

\Yard's observations indicate that the entrance region (prior to
separation) is the most significant heat transfer region. Separa­
tion of the entering Huid from the inner sphere past '15 deg
causes more or less stagnant Huid to be in contad with the inner
sphere over the region of maximum flow area, while the entrance
region provides higher velocities at the inner sphere.

The How in the exit region is characterized by a somewhat con­
ventional accelerating velocity profile. Also, since the exit
region flow should be at a higher bulk temperatlll'e than the en­
trance region, the entrance region would be more important as
far as heat transfer rate is concerned.
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Fluorescein dye was used as the How-visualization medium.
The experimental apparatus was isothermal during the observa­
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Fig. 4 Tracer element enters annulus, Re = 4020

were quickly transported downstream. This general flow pat­
tern remained the same until observations were made at a
Heynolds number of 1:j(lO. Differences in the structme of the
free-shear layer mil-ups were observed at this Heynolds number.
The shear-layer mil-ups no longer grew to the large sizes observed
in the lower Heynolds number range, but quiekly became disor­
ganized and mixed with the fluid downstream.

For Heynolds numbers signifieantIy higher than 1:3tjO, the.'e
flow pattem ehanges were intensified. The shear layer beeame
inereasingly irregular and distmbed near the inlet, followed
quiekly by I he rolling up of the shear layer around the distur­
bances. The fmquency of shear-layer roll-up inereased with
increasing Heynolds nnmber, along with a corresponding deerease
in roll-np smoothness and size. These energetic roll-nps move
only a short distanee downstream before breakup into turbulent
mixing, as shown in Fig. 4. The frequent and irregnlar rolling np
of the free-shear layer followed by a breakdown into turbulent
mixing is expected to characterize the flow at Heynolds numbers
even higher than those tested.

The majority of the flow visualization photographs appearing
in [I, 2J were for flow at a Ileynolds number of 2D20. The re­
maining flow visualization photogl'l1phs were either at Heynolds
numbers of 4420 and ;j;~);jO or unidentified. However, all of the
photogl'l1phs identified by Heynolds number were of the region
far downstream of the iulet, 4;"j deg .:; () .:; 1:35 deg, therefore no
direct comparison eould be made with the present flow visualiza­
tion photographs.

Conclusions

vVe can summarize the flow characteristics in the entrance re­
gion as follows:

Existence of an nnstable free-shear layer at the boundary
separating the high-velocity and low-velocity regions.

2 Holl-up of the unstable free-shear layer into regions of con­
centrated vorticity.

:J Formation of vortices adjaeent to the inner sphere simul­
taneous with the rolling up of the free-shear layer to form eounter­
rotating vortex pairs.

4 Growth of these vortices to large size for Heynolds numbers
less thanl:3GO.

;) Hapid breakdown of the eounterrotating vortex pairs into
turbulent mixing at higher Heynolds numbers.

G Transient nature of the separation point.

Now that a better understanding of the fluid meehanics has
been obtained, we ean comment on its relevance to the high-ex­
changer applieation of the concentrie-sphere geometry. Local
heat transfer eoefiieients for the experimental eonfiguration
should be high in the region upstream of the separation point
where the entering flow impinges on the inner sphere ancl then
flows tangentially along the surface. The local heat-transfer
coefficient would then decrease irregularly in the downstream
region studied by Rundell [1], where the loeal heat-transfer eoef­
fident would be relatively low. Local values of the heat-transfer
coefiieient would vary signifieantly and transiently, due to the
nature of the flow pattern.

Bing bames could be used to good advantage in improving the
heat transfer coeflieient. Select placement of bames on the in­
side of the out.er sphere would influenee separation and eause the
veloeity near to the inner sphere to be greater. The local heat­
transfer eoeffieient would be improved and, therefore, the overall
heat transfer eoefIieient would also be improved.
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Fig. 3 Sequence showing entrainment of entering flow in a counter­
rotating vortex pair, Re = 1584. The number appearing beneath
photographs refers to frome number in film sequence 10 which photo­
graphs correspond (10 frames/sec).

and low-veloeity flow remained in the same relative positions as
shown in Fig. l. Since this basic flow pattem arises due to the
jetting of the entering How against the inner sphere, it is strongly
suggested that this pattem exists not only for the Heynolds num­
ber l'l1nge observed, but is repeated at Heynolds numbers outside
the range tested.

The free-shear layer at the boundary separating the high and
low-velocity regions was observed to remain smooth for one or
more annulus widths downstream of the inlet, for flow in the low
Heynolds number range. The length of the smooth portion of
the free-shear layer varied inversely with the Heynolds number,
thns the rolling up of t he free-shear layer occurred nearer and
nearer to the inlet as the Heynolds number increased.

In the low Heynolcb nlunber range the How was viscosity
dominated, thus allowing the shear layer roll-ups to grow to the
rather large sizes shown in Fig. 2. Also clearly visible in the
flow pattem typified by Fig. 2 are large eountermtating roll-ups
which accompany each of the large free-shear layer roll-ups. In
some cases these roll-up pairs approached the width of the an­
nnlus. Thus large quantities of flnid were caught in the roll-np
pairs such that small scale mixing of the entering flow with Huid
already in the annulus was delayed until these large concentra­
tions of vorticity were either diffused or broken np.

As the Heynolds number was increased through the lower
range of values, shear-layer roll-ups appeared with increasing fre­
quency, grew to much smaller size, appeared nearer the inlet, and
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Convection in a Closed Rectangular Region: 
The Onset of Motion 

IVAN CATTON1 

Introduction 

T H E first investigator to consider a fully confined fluid was 
Davis [ l ] .2 Davis chose perfectly conducting walls and used the 
Galerkin method. In using the Galerkin method, however, he 
violated the Weierstrass theorem, and his set of trial functions 
were not complete within the region of interest. In the present 
work, Davis's problem [1] of perfectly conducting side walls is 
reexamined using a set of trial functions for the Galerkin method 
that do not violate the Weierstrass theorem. It is found that the 
results are not markedly different; however, in the region of small 
aspect ratios where Davis was unable to obtain meaningful re­
sults, the use of valid trial functions eliminates the problem. 
The results are discussed and compared with those of other 
investigators. 

Analysis 

In the initial state, a quasi-incompressible (Boussinesq) fluid 
fills a rectangular region. The base of the rectangle is fixed at a 
temperature higher than the top and a linear temperature 
gradient is established in the fluid in the direction of the body 
force (the negative z-axis). The initial velocity, temperature, 
and pressure distributions are given by 

v„ = 0, V A = (3k, v>„ = pgd - aPz)k (1) 

where p is the mean fluid density, k a unit vector along the z-axis, 
/3 the mean temperature gradient, a the volumetric thermal ex­
pansion coefficient, and g the acceleration of gravity. In this 
particular problem, instability sets in via a marginal state and 
terms with time derivatives will not appear in the equations 
governing the perturbations. In dimensionless forms, the per­
turbation equations are [2] 

div v = 0 

V2v + R<?k - grad p 

7 20 + iv = 0 

(2) 

(3) 

(4) 

where v, 0, and p are the velocity, temperature, and pressure dis­
turbances measured in units of K/L, f}L, and pvn/IJ, respectively. 
The characteristic length L is the height of the rectangular region, 
and v and K, the kinematic viscosity and thermal diff usivity. The 
horizontal coordinates, x and y, are measured in units of the 
rectangles height L. The Rayleigh number is defined 

R 
ag/SL* 

VK 

The boundary conditions for this problem are 

v = 0 on \z\ = i \x\ = iffl: \y\ = iH,. 

= 0 on \z\ = i'Hi, W m. 

(5) 

(6) 

(7) 

Equations (2)-(4) and the boundary conditions given by equa­
tions (6) and (7) constitute an eigenvalue problem for the Ray­
leigh number. The smallest eigenvalue is the desired critical 
Rayleigh number. 
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The Galerkin method is readily adapted to problems of this 
type. The interior orthogonality relations are written for the 
equations of motion [3] 

Y, \ (V2v + R#k - grad p)j-ykdV = 0 
j *J V 

V; f (V2<? + -m)fikdV = 0 
j J V 

(8) 

(9) 

where Vj, dj, and pj are represented by 

Vj = UjF/x, ,(/, z), 8j = bfljix, y, z), 

Pj = CjHj(x, y, z) (10) 

When the expressions given by equations (10) are substituted 
into equations (8) and (9) and the indicated integration is 
carried out, the pressure will vanish due to the solenoidal charac­
teristic of v, and there results 

Fi-VFy + Kfc/rjIc-Fjdl 
j = 1 J 0 

E f laAk-Fy + ft/VW, 
j = l Jv 

dV 

(11) 

(12) 

The requirement that equations (11) and (12) have nontrivial 
solutions (cij and bj nonzero) requires that the secular deter­
minant be zero, 

det !, 
\MU R Mn\ 

= 0 

where A/u , M12, M21, and /l/22 and A" X Ar matrices defined as 

(13) 

F,-?2F//F, •-J: 
n = f k-F,G,dV, 

Mvi = 

-V22 = L 
k-FAG/H 

GJJKldV 

(14) 

By choosing suitable expansions for v and d, it is possible to ob­
tain good approximations for the lowest values of R by truncating 
the secular determinant (13) at some finite number of terms. 
The j and k in equations (14) each indicate some x, y, z de­
pendence of a trial function. The trial functions used are the 
beam functions and sine and cosine functions. The method 
used in selecting trial functions for the velocity is that of Davis. 
Davis takes advantage of the fact that superposing two-dimen­
sional motions (each satisfying continuity) can generate any 
three-dimensional motion if enough terms are incorporated into 
the expansion. For example, one might choose trial functions 
so that 

dx dz 
0 and 

This yields 

v>i + w-i, 

di> biv-2 

dy dz 

u, 

0 

which is fully three-dimensional motion and is {he sum of two 
finite rolls. The various trial functions used to construct a solu­
tion are given in the Appendix. 

The determinant gi\sn by equation (13) can be reduce to 

i J / 2 2 - W 2 l M „ - W 1 2 iT o (15) 

which is a Ar X Ar eigenvalue problem rather than a 2A" X 2Ar 

determinant whose zeros must be found. 
The procedure used to solve the problem posed by equation 
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Table i Critical Rayleigh number for the onset of natural convect ion for var ious aspect ratios 

Hi 

0.125 
0.25 
0.50 
1.00 
2.00 
3.00 
4.00 
5.00 
6.00 

0.125 

0802960.0 
1554480.0 
606001.0 
469377.0 
444995.0 
444363.0 
457007.0 
473725.0 
494741.0 

0.25 

1554480.0 
638754.0 
115596.0 
64270.8 
53529.7 
50816.4 
50136.1 
50088.7 
50410.1 

0.5 

606001.0 
115596.0 
48178.9 
14615.3 
11374.5 
9831.6 
9312.0 
9099.4 
8980.2 

1.0 

469377.0 
64270.8 
14615.3 
6974.0 
5138.2 
3906.0 
3633.6 
3446.2 
3358.0 

2.0 

444995.0 
53529.7 
11374.5 
5137.9 
3773.6 
2753.6 
2530.5 
2359.5 
2285.7 

3.0 

444363.0 
50816.4 
9831.6 
3906.0 
2753.0 
2557.4 
2337.2 
2174.44 
2101.0 

4.0 

457007.0 
50136.1 
9311.9 
3633.6 
2530.5 
2337.2 
2270.2 
2110.9 
2037.2 

5.0 

473725.0 
50088.6 
9099.4 
344.6.2 
2359.5 
2174.4 
2110.9 
2081.7 
2007.8 

6.0 

494742.0 
50410.1 
8980.2 
3357.9 
2285.7 
2100.9 
2037.2 
2007.8 
1991.9 

®~x 

Fig. 1 Geometry and coordinate system of rectangular region 

(15) was to use the trial functions given in the Appendix to gen­
erate the matrices, equations (14). The number of (rial func­
tions used (Ar) was increased until six significant figures of 
accuracy were obtained in R. This was done for each of the sets 
of functions given in the Appendix and for various combinations 
of sets of functions. The characteristic Rayleigh number being 
the minimum one found. This procedure was carried out for 
horizontal dimensions H/L from Vs to 6 where L is the height of 
the perfectly conducting walls. The results are given in tabular 
form in Table 1 and in graphical form in Fig. 2. 

D i s c u s s i o n of Resul ts 

The effect of confining perfectly conducting walls on the onset 
of natural convection has been determined for rectangular plan-
forms of various aspect ratios. The Galerkin method was used 
with trial functions constructed from a linear combination of a 
complete set of orthogonal coordinate functions. The trial 
functions were selected to allow for the possibility of fully three-
dimensional flow configurations. The minimum Rayleigh num­
bers were obtained for trial functions representing rolls whose axis 
are perpendicular to the longer dimension. The preferred orien­
tation of rolls has been observed by Whitehead and Busse [4], 
and predicted by Davis [1]. 

The results of this analysis are presented in Table 1 for aspect 
ratios (H/L) from Vs to 6. Selective results are presented 
graphically in Fig. 1. The stability curves, Fig. 1, obtained have 
a kink at some value of Hi/H2 between 1 and 2. This kink is 
caused by flow going from a single roll to a multiple roll configura­
tion. This was also observed by Davis [1] and Kurzweg [5], 
The curve labeled Hi = 6.0 in Fig. 2 is essentially a limit curve 
for large H%. This would be equivalent to an infinite channel. 

The upper-bound estimates of the critical Rayleigh number de­
termined in this work are lower by 15 percent than the estimates 
found by Davis when one of the aspect ratios is less than unity 
and the kinks are almost nonexistent. If both aspect ratios are 
greater than unity, the results compare quite well. Davis used 
trial functions that were not a linear combination of a complete 
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Fig. 2 Critical Rayleigh number for various aspect ratios 

orthogonal set. This in itself is not a problem; however, his trial 
functions were constructed out of a set of equally spaced rolls. 
I t is inconceivable that the walls would not affect the adjacent 
rolls. This, possibly, could be the reason that Davis could not 
obtain convergence when the aspect ratios were small. Davis 
[6] used these results to look at finite amplitude convection. I t is 
suggested herein that his conclusions should be suspect. The 
present method does not have this difficulty and convergence is 
achieved very easily for small aspect ratios. As a matter of fact, 
the convergence improves the smaller the aspect ratio to the ex­
tent that a one-term approximation does a reasonable job in 
predicting the minimum Rayleigh number. 
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The velocity components u, v, and w are expanded in terms of 
beam functions to satisfy two boundary conditions at each solid 
surface. The beam functions are 
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where the prime denotes differentiation with respect, to the in­
dependent variable. These functions and integrals of various 
combinations of them are found in Harris and Reid [7]. 
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Conduction to an Insulated Cylinder 
From a Semi-Infinite Region 

S. W. CHURCHILL1 

A complete analytical or numerical solution for conduction in 
the region outside an infinitely long, isothermal, insulated cylinder 
does not appear to have been developed. Furthermore, examina­
tion of the analytical solutions for the region outside an insulated 
sphere [I]2 and for the limiting cases of the cylinder described 
later suggests thai a complete analytical solution would be so 
complex as to be impractical for computational purposes. The 
number of parameters in the problem magnifies (he task of de­
veloping and presenting a sufficiently complete numerical solu­
tion. The general problem is, however, of considerable practical 
interest in the underground storage of cryogenic fluids, in buried 
pipelines, etc. 

It is possible through the techniques described in [2, 31 to 
construct a complete solution of sufficient accuracy for all prac­
tical purposes from the available solutions for limiting cases. 
The construction of this solution is described herein and illustra­
tive results are presented. 

The solution for the transient heat, flux density, q, from in­
finitely thick insulation at a uniform initial temperature, To, 
to an infinitely long cylinder of radius a, at constant temperature, 
7' is 

k'(T„ - 7' ) 7T2 J0 lllJoHu 

K'tu,-/a,-([u 

) + 5V(«)] 
(1) 

where / is time, k' and K' are the thermal conductivity and 
thermal diffusivity, respectively, of the insulation, and ,/(,(«) and 
Ya(u) are Bessel functions of the first kind and zero order, and 
second and zero order, respectively. 

Approximations for this integral for both large and small 
values of K'l/u'1 are given on page 336 of [4] and numerical values 
are tabulated in [5J. The logarithm of the right side of equation 
(1) is plotted as the ordinate in Fig. 42, page 338 of [4] with the 
logarithm of K'l/a1 as the abscissa. 

Substitution of thermal conductivity, k, and thermal diffusivity, 
K, of the external region for k' and K' in equation (1) produces a 
solution for no insulation. 

For insulation of finite thickness, 8; an initial uniform tem­
perature, T0, in both the insulation and surroundings; and an in­
finite conductivity in the surroundings 
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Fig. 1 Construction of solution by bounding 
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where 6 = a + <5 is the outer radius of the insulation and ctn are 
(he positive roots of 

Jo(an)-Y0(ban/a) — Jo{ba J a) • Y o{a n) = 0 (3) 

A few numerical values of the roots of equation (3) are given in 
Table IV of [4], 

The solution for the general case, except for the assumption 
that the heat capacity of the insulation is negligible, is 
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and Ji(u) and Yi(u) are Bessel functions of the first kind and first 
order and second kind and first order, respectively. Values of 
the right side of equation (4) are plotted as the ordinate in Fig. 43 
of [4], with Kl/b2 as the abscissa and / / as the parameter. 

These four limiting solutions are plotted in Fig. 1 for particular 
values of the three dimensionless parameters. From either 
physical or mathematical reasoning it is apparent that the heat-
flux density must always be greater than that given by equation 
(1) and (4), and less than that given by equation (I) with k and K 
substituted for k' and K', and by equation (2). Furthermore, 
the difference between the general solution and equations (4) 
and (2) must decrease with increasing and decreasing times, re­
spectively. Since equations (2) and (4) differ negligibly for in­
termediate times the general solution must differ negligibly from 
equation (2) for short and intermediate times and from equation 
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(4) for long and intermediate times. The simpler equation (1) 
is evidently a satisfactory approximation for short times. These 
conclusions are valid for other finite values of the three parame­
ters. For the limiting values of the parameters, one of the limit­
ing solutions becomes exact. 

If might be presumed that the heat capacity of the insulation 
is always negligible and hence that equation (4) is sufficient for all 
practical purposes. The heat capacity of the insulation indeed 
does not affect the heat flux significantly after t = 82/vK', but 
approximately one half of the accumulative heat transfer up to 
that time is due to the sensible heat of the insulation. 

Although a minimum of five dimensionless groups are required 
to describe the general solution, qa In (b/a)k'(T<, — 1\) is a sig­
nificant function only of b/a and K'l/a? for short times, es­
sentially unity for intermediate times, and a significant function 
only of k'/k In (b/a) and Kt/b'2 for the long times. Hence a com­
plete graphical solution can be constructed, as illustrated in Fig. 2, 
with a split abscissa and a single parameter in each segment. 

A complete solution for the transient temperature field in the 
insulation and outer region can be constructed by the technique 
just described above, although one additional independent 
variable is involved. 
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Analysis 

Consider natural convection within a plane channel of width 
8 inclined at angle 9 with respect to the vertical. Let the lower 
and upper walls be maintained at temperature '1\ and T->, re­
spectively, and introduce a Cartesian coordinate system (x, y, z) 
such that the :r-axis lies along the lower wall in direction of the 
flow and the z-axis is normal to the walls with the upward direc­
tion being positive. In terms of these coordinates, the stationary 
velocity and temperature profiles within the enclosed fluid 
layer are 

Vt = U0f(z)(x), T = rJ\ - ATh(z)(x), (1) 

where Uo is a representative velocity and AT = 7\ — T>. The 
lengths x, y, and z are expressed in units of 8 and the dimension-
less functions/(z) and h(z) remain unspecified for the time being. 
Equations governing the stability of these solutions are readily 
obtainable by (he usual method of .small disturbances. Without 
going into details of the derivation, we find that the growth rate 
for arbitrary infinitesimal, three-dimensional disturbances is 
governed (within the framework of tlie Boussinesq approxima­
tion) by the linear equations 
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where vz is the nondimensional normal component of the velocity 
perturbation and r the nondimensional temperature perturbation 
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Stability of Natural Convection Within an 
Inclined Channel 

U. H. KURZWEG1 

Introduction 

THK authors, De Graaf and van der Held [ l ] , 2 have found 
experimentally that the onset of convective heat transfer across 
an inclined air layer heated from below is characterized by the 
appearance of longitudinal convection rolls whose axes are parallel 
to the existing steady-state convection. We will show in the 
present Note that these longitudinal rolls are closely related to 
the well-known problem of convective instability between dif­
ferentially heated horizontal surfaces and that the critical 
Grashof number at the onset of roll instability is directly ob­
tainable from the known results of that problem. The resultant 
analytical relation between the critical Grashof number and the 
layer inclination to the vertical will be compared with our own 
observations on convection within a differentially heated in­
clined channel. 
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The quantities g, v, a, /3, and I represent, respectively, the gravi­
tational constant, kinematic viscosity, thermal diffusivity, coef­
ficient of volume expansion, and the nondimensional time. 

The secular relation corresponding to the onset of instability 
follows by solving equations (2) and (3) for an appropriate set of 
boundary conditions after introducing the normal mode relations 
d/dx = ikx, d/dy = ik^, and a/ol = ur + ?'co,- and equaling the 
real part of the time variation to zero. The actual procedure of 
evaluating the resultant secular relation is quite involved unless 
certain simplifying assumptions concerning the form of the dis­
turbances are made. One such simplification is to assume that 
the disturbances are transverse waves, in which case the foregoing 
equations reduce to the modified Orr-Sommerfeld form obtained 
by Plapp [2]. Here we consider a second limiting case, namely, 
that of longitudinal convection rolls as observed experimentally 
in reference [1], These disturbances are independent of x and 
spatially periodic in y, with nondimensional wave number k,r I t 
follows from equations (2) and (3) that the growth rate of such 
disturbances is independent of/(z) and that the equation govern­
ing the onset of nonoscillatory rolls is simply 

(D2 - k/fW = ~k,;- Gr Pr sin 6(Dh)W, (4) 

where W represents the z dependence of v.. This equation will be 
recognized to be identical with that governing convective in­
stability in a horizontal fluid layer with nonlinear vertical tem­
perature distribution [3], provided the effective gravitational 
constant g sin 0 in equation (4) is replaced by g. The corre­
sponding secular relation for the critical Grashof number is 

Gr„ (const/Pr) esc d, (5) 
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(4) for long and intermediate times. The simpler equation (1) 
is evidently a satisfactory approximation for short times. These 
conclusions are valid for other finite values of the three parame­
ters. For the limiting values of the parameters, one of the limit­
ing solutions becomes exact. 

If might be presumed that the heat capacity of the insulation 
is always negligible and hence that equation (4) is sufficient for all 
practical purposes. The heat capacity of the insulation indeed 
does not affect the heat flux significantly after t = 82/vK', but 
approximately one half of the accumulative heat transfer up to 
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to describe the general solution, qa In (b/a)k'(T<, — 1\) is a sig­
nificant function only of b/a and K'l/a? for short times, es­
sentially unity for intermediate times, and a significant function 
only of k'/k In (b/a) and Kt/b'2 for the long times. Hence a com­
plete graphical solution can be constructed, as illustrated in Fig. 2, 
with a split abscissa and a single parameter in each segment. 

A complete solution for the transient temperature field in the 
insulation and outer region can be constructed by the technique 
just described above, although one additional independent 
variable is involved. 
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certain simplifying assumptions concerning the form of the dis­
turbances are made. One such simplification is to assume that 
the disturbances are transverse waves, in which case the foregoing 
equations reduce to the modified Orr-Sommerfeld form obtained 
by Plapp [2]. Here we consider a second limiting case, namely, 
that of longitudinal convection rolls as observed experimentally 
in reference [1], These disturbances are independent of x and 
spatially periodic in y, with nondimensional wave number k,r I t 
follows from equations (2) and (3) that the growth rate of such 
disturbances is independent of/(z) and that the equation govern­
ing the onset of nonoscillatory rolls is simply 

(D2 - k/fW = ~k,;- Gr Pr sin 6(Dh)W, (4) 

where W represents the z dependence of v.. This equation will be 
recognized to be identical with that governing convective in­
stability in a horizontal fluid layer with nonlinear vertical tem­
perature distribution [3], provided the effective gravitational 
constant g sin 0 in equation (4) is replaced by g. The corre­
sponding secular relation for the critical Grashof number is 

Gr„ (const/Pr) esc d, (5) 
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Fig. 1 Onset of longitudinal roll instability as function of layer inclina­
tion to vertical 

where the value of the constant in this expression depends upon 
the temperature profile h(z) and upon the boundary conditions. 
For the case of a linear temperature profile h(z) = z in a channel 
whose walls are good thermal conductors, the value of this con­
stant is 1707.8 and the associated critical wave number is ku = 
8.12. 

Experiment 

A series of experiments similar to those of reference [I] were 
undertaken to verily equation (5) for natural convection within 
an enclosed fluid layer. The apparatus consisted of an inclined 
plane channel of width 5 = 0.61 cm formed by two differentially 
heated copper plates. The mean temperature within the channel 
was maintained at 21 deg C, while the temperature difference A7' 
between the heated lower and the cooled upper plate was ad­
justable from 0-20 deg C. Silicone oil (Dow-Coniing 704), 
having the properties v = 0.45 cm2/sec, a = 9.35 X 10 - 4 

cm'Vsec, and /3 = 0.799 X lO"3 (deg C ) " 1 at 21 deg C, was chosen 
as the working fluid and convection within the fluid layer de­
tected by the motion of suspended graphite particles. Results of 
the experimental observations are recorded in Fig. 1, together 
with the theoretical relation A7'crit = (4.04 deg C) esc d obtained 
from equation (5) upon substitution of the foregoing fluid proper­
ties and channel width. Agreement between theoretical pre­
dictions and the experimental results is seen to be excellent. 

Concluding Remarks 

The longitudinal roll disturbances considered here are also ex­
pected to occur in free convection along healed surfaces, such as 
inclined plates and horizontal cj'linders. In these latter in­
stances, equation (5) will no longer be a simple cosecant law since 
h(z) is now a function of the surface inclination to the vertical. 
It would be of interest to solve the complete equations (2) and (3) 
for free convection along a nearly vertical plate, thereby deter­
mining how a slight fluid stratification affects Plapp's [2] theoreti­

cal results based upon the assumption of transverse disturbances 
of the Tollmien-Schlichting type. 
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The boundary-layer analysis of free-convection heat transfer from a 
vertical cylinder with uniform heal flux at its surface is made. The 
transformed ordinary coupled equations form a two-parameter 
system (qwand Pr). The two search type of equations is solved using 
an iterative scheme developed for the isothermal case. Numerical 
solutions obtained for parametric values of Pr and >;„ indicate that 
the cylinders can be classified as short cylinders, long cylinders, and 
wires. Heat transfer correlations are presented and compared with 
experimental data. The results suggest, that correlations for the 
isothermal case may be used, for the present case also if a discrepancy 
of about 6 percent can be tolerated. 

Nomenclature 

D = diameter of cylinder 
/ = transformed stream function 
g = acceleration due to gravity 

Gr = Grashof number, equations (1) 
k = thermal conductivity of fluid 
L = length of cylinder 

Nu = Nusselt number, (9) 
Ns = shear stress number, equation (15) 
Pr = Prandtl number, v/a 

q = rate of heat transfer per unit area 
r, R = radial coordinates 
Ra = Rayleigh number: Gr X Pr 

t, T = temperature variable 
u, U = vertical velocity component 

v, V = radial velocity component 
x, X = vertical coordinates 

a = thermal diffusivity 
/3 = coefficient of volume expansion 
•q = transformed independent variable 
d = transformed temperature variable 
v = kinematic viscosity 

tp = stream function 
T = shear stress 
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where the value of the constant in this expression depends upon 
the temperature profile h(z) and upon the boundary conditions. 
For the case of a linear temperature profile h(z) = z in a channel 
whose walls are good thermal conductors, the value of this con­
stant is 1707.8 and the associated critical wave number is ku = 
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Experiment 
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with the theoretical relation A7'crit = (4.04 deg C) esc d obtained 
from equation (5) upon substitution of the foregoing fluid proper­
ties and channel width. Agreement between theoretical pre­
dictions and the experimental results is seen to be excellent. 

Concluding Remarks 

The longitudinal roll disturbances considered here are also ex­
pected to occur in free convection along healed surfaces, such as 
inclined plates and horizontal cj'linders. In these latter in­
stances, equation (5) will no longer be a simple cosecant law since 
h(z) is now a function of the surface inclination to the vertical. 
It would be of interest to solve the complete equations (2) and (3) 
for free convection along a nearly vertical plate, thereby deter­
mining how a slight fluid stratification affects Plapp's [2] theoreti­

cal results based upon the assumption of transverse disturbances 
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Superscripts 

Prime = ordinary differentiation with respect to 1] 
* — value based on qL/k 

— = integrated mean value 

Subscripts 
D = value based on diameter of cylinder 
L = value based on length of cylinder 
<*> = value at a distance far away from cylinder 
x = local value 

Introduction 

FIUU-I convection from vertical plates has been analyzed by 
several investigators under different boundary conditions [1-4].4 

The series solution of Sparrow and Gregg [">] for isothermal verti­
cal cylinders, extension of the series solution by singular pertur­
bation techniques by Kuiken [4], and similarity solution for a 
linearly varying surface temperature [6| are some of t he investiga­
tions connected with vertical cylinders. l lama, Recesso, and 
Christiaens [7| report the results of the integral analysis and 
interferomefric study of free convection from thin wires to air. 
The present authors used a new method of solution [8] which 
enabled to classify the complete family of cylinders into three 
categories—short cylinders, long cylinders, and wires. The 
foregoing method has been extended to the present case of vertical 
cylinders with uniform heat (lux at the surface. The importance 
of this study lies in the fact that this type of boundary condition 
is commonly met with in practice. Electrical heating of cylinders 
and wires may be cited as examples. 

Analysis 

A vertical cylinder surrounded by a quiescent, bulk fluid at a 
constant temperature Ta, is heated such that the unit surface heat 
flux is constant. The assumptions made in the analysis and the 
basic boundary-layer equations are the same as those used by 
the authors in [8]. The transformation variables used in the 
present case to nondimensionalize the equations are 

X/L: r = R'L; 

t = (?'•» -

Pr = via; Or 

u = UL/v; v = VL/v; 

- T)/UiL/k) 

,* = g/3L->q/ki>2 

Further, introducing the stream function \p a 

dtp 
a/r) br 

v = - ( 1 / r ) - ^ -
ox 

(1) 

(2) 

and using the following transformation variables, 

V = ( G r W o ) I / 5 / ' / * V i ; t = (5/Gr,*) , / 5 . r> d(V, x); $ = oxf(r,,x) 

(3) 

the following set of nonlinear partial differential equations are 
obtained: 

v-U,„ + vfr,„(\f - i) - f„0'>vf„ + r\f - i) - v3B 
= VJvfvfn'i,r + 5fr,fr,w - 5??/„/„„). (4a) 

r)6m + 0,(1 + 5/Pr) - 0/„Pr = vJUA,„ - 5 , / , J P r (46) 

where tlie subscripts denote partial differentiation with respect 
to the respective independent variables ij and -qw. For the first 
approximation the RHS of equations (4a) and (46) were neglected 
since they involve the unknown terms/,,,, and f,,,la. This simpli­
fication leads to a set of ordinary differential equations, viz., 

') ' ; /"" + Vf"(M' - 1) - J'CW + ">/ - 1) ~ Vs9 = 0 (5a) 

'Pi 0 •qd" + 0'(1 + 5/Pr) 

with boundary conditions, 

f = f = () and 8' = 1 at r\ = rjw 

/ ' -* 0 and 6 ->- 0 as n ->• » 
4 Numbers in brackets designate References at end of Note. 

(56) 

(5c) 

where ?/,„ is defined as, 

'?,„ = (GYD*D/\Q()Xy/l 
(0) 

These set of ordinary differential equations (5a) and (56) with 
boundary conditions, equation (i>c), were solved numerically on 
a C.D.C. 3600 computer for parametric values of 7jlt,(10~3 to 10) 
to cover the entire range of cylinders and Pr(0.01, 0.1, 0.733 and 
5) to encompass liquid metals gases and water using the iterative 
scheme developed by the authors [8|. 

On obtaining the solutions of the approximated equations, 
Eq. 5, the quantities on the RHS of equations (4) were calcu­
lated. If was found at this stage that introduction of RHS 
would bring in a variation of only 3 % in the calculation of / , m 

and 61,,, in the second approximation. If. is to be noted that, the 
quantity on I!IIS will vary with ~q and the variation mentioned 
was the maximum value. Substituting the values of RHS the 
set of equations (4o) and (46) were solved to obtain the second 
approximation. It was observed that the final results with 
second approximation was only 2 per cent less than those with 
RHS neglected in equations (4a) and (46). Hence only the 
first approximation will be used in the following calculations and 
discussions. 

Heat Transfer and Fluid Flow Parameters 

The temperature distribution at the wall can be found by the 
expression, 

(TV - TJ/iqL/k) = (Gr t*/. r))- , / ' (A7^) , / '0(77 l r) (7) 

If an average temperat lire difference is defined as 

7V - 7'co = U/X) (7V 
'o Jo 

T„)dX 

and the corresponding average Nusselt number as 

Nu„ = (qD/k)/(T„. - 7V) 

then the final expression for Nu„ will be 

iv rL /x^ 
Nu ; , = (Gr,*L/oD) , r© r d(v«-)dx 

(8) 

(0) 

(10) 

A similar analysis can also be done for fluid flow results. Under 
boundary-layer assumptions, the shear stress rx is given by 

/"(v-ir) (ID 

When an average shear stress is defined, equation (11) gives 

r = (1/L) [' T/IX = (-V;)]- f 7"(vV)dA (12) '•>J>-(fOUV-
I t is to be noted that 0(r)w) and / " ( T V ) a l ' e functions of x and 
hence their functional dependence with x is to be determined to 
evaluate the integrals in equations (10) and (12). 

Results 

Velocity and temperature distributions were obtained as the 
solution of equations (4) and (5) for parametric values of i)n- and 
Pr. Table 1 gives the value of d(r]n-) for various values of Pr 
when i)n- = 1 and the maximum value of / ' attained with air 
(Pr = 0.733) for different rjiv values to bring out the important 
features of the solution. It can be seen from the table that the 
values of / ,„„ / decreases fast with decreasing values of t)H-. 

Table 1 Variation of 0(q\\) and fmnx'(i)H') 

Pr 0 ( w ) W /m..x'(>;ii) 
0.01 - 0 . 9 7 7 1 1.0 0.0920 
0.10 - 0 . 9 4 1 4 0.1 1.061 X H)-4 

0.733 - 0 . 8 2 6 0 0.01 1.045 X 10~8 

5.000 - 0 . 6 7 1 8 0.001 1.045 X 10"12 
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Fig. 1 Variation of 0()j,,) versus rjw 

To develop heat transfer correlations, Figs. 1 and 2 are drawn. 
In Fig. 1 as -qn- increases the value of —6(rjlr) increases reaching 
an asymptotic, value of 1 for -qn- greater than about 3. As seen 
from the figure, the results can be represented by 

diVw) = -I'iVH-Y (1.3) 

for the 3 regimes where a and /'' are constants with respect to i]„ 

anted as short cylinders since the results in this region do not, 
vary by more than 8 percent of the values for Hal plates. Fur­
ther, the two regimes represented by 0.2 $5 77,,- < 3 and 'qiv less 
than 0.2 belong to the categories of long cylinders and wires. It, 
may also be noted that, the value of -q]v = 3 in the uniform heat-
flux case corresponds to a, value of -qw = 5 in the isothermal case. 
It may be noted that the criterion that demarcates the short 
cylinders from the long ones in the isothermal case is ?;„- = 5. 

For different Prandtl numbers the plots of — 6(;qw) versus j j i r 

were similar to Fig. 1. It was observed from the study of these 
plots that the slopes of the straight lines in each regime were in­
dependent of Pr. However, / ' ' in equation (13) depends on Fr­
aud is evaluated from the plot, of —6(rjH-) versus Pr (see Fig. 2). 
Thus the final correlations can be simplified from equation (10) as 

Nu„ = Ctlta^D/XF2 (14) 

If, in the definition of GrL* (equation (I)), qL/k is replaced by 

7'ir — T„, then equation (14) simplifies to 

Nu CVHanD/LY^ 115) 

The values of these constants are given in Table 2. It can be ob­
served in Table 2 that, the final values of l ia^/J /L which de­
marcate the different categories of cylinders are as follows: 

1 

3 

Short cylinder: 
Long cylinders: 
Wires:' 

IhioD/fj greater than 10' 
Ua„D/L 0.05 to It)4. 
lUi,,D/L less than 0.05. 

In the isothermal case, the values of \\a„D/L were the same as in 
the foregoing for the respective categories [8]. 

The present analytical results are shown in Fig. 3, together with 
those for the isothermal case for comparison. The experimental 
results of the authors [9] are also plotted. In the regime of short, 
cylinders, the straight, line is above that, for the isothermal case by 

but vary in different regimes. For?;,,- Ji 3, the regime is desig- about 5 percent. Thus the observation of Sparrow and Gregg 

10 

o — Present Investigations (Analytical) 

-0-046 

(Short Cylinders) 

Long Cylinders) 

-0.01 (Wires) 

i z r^ i 

Fig. 2 Variation of —0(>)u) wtih Pr for different i;M 

Category 

Short cylinders 
Long cylinders 
Wires 

Short cylinders 
Long cylinders 
Wires 

C'i 

0.55 
1.33 
0.90 

A, 
1.36 
1.52 
1.26 

c\ 
0.20 
0.14 
0.048 

A2 

0.60 
0.63 
0.66 

Table 2 

0.60 
1,37 
0.93 

A 3 

-0 .1 .2 
- 0 . 0 8 
- 0 . 0 4 

C4 

0.25 
0.16 
0.05 

A< 
0.56 
0.92 
0.36 

A6 

0.75 
0.73 
0.60 

A 
- 0 
- 0 

_ o 

6 

10 
14 
19 

Kange of 
RSLDD/L 

above 104 

0.05 to 104 

below 0.05 

Above 104 

0.05 to 104 

below 0.05 
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Fig. 3 Heat transfer correlations 

[2], for flat plates that the results of uniform heat flux case do not 
vary by more than 10 percent of the isothermal case, seems justi­
fied. In fact, by the definition of modified Grashof number, the 
variation is still reduced. 

When equation (7) is simplified, it gives the result that (Tw ~ 
T„) is proportional to a^1 - a ) / ° . In the regime of short cylinders 
(also flat plates) a = 0 (see Fig. 1 where slope a = 0) and hence 
(Tw — 7'„) is proportional to x0-2, which is in conformity with 
the results of Sparrow arid Gregg [2]. For long cylinders, the 
exponent of x reduces to 0.138 and for wires the exponent is 0.04. 
Thus, in the region of wires, the results of uniform heat flux and 
isothermal cases should be very nearly the same. The foregoing 
trend can be observed in Fig. 3; the results in the region of wires 
do not vary by more than 3 percent. 

The analysis for fluid-flow results give the final correlations as 

NsD = T/invL/D*) = A1(Pr)'1KGrB*0/X)-'.-< (16) 
or 

NsD = Ai(PrYHGvDD/Ly° (17) 

The values of these constants are also shown in Table 2. 

Conclusions 

1 The values of RaDD/L which demarcate the different cate­
gory of cylinders in the isothermal case hold good for the present 
case also. 

2 Heat transfer and fluid flow correlations are developed. 
Heat transfer correlations based on average surface temperature 
are developed to show that they do not vary by more than 5 per­
cent of those for the isothermal case as one proceeds from short 
cylinders to wires. In general, higher heat transfer rates are 
countered. 

?> For low Pr, the heat transfer correlations differ by about 
10 percent. 

4 Experimental results reported in [9] are in good agreement 
with the present results. 
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Combined Convective Heat Transfer From 
Horizontal Cylinders in Air 

P. H. OOSTHUIZEN1 and S. MADAN« 

Introduction 

ALTHOUGH many thorough investigations of the heat transfer 
rates from horizontal, circular cylinders by free convection 
(R(, -*• 0) alone and forced convection (Gd -*• 0) alone have been 
undertaken, comparatively little attention has been given to the 
combined free and forced-convection region. The effect, of the 
buoyancy forces on the heat transfer rate has, of course, been 
noted in a number of investigations, e.g., references [1, 2],3 but 
the only specific investigations of the combined convection region 
for the horizontal cylinder case appear to be those of references 
[3, 4]. In both these investigations, however, only the case 
where the buoyancy forces were at right angles to the forced flow 
was studied. 

In the present study, the heat transfer rates from a series of 
circular cylinders, so arranged that the forced flow and buoyancy 
forces were in the same direction, i.e., the forced flow was vertical, 
have been measured. In these tests the Reynolds number (11,,) 
varied, approximately, between 100 and 3000, and the Grashof 
number (G,,) approximately between 25,000 and 300,000. 
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[2], for flat plates that the results of uniform heat flux case do not 
vary by more than 10 percent of the isothermal case, seems justi­
fied. In fact, by the definition of modified Grashof number, the 
variation is still reduced. 

When equation (7) is simplified, it gives the result that (Tw ~ 
T„) is proportional to a^1 - a ) / ° . In the regime of short cylinders 
(also flat plates) a = 0 (see Fig. 1 where slope a = 0) and hence 
(Tw — 7'„) is proportional to x0-2, which is in conformity with 
the results of Sparrow arid Gregg [2]. For long cylinders, the 
exponent of x reduces to 0.138 and for wires the exponent is 0.04. 
Thus, in the region of wires, the results of uniform heat flux and 
isothermal cases should be very nearly the same. The foregoing 
trend can be observed in Fig. 3; the results in the region of wires 
do not vary by more than 3 percent. 

The analysis for fluid-flow results give the final correlations as 

NsD = T/invL/D*) = A1(Pr)'1KGrB*0/X)-'.-< (16) 
or 

NsD = Ai(PrYHGvDD/Ly° (17) 

The values of these constants are also shown in Table 2. 

Conclusions 

1 The values of RaDD/L which demarcate the different cate­
gory of cylinders in the isothermal case hold good for the present 
case also. 

2 Heat transfer and fluid flow correlations are developed. 
Heat transfer correlations based on average surface temperature 
are developed to show that they do not vary by more than 5 per­
cent of those for the isothermal case as one proceeds from short 
cylinders to wires. In general, higher heat transfer rates are 
countered. 

?> For low Pr, the heat transfer correlations differ by about 
10 percent. 

4 Experimental results reported in [9] are in good agreement 
with the present results. 
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Combined Convective Heat Transfer From 
Horizontal Cylinders in Air 

P. H. OOSTHUIZEN1 and S. MADAN« 

Introduction 

ALTHOUGH many thorough investigations of the heat transfer 
rates from horizontal, circular cylinders by free convection 
(R(, -*• 0) alone and forced convection (Gd -*• 0) alone have been 
undertaken, comparatively little attention has been given to the 
combined free and forced-convection region. The effect, of the 
buoyancy forces on the heat transfer rate has, of course, been 
noted in a number of investigations, e.g., references [1, 2],3 but 
the only specific investigations of the combined convection region 
for the horizontal cylinder case appear to be those of references 
[3, 4]. In both these investigations, however, only the case 
where the buoyancy forces were at right angles to the forced flow 
was studied. 

In the present study, the heat transfer rates from a series of 
circular cylinders, so arranged that the forced flow and buoyancy 
forces were in the same direction, i.e., the forced flow was vertical, 
have been measured. In these tests the Reynolds number (11,,) 
varied, approximately, between 100 and 3000, and the Grashof 
number (G,,) approximately between 25,000 and 300,000. 
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Apparatus 

Four models having diameters of 0.7-5, 1.00, 1.2"), and 1.50 in. 
were used in the study. These models were mounted in a vertical, 
low-speed wind tunnel having a 16 in. X 16 in. working section. 
The velocities used ranged between approximately 0.4 and 5 fps, 
these velocities being measured by means of a Pi tot tube at the 
higher values and a Disa low velocity anemometer at the lower 
values. The turbulence level in the tunnel was less than 0.7 
percent. 

The models were made of solid aluminum and were 12-in. long 
with a 2-in-long nylon insulating cap of the same diameter as the 
model on each end. The velocity in the tunnel was uniform 
across the model and, as far as could be determined, end effects 
were negligible. 

Before a test, a model was uniformly heated to a temperature 
of about 300 deg F and then placed in the tunnel and the varia­
tion of temperature with time measured using a thermocouple, 
the test being terminated when the temperature had dropped to 
about 150 deg F. From this measured temperature-time his­
tory the heat transfer rale was determined, assuming, because of 
the extremely small Biot numbers, a uniform model temperature, 
in the following wa.y. The total heat loss rate from the model is 
given by 

Q = ~MC 
,dT^ 

dl 
(1) 

where M is the mass of the cylinder, C its specific heat, and Tw its 
temperature. The heat transfer coefficient at any instant of 
time is, therefore, given in terms of the rate of temperature 
change, by 

hA(Tw - Ti) = -MC 
dt 

(2) 

The function A being the surface area of the cylinder and 2\ 
the free-stream air temperature. Thus using the measured 
variation of Tw with time t, h could be determined at any instant 
of time. The convective heat transfer coefficient was then de­
termined by subtracting the relatively very small, radiant heat-
loss coefficient. 

The heat transfer rate from each model was also measured in 
the same way with zero forced velocity. 

Results 

In the present investigation, the ratio of model diameter to 
test section height (d/H) varied between 0.047 and 0.094 and 
thus some blockage effect was to be expected [2]. This effect 
resulted in the measured Nusselt numbers (N d) for the four 
models at a given Reynolds number in the purely forced-convec­
tion region differing from each other, the Nusselt numbers for the 
1.5-in-dia model being approximately 8 percent higher than those 
for the 0.75-in-dia model in this range. A Reynolds number cor­
rection factor was therefore determined by selecting a Nusselt 
number in the purely forced convection region, determining the 
Reynolds, number corresponding to this Nusselt number for each 
model, and then plotting the variation of this Reynolds number 
with d/H and extrapolating to find an equivalent Reynolds num­
ber corresponding to zero d/H. This correction factor remained 
approximately constant for eacli model over the entire Reynolds 
number range corresponding to purely forced convection and was 
thus assumed to be independent of Reynolds number for the 
values covered by the present tests, and the <• i.-rectiou factors 
determined in this way were applied to all results. 

The values of these blockage correction factors are shown in 
Table 1. They will be seen to be between th? curves for blockage 
correction factor given in reference [2] and are also consistent 
with the results of reference [~i\. 

Typical results for the four models, with the correction factor 
just discussed, applied are shown in Fig. I. Since the model 
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Fig. 1 Variation of Nusselt number with Reynolds number, corrected 
for blockage, for typical Grashof numbers 

Model 
diameter 
0.75 in. 
1.00 in. 
1.25 in. 
1.50 in. 

Table 1 

Blockage 
(d/H) 
0.047 
0.063 
0.078 
0.094 

Reynolds number 
correction factor 

1.03 
1.07 
1.10 
1.16 

temperature varied during each run and since the fluid properties 
were evaluated at the film temperature, the Nusselt, Reynolds, 
and Grashof numbers all varied during a run. The results 
shown in Fig. 1 were thus obtained by interpolating to find the 
Nusselt and Reynolds numbers corresponding to the selected 
Grashof numbers. Also shown in Fig. 1 are some of the values 
of Nd, corresponding to the selected values of Gd, determined with 
zero forced velocity. 

The results in the forced-convection region can be closely fitted 
by the equation 

Nd,„ r = 0.464 R(i 0.0004 Rj (3) 

which is an equation of the type proposed by Douglas and 
Churchill [2] and in good agreement with other forced flow re­
sults. The values of N d given by this equation are indicated by 
the forced convection line in Fig. 1. 

Now, for the unseparated portion of the flow over the cylinder, 
it can be analytically shown that the ratio of the actual local 
Nusselt number to the local Nusselt number that would exist 
with purely forced convection at the same position at the same 
Reynolds number will depend only on the parameter (G d /R . / ) . 
Therefore, while it does not seem possible to analytically deduce 
this relation for the separated portion of the flow, it seems logical 
to attempt to correlate the measured mean Nusselt numbers in 
terms of this parameter, i.e., to assume 

N.//N,(f„r = function (G,(/R(i
2) (4) 

where N,n,jr is given by equation (3). The experimental results 
are therefore plotted in this form in Fig. 2 from which it will be 
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Fig. 2 Correlation of Nusselt numbers in terms of combined convection 
parameter 

seen that the results can, indeed, be correlated in this manner. 
Over the range of variables covered by the present tests, there­

fore, the heat transfer rates can be approximately expressed by 

N,,/N,„ 1 + 0.18 (G ( , / IV) - 0.011 (Grf/R,,2)2 (")) 

If forced convection is assumed to exist if N,, is within 5 percent 
of N,,tor, then this relation indicates that for forced convection 
G r f / R / < 0 . 2 8 . 
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Transient Response of Fin-Tube Space Radiators1 

R. W. PALMQUIST,- L. J. MORIARTY,3 and 
W. A. BICKMAN4 

Nomenclature 

cp = specific heat of fin material 
cp = average specific heat of tube and coolant 
25 = fin thickness 
Ef = fin energy storage rate per unit width of radiator 

Fdx-i = view factor from element of fin to base i 
k = thermal conductivity 

2L = distance between lubes 
m = mass of base per unit width of radiator 

.1/ = Ldpc^mCj,)-1, capacitance ratio 
X = aI'j-'l'M3/'kS, conductance parameter 
Qh — net radiant energy leaving surface of base per unit-

width of radiator 
Ql: = energy conducted from base into fin per unit width of 

radiator 
Qt = net radiant energy leaving surface of fin per unit width 

of radiator 
Q* = Q/oIJTwl, dimensionless heal flux 

/• = radius of tube 
p = density of (in material 
o" = Htefan-Boltzmann constant 
T = absolute temperature of (in 

Tb = absolute temperature of base 
7\,o = initial temperature of base 
1'* = 7',/7'MJ, dimensionless temperature 

I = time 
r = I/(imlJaljTuiv), dimensionless time 
,c = distance along (in from tube 

A" = x/L, dimensionless length 

DESIGS parameters for steady-state operation of minimum 
weight fin-tube radiators have been given in reference [I]5 and 
the transient, response of minimum weight fin-tube radiators in 
reference [2]. The designer must- consider the transient response 
of space radiators, since the liquid coolant may freeze if the power 
supply is temporarily cut off. This study considers the case 
where steady-state operation is suddenly halted and the system 
is allowed to cool. As in previous studies, all surfaces are as­
sumed black and radiant interchange between tube and fin is 
taken into account, although radiation from an external source is 
not considered. The temperatures of the tubes and coolant are 
taken to be equal and uniform. Consequently, the results can be 
used by the designer to give a lower bound on the time which may 
elapse before freezing of the coolant begins. 

As seen from Fig. 1, the symmetry of the fin-tube radiator 
allows analysis of a single base and fin system. The base is 
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seen that the results can, indeed, be correlated in this manner. 
Over the range of variables covered by the present tests, there­

fore, the heat transfer rates can be approximately expressed by 

N,,/N,„ 1 + 0.18 (G ( , / IV) - 0.011 (Grf/R,,2)2 (")) 
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Transient Response of Fin-Tube Space Radiators1 

R. W. PALMQUIST,- L. J. MORIARTY,3 and 
W. A. BICKMAN4 

Nomenclature 

cp = specific heat of fin material 
cp = average specific heat of tube and coolant 
25 = fin thickness 
Ef = fin energy storage rate per unit width of radiator 

Fdx-i = view factor from element of fin to base i 
k = thermal conductivity 

2L = distance between lubes 
m = mass of base per unit width of radiator 

.1/ = Ldpc^mCj,)-1, capacitance ratio 
X = aI'j-'l'M3/'kS, conductance parameter 
Qh — net radiant energy leaving surface of base per unit-

width of radiator 
Ql: = energy conducted from base into fin per unit width of 

radiator 
Qt = net radiant energy leaving surface of fin per unit width 

of radiator 
Q* = Q/oIJTwl, dimensionless heal flux 

/• = radius of tube 
p = density of (in material 
o" = Htefan-Boltzmann constant 
T = absolute temperature of (in 

Tb = absolute temperature of base 
7\,o = initial temperature of base 
1'* = 7',/7'MJ, dimensionless temperature 

I = time 
r = I/(imlJaljTuiv), dimensionless time 
,c = distance along (in from tube 

A" = x/L, dimensionless length 

DESIGS parameters for steady-state operation of minimum 
weight fin-tube radiators have been given in reference [I]5 and 
the transient, response of minimum weight fin-tube radiators in 
reference [2]. The designer must- consider the transient response 
of space radiators, since the liquid coolant may freeze if the power 
supply is temporarily cut off. This study considers the case 
where steady-state operation is suddenly halted and the system 
is allowed to cool. As in previous studies, all surfaces are as­
sumed black and radiant interchange between tube and fin is 
taken into account, although radiation from an external source is 
not considered. The temperatures of the tubes and coolant are 
taken to be equal and uniform. Consequently, the results can be 
used by the designer to give a lower bound on the time which may 
elapse before freezing of the coolant begins. 

As seen from Fig. 1, the symmetry of the fin-tube radiator 
allows analysis of a single base and fin system. The base is 
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tube 

Fig. 1 Cross section of fin-tube radiator 

taken to he a 90-deg arc of tube and the enclosed fluid, vrliile the 
fin is of length L and thickness 5. The following analysis is 
based on a tube and fin of unit width. 

An energv balance on the base yields 

me,,-—" = -(Q„ + Qr 

^ince Qc = Qj + Ef, the equation may be written as 

(IT,* 
= -«h* + Q,* + E,*) 

< l ) T : 

(IT m 
where the dimensionless variables are 

1'i* — 'I'b/'l'M T = 1/(J)K-P/(TLTI,^) 

Q* = Q/aLT,,,,* Es* = Ef/<rLTIM' 

Noting (hat (he fin receives radiant energy from both tube 1 and 
tube 2, the net energy radiated from the fin is 

Qr r IT** 
Jo 

- V - W - i + /<V-2)W.Y (3) 

vhei'e 

I 2 r 3 4 

Fig. 2 Base temperature versus time for r/L = 0 

T* = T/Tm, X = x/L. 

As derived in reference []], the net energy radiated from the base 
is 

Q,* = (r/L)Tb*< + f (2Tb** - T**)(F,u-i + Fdx-t)dX (4) 
J o 

and the view factors are 

1 / , V(r/L + Xf ^~V/L)*\ 

1 / . V(r/L + 2 - A T "^^JITLYX 

(r/L) + 2 - X f 

The energy storage rate for the fin is given by 

Cl dT* 
if* = Ml 

' Jo ^ 
dX 

(o) 

(6) 

where M = LSpcp/»icll. The parameter M is called the ca­
pacitance ratio since it is a ratio of the heat capacity of the fin to 
t he heat capacity of the base. 

Substituting equations (3), (4), and (t>) into (2) yields the 
equation 

4'1\* 
(r/D'LY* + V f (/'',/,-! + l<\,,-i)<IX 

Jo 

f 07'* 
(IX 

J,, r̂ 
+ T*'[i - (F,u-i + F,,s-2)}dX + M 

' o 

which has the initial condition Tb*(0) = 1. 
The fin temperature profile is found by solving the equation 

d27 d7" 
— - NIT*' - Tb**(Flljr^ + /-',,_,)) = MX — (8) 
dA2 

dr 

1 2 3 4 

Fig. 3 Base temperature versus time for r/L = 0.25 
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where A" = crUT^/kS is the conductance parameter. The 
initial and boundary conditions are 

2 3 4 
T 

Fig. 4 Base temperature versus t ime for r/L = 0.5 

'/'*((), r ) = T,*(T), — - (1, T ) = I), 7'*(A", 0) 
ox r*( A i 

where the steady-state solution 7',,,* is found from equation (8i 
d'I'*/dT = 0 and the boundary conditions 7'..*d>) = t and 
d7' s s*(l)/dA = 0. 

When Ar = 0 the fin is isothermal and transient is given 
simply by the following equation: 

Tb = [1 + 3T(L + r/L) (1 + M )]- ftl) 

Equations (7) and (8) were solved by finite-difference tech­
niques on a digital computer. The base temperature, as a func­
tion of lime, is given in Figs. 2-5 for /• L = II, 0.2.~>, (I..), l.ll; 
Ar = J, o, 20; and M = 0, 1, 3. Equation i!lj can be used to 
provide information for N — 0. 

Since Ar is inversely proportional to the conductivity, one 
associates small values of A with efficient fins and hence il is ex­
pected that the base would cool more rapidly when A" is small. 
This is always the case for ilf = 0, but not for .1/ > (I. Lu Figs. ! 
and o, the curves for M = I and M = '•> show that the base cools 
more rapidly as Ar becomes larger. The reason for such anoma­
lous behavior lies in the fact that (lie total amount of energy in 
the system is greater if the fin has a more uniform temperature 
distribution, as it does when A" is small. When a small A' is 
coupled with a large M, the energy stored in the fin is large com­
pared to the energy in the base and the amount of energy con­
ducted into the fin may be small or even negative. 
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Absorption of Thermal Radiation in a 
Hemispherical Cavity 

H. H. SAFWAT1 

Nomenclature 

A, B, ci, c-i = assumed constants in equation (12) 
dF{iiAj-iiAri, = total view factov between area elements dAj 

and dA, 
So, fit hi • • • ~ factors giving contributions of specular 

images in total view factor dFc,iAi-dAi} 
/''.uj-rircuii.r opening = diffuse view factor between element dAj and 

circular opening of cavity 
H = diffuse irradiation streaming into cavity 

opening 
11 = radius of curvature of hemispherical cavity 
S, — specular hemispherical coefficient, given by 

equation (5) 

Fig. 5 Base temperature versus time for r/L ~ 1.0 
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where A" = crUT^/kS is the conductance parameter. The 
initial and boundary conditions are 

2 3 4 
T 

Fig. 4 Base temperature versus t ime for r/L = 0.5 
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where the steady-state solution 7',,,* is found from equation (8i 
d'I'*/dT = 0 and the boundary conditions 7'..*d>) = t and 
d7' s s*(l)/dA = 0. 

When Ar = 0 the fin is isothermal and transient is given 
simply by the following equation: 

Tb = [1 + 3T(L + r/L) (1 + M )]- ftl) 

Equations (7) and (8) were solved by finite-difference tech­
niques on a digital computer. The base temperature, as a func­
tion of lime, is given in Figs. 2-5 for /• L = II, 0.2.~>, (I..), l.ll; 
Ar = J, o, 20; and M = 0, 1, 3. Equation i!lj can be used to 
provide information for N — 0. 

Since Ar is inversely proportional to the conductivity, one 
associates small values of A with efficient fins and hence il is ex­
pected that the base would cool more rapidly when A" is small. 
This is always the case for ilf = 0, but not for .1/ > (I. Lu Figs. ! 
and o, the curves for M = I and M = '•> show that the base cools 
more rapidly as Ar becomes larger. The reason for such anoma­
lous behavior lies in the fact that (lie total amount of energy in 
the system is greater if the fin has a more uniform temperature 
distribution, as it does when A" is small. When a small A' is 
coupled with a large M, the energy stored in the fin is large com­
pared to the energy in the base and the amount of energy con­
ducted into the fin may be small or even negative. 
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Absorption of Thermal Radiation in a 
Hemispherical Cavity 

H. H. SAFWAT1 

Nomenclature 

A, B, ci, c-i = assumed constants in equation (12) 
dF{iiAj-iiAri, = total view factov between area elements dAj 

and dA, 
So, fit hi • • • ~ factors giving contributions of specular 

images in total view factor dFc,iAi-dAi} 
/''.uj-rircuii.r opening = diffuse view factor between element dAj and 

circular opening of cavity 
H = diffuse irradiation streaming into cavity 

opening 
11 = radius of curvature of hemispherical cavity 
S, — specular hemispherical coefficient, given by 

equation (5) 

Fig. 5 Base temperature versus time for r/L ~ 1.0 
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S = power of incoming beam per unit area normal 
to it (iu case of parallel bundle of rays in­
cident on cavity opening) 

Wj = diffuse radiosify of an elemental area <IA , 
a = absorptance of surface material of the 

hemispherical cavity (a = I — p) 
a , = apparent absorptivity of the hemispherical 

cavity 
p = directional hemispherical reflectance 

p,i = diffuse component of mixed reflectance 
pv = specular component of mixed reflectance 
4>„ = angle shown in Fig. 4 

ip and |" = angles shown in Fig. '•] 

T H I S Note is concerned with the energy absorbed when radia­
tion from an external source enters a hemispherical cavity. The 
apparent absorptivity of the hemispherical cavity a„, defined as 
the ratio of the energy absorbed in the cavity to the energy enter­
ing the cavity, is found for two types of irradiation: 

1 Diffuse irradiation streaming through the cavity opening. 
2 Bundle of parallel beams entering; the cavity in a direction 

normal to its opening plane. 

The hemispherical cavity surface has a mixed reflectance p such 
that (p = p,; + p.) [I].2 p, and p,, are the specular and diffuse 
reflectance components, respectively. p8 and pd are assumed to 
be independent of the directional distribution of the incident ra­
diant flux and the surface temperature. 

A Hemispherical Cavity Whose Opening Is Irradiated With 
Diffuse Irradiation H 

With reference to Fig. 1, the integral equation describing the 
radiation exchange in the cavity [2-4] is given by 

IF (p,, + p,)HF,IA, P.i L W,dF,,IA^IAi}t (1) 

where 

Wj = diffuse radiosity of an elemental dA s 

/''.(.-i,'-cirei,hir opcnim, = diffuse view factor between element dA j 
and circular opening of cavity 

dFuiA,-<iAi)i = total view factor between elements dA j 
and clA i (including all specular images 
effect) 

and 

and 

/'T-/A/_t<„„>iiiB i.emisi.iioro = 1/2, reference [.">] 

rf/''(.(..l,-,/,l,), = /o + P,/l + P,2h + PJ% + 

(2) 

(3) 

/o coincides with diffuse view factor between dA j and dA;; p,j\ 
corresponds to radiant transport between dAj and d/L,- with one 
intervening specular reflection; p / / t . corresponds to radiant 
transport between dAj and dA; with k intervening specular re­
flections. With reference to Fig. 2, 

dl<\,lAj-,IAi)i = 
dA± P, Ps P 7 

1 + 77 + 77 + 777 22 •>- 42 S., 

where R is the radius of curvature of the hemisphere and 

p / S - = 1 + £.£TT (k + iy 

dA, 

4-rrIt2 

(4) 

(5) 

By substituting equations (2) and (4) into (1), Wj can be ex­
pressed as 

- - / - - -
/ 

x = o — . , ? 

s^Z' 

# 

i 

^ ~ ~ J — ClA; 

Fig. 1 Apparent absorpfivity of a diffusely irradiated hemispherical 
cavity versus absorptance of cavity surface material (x = p../p,i) 

dA. 

dA. 

2 Numbers iu brackets designate References at end of paper. Fig. 2 Specular images of dA, as seen by dAi 
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Fig. 3 Apparent absorptivity of a hemispherical cavity as irradiated 
with a parallel bundle of rays versus absorptance of cavity surface 
(x = pjpd) 

W 
H 

(P, + Pd) • — P<i 
S, C 

—^ WAA,-

and the solution of the foregoing equation is given by 

(P„ + P.) H 

P,A 

(6) 

(7) 

Thus, for this case, 

1 + 
PA 

I -
PdS, 

(8) 

Fig. 1 shows plots of aa versus a for different values of (a; = 
P.JPd) a s calculated from equation (8). 

A Hemispherical Cavity Irradiated With a Bundle of Parallel 
Beams Incident Normal to Cavity's Opening 

Let >S be the power of the incoming beam per unit area normal 
to the beam. With reference to Pig. 3, the integral equation 
[2-4] describing the radiant exchange in the cavity is given by 

W0) = pd 

where 

S cos \p J> (i)dF(dAt~dA:), 

+ E p.* 
n = \ 

dA j 

"dA„ 
(9) 

Wj = diffuse radiosity of an elemental area dAj, Fig. 3 
dAn = an elemental area of spherical surface which is 

located at an angle </>,„ considering specular 
reflections only, (a beam incident, on dA „ 
would reach dA; after n specular reflections, 
Fig. 4) 

dF(dAi~dA,)t — total view factor between elements dA j and 
dA ,-, given by equation (4) 

\p and f = angles shown in Fig. 3 
4>„ = an angle shown in Fig. 4 

The first term in between the square brackets in equation (9) 
represents the radiation directly arriving at dAj from outside the 
cavity through its opening. The second integral term gives 
the diffuse irradiation received by dAj from all the surface of the 
cavity. The last summation term is the energy received 

Fig. 4 Energy received by element dAj which has undergone only 
specular refactions on hemisphere's wall before reaching dAj 

by the element, dAj which has undergone only specular reflections 
on the hemisphere's surface before reaching dAj. With reference 
to Fig. 4, this energy reaches dAj after one reflection from d.A\ 
and after n reflection from dA„, where 

* 
2n + 1 

(10) 

Using spherical geometry expressions for dAj and dA„ together 
with equations (5) and (10), equation (9) can be written as 

W,W) P,i 

E 

S cos ip + 

P.S 

~ J o 
f(D sin fdf 

* 2M + 1 

?i (2/i + 1) " ~ " \ 2« + 1 / sin \p 

To obtain a solution to equation (11), assume that 

WjW) = pd A + B cos xP 

+ ! , C»COS(^TT)' 

(11) 

2n + 

sin \p 

where A, B, ch c2, . . ., c„, . . . are constants. 
Substituting from equation (12) into (11), gives 

B = S 

P.S 

(2n + 1) 

pA S I. , f „ 
^ • — ••^1 + 2-, P." 

2n - 1 

2n + 1 2n + 

(12) 

(13) 

(14) 

PdS, 

The energy absorbed inside the cavity is given by 

**/2 | 

(15) 

£ pd 
IF(i/-)-27rffi2sin \pd\p 

Thus, for this case, 

1 + £'•" i™* ( I h n H ~C08' 2n + 1 

1 -
PdS.. 

(16) 
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pin. "> shows plots of aa versus a for different values of (./• = 
p p,,) as calculated from equation (10). 

For eithci' the diffuse and parallel irradiation the apparent 
absorptivity of the hemispherical cavity is virtually insensitive 
to the relative amount of reflection that in specular, i.e. x from (I 
td 1(H). This can be explained by the minimum surface to volume 
1'aii" characterizing spherical configuration.-.. 

In case of diffuse irradiation, a purely diffuse reflecting surface 
exhibits larger apparent absorptivity than a reflecting surface 
ivi 1 b large .r. This is due to the escape of a large portion of the 
incoming irradiation upon the first specular reflections through 
the opening of the cavity. 

On the other hand, in the case of the parallel bundle of rays 
the apparent absorptivity of a specular surface cavity is larger 
than that of a cavity having a diffuse surface but a cavity with a 
surface whose ,r = 1 still has smaller apparent absorptivity. 
This can be seen in view of the two counteracting factors of the 
multiple reflections of rays arriving near the outside edges of the 
cavity and the escape of specularly reflected rays arriving to the 
central part of the cavity. 

The results show different effects for the value of x of the sur­
face material of the cavity for the diffuse irradiation and the di­
rectional irradiation. 
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Heat Flux Through a Strip-Heated Flat Plate 

tions in terms of the geometric parameters of slab thickness, strip 
size, and strip spacing under which one could assume for practical 
purposes that the heat flux is given by one of the two simple ex­
tremes, namely: 

1 Treating the strip-heated surface as being uniformly heated 
so that the heat flux q, termed q„, for this case, based on the total 
slab surface is given by qm = k('l\ — Tt>)/8, where k is the thermal 
conductivity of the slab material. 

2 Considering the heat flux to be channeled through that 
portion of the solid lying above the strips so that q/q„, = a/(a + 
b), where q again is based on the total slab surface area. 

Method of Solution 

The solution method employed here would seem to be applicable 
to a wide variety of heat-conduction problems for which the 
classical separation of variables approach cannot be used and 
apparently offers considerable computational advantage over 
finite-difference approaches. If has been employed previously 
[2—0] for problems described mathematically by Laplace's equa­
tion and applied in one of these cases [7] to a heat-conduction 
problem. Thus only a brief description is called for here. 

The method is based on the observation that in each of regions 
I and II, shown in the sketch in Fig. I, the solution for two-
dimensional steady heat conduction can be expressed in terms of 
an infinite series by way of the usual separation of variables 
approach. Thus 

= E ̂  

hi + E B» 
7v('2n 

Tray 

T 
wax 

T 
( i ) 

25 

X cosh 
1) 

48 
(«• + ll •>x) (2) 

where I = (T — Tt)/(T0 — 7'J, and subscripts I and II refer to 
the regions in the slab identified in Fig. 1. A system of linear 
equations, infinite in number, for the unknown coefficients .4 n and 
B„ results by matching the temperatures and heat fluxes at the 
boundary at x = a/2 and invoking the orthogonality property of 
the sine and cosine functions in the preceding equations. With 

R. A. SCHMITZ1 

Introduction 

T H I S Note concerns the problem of predicting the rate of heat 
conduction through a solid slab maintained at a constant tem­
perature on one surface and heated (or cooled) by equally spaced 
strips which are at a constant temperature on the other. The 
space between the strips is assumed to be perfectly insulated. 
The situation is depicted in Fig. 1, which serves (o define much 
of (he notation to be used. The problem is closely akin to one 
recently studied by Van Kant [ l ] .2 In that study one side of 
the slab was supposed to be cooled by convection, and the focus 
was on the extent of the temperature variation on that surface 
when the other side was strip-heated. The case of a constant 
strip temperature was solved by a finite-difference scheme. No 
heat flux results were reported. 

The present version of the problem came to my attention when 
it was required, in a certain application, to determine (he condi-
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Fig. 1 Heat flux through slabs held at a uniform temperature 
surface and having equally spaced constant temperature strips 
other 

on one 
on the 
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pin. "> shows plots of aa versus a for different values of (./• = 
p p,,) as calculated from equation (10). 

For eithci' the diffuse and parallel irradiation the apparent 
absorptivity of the hemispherical cavity is virtually insensitive 
to the relative amount of reflection that in specular, i.e. x from (I 
td 1(H). This can be explained by the minimum surface to volume 
1'aii" characterizing spherical configuration.-.. 

In case of diffuse irradiation, a purely diffuse reflecting surface 
exhibits larger apparent absorptivity than a reflecting surface 
ivi 1 b large .r. This is due to the escape of a large portion of the 
incoming irradiation upon the first specular reflections through 
the opening of the cavity. 

On the other hand, in the case of the parallel bundle of rays 
the apparent absorptivity of a specular surface cavity is larger 
than that of a cavity having a diffuse surface but a cavity with a 
surface whose ,r = 1 still has smaller apparent absorptivity. 
This can be seen in view of the two counteracting factors of the 
multiple reflections of rays arriving near the outside edges of the 
cavity and the escape of specularly reflected rays arriving to the 
central part of the cavity. 

The results show different effects for the value of x of the sur­
face material of the cavity for the diffuse irradiation and the di­
rectional irradiation. 
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so that the heat flux q, termed q„, for this case, based on the total 
slab surface is given by qm = k('l\ — Tt>)/8, where k is the thermal 
conductivity of the slab material. 

2 Considering the heat flux to be channeled through that 
portion of the solid lying above the strips so that q/q„, = a/(a + 
b), where q again is based on the total slab surface area. 

Method of Solution 

The solution method employed here would seem to be applicable 
to a wide variety of heat-conduction problems for which the 
classical separation of variables approach cannot be used and 
apparently offers considerable computational advantage over 
finite-difference approaches. If has been employed previously 
[2—0] for problems described mathematically by Laplace's equa­
tion and applied in one of these cases [7] to a heat-conduction 
problem. Thus only a brief description is called for here. 

The method is based on the observation that in each of regions 
I and II, shown in the sketch in Fig. I, the solution for two-
dimensional steady heat conduction can be expressed in terms of 
an infinite series by way of the usual separation of variables 
approach. Thus 
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the regions in the slab identified in Fig. 1. A system of linear 
equations, infinite in number, for the unknown coefficients .4 n and 
B„ results by matching the temperatures and heat fluxes at the 
boundary at x = a/2 and invoking the orthogonality property of 
the sine and cosine functions in the preceding equations. With 
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T H I S Note concerns the problem of predicting the rate of heat 
conduction through a solid slab maintained at a constant tem­
perature on one surface and heated (or cooled) by equally spaced 
strips which are at a constant temperature on the other. The 
space between the strips is assumed to be perfectly insulated. 
The situation is depicted in Fig. 1, which serves (o define much 
of (he notation to be used. The problem is closely akin to one 
recently studied by Van Kant [ l ] .2 In that study one side of 
the slab was supposed to be cooled by convection, and the focus 
was on the extent of the temperature variation on that surface 
when the other side was strip-heated. The case of a constant 
strip temperature was solved by a finite-difference scheme. No 
heat flux results were reported. 
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each of (he foregoing series t r u n c a t e d a t A* t e rms , th is s y s t e m 

m a y be w r i t t e n a s follows: 

N 

& » ' ' 

n 
- (k -- i')2 

(A 

1 

_ ta , ,hU, 
n/ 

- i ) tanh 

) 

„ 
"V(fc - i)bl 

25 

X sin 
, /irna\ 1 
h — - = — 

71 = 1 

V 25 / Tr(k - i ) 

( wna\ 

; (3) 

w(;2k - \)[(k - Vf- - -ft2] s inh 
irb(2k - 1) 

45 

k = 1, 2, . . ., N (4) 

F i n a l l y , t h e h e a t flux t h r o u g h t h e s lab , expressed a s q/q„, is g iven 

b y 

<l/lm = 
25 r , / 2 / & 

a + 6 
r / 2 /^i\ 

Jo \*y)» 
cfa (5) 

w h i c h b y m e a n s of e q u a t i o n (1) m a y b e w r i t t e n as follows in 

t e r m s of two p a r a m e t e r g r o u p s a a n d 8: 

= 8 + a > A, smb. I (6) 

I t is w o r t h w h i l e p o i n t i n g o u t t h a t t h e resul t s also h a v e mean ing 

in ce r t a in diffusion p rob lems . I n these p rob lems , t h e slab may 

rep re sen t a s t a g n a n t fluid or i t m a y typify t h e so-called "diffusion 

l a y e r " in simplified mode l s of b o u n d a r y - l a y e r p rob l ems . If a. 

diffusion-control led chemica l r eac t ion occurs a t t h e surface on 

0 < x < a / 2 a n d if t h e surface is i m p e r v i o u s a n d i n a c t i v e for 

a / 2 < x < (a + 6 ) / 2 , t h e n q/qm in F ig . 1 gives t h e ra t io of the 

a c t u a l m a s s flux to t h a t w h i c h wou ld b e rea l ized if t h e ent i re 

surface at: y = 0 were ac t ive . T h e diffusion-control led react ion 

m a y b e caused e i ther b y h igh ly ac t ive c a t a l y t i c s i tes or b y a 

pola r ized condi t ion in electrolysis . 
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w h e r e a = 2 5 / ( o + 6), a n d 8 = a/(a + 6). T h u s , for g iven 

va lues of a a n d 8, t h e c o m p u t a t i o n of q/q„, essent ia l ly involves 

t h e so lu t ion of jV s i m u l t a n e o u s l inear e q u a t i o n s for Ar v a l u e s of 

A„ from e q u a t i o n (3) . T h r o u g h s u b s e q u e n t so lu t ion of e q u a t i o n 

(4) for AT v a lues of Bh one may- c o m p u t e t h e en t i r e t e m p e r a t u r e 

field from e q u a t i o n s (1) a n d (2). P r e s u m a b l y a n y des i red 

accuracy can b e ach ieved b y t a k i n g iV a p p r o p r i a t e l y la rge . F o r 

all of t h e resu l t s to be p r e s e n t e d here , a n e x t r a p o l a t e d v a l u e 

q( co )/qm w a s e s t i m a t e d from 

q(N) 

9 m 

9(>) 
1m 

a b 

T h e e s t i m a t i o n r equ i r ed t h e c o m p u t a t i o n of q(N)/qm for t h r e e 

va lues of N. Success ively la rger va lues of N we re e m p l o y e d 

unt i l two consecu t ive e x t r a p o l a t e d answer s were in a g r e e m e n t 

t h r o u g h t h e f o u r t h dec ima l p lace . T h e n u m b e r of t e rms in t h e 

series requ i red to reach th i s level of a c c u r a c y va r i ed from 4 - 5 6 , 

d e p e n d i n g on t h e p a r a m e t e r va lues . 

Results 

Resu l t s , s h o w n in F ig . 1 i l l u s t r a t e the effect of t h e geome t r i c 

p a r a m e t e r s a a n d 8. I n the figure, q/q,„ of course a p p r o a c h e s 

zero as 8 a p p r o a c h e s zero for all va lues of a. C o m p u t a t i o n s were 

carr ied o u t only for 8 > 0 .025. T h e resul t s s h o w t h a t for a < 

0.05 the heat, flow is channe led for the m o s t p a r t t h r o u g h t h a t 

po r t i on of t h e s lab d i rec t ly a b o v e the h e a t e d s t r ip s so t h a t q/q„, 

a p p r o a c h e s a/(a + 6). O n t h e o t h e r h a n d , for a > 20, q/q„, ~ 

1.0 for m o s t va lues of 8, so t h a t t h e h e a t flux is nea r ly t h a t for the 

case of a uni form t e m p e r a t u r e over the en t i r e s lab surface at y = 0. 

O n e poss ible u t i l i za t ion of t h e resu l t s m a y b e conven ien t ly 

i l lus t ra ted . S u p p o s e t h a t in a given app l i ca t ion the to t a l s lab 

a r e a a n d s t r ip a r e a a re fixed a t v a l u e s such t h a t 8 — 0.6. T h e n , 
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sonic flow s tud ies , b u t i t will b e shown t h a t i t can also b e very 

useful in h e a t t r ans fe r s tud ie s . T h e local h e a t flux a t a hea t ed 
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A s t a n d a r d single pass schl ieren s y s t e m can b e c o n v e r t e d in to 

a schl ieren i n t e r f e rome te r b y replac ing t h e knife edge w i t h a 

Wol la s ton p r i sm which h a s polar izers on each s ide, as shown in 
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each of (he foregoing series t r u n c a t e d a t A* t e rms , th is s y s t e m 
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(1) Schlieren Light Source 
(2) Slit 
(3) Monochromatic Filter 
(4) Plain Mirror 
(5) Vertical Heated Plate Assembly 

(6) Polarizer 
(7) Wollaston Prism 

(8! Analyzer 

(9) Focusing Lens 
(10) Film 

Fig. 1 Schlieren interferometer optical arrangement 

terns obtained may be interpreted with the relationship presented 
by Sernas and Carlson [2], which is: 

d'i' 

where 

RT 

V 
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2KZ(n0 ~ ne) tan a ( f + \V -

uW (?) 
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dr _ 

the fringe shift as defined in Fig. 2 

(n0 

V = 
X = 

K 

li­

the local temperature gradient in the £, direction 
(the direction normal to the fringes in any re­
gion in the test section where no density 
gradients exist) 

AS 
S 

R — the gas constant 
T = the absolute temperature 

the absolute pressure 
the wavelength of the monochromatic light used 
the Gladstone-Dale constant 
the difference in refractive index of an ordinary and 

extraordinary ray within the Wollaston prism 
a = the wedge angle of the Wollaston prism 
/ = the focal length of the parabolic mirror on the 

Wollaston prism side of the test section 
the distance between the centerline of the Wollas­

ton prism and the focal point of the parabolic 
mirror closest to the prism, and 

the distance between the center of the test section 
and the parabolic mirror closest to the Wollaston 
prism. 

This expression differs from the one reported by Alerzkirch (if 
his expression were written in terms of temperature instead of 
density) in that the temperature gradient is used instead of 
a temperature difference, and the proportionality constant ap­
pearing in the square brackets is slightly different. 

An application for which the Wollaston prism schlieren inter­
ferometer is particularly suited is that of determining the local 
heat flux and the local heat transfer coefficient in two-dimensional 
thermal boundary layers. Experiments were conducted using a 
heated, constant temperature, vertical plate under atmospheric 
conditions to illustrate the use of the schlieren interferometer sys­
tem in heat, transfer studies. 

A 7 in. by 7 in. vertical plate was constructed of 1/2 in. thick 
aluminum and instrumented with twelve 30 AWG copper con-
stautan thermocouples imbedded from the back side. The plate 
was heated by a hot water pool in direct contact with the buck 
side (Fig. 2). Measurements of the plate temperature on the free 

Constant Temperature 
Vertical Flat Plate 

Thermocouples 
L f c = 

Heated 
Water 
Pool 

Fig. 2 Cross 
interpretation 

section of constant temperature plate and fringe shift 

convection side could be made to within ±0 .2 deg F, and if was 
found that the entire plate could easily be kept at a constant tem­
perature within ±0 .o deg F. The major variation of tempera­
ture was observed in the vertical direction, while the temperature 
in the transverse direction was constant to within the tempera­
ture-measuring accuracy. 

The heated plate was placed in the parallel beam of the 
schlieren system and aligned such that the plate surface was 
parallel to the light rays. A large cardboard shield was placed 
around four sides of the plate to reduce room air currents at the 
plate. A monochromatic filter of o46iA with a band width of 
70A was placed in front of a mercury light source to produce 
monochromatic light, and a pair of calipers was suspended in front 
of the plate and in view of the camera to facilitate distance 
measuring on a photograph. The Wollaston prism was rotated 
to produce fringes in still air at about 4o deg to the plate surface 
normal, and photographs of the interference pattern were taken. 
Fig. 3 is a typical fringe pattern obtained when the fringes are 
oriented at about 70 deg to the surface normal. 

When the prism is rotated to produce still air fringes normal to 
the plate, the fringe shifts in the thermal boundary layer are 
almost nonexistent because very little temperature gradient 
exists in a direction parallel to the wall. Interferograms taken 
with the still air fringes parallel to the plate generally do not show 
any fringes hitting the wall. As a consequence, it is difficult to 
measure the temperature gradient very close to the wall, but a 
temperature gradient profile in the thermal boundary layer away 
from the wall can be made readily with this orientation of the 
fringes. A 45 to 70 deg orientation of the fringes was found to 
be satisfactory for this study in that substantial fringe shifts 
could be observed, and (lie fringes terminated at the wall. 

The heat dissipated by the heated plate in natural convection 
must first be transmitted to the air by conduction at the wall. 
The heat flux at the wall is thus a vector whose component in the 
t-direction is: 

q" sin 6 = A'„i, 

The local heat transfer coefficient is then: 
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best performed in terms of the density beealhe when equatlon (I)
is rewritten in terllls of the density gmdient, the right hand sid,·
is independent of the loc'itl tempemtnre within the thermal
boundary layer. By means of the perfect gas law, the density al
t he wall ean be converted to the wall temperatul'() which in tun I

ean be uHed with equations (l) and (:\) to find the loeal heal
transfer coeffieient at the wal!.
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where (a~') is obtained fl'Om equation (l) with all variableH
O~ wall

evaluated at the wal!. Only one fringe shift reading at. the wall
iH required to obtain the loeal heat transfer eoeffieient. Fig. 4
showH a comparison between the heat transfer eoeffieients ob­
tained from three different interferogramH and the widely aecepted
correlation for h, due to OHtrach [:3]. The agreement is quite
good even though the fringe defleetions and fringe Hpaeings were
read by eye on an optical compari tor. Greater accuracy ean be
obtained by more sophiHticated film reading devices and methocb.

This method of measuring h, can abo be applied to heat.ed
walls whose tempemture is unknown. The density of t.he ail' at,

the vmll can be obUtin"d from interferognuns by numerical inte­
gration of the fringe Hhifts along ~ between t he wall and a ref­
erence loeation where the density is known. The integration is

E. M. SPARROW' and D. K. HENNECKE'

Introduction

Analysis, Solutions, and Results

The physical situation analyzed here is pictmed schenmticall.\·
in Fig. 1, which shows an isolated fin of reeiangultll' pl'Ofile af­
fixed to a thick wal!. The exposed surfaces of the fin and of tlll'
wall lose heat by conveetion to the flnid environment. Specific'
consideration is given to the case in which the fin and the wall
have the same thermal eondnetivity. Fmthermore, it is as­
sumed tlmt the surface heat transfer coeflicient is \\nifonn rUld
equal on all smfaces, and that '1' = T(:o,.If). These condition ... ,
as well as the geometry itself, were chosen with a view to minimiz­
ing the n\\mber of parameters while maintaining the essential
featmes of the pl'Oblem.

The temperatme distribution along the fin base (;c = 0, -, ,
::s; 1//1 ::s; 1/2) remains unspecified, its determination awaiting tlll'
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Temperature Depression at the Base of a Fin

IN .I0UHNAL and textbook articles dealing with fins, the tempera­
tme at the fin base is genemlly treated as a known, spatially uni­
form qnantity. This point of view is common to both Olll'­

dimensional and mnltidimensional analyses [I, 2J.' Fmther­
more, the conventional definitions of effectiveness and eflicienc\'
imply that the base temperature is not affected by the presen,'"
of the fin, with the added inference that the tempemtme is the'
same as that which the base smface wonld have if it were withonl
fins. On t he other hand, physical reasoning suggests that till'
presence of the fin will act both to depress the level of the bas..
temperatme and to create spatial nonuniformities. This pap,'r
is concemed with a quantitative explomtion of these effects which,
to the best knowledge of the authors, have not been previoush'
analyzed in the published litemlme.
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Fig. 3 Representative interferogram of heated vertical plate. Calipers
are set at 1.0 in.

3Or-------------------,

Fig.4 Comparison of experimental heat transfer coefficients with those
predicted by Ostrach [3]

where (a~') is obtained fl'Om equation (l) with all variableH
O~ wall

evaluated at the wal!. Only one fringe shift reading at. the wall
iH required to obtain the loeal heat transfer eoeffieient. Fig. 4
showH a comparison between the heat transfer eoeffieients ob­
tained from three different interferogramH and the widely aecepted
correlation for h, due to OHtrach [:3]. The agreement is quite
good even though the fringe defleetions and fringe Hpaeings were
read by eye on an optical compari tor. Greater accuracy ean be
obtained by more sophiHticated film reading devices and methocb.

This method of measuring h, can abo be applied to heat.ed
walls whose tempemture is unknown. The density of t.he ail' at,

the vmll can be obUtin"d from interferognuns by numerical inte­
gration of the fringe Hhifts along ~ between t he wall and a ref­
erence loeation where the density is known. The integration is

E. M. SPARROW' and D. K. HENNECKE'

Introduction

Analysis, Solutions, and Results

The physical situation analyzed here is pictmed schenmticall.\·
in Fig. 1, which shows an isolated fin of reeiangultll' pl'Ofile af­
fixed to a thick wal!. The exposed surfaces of the fin and of tlll'
wall lose heat by conveetion to the flnid environment. Specific'
consideration is given to the case in which the fin and the wall
have the same thermal eondnetivity. Fmthermore, it is as­
sumed tlmt the surface heat transfer coeflicient is \\nifonn rUld
equal on all smfaces, and that '1' = T(:o,.If). These condition ... ,
as well as the geometry itself, were chosen with a view to minimiz­
ing the n\\mber of parameters while maintaining the essential
featmes of the pl'Oblem.

The temperatme distribution along the fin base (;c = 0, -, ,
::s; 1//1 ::s; 1/2) remains unspecified, its determination awaiting tlll'
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Temperature Depression at the Base of a Fin

IN .I0UHNAL and textbook articles dealing with fins, the tempera­
tme at the fin base is genemlly treated as a known, spatially uni­
form qnantity. This point of view is common to both Olll'­

dimensional and mnltidimensional analyses [I, 2J.' Fmther­
more, the conventional definitions of effectiveness and eflicienc\'
imply that the base temperature is not affected by the presen,'"
of the fin, with the added inference that the tempemtme is the'
same as that which the base smface wonld have if it were withonl
fins. On t he other hand, physical reasoning suggests that till'
presence of the fin will act both to depress the level of the bas..
temperatme and to create spatial nonuniformities. This pap,'r
is concemed with a quantitative explomtion of these effects which,
to the best knowledge of the authors, have not been previoush'
analyzed in the published litemlme.
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simultaneous solution of the temperature fields in the fin and in 
ihe wall. 

Turning now to the analysis, it is convenient to introduce di­
mensionless variables in accordance with the definitions 

T - '1\ 

- T . - r . - x-7- " - ? » - T '" 

in which T\ is the temperature of the exposed surface of the wall in 
the absence of the fin3 and T„ is the fluid temperature. The 
temperature field in the fin and in the wall is governed by La­
place's equation d-6/dX* + d-d/dY- = 0 subject to convective 
boundary conditions dd/dii + Bi 6 = 0 on all exposed surfaces. 
Additionally, in the wall, at sufficiently large distances from the 
fin, the disturbance of the temperature field due to the fin must 
die away, so that 8=1 — Bi A'. 

Solutions of the just-outlined problem depend on the values of 
two parameters, the fin aspect ratio L/t and the Biot number Bi. 
In fin design, it is customary to employ as a guideline Ihe optimiz­
ing condition [1] 

Bi {L/ty = 1 (2) 

Correspondingly, for the present solutions, ihe Biot numbers for 
preassigned values of L/t were evaluated from equation (2). 

Solutions of the coupled two-dimensional heat-conduction 
problem encompassing the fin and the wall were carried out by 
finite differences, with due account taken of thermal symmetry 
about the line y = 0. A total of 777 nodal points were dispersed 
throughout the solid in the region y > 0, the distribution of the 
points being made to accommodate the rapidity of the tempera­
ture variations. The closure condition 9 = 1. — Bi X was im­
posed along the lines y/t = 64 and x/l = —64. Solutions were 
obtained with the aid of a CDC 6600 computer. The parameter 
L/t was assigned values of 2, 5, 10, and 20, with the corresponding 
Bi values from equation (2). 

Fin temperature profiles taken from the numerical solutions are 
presented in Fig. 2. The figure contains four graphs correspond­
ing, respectively, to the four values of the aspect ratio L/L In 
each graph, the dimensionless temperature (T — 7'„)/(7's — 7'„) 
is plotted as a function of the dimensionless transverse coordinate 
II/i for parametric values of the axial position variable x/L. 

Attention will first be focused on the temperature at the fin 
base; i.e., at x/L = 0. In the absence of the fin, the base tem­
perature would be Ts, so that (7' — 7'„)/(7',, — 7'„) = 1. Fig. 2 
shows that the presence of the fin significantly reduces the base 

3 With the fin in place, the wall surface temperature approaches Ts 
at large distances from the fin. 
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Fig. 2 Fin-temperature profiles 

temperature. For instance, for L/t = 2, (T — 7'„)/(7'„ — '!'„) 
= 0.77. Since the fin heat transfer is proportional to the base-
(o-fiuid temperature difference, the base temperature depression 
for this case results in a heat transfer rate that is about 23 percent 
less than that reckoned using 7'., — T,rj as the thermal driving 
force. Lesser base temperature depressions are in evidence as 
L/t increases. 

The existence of the base temperature depression is physically 
plausible. That is, if the presence of the fin augments the heat, 
transfer, then heat must be brought by conduction to the base 
from more remote regions of the wall, and this conductive trans­
port necessitates a temperature drop. 

Further inspection of Fig. 2 indicates that the base tempera­
ture varies somewhat with transverse position, being lowest at 
the center and highest at the edges. This implies that the lines 
of heat flow (normal to the isotherms) tend to converge as they 
enter the fin. On the other hand, a t cross sections characterized 
by larger values of x/L, the transverse temperature variation is 
opposite to that at the base, implying a divergence of the heat 
flow lines. Thus, as in the analogous fluid flow case, there is a 
vena contracta effect with respect to heat flow lines entering a 
fin. 

Fig. 2 shows that the transverse temperature variations are not 
very large and become almost nonexistent at large values of L/t. 
This suggests that if the base temperature were known, then the 
fin heat transfer could be calculated by applying the one-dimen­
sional theory, for instance, equation (3-26) of [1], To ex­
amine this matter, heat transfer rates were evaluated from the 
just-mentioned equation using the base-to-fluid temperature dif­
ferences of Fig. 2. In all cases, these heat transfer rates were 
within a few percent of those given by the finite-difference solu­
tion. 

The presence of the fin, in addition to depressing its own base 
temperature, also depresses the temperature of the adjacent 
wall surface, thereby reducing the heat transfer from the wall. 
Distributions of wall surface temperature are shown in Fig. 1 
for parametric values of L/t. In the immediate neighborhood of 
the fin, the greatest depression of the wall surface temperature 
occurs at smaller values of L/t, which, in accordance with equa­
tion (2), correspond to larger values of the Biot number and, 
therefore, to high rates of heat transfer through the fin. On the 
other hand, at wall surface locations relatively remote from the 
fin, the temperature depression is least at the smaller L/t values, 
as is reasonable inasmuch as the surface Biot number is higher for 
these cases. 

The results of this investigation demonstrate that fins cannot 
be properly designed without due consideration of the thermal 
interaction between the fin and the wall to which it is affixed. 
That is, consideration must be given to the depression of the 
temperature of the fin base and of the adjacent wall surface. 

Journal of Heat Transfer FEBRUARY 1 9 7 0 / 205 

Downloaded 04 Jan 2011 to 194.27.225.72. Redistribution subject to ASME license or copyright; see http://www.asme.org/terms/Terms_Use.cfm



Furlliermore, it is expected that the base temperature depression 
associated with an ensemble of fins would be greater than that 
calculated herein for the case of an isolated fin. 
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Heat Transfer From the Rear of a Cylinder in 
Transverse Flow 

P. S. VIRK1 

Nomenclature 

d = cylinder outside diameter, cm 
I) = diffusivity, cm2/sec 
/ = shedding frequency, hertz 
/(• = heat transfer coefficient, watts/cm2 C 
A- = thermal conductivity, walls/cm C 

m = mass transfer coefficient, cm/sec 
Arx„ = Nusselt number: (hd/k) for heat, (md/D) for mass 
A'p,, = Peclet number: (Ud/'a) for heat, (Ud/D) for mass 
Ari'r = Prandtl number, (v/a) 
A'"i{„ = Reynolds number, (Ud/v) 
A'.s,, = Schmidt number, (v/D) 
NHr = Strouhal number, (fd/V) 

q = heat flux, watts/cm2 

T = shedding lime period, ( = l / / ) s ec 
U = free stream velocity, cm/sec 
v = kinematic viscosity, cm2/sec 

a = thermal diffusivity, cm2/sec 
d = temperature excess, C 

<t> = azimuthal angle from forward stagnation point 
•K = 8.14159. . . 

Subscript 

,R = indicates average over rear face of cylinder 90 deg < <f> < 
180 deg 

THIO object of this note is to present a model, hitherto un­
available, for the heat transfer from the trailing face of a cylinder. 
It has, of course, long been recognized [ l ] 2 that this transfer de­
pends upon the eddying flow that prevails aft of the separation 
point. A more direct connection between shedding and rear face 
heat transfer can be inferred from a problem encountered in hot 
wire anemometry when a hot wire is operated at Arii6 > 40. In 
this case spectral analysis of the wire (electrical) signal shows a 
distinct "spike," unrelated to the free stream turbulence, at pre­
cisely the shedding frequency. Since the local heat transfer 
from the leading face of a cylinder is unlikely to be periodic, the 
spike most probably stems from the transfer in the rear. 

The nature of eddy shedding, whereby discrete amounts of 
fluid break away periodically from the cylinder, and the indica-
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tion that the heat transfer from the rear has the periodicity of the 
shedding suggest the ' 'eddy penetration" model outlined next. 

Consider a long cylinder maintained at a uniform temperature 
excess, 0, above a laminar, isothermal stream flowing transverse 
to it. Attention is limited to the subcritical, eddy shedding re­
gime, 40 < .Vii0 < 12 X 10s, in which the shedding behavior is well 
documented [2, '.'>] and separation occurs at <p ~ 90 deg so that 
the shedding can lie associated with the entire rear face, 90 deg < 
(f> < lSOdeg. It is now assumed that an eddy remains' 'at tached" 
tci the rear of a cylinder for a period of time equal to the reciprocal 
of the shedding frequency. During this period th" eddy grows 
by the entrainment of fluid from 1 lie free stream while heat trans­
fer from the cylinder occurs by the penetration of heat into the 
eddy. Thereafter the eddy sheds and moves downstream while 
the cycle is repealed with succeeding eddies. The time average 
heat Hu\ from the rear face is, therefore, the average value ob­
tained during a single shedding time period. Further, if this 
period is short enough for the penetration of heat into an eddy 
to be limited to distances small relative to eddy size, then the 
temperature of the eddy will remain essentially at the free stream 
value and the heat ilux during a cycle might be calculated assum­
ing conduction from the cylinder surface into an effectively in­
finite eddy. 

From penetration theory, the time average heat llux per unit 
area in the time period from 0 to 7' is 

q = 21:0, (waT)' (l! 

which is twice the instantaneous value at T. Fsiug the usual 
definition of a heat transfer coefficient, It = iq 8), the time 
average Nusselt number for the rear face becomes 

A'N„,H = '2d '(iraTr1 t'2) 

where the time period, 7', is the reciprocal of the shedding fre­
quency/ . The latter is available from a nondimen-ional Strou-
hal-Heynolds number relation (e.g. ["]); for our range, A'sr is 
about 0.11 at A'u,. --- 40, increases to 0.20 by A"i:,. -^ 200 and 
remains constant at higher A'KC Thus, while the complete A*ne-
A'sr relation is known, little error is incurred by using 

.Vsr = (/</ V) = (d TV) = 0.20 C5) 

Substitution for T in (2) then yields the final nondimensional 
Nusselt-Peelet relation for the time average heat transfer from 
the rear face: 

ArN„,K = O.oOA'Pe • (4) 

It is evident that the arguments presented for heat transfer 
would apply equally to mass transfer. 

The major assumptions involved in the foregoing are con­
sidered briefly. 

First, the use of penetration theory implies purely molecular 
transport. This assumption is, clearly, somewhat in error since 
the eddies shed possess an internal circulation and, for JYB« > 500, 
also contain portions of turbulent fluid. Thus some convective 
transport undoubtedly occurs and this would tend lo make the 
transfer higher than that predicted by (4). By conventional 
reasoning, the actual ratio of convection to conduction from the 
rear face should be of order [bu/a], where u is a velocity charac­
teristic of the region, thickness <5, penetrated in one shedding time 
period. Though one cannot be quantitative about this ratio 
(primarily for lack of information about the relevant velocity 
field), it should be noted that the velocity, u, in this recirculating 
"deadwater" region is much lower than free stream, U. Also, as 
shown below, the penetration distance, 5, is small compared to 
cylinder diameter, d. Therefore conduction is likely to dominate 
the transfer from the rear face upto values of the usual Peclet 
number, (dV/a), much greater than unity. 

Second, penetration theory will apply when the ratio of eddy 
diameter, say (d/2), to penetration distance, say ( 4 \ / a 7 ' ) is 
large. Elimination of T via (3) shows that this will be so if 
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Furlliermore, it is expected that the base temperature depression 
associated with an ensemble of fins would be greater than that 
calculated herein for the case of an isolated fin. 
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available, for the heat transfer from the trailing face of a cylinder. 
It has, of course, long been recognized [ l ] 2 that this transfer de­
pends upon the eddying flow that prevails aft of the separation 
point. A more direct connection between shedding and rear face 
heat transfer can be inferred from a problem encountered in hot 
wire anemometry when a hot wire is operated at Arii6 > 40. In 
this case spectral analysis of the wire (electrical) signal shows a 
distinct "spike," unrelated to the free stream turbulence, at pre­
cisely the shedding frequency. Since the local heat transfer 
from the leading face of a cylinder is unlikely to be periodic, the 
spike most probably stems from the transfer in the rear. 

The nature of eddy shedding, whereby discrete amounts of 
fluid break away periodically from the cylinder, and the indica-
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tion that the heat transfer from the rear has the periodicity of the 
shedding suggest the ' 'eddy penetration" model outlined next. 

Consider a long cylinder maintained at a uniform temperature 
excess, 0, above a laminar, isothermal stream flowing transverse 
to it. Attention is limited to the subcritical, eddy shedding re­
gime, 40 < .Vii0 < 12 X 10s, in which the shedding behavior is well 
documented [2, '.'>] and separation occurs at <p ~ 90 deg so that 
the shedding can lie associated with the entire rear face, 90 deg < 
(f> < lSOdeg. It is now assumed that an eddy remains' 'at tached" 
tci the rear of a cylinder for a period of time equal to the reciprocal 
of the shedding frequency. During this period th" eddy grows 
by the entrainment of fluid from 1 lie free stream while heat trans­
fer from the cylinder occurs by the penetration of heat into the 
eddy. Thereafter the eddy sheds and moves downstream while 
the cycle is repealed with succeeding eddies. The time average 
heat Hu\ from the rear face is, therefore, the average value ob­
tained during a single shedding time period. Further, if this 
period is short enough for the penetration of heat into an eddy 
to be limited to distances small relative to eddy size, then the 
temperature of the eddy will remain essentially at the free stream 
value and the heat ilux during a cycle might be calculated assum­
ing conduction from the cylinder surface into an effectively in­
finite eddy. 

From penetration theory, the time average heat llux per unit 
area in the time period from 0 to 7' is 

q = 21:0, (waT)' (l! 

which is twice the instantaneous value at T. Fsiug the usual 
definition of a heat transfer coefficient, It = iq 8), the time 
average Nusselt number for the rear face becomes 

A'N„,H = '2d '(iraTr1 t'2) 

where the time period, 7', is the reciprocal of the shedding fre­
quency/ . The latter is available from a nondimen-ional Strou-
hal-Heynolds number relation (e.g. ["]); for our range, A'sr is 
about 0.11 at A'u,. --- 40, increases to 0.20 by A"i:,. -^ 200 and 
remains constant at higher A'KC Thus, while the complete A*ne-
A'sr relation is known, little error is incurred by using 

.Vsr = (/</ V) = (d TV) = 0.20 C5) 

Substitution for T in (2) then yields the final nondimensional 
Nusselt-Peelet relation for the time average heat transfer from 
the rear face: 

ArN„,K = O.oOA'Pe • (4) 

It is evident that the arguments presented for heat transfer 
would apply equally to mass transfer. 

The major assumptions involved in the foregoing are con­
sidered briefly. 

First, the use of penetration theory implies purely molecular 
transport. This assumption is, clearly, somewhat in error since 
the eddies shed possess an internal circulation and, for JYB« > 500, 
also contain portions of turbulent fluid. Thus some convective 
transport undoubtedly occurs and this would tend lo make the 
transfer higher than that predicted by (4). By conventional 
reasoning, the actual ratio of convection to conduction from the 
rear face should be of order [bu/a], where u is a velocity charac­
teristic of the region, thickness <5, penetrated in one shedding time 
period. Though one cannot be quantitative about this ratio 
(primarily for lack of information about the relevant velocity 
field), it should be noted that the velocity, u, in this recirculating 
"deadwater" region is much lower than free stream, U. Also, as 
shown below, the penetration distance, 5, is small compared to 
cylinder diameter, d. Therefore conduction is likely to dominate 
the transfer from the rear face upto values of the usual Peclet 
number, (dV/a), much greater than unity. 

Second, penetration theory will apply when the ratio of eddy 
diameter, say (d/2), to penetration distance, say ( 4 \ / a 7 ' ) is 
large. Elimination of T via (3) shows that this will be so if 
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Failure to satisfy (5) will result, physically, in a final eddy tem­
perature that is significantly different from free stream; in which 
case the actual heat, transfer will he poorer than predicted by 
equation (4). 

Third, it should be pointed out that in equation (1) the ex­
pression for the time average heat flux from a plane surface into a 
semi-infinite medium was used directly for the cylinder surface. 
This causes negligible error at the short penetration times rele­
vant to the present case. 

Fourth, an eddy was assumed to shed without leaving any 
residual fluid adhering to the rear face; adhering fluid would re­
sult:, in effect, in a stagnant film over the face, making the transfer 
poorer than predicted. Finally, it should be noted that the heat 
transfer from the rear of a cylinder is a function both of time and 
location, <j>. The present model yields the time average transfer 
over the entire rear face but is unable to predict local variations. 

Experimental measurements of heat and mass transfer coef­
ficients around the periphery of cylinders in cross flow have been 
widely reported (e.g., [4-10]). Average rear face Nusselt num­
bers obtained from these are compared with the present theory in 
Fig. 1. The ordinate, (A:.\-U.n/Ari.e

1' -), is suggested by t he form of 
equation (4). The theory is within a factor of two of the experi­
mental data over the entire range—nearly four decades—of 
Reynolds numbers. The physical property dependence cannot 
be tested adequately since (see legend of Fig. 1) all but one of the 
measurements involved transfer to air with Prandtl (or Schmidt) 
numbers of order unity. 

The systematic trend of the data with respect to the theory is 
crudely consistent with the simplifying assumptions, discussed 
earlier. Thus the air data meet the penetration criterion, (.">), at 
NVLS — 3000; at lower Reynolds numbers the experimentally 
measured transport is poorer than predicted. At ttie highest 
Reynolds numbers the actual transport is higher than predicted, 
presumably because of a significant convective contribution. 

In summary, a mechanism has been proposed for the heat 
transfer from the rear of a cylinder in transverse flow. Accord­
ing to this the transfer occurs during the shedding process by the 
penetration of heat, from the cylinder surface into an eddy during 
the time that the eddy stays attached. Thereafter the eddy 
sheds and the cycle is repeated with the frequency of shedding. 
The model yields the correct order of magnitude of the transfer— 
its predictions are within a factor of two of experimental data over 
the entire Reynolds number range, 40 < i\Tne < 2 X 106, encom­
passed. 
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generation q and conveelive boundary conditions. Carslaw and 
Jaeger [I]3 present similar charts for the special case of an infinite 
Biot number. A range of Biot numbers of zero to infinity will be 
presented here for geometries of infinite plate, infinite cylinder, 
and sphere. 

The boundary conditions for all cases are at lime r = 0, for 
any position 5, the initial temperature is T = 7\; for 5 = 0, at any 

r> ~i = 0 ; at the boundary 8 = B, at any T, —k — = h(T ~~ TJ) 
do oo 

where B is the half thickness L of the plate and the radius R of 
the cylinder or sphere. The solutions are found to be 

Infinite Plate 

r = T{ = (?'„ - r,-)[t 

Infinite Cylinder 

T - Ti = ( T . - r«)[l 

Sphere 

r - Tt (2'- - ?'.-)[ I 

P(x, T)] - <lj-- QPix, r) (1) 

C(r, r)] + <Jy QC(r, r) (2) 

8{r, r)] + ''j QSO; r ) , (3) 

where P(x, r ) , C(r, T) , and S(r, r ) are the solutions of the sud­
denly changed environmental temperature problem given by 
Heisler [2] and 

J: 

•JSC;r) = ( " 
Jo 

QP(x, T) = 

QC(r, r ) = 

[I - P(x, 0)]dO - T 

[1 - C(r,d)\dd - T 

[1 so-, <ie - T . 

The solutions represented by equations ( l)-(3) may be thought 
of as the sum of two temperature differences: (a) the tempera-
lure difference due to (he suddenly changed environmental tem­
perature 7',, — '/',-, and (6) the temperature difference due to the 
suddenly applied internal heat generation TQ — 7',-. The first 
temperature difference is found by looking up the appropriate 
value of Fix, r ) , C(r, r ) , or S(>; T) from Heisler's charts and, 
since these functions are the ratio 

Te - T„ 

T~^Ya 

the multiplication indicated in equations (l)-(3) give ul<r0. 
braically 

(?'» - T^ 1 - Ci\ -_rj = T. - 7\, 

where '/'„ is the environmental temperature. The second (em-
])era(ure difference TQ — 7'; is given by Figs. 1-3 for an x!L or 
r/l{ of 0.0 and Fourier numbers from 0.1 to 1000. For positions 
other than 0.0 this temperature difference is found by looking up 
the central difference as given by Figs. 1-3 and the multiplicative 
position correction as employed by Heisler [2| could be used here 
in a more approximate sense. Since the position correction would 
be numerically the same as that plotted by Heisler it is not in­
cluded here. 

Example Calculation 

A 0.1-in-dia, type 304 stainless-steel wire is suddenly subjected 
to uniform internal heat generation due to resistance heating. li­
the initial temperature of the wire were 32 deg F, the internal 
heat generation was found to be 10°' Btu hr ft3, and the average 
heat transfer coellicient, was estimated to be 192 Blu/hr ft2 deg F. 
Find the temperature at the center of the wire after 9.25 x 1()~5 

hr. 

The properties are taken as 

k = S.O Btu, hr ft deg F 

a = 0.15 f tvhr 

The Biot and Fourier numbers may be calculated. 

hli (192)(0.05) 
Bo = 

k (8.0)(12) 
= 0.1 

1/Bo = 10 

arc (0.15)(144)(9.25 X 10"5) 

Numbers in brackets designate References at end of Note. /," (0.05)2 = 0.80 

Fig. 1 Temperature difference in an infinite plate at x / t ~ 0.0 due to internal heat 
generation 
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luoin Fig. 2, (TQ — Ti)/qH'!/k is found to he 0.70 which gives 

T„ 
(10«)(0.05)2 

1 ,- = —r-1-. (U70 
(144)(8.0) ' 

Tq - T, = 10.5 deg F 

^Since thei'e was not an environmental temperature change, 

T - 7',- = TQ - T: = 16.5 deg F 

or 

T = 48.5 deg P. 

A finite-difference technique was used to check (he graphical 
results. Using 19 radius divisions, the temperature calculated 

by forward differences was 47.4 deg F. The entire line for 1/Bo 
= 10 was checked numerically with the result that the answers 
agreed as well as could be expected of the finite-difference tech­
nique used. Calculations were also made using similar examples 
for the 1/Bo = 10 line for both the plate and sphere with good 
agreement. The graphs were also checked against the plots of 
Carslaw and Jaeger [11 for 1/Bo = 0 with good agreement also. 
The accuracy of the line for 1/Bo = infinity is obvious. 

Suppose we now desired to estimate the temperature at a radius 
ratio of i.O for the original problem. From Heisler [2], the posi­
tion correction at x/ll = 1.0 is found to be 0.955. 

(T - 7',), = (0.«55)(16.5) = 15.8 deg F 

7', = 47.8 deg F 

Fig. 2*JITemperature difference in an infinite cylinder at x/R — 0.0 due to interna! heat 
generation 

Fig. 3 Temperature difference in a sphere at x/R — 0.0 due to internal heat generation 
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If the environmental temperature had been changed to 0 deg V 
simultaneously with the application of internal heat generation, 
the central temperature change due to the sudden environmental 
temperature change may be found from Heisler [2] as: 

C(0, 9.2.", X 10~5) = 0.88 

(T, - 7',)o = (7'„ - 7',-)(l - 0.88) = - 3 . 8 deg F 

(7' - 7'!)o = (Te - 7\)» + (TQ - Ti)a 

(T - 7',)» = - 3 . 8 X 16.5 = 12.7 deg F 

7'„ = 44.7 deg F. 

The surface temperature may also be found in a similar manner. 

C(l.O, 9.2,5 X 10-5) = C'(0, 9.25 X ltr5)(0.955) = 0.84 

(7'e - 7',0i = (7'„ - 7';)(1 - 0.84) = - 5 . 1 deg F 

(T - 7\0i = (Te - Tih + (TQ - 7\)i 

(T - Tih = - 5 . 1 + 15.8 = 10.7 deg F 

7\ = 42.7 deg F 
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On Some Aspects of Steam Bubble Collapse1 

T. G. Theofanous,2 H. K. Fauske,3 and H. S. Isbin.4 Two factors 
.-tressed by the authors are the questioning of the thin thermal 
boundary-layer assumption previously used in other solutions 
and the effect of the vapor velocity. The authors are to be 
commended for their courageous attempt to resolve these factors 
by attempting to solve the heat diffusion equations numerically. 
In our independent treatment we have considered bubble growth 
nd collapse under constant and time-dependent pressure 
elds [7-9]•'' We have assumed a spatially uniform vapor, but 

with a time-dependent density which, with an overall mass and 
energy balance, \'ields an equation equivalent to (12), having the 
last term expressed on the basis of molecular kinetic considera­
tions. A system of ordinary differential equations is obtained 
which is economical in use of computer time. We, too, have 
questioned the thin boundary-layer assumption (as used in the 
Plesset-Zwick analysis) and note that at a certain stage in 
the collapse case such an assumption breaks down. In our 
studies we have assumed a finite, but not necessarily a thin ther­
mal boundary-layer, along with an appropriately defined, simple 
temperature distribution which is used to satisfy the overall 
energy balance. 

For the heat transfer controlled experiments of Florschuetz 
and Chao, we illustrate an improved prediction as compared with 
the one achieved from their heat transfer solution. The im­
provement was uniform over all their experimental data ob­
tained for both liquids (water, ethyl alcohol) and, in Fig. 5, we 
exhibit the three theoretical solutions and the experimental data 
for their bubble SWA. No oscillations were observed in our solu­
tion and detailed information obtained from our solution shows 
that the bubble was very close to the saturation state and at a 
pressure ver.y close to p„. No effect of vaporization coefficient 
on our solution was noted at this low subcooled condition. From 
this comparison we suggest that the oscillations observed in ap­
proach B of the authors are not peculiar to the inclusion of the 
"velocity of vapor," but that their source should probably be 
sought in numerical instabilities. The near adiabatic high-
frequency oscillations are not surprising since in a sense the3r are 
forced through equation (12) and the uncertainties in guessing 
the heat transfer part in this equation. 

At higher Jacob numbers, numerical solutions yield rebounding 
bubbles. We do not recommend extending our present solu-

1 By S. M. Cho and R. A. Sebau, published in the November, 
1969, issue of the JOURNAL OF HEAT TRANSFER, TRANS. ASME, Vol. 
91, No. 4, pp. 537-542. 

2 Assistant Professor, School of Chemical Engineering, Purdue 
University, Lafayette, Ind. 

3 Argonne National Laboratory, Reactor Engineering Division, Ar-
gonne, 111. 

4 Professor, Chemical Engineering Department, University of 
Minnesota, Minneapolis, Minn. 

6 Numbers in brackets designate Additional References at end of 
Discussion. 

tions beyond the rebound point. Our solutions for rebounding 
bubbles gave in general much smaller rebound radii than those 
in the corresponding calculations of Florschuetz and Chao, thus 
agreeing with the trends of the authors' theory. This trend is 
illustrated in Fig. 6, a case similar to Fig. 2 of the authors' paper. 
A vaporization coefficient of c = 10 - 2 was used in order to predict 
the data. If a value c = 1 were used, a case I hut would corre­
spond to essentially the authors' equilibrium solution, an even 
smaller rebound radius would be obtained. We have shown 
that the effect of neglecting the variation of density of the vapor 
with time to be important near the rebound point, and this de­
pendency is not included in the Florschuetz-Chao solutions. 

Finally, we wish to point out that the character of the spatial 
temperature distribution (in both the liquid and in the vapor), 
presumably obtained by the authors as part of their calculations, 
at the growing portion of a rebounding bubble (for example, after 
the first rebound) would add information in evaluating numerical 
and other approximations. 

-HEAT TRANSFER SOL. 

Fig. 5 Comparison of various theoretical solutions with experimental 
data of Florschuetz and Chao 

Fig. 6 Comparison of various theoretical solutions with experimental 
data of Florschuetz and Chao 
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9 Theofanous, T., "The Dynamics of Spherical, Liquid-Vapor 
Phase Change in Constant and Time-Dependent Pressure Fields," 
PhD dissertation, Piiiversity of Minnesota, 1969. 

The authors appreciate the comments of the discussers. We 
would like to point out that runs with reduced increment size 
gave no indication of instability in the numerical solution. And 
we regret that, we did not print out the spatial temperature dis­
tribution, so that this information cannot be provided. 

Further theoretical studies as well as more experimental in­
vestigations are needed to better understand the behavior of 
collapsing bubbles. 
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