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gravity, pressure and size, as well as for various boiled liquids.

An Induced-Convection Effect Upon
the Peak-Boiling Heat Flux’

An induced-convection effect upon the peak pool-boiling heat flux is identified and de-
A method is developed for correlating this effect under conditions of variable

The effect is illustrated,

and the correlation verified, with o large number of peak heat-flux date obtained on «

horizontal ribbon heater.

The data, obtained in a centrifuge, embrace an 87-fold range

of gravity, a 22-fold range of width, a 15-fold variation of reduced pressure, and five

liquids.

Introduction

Tma peak heat flux in saturated pool boiling, gumax, is
i transition value dictated by the onset of a hydrodynamic in-
<tability in the removal of vapor from a heater element. The
Zuber-Kutateladze equation for this transition on an infinite flat
plate, gumaxr, references [1-3]2 is?

- L ¥ A —
JmaxF = ()'lglll’.fypyl/? \/Ug(l)f - py) ‘/l + % M
i

I'wo kinds of parameters are entirely absent from equation (1).
‘T'here is no characteristic length and there are no transport prop-
erties.  Accordingly, Lienhard and Schrock [4] were able to
use the Law of Corresponding States to write equation (1) in
terms of a reduced peak heat flow, F(p,), such that

GuaxF = /\I’w(pr) (l(lr)

where A is a complicated function of gravity critical data, and
other constants characteristic of the liquid being boiled, and p, is
the reduced pressure.

In 1965, Lienhard and Watanabe [5] found that a previous
analytical expression for the minimum heat flux on horizontal
wires [6] could be written as the product of the minimum heat
flux for a flat plate, and a function of the geometric scale pa-
rameter, L', defined as

1 This Work was supported under the cognizance of the Lewis Re-
~earch Center, by NASA Grant NGR-18-001-035.

2 Numbers in brackets designate References at end of paper.

3 Symbols not defined in context are explained in the Nomenclature
~ection.

Contributed by the Heat Transfer Division of Tur AMEBRICAN
SociETY OF MEuECHANICAL ENGINEERS and presented at the ASMI-
AICKE Heat Transfer Conference, Minneapolis, Minn., August 3-6,

g

L= L ‘/*(’7(”’ = Po) (@)

They then provided broad experimental support for the notion
that a similar separation would describe the guma.x in finite geome-
tries.  Their correlating equation was

Guax = kl"(?)r)'f(]‘I) (3>

or

s ey

NF(p,) (fa)

Very little attention has been given to date to the fact that the
bubbles rising above a heater of finite size should drag upon the
surrounding fluid and induce a secondary flow about the heater.
In 1964, the late Costello and his co-workers {7] found that
a flat ribbon heater, mounted on a slightly wider block, induced
strong side flows. When the side flow was blocked by vertical
walls, qmax Wwas much lower than it was when the side flows were
allowed. Furthermore, they observed an increase of gmax with
decreasing ribbon width when the side flow was permitted.

Borishanski (see, e.g., [2]) proposed a parameter to desecribe
such an effect as early as 1956. Fle suggested that his peak heat
flux data could be well represented by an expression of the form

Guax = (0131 + AN=Dhyop,”s Vaglo, — p) (&)

where

NN A
N= u ‘/(/(p; - B,) ®)

and p is the viscosity. We shall see shortly that the parameter,
N, characterizes buoyant effects. Borishanski’s expression indi-
cates that the influence of the parameter, N, is-rveally pretty

s Manuserint receiv . Teat Transfer Divisi Mare
_l'i,&)lwé\ 'I 112‘131%@;111)]11)lue]cue:(\iitbl\ecgsse;[’e)x [tn;[,‘151’111%%!{)_]31;)1;(;:' N\su(gj small in the flat plate geometry since 0.131 is generally >>4N ~0-4,
HT-48. The present study is motivated by a specific interest in the in-

Nomenclature
S ) = an arbitrary funetion of () N = induced-convection buoyancy flat plate, as given by Zuber’s
F(p,) = afunction of p, equal t0 Gmaxr/N\ parameter, I*/L’ equation (1)
¢ = acceleration of gravity or other P = the parachor, Mc'/*/(p;, — p,) W = width of horizontal ribbon heat-
foree Geld ~ constant, for any fluid ers
h;, = latent heat of vaporization p. = critical pressure W o= dj}nensionless size b‘as)el(% on W
I = induced-convection scale pa- p, = reduced pressure, system pres- A = g 47?0(17‘/3/[)g&l[pc/.%l\,lC) 74
' N T sure + P, w = liquid viscosity
rameter, V p, Lo /u R = ideal gas constant p; = density of saturated liquid
L = characteristic length T, = critical temperature p, = density of saturated vapor
L' = dimensionless size, equation (2) gmax = the peak pool-boiling heat flux ¢ = surface tension between a liquid
M = molecular weight GmaxF = (max fOr an infinite horizontal and its vapor
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fluence of variable gravity upon ¢max. Accordingly the implica-
tions of the induced flow observed by Costello, et al., are serious
since the effects of this flow stand to be magnified by gravity.
We have therefore created a configuration comparable to theirs
and studied its performance under variable gravity., Before
considering this experiment, however, let us first develop a corre-
lation, similar to equation (3), which accounts for induced flow.

Method of Correlation

The viscosity of the liquid, which has not appeared to be of
great importance in prior studies of gumay, must now be considered.
It is only through the viscous drag exerted by rising bubbles
upon the surrounding liquid that flow can be induced. Thus the
dependent variable gmax will depend primarily upon 7 independent
variablest: py, p,, by, 0, L, g, and u. These 8 variables are ex-
pressible in four dimensions: Btu, ft, see, and lbn.  Therefore,
we must write down (8-4) or four independent dimensionless
groups to describe the phenomenon, in accordance with the Buek-
ingham pi theorem.

The first and most obvious of these groups might be p,/p;.
This has generally taken the following form in gmax predictions:

The second group is a dimensionless dependent variable:
, 1/, 1/,
(Inmx/hfgpy /“(P_/-U!l) /s

the denominator of which ean be combined with ‘\/1 + p,/ps o
form Zuber’s ¢maxr:

‘nmv/;hr e a{ s
o Grax/hyopy 7Hps0g) _ 6)

Gmax

A third group, L \/gp/-/o, can be multiplied by (2
- W1 + p‘,/p,]?)l/2 to get L',

The fourth group can then be obtained by elimination. The
dependent variable, gmax, and the only other variable containing
the units of Btu, namely, &, will be eliminated. So too will p,
be deleted as unrelated to the viscous drag problem. If the
method of indices is being used to establish the groups, this will
leave 4 equations in 5 unknown indices, so one more choice must
be made. Setting the index of ¢ equal to zero gives the new
parameter

I = \/prd/ptz = VNL' (M)

We shall call this the “induced-convection scale parameter.”’
It is analogous to the ratio of the square root of a Grashof number
divided by L/, and it characterizes the relevant forces in the
following way:

. . o . 1/,
[(inertia force)(surface tension force)] /2

viscous force

If gravity is left in this parameter and the size, I, is deleted,

divided by (2 — [V 1 + pg/psz)l/2 to give Borishanski’s N for
the fourth group. We shall call & the “induced-convection
buoyancy parameter” since it replaces L with g. It characterizes
the relevant forces in the following rather complicated way:

(inertia force)(suwrface tension foree)™/

N -
(viscous force)?(buoyant force)l/2

Combining the four groups, we obtain the desired corvelating
relation:

4Since the induced flow will act to disrupt the hydrodynamic
process of vapor removal, we are using the word “convection” to de-
seribe a fluid mechanieal action—not a heat removal process, The
transport variables of conductivity or diffusivity are therefore not
introduced.
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GmaxP

or, il we choose to use the Law of Corresponding States,

/\(;(7;‘) = S LN+ p/p) o SN, NV p/pg) )

Equation (9) implies that the generalized function, Fip),
should be used to approximate ¢maxr. This function was
established in [4], based upon the flat plate data of Cichelli and
Bonilla [8]. Bquation (la) is therefore inexact, and equations
(8) and (9) represent slightly different means for correlating
data.

The choice of I or N as the correlating parameter for induced
convection is arbitrary. If one is interested strictly in the in-
fluence of gravity, I is probably more convenient because it
leaves the influence in the coordinates, ¢max/qmaxr and L', with-
out introducing it in a third parameter. The Borishanski
parameter, N, however characterizes the buoyancy forces ex-
plicitly.

Equation (3¢) is of this form. The term '\/1 -+ pg/pys, which
is almost exactly unity for pressures up to the neighborhood of
the eritical point, appears to be irrelevant at lower pressures and
was not needed by Lienhard and Watanabe, Furthermore,
their experiments were made on horizontal wires which provided
little obstruction to, or interaction with, the movement of any
flow that might have been induced. In their case (as in Bori-
shanski’s) viscosity was no longer a relevant variable and the
fourth-dimensionless group did not appear. Vliet and Leppert
[9] found that strong forced-convection currents over cylinders
altered gumax significantly, but no such evidence has been given
for induced convection.

The present dimensional analysis therefore vindicates the
separation of guaxr from a function of geometric seale that was
assumed to exist in previous studies. It also shows that the pre-
vious correlation equation (3a) was limited by two implicit as-

sumptions. In the present work we shall retain the assumption
that V1 + p,/p; does not contribute, but we shall look for the

influence of an additional parameter, I, or N. OQur correlation

equation will accordingly be

Gmax

= f(I, W) or f(N, W) (10)

Gmax

where W' is an I” based upon the width, W, of horizontal heaters,
and ¢umaxr 18 computed from equation (1).

Experiment

At least three things must now be checked experimentally.
The first is whether or not equation (8) is based upon the correct
physical variables and whether it will succeed in correlating data.
The second is whether or not the parameter, I, really will exert
significant influence on ¢uax. Finally, experimental evidence
will be needed to locate the point at which scale effects vanish as
the scale parameters are increased.

Our experiments were made in the University of Kentucky
Boiling and Phase-Change Laboratory on a general purpose
centrifuge capable of developing as much as 100 earth-normal

gravities. The centrifuge facility is described fully in reference
[L0].  Full details of the experiments, and the raw data, are given

in reference [11]. Fig. 1 shows the centrifuge facility. The test
capsule appears through an open hateh on the left-hand side.
The peak heat-flux transition was observed with the help of a
synchronized strobe-light through a plexiglas viewing window
on the right-hand side.

Fig. 2 shows a typical flat ribbon heater in place on a special
ribbon mount within the test capsule. The inside of the capsule
was 7 in. long, by 3 in. high, by 33/, in. wide. It is equipped wiih
a vacuum manifold and a vacuum measuring line, a thermo-
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Fig. 1

Gravity-boiling centrifuge facility

couple to monitor the liquid temperature, and power leads for
both the test heater and a preheater on the bottom. These lines
pass through appropriate vacuum seals and slip-rings to a pump,
a power supply, and a meter panel, outside.

Carefully eleaned nichrome ribbouns, between 0.046 and 1.000
in. wide, with a 4.00 heated length, were cut from 0.009, 0.002,
or 0.001-in. stock and stretched out on the 2!/5-in-wide mounting
block. The capsule was charged with reagent grade acetone,
methanol, benzene, isopropanol, or double distilled water, and
mounted on the centrifuge. During a run, the liquid level was
held in the range 1.0 to 1.5 in. above the ribbon surface and
noted to make a hydrostatic head covrection, and the temperature
held to within a degree of saturation. The angular speed of the
centrifuge was read, and (with the preheater turned off) the cap-
sule pressure was recorded. Finally, the power supplied to the
ribbon was increased until the peak heat-Hux transition was ob-
served, and there it was read.

About 874 observations were made—roughly 419 in acetoune,
262 in methanol, 104 in isopropanocl, 81 in beunzene, and 8 in
water. These raw data are tabulated fully in reference [11] and
will not be reproduced here. The probable errors of the vari-
ables, computed in [11], are about =6 percent for guuax, =4 per-
cent for W', and 42 percent for J. The variability of observed
¢max values was on the order of 15 percent, as is typical of guax
data. Data were measured over a reduced pressure range from
0.0016 6o 0.0246, and a range of gravity from 1 to 87 times earth
normal gravity.

Fig. 2 Test capsule with ribbon heater mount in place

Results and Correlation

Equation (10) indicates that these data, obtained over a very
broad range of conditions, should correlate onto a single surface
I s/ Qmaxe, W', and [ or N, coordinates.  And if our sup-
position that induced convection is a significant effect in this
configuration, then the swface should show that Guasc/Quaxre
varies significantly with either [ or V.

To create these surfaces, we plotted all of the present data, and
three points for water at one atmosphere and one gravity, from
[7], twice: first on @max/Quaxr versus W' coordinates for com-
paratively narrow ranges of I; then on quux/¢uar versus I coor-
dinates for ranges of W/, Tig. 3 shows a typical example of one
of these crossplots.  An additional 20 crossplots not shown here
can be made available on request.?

Fig. 3 reveals some things that were generally true of all of the
data. The great majority of the data for any substance clustered
within =15 percent of a mean surface through them, and a

5 The method of correlation used in reference [11] was based on
equation (9) instead of (8). This resulted in a doubling of those errors
introduced by the Law of Corresponding States and an awkward
scaling of ¢uax. The present correlation overcomes these difficulties
but required replotting the data instead of using the curves in [11].
The effectiveness of equation (8) was mude clear by Sun [12] who used
it with great success to correlate cylinder data. The shape of our re-
sulting surface differs somewhat from that plotted in reference [111.

u.
£l :
o T ¥ H J , T 1 T
\E - A \ 8\'/trend of acetone data _
0 f~ \ —
*
= - o
LT: 8 3\ ~< °gf® ]
£ ’ A £ present correlating surface (lying among
- 4 4 4 the methano! data) T
4 s sk
a 6+ trend of isopropanol data s
v
8 —
8 al O Methanol i
g A\ Isopropanol
£ T O Acetfone . 7
o 2 O Benzene W ={00 to L99 —
O 1 1 | 1 [ 1 i ]
0 100 200 300 400 500 600 700 800 900

Induced Convection Parameter,I

Fig. 3 A typical crossplot for peak heat-flux data in a range of W'
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Fig. 5  qumax/Qumaxr versus | contours for 8 values of W'
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Fig. 6  qmax/qmaxv versus W’ contours for 7 values of N

geometrically similar family of surfaces could be drawn through
all of the substances. Methanol was most representative of the
substances used. Acetone and water presented the highest
(max/Gmaxy values—about 25 percent above the methanol—and
isopropanol the lowest—about 30 percent below the methanol.
The benzene data lay between the methanol and acetone data.

The resulting correlating surfaces are each presented here in
sets of contours. The correlation function f(I, W) is presented
in Figs. 4 and 5 which give ¢max/qmaxr versus W’ and Gumas/quaxr
versus [ contours, respectively, as obtained from the 21 cross-
plots. This surface generally follows the mean of the data for
methanol and is consistent with trends that can be identified in-
dividually in each of the remaining substances.

The correlation in terms of N was obtained by transforming the
curves given in Figs. 4 and 5 with the help of equation (7). Itis
given in a single plot of ¢umax/Gmaxr versus W', with N as parame-
ter, in Fig. 6.

4 / FEBRUARY 1970

Discussion

The correlation surfaces reveal the strong influence of the
parameters [ and N, that we anticipated, and they also show that
this influence vanishes when the scale parameters, I and W,” he-
come large. This was to be anticipated since buoyancy com-
pletely overbalances both capillary and viscous forces as the
scale is increased. Thus

[ Gmax ]
GmaxF

This limit appears to be valid for all I > 1500, and W’ on the
order of 50, depending upon the value of 7. Since N is not a
seale parameter we cannot propose a proper criterion in terms of
it. However, the various lines of constant N seek @Gmax/Quoaxk
= 1/, as an asymptote in Fig. 6.

1
o~ > large I and W’ i)
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That this limiting gemax is less than the flat plate value might
reflect either or both of two factors: («) The finite size of the
centrifuge capsule doubtless results in a limiting high Reynolds
number circulation which affects the peak heat flux; and/or (b)
Zuber’s equation has not really been subjected to broad testing
in a proper flat plate configuration, and some error in the constant,
0.131, could conceivably contribute to a deviation of the present
data from the supposed flat plate equation.

When W’ falls below unity, surface tension assumes very
strong control over the peak heat-flux transition and gmay rises
sharply. The results of Lienhard and Watanabe, and other
authors who have studied qumax 00 cylinders, show a comparable
increase of qumax as L7, based on cylinder diameter, falls below
0.40.

The fact that our data for different substances tend to cluster
together, indicates that another parameter is needed to achieve
a complete description on the present system. This would have
to be a second scale parameter related to the finite size of the
aapsule.  An “I” based upon eapsule size, for example, would be
smallest for isopropanol and progressively larger for methanol,
henzene, acetone, and water—consistent with the order of sepa-
ration we observed in our crossplotting. Although this effect is
a secondary one in the present study, it points up the limitation
of the present data to a particular container.

Conclusions

1 Induced (or natural) convection can exert a strong influence
on the peak pool-boiling heat flux, if the configuration is one
which is susceptible to it.

2 The present data should not be viewed as having broad
applicability. They are restricted to a particular configuration
of heater and container, and their value lies in that they illustrate
the induced-convection effect.

3 Kquations (8) and (9) are the appropriate expressions to
use to correlate guas data for any heater configuration, in a large
container, over ranges of pressure, gravity, and size, and for dif-
ferent liquids.

4 The peak heat flux for a horizontal ribbon heater (and
probably for other geometries as well) approaches a constant
minimum fraction of gmaxr when the scale pavameter, [ and W7,
become large. It also approaches this limit as the induced-con-
vection buoyancy parameter, N, increases.
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! LExperimental average heat-transfer coefficients for free-convection cooling of arrays of

isothermal fins on horizontal surfaces over a wider range of spacings than previously
available are reported. A simplified correlation is presented and a previously availuble
correlation is questioned.  An optimum arrangement for maximum heat transfer and
a preliminary design method arve suggested, including weight considerations.

Introduction St

chw-CONVEC'MoN heat ftransfer from finned sur-
faces, including identification of optimum fin spacings, has been
reasonably well established for several geometries including:
vertical parallel flat plates [1-3],1 vertical fins on horizontal
tubes [4-8], and fins on vertical suwrfaces [9, 10]. However,
rather limited data are available for an array of rectangular fins
on horizontal surfaces [10, 11]. The purpose of this study was
the examination of this latter configuration with the prime objec-
tive of establishing the optimum spacing of fins for maximum heat
transfer from a given surface, in a form which can be con-
veniently used for preliminary design.

The general nature of the phenomena involved is illustrated by
one set of test data presented in Fig. 1. On a given horizontal
surface, as the fin spacing is decreased (number of fins increased),
the total heat-transfer area per unit base area increases. How-
ever, the average heat-transfer coefficient of the array sharply de- o+ ot 0
creases at small fin spacings due to restriction of the free-convec- 0 05 10 15 20
tive fluid flow. Thus the total heat transferred per unit base FIN SPACING, S, IN.
area (the product of the previous two parameters for a given tem-  Fig. 1 Typical effects of fin spacing on average heat-transfer coefficients,
perature difference) exhibits a well-defined maximum value within  ratio of total surface area to base surface, and heat transferred per unit
a rather narrow range of optimum fin spacings. The data from  base area for 1.94-in-high fins at a temperature difference of 275 deg F
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| Numbers in brackets designate References at end of paper this study permit prediction of optimum fin spacings as a function
Contributed by the Heat Transfer Division of Trr Amzmicaxy 0f fin height and temperature difference, as well as a general corre-
SocIETY oF MECHANIOAL Encinesrs and presented at the ASME-  lation of average heat-transfer coefficients for the array.
AIChE Heat Transfer Conference, Minneapolis, Minn., August 3-5,
1969. Manuscript received by the Heat Transfer Division, November Ex eri memal Me”wd
1, 1968; revised manuscript received, April 16, 1969. Paper No. 69- p

HT-44. The experimental apparatus configuration is shown by the
Nomenclature
A, = basesurface area = (S -+ )Ln, {t? h = convection heat-transfer coef- AT = temperature difference = 7%
A, = total surface area = (S + ¢ ficient, Btu/hr-{t>deg I' — T ydegF
-+ 2H)Lm, ft? K, = temperature correction factor, { = fin thickness, {t
@ = free-convection modulus = equation (7) . w = weight (of fing), Ib
gBpe, [k, 1/deg F-413 K, = pressure correction factor, equa- M= visc()’sity, lhl/f‘(,—hr
B = volumetric expansion coefficient, tion (7) .. - p = density, Ib/ft?
1/deg ¥ k = thermal conductivity, Btu/hr-ft .
il ) deg I¥ Subscripts
¢, = specific heat, constant pressure, I = finleneth. it — evaluated at ambient conditi
Btu/lb-deg F ; y -171‘ ength, ft / @ = evaluated at am yient conditions
D = characteristic dimension  (gen- Nu = Nusselt nun.ﬂ)e}' = hD/k I = e.\fnlllate(l at film conditions o
- e ; ’ > n = number of fins in an array L = fin length used as characteristic di-
Terfﬂ){ ft . P = finpitch = S+ {, {¢ mension
¢ = Napierian base of logarithms Pr = Prandtl number = ¢ u/k 0 = evaluated at surface temperature
Gr = Grashof number = gBp*DSAT /w2 p = pressure, lb/in.? rd = radiation
g = local acceleration of gravity, @ = heat transferred, Btu/hr S = fin spacing used as characteristic
ft/hr? S = fin spacing, {t dimension
H = fin height, ft T = temperature, deg I w = fin material property
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Fig. 2 Sketch of experimental apparatus

Fig. 3 Interferogram for 1.94-in-high fins, spaced 0.5 in. with a 200 deg
F temperature difference

sketeh in Fig. 2 and consisted of seven aluminum fins extending
through the top horizontal swface of a closed container. Fin
height was varied by adjusting the location of the fin support
plate and the fin spacing maintained by spacers, the entire as-
sembly being tightly clamped together. The ends of the channels
formed by the fins were open; thus ambient air tends to fHow
horizontally in at the ends. Seventy-two combinations of fin
height, spacing, and temperature difference were studied as out-
lined in Table 1, which also includes principal dimensions.

The apparatus was placed in the light path of a Zehnder-Mach
interferometer which gives local temperature gradients averaged
over the 10-in. length, and local heat-transfer coeflicients were

Journal of Heat Transfer

determined by measurement of these local temperature gradients
on the interference photographs at 10 equally spaced points on
the perimeter of a pair of centrally located fins and the adjacent
prime horizontal surface. A fypical interference photograph is
shown in Fig. 3. Information concerning the interferometer and
the techniques used are included in reference [12]. The entire
apparatus was sufficiently massive that, after being heated in an
electric oven to approximately 350 T, a sequence of interference
photographs could be taken during the period of free-convection
cooling. The apparatus cooling rate was between 1.0 and 0.1
deg F/min, and the photographic exposure speed 1/50 sec. Mea-
sured results with a single fin were in good agreement with avail-
able data for vertical flat plates, indicating that quasi-static
conditions were established. Temperatures measured by seven
thermocouples at a variety of extreme locations on the fins and
prime surface (spacers) indicated that the apparatus was iso-
thermal, within a few degrees, at the time each picture was taken.
The average heat-transfer coefficient for the array was deter-
mined by mechanically integrating the local measured heat-
transfer coeflicients. Thus the reported value should be ap-
plicable to large arrays and do not include an edge effect.

The prime advantage of the interferometric technique is that
the heat-transfer coefficients determined are for convection only
and are independent of the radiation. The overall experimental
error, including end effects associated with the interferometric
technique and measured reproducibility of test runs, was deter-
mined to be within =10 percent. Verification of the experi-
mental method and associated error analysis, in addition to the
original experimental data, are contained in reference [13].

Correfation of Data

Average free-convection heat-transfer coeflicients for all arrays
tested were found to be reasonably correlated by the parameters
shown in Fig. 4, using the fin spacing as the characteristic dimen-
sion and with all physical properties evaluated at the film tem-
perature. This simple form implies that the heat-transfer co-
efficient is independent of the fin height. Statistical analysis of
the data suggest that a small height effect exists (larger heat-trans-
fer coefficients being associated with larger heights); however,
since the size of this effect lies almost within the experimental
scatter, it is not included. It should be noted that the fin length,
L, is known to be important [10, 11] but was not a variable in
this study. These data may be approximated by the empirical
equation:

(Nu)g = (6.7 X 10=4)(Gr)gPr [1 — (0746 X 104/GrsPr)®*17 (1)
which for fin spacings, S, greater than about 2.0 in. reduces to:
(Nu)g = 0.54(GrgPr)e-» (2)

which is commonly accepted for heated flat plates facing upward.

Included in Fig. 4 are the data of Starner and McManus [10],
transposed from their Fig. 4 and nondimensionalized for 10-in
long fins. These data fall below, but are in fair agreement with,

Table 1 Roange of variables studied
Fin height
H, in, Fin spacing, S, in.
0.94 2.00 1.00 0.50 0.33 0.25 0.16
1.44 0.50 0.25 0.16
1.94 1.25 0.75 0.50 0.25 0.16

Fixed dimensions Range of relative dimensions

Fin length L = 10.0in. S/H = 0.082 to 2.13
Fin thickness ¢ = 0.125 in. S/L = 0.016 to 0.20
Number of

fins H/L = 0.094 to 0.19

n o= 7
(exceptn = dfor S = 2.0) o
Temperature difference, AT, from 60 to 280 deg I in six steps

FEBRUARY 1970 / 1

Downloaded 04 Jan 2011 to 194.27.225.72. Redistribution subject to ASME license or copyright; see http://www.asme.org/terms/Terms_Use.cfm



00T T T 7T T T T T T T 717 T
F— AUTHOR  H, in REFERENCE 11 H,in —]
L o 1.94 X 1.80 | -

& 1.44 + 1.00
o 094 A 0.50
v 0.25 |
Horizontal Flat Flate &
10 > == L
NUS;f ]
1
- SOLID SYMBOLS ARE —
OPTIMUM  SPACINGS

o EN RN

10° 10t 10° 10°
Gr P
( r)Slf

Fig. 4 Recommended correlation of average free convection heat-
transfer data using spacing (S) as the characteristic dimension and with
the properties evaluated at the film temperature, including the data of
reference [11].  Fin length (L) is 10 in.

the authors. Tt may be noted that the data of Starner and
MeManus for vertical fin configurations also fell below com-
parable data reported by Welling and Wooldridge [9]. More
recent data by Harahap and McManus [11] for 5-in-long fins on
horizontal surfaces fall somewhat above (higher heat-transfer co-
efficients) the authors’ data. It may be concluded that the
average heat-transfer coefficients and spacing effects reported in
references {10, 11] are in fair agreement with the data presented
in this study.

Comparison With Other Correlations

Since the arrays studied by Harahap and MceManus [11] were
similar to those in this paper, a detailed comparison of the effects
of each of the geometric variables may be made. Reference [11]
recommends a correlation in the form:

where 1n the low range:

C=3522X107% a=0570, b=20412, and ¢ = 0.656
and in the high range:
C = 2787 X 107, a = 0745, b= 0412, and ¢ = 0636

A plot of the authors’ data using these coordinates is shown in
Fig. 5 to provide a poor correlation with the bulk of the data fall-
ing well above the recommended curve. It is also noted thut
reference [11] recommends evaluation of the physical properties
at the surface temperature rather than at the film temperature
which causes a considerable distortion at high temperature levels,
as illustrated by the inset in Fig. 5. It should be noted that the
limited temperature range investigated in veference [11] was suf-
ficiently low that these effects are not significant. Due to the
large discrepancy between the correlation parameters recom-
mended by the authors, Fig. 4, and those recommended hy
Harahap and MeManus [11], Fig. 5, examination of each of the
geometric parameters will be made to establish areas of agree-
ment. Using equation (3) with the appropriate constants recom-
mended by reference [11] yields, for a given fluid and temperature
difference:

(h) proportional to (L) 70-338(S)0-982(H )0-088(p )0.57 (1)
for the low range and

(h) proportional to (L)0-¥7(S)1-187(H )~0.089(p )074 ()

for the high range. The effects of each geometric dimension may
now be compared with the authors’ results.

1 Spacing Effects (S). Iquations (4) and (5) indicate that the
heat-transfer coefficient is proportional to the spacing to aboui
the first power. TFig. 4 shows that the authors’ data also has a
slope of approximately unity in the range of the data of reference
[11].

2 Height Effect ()., Equations (4) and (5) show a very small
height effect: for example, a change in height by a factor of two
would predict a change in the heat-transfer coefficient of 7 per-
cent. Thiswas approximately the effect observed by the authors
which was considered too close to the experimental scatter to in-

(Nu), = Cl(Gr)(PrYnS/H)}«(S/LY(H/L)" (3)  cludein the correlation.
103 T T T T T T T T
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Fig. 5 Author’s data using correlation parameters recommended by reference {11].

Inset:

typical effects of evaluation of physical properties at surface temperature as compared with

film temperature.
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3 length Effect (L). Since the authors did not vary length, no
comparison can be made with equations (4) and (5). However,
the authors’ fin length of 10 in. was identical to that used in a
portion of the reference [11] study.

4 Number of Fins (n). Fin numbers varying from 14 to 33 were
used by Harahap and McManus [11] compared with 7, and in a
few cases 5, used by the authors. Here a specific comparison can
be cited between arrays which are almost identical except for
number of fins as follows: reference [11] data for L = 10.0,
H = 1.50,8 = 0.25, and n = 17; and authors’ data for L, = 10.0,
H = 144, 8 = 0.25, and n = 7 show measured heat-transfer
coefficients for all temperature differences tested which agree
within 10 percent (triangle and X points in Fig. 4). However,
according to equation (5) from reference [11], they are predicted
to differ by 94 percent.

The preceding observations suggest that the use of the number
of fins (n) in the correlation and employment of fin length (L) as
the prime characteristic dimension, is highly questionable. It is
recognized that the complex three-dimensional flow field, with
flow reversals observed by Harahap and MeManus [11], is
probably significantly influenced by the fin length (L), and that
extensive further studies must be made to quantify this influence.
The results of the present study and equations (4) and (5) from
reference [11] strongly suggest that spacing (S), is the prime
geometric variable.

Optimum Fin Spacing

In most design applications, where weight is not critical, it is
usually desirable to maximize the free-convection heat transfer
from the finned surface. As shown in Fig. 1, for a given fin
height, an optimum fin spacing exists for which the heat trans-
ferred will be a maximum. The heat transfer per unit base area
for all test data is shown in Fig. 6 as a function of fin spacing and
height (for air only with L, = 10.0 in.). The ordinate is made
independent of temperature difference by dividing by the tem-
perature difference to the 1.5 power, since @ varies with the 1.0
power, and h varies as the 0.5 power of the temperature difference
in the range of optimum spacings, as shown in Fig. 4. Fig. 6
shows that small optimum spacings are associated with high fins
and that with short fins, optimum spacing becomes less well de-
fined and, thus, less critical to design vaviation. The data, from
reference {11], for 10.0-in-long fins, are also shown in Fig. 6. As
previously noted, these data for 1.5 and 1.0-in-high fins are in
fairly good agreement with the authors. Data and extrapolated
(dashed) curves are also shown for the two short fins of reference
[11]. It should be noted that all test data from reference [11]
were for fin spacings smaller than the optimum. Methods of ex-
tending the data of Fig. 6 for use with fluids other than air, or for
air at considerably different temperatures and pressures, are
described in the next section.

Inspection of fin spacings, which yielded the maximum heat
transfer, produced an empirical relation that the optimum spacing
oceurs when (H) times (S) = 0.56 sq in., which seems to suggest
that there exists an optimum cross-sectional area for inflow of air
at the ends of the fins. The heat transfer per unit base area as a
function of fin height for optimum spacing is shown in Fig. 7.
The curve is extrapolated to zero fin height at an ordinate value
approximately that of a heated flat plate in air.

Radiation heat transfer may be quite significant in free convec-
tion applications. The maximum radiant heat transfer from a
large array of fins behaving as a black body would be:

Q,4/A, = 0.173(10)3(T¢ — T
which by a fortuitous coincidence, in the range of (7 — 7°,) from
60 to 300 deg F, may be approximated by:

Qrq = 0.132(Ty — T )+ (6)
as shown by the long line in Fig. 7. This assumes, of course, that
the radiation environment temperature is the same as the am-
bient air temperature.
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Fig. 7 Maximum heat transfer per unit base area, normalized by fem-
perature difference to the 1.5 power, as o function of fin height for the
oplimum spacing where the product HS = 0.56 in. squared. For air,
film temperature equal to approximately 160 deg F, and fin length (L)
equal to 10 in.

Fin Weight Considerations

In applications where the weight of fins added to a surface is
important, or the cost of fin material becomes significant, a
measure of the heat dissipated per unit fin material weight, in
addition to, or to the exclusion of, heat dissipation per unit base
area must be considered. The faired curves in Pig. 6 are re-
plotted in Fig. 8 which shows the heat dissipation divided by fin
weight (per unit fin thickness, material density, and Al to the 1.5
power) as a function of fin height and spacing for air. This
figure indicates that for a given heat dissipation, light weight
arrays will have widely spaced, short fing which is incompatible
with maximizing heat dissipation per unit base arvea. In the
range of optimum spacing for maximum heat transfer (values of S
between 0.25 and 0.50 in.), tall fins show a slight advantage.

Conclusions

1 Experimental heat-transfer coefficients for arrays of iso-
thermal fins on horizontal surfaces have been established over a
reasonably wide range of fin spacings, fin heights, and tempera-
ture differences, considerably extending the range of previously
available data.

2 Measured values are in fairly good agreement with the
limited comparable data of Starner and MecManus [10] and
Harahap and MecManus [11].
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Fig. 8 Heat transfer per unit fin height, which is proportional to heat
dissipation per unit fin weight, as o function of fin spacing and fin height.
For air, film temperature equal to approximately 160 deg F, and fin length
(L) equal to 10 in,

3 Data correlation suggests that fin spacing is the prime
geometric variable, and that the forms of the correlation pa-
rameters suggested by reference [11] are questionable.

4 Optimum fin spacings for maximum heat transfer per unit
base area have been reasonably established and partially corre-
lated for preliminary design use.

5 The presented data are applicable only to fins approxi-
mately 10 in. long. Although reference [11] has identified that
fin length has a very significant effect on the heat-transfer coef-
ficient, it is believed that further studies must be made to quan-
titatively establish these effects.

A Preliminary Design Procedure

A method of utilizing the data presented in this paper to pro-
vide a preliminary design estimate of fin requirements is indi-
cated as follows:

1 The following data must be initially known or assumed:
Heat to be dissipated through the horizontal surface (@), dimen-
sions of the surface (4,), surface temperature (7%), and ambient
fluid temperature (7',). Caleulate Q@/4 (AT

2 Since the design figures ave for air, atmospheric pressure,
and approximately 160 deg F film temperature, a correction must
be applied:

Q/A(AT) = K K, 1Q/Ay(AT)1 ] tig (7

the subseript (fig) implies the value to be used in Figs. 6-8. For
any fluid,

KK, = kla)5/15.1

For air, values of the temperature and pressure correction factor
are given separately in Fig. 9.

3 The curve in Fig. 7 indicates the fin height (H) and the
associated optimum fin spacing is S = H/0.56 (in.).

4 A fin thickness (/) and material is now chosen, and fin ef-
ficiency (and weight and cost, if appropriate) estimated for the
array established, based on maximum heat dissipation per unit
base surface area.

5 If the preceding determined values of S, H, weight, or cost
are incompatible with other constraints, Fig. 6 can be examined
for other combinations of H and S (off-optimum combinations)
which may produce the required heat flux. Note that for each
fin height there may be two values of fin spacing which produce
the required heat flux. In these off-optimum cases, the larger
spacing would normally be chosen to minimize the total number
of fins.

6 Radiation effects, which increase performance, and fin
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Fig. 9 Temperature and pressure correction factors for air to be used in
equation (7)

efficiency effects, which decrease performance, have not been in-
cluded since they tend to offset each other. Radiation elfeets
an be included by subtracting the value 0.132 from the pre-
viously calculated value of [Q/4,(AT) ], before entering the
figures. Fin efficiency effects may be approximated by use of
equation (7), where the value of the fin efficiency is substituted
for (K K ,), to obtain a corrected value of [Q/A,(AT)15] .

7 It should be noted that these caleulations are valid only for
fin lengths, L, of 10 in. Shorter fins are known to yield higher
heat-transfer coeflicients (reference [11]) and longer fins, probably
lower heat-transfer coeflicients, although this has not yet been
established. Also, since the data seatter is approximately 10
percent, some safety factor should be included.
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Effect of Density Change on the
Solidification of Alloys

During freezing of alloys the difference in densities belween the solid and the liguid re-
sults in a mass flow throughout the solid-liquid region.

This mass flow contribules to

transport of mass and heat and hence affects the rate of solidification of the alloy. In
this paper an analytical solution is presented on solidification of a semi-infinite slab
of a binary alloy at @ constani surface lemperature and unequal solid and liquid densi-

ties.

On the basis of an assumed form of the solid fraction distribution within the solid-

lquid region, this solution vyields the temperature and liquid velocity distribution within
the solid-liquid region, ihe temperature distribution within the solid skin and the rales of

propagation of the solidus and the lquidus fronts.

A comparison is made with the

case of equal solid and lquid densities.

Introduction

UNL[KE the freezing of pure metals. the solidification
of alloys occurs over a temperature range. The freezing of an
alloy begins at the liquidus temperature and is completed at
solidus (or eutectic) temperature. The one-dimensional solidifi-
cation of an alloy thus occurs by propagation of two isothermal
fronts, the liquidus front and the solidus (or eutectic) front. The
region between the two isothermal fronts contains both solid and
liquid and will be referred to as the solid-liquid region.

When the densities of the solid and the liquid alloys are equal
(simplified case) the liquid within the solid-liquid region does not
move with respect to the solid. The transport of mass and heat
within the solid-liquid region, under these conditions, occurs by
diffusion and thermal conduction, respectively. Solidification of
binary alloys for the case of equal solid and liquid densities has
been analyzed by the authors in two earlier papers [1, 2].2

In general, however, the densities of solid and liquid alloys are
not equal, and the liquid-solid transition is accompanied by a
change of volume which, in turn, causes the flow of liquid. Since,
in the case of freezing a pure metal, the thermal contraction
occurs at only one temperature (the freezing point), due to the
isothermal freezing process, the flow of liquid toward the freezing
front is uniform at any particular time. The nature of the flow
of liquid and its effect on the freezing rate for the case of freezing
a pure metal were analyzed by Carslaw and Jaeger [3]. During
solidification of alloys, however, the change of volume during
liquid-solid transition results in a flow of interdendritic liquid
throughout the solid-liquid region. In addition to the transport

! Presently, Westinghouse Electric Corporation, Pittsburgh, Pa.

2 Numbers in brackets designate References at end of paper.

Contributed by the Heat Transfer Division of THE AMERICAN
SocieTy oF MEcHANICAL BENGINEERS and presented at the ASME-
AIChE Heat Transfer Conference, Minneapolis, Minn., August 3-6,

of heat within the solid-liquid region, and hence affecting the
rate of solidification of the alloy, this flow of liquid also results in
the redistribution of solute. It appears that the nature of the
flow of the interdendritic liquid and its effects during solidifica-
tion of alloys have not been studied by previous investigators.

A mathematical solution of one-dimensional solidification of an
alloy is presented in this paper for the case of unequal solid and
liquid densities. The surface temperature of the slab is assumed
to be constant and lower than the solidus temperature. The
physical and thermal properties of the solid and the liquid alloy
are assumed to be independent of temperature. It is also as-
sumed that the viscous shear force between the flowing liquid and
the solid is completely overcome by the pressure gradient origi-
nated from the hydrostatic force exerted by the liquid head.
Hence void formation is ignored. Furthermore, the dissipation
of heat due to the shear force is assumed to be negligibly small as
compared to the latent heat of fusion. The present model con-
sists of conduction equations for both the solidified region and the
liquid-solid region, together with proper boundary and initial
conditions, equation of continuity to provide the expression of
velocity for flowing liquid, and the distribution of solid fraction
within the liquid-solid region. An analytical solution is obtained
by the use of the error function solution combined with the heat-
balance integral method which was originally used by Goodman
[4].

Although the result shows that the affect of density change on
the solidification rate is only about 10 percent, the other purpose
of this investigation is to obtain the analytical expression for the
flow of interdendritic liquid throughout the liquid-solid region
due to the change of density. Since this flow is the motivation
of the redistribution of solute, hence results the nonhomogeneity
in the solidified alloy.

The solid fraction distribution within the solid-liquid region is
assumed to be cubic form in the example given in the later part of
this paper. This is strictly for simplicity purpose. The actual
solid fraction distribution can be easily solved from the present

1969. Manuscript received by the Heat Transfer Division, January
31, 1969. Paper No. 69-HT-45. model added by a specifie relationship between solid fraction and
Nomenclature
A = internal heat generation, Btu/ft*- L = latent heat of fusion, Btu/lb AT = temperature difference between
hr N = parameter in the expression € and liquidus and solidus, deg F
« = thermal diffusivity, ft2/hr Ae, ft/hr'/? u = velocity, ft/hr
¢ = specific heat Btu/lb-deg I p; = density of liquid, Ib/ft? x = distance, ft
€ = thickness of frozen skin, ft p, = density of solid, Ib/ft?
Ae = thickness of liquid-solid region, {t t = time, hr
f, = solid fraction T = temperature, deg I’ Subscripts
K = thermal conductivity, Btu/ft-hr- T, = surface temperature, deg F 1 = solidified region
deg F Ts = solidus temperature, deg ¥ 2 = liquid-solid region
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temperature depending on the mode of diffusion of solute, and
was demonstrated in a previous analysis [5].

Theoretical Model

Let us consider a semi-infinite region extending in the positive
a-direction and occupied by molten alloy at the liquidus tem-
perature. At time zero, the temperature at the swrface, v = 0
is reduced to T, which is constant and lower than the solidus
temperature.  Thus solidification begins and the two isothermal
planes at the solidus and liquidus temperature, respectively, move
away from the surface of the slab. These two isothermal planes,
defining the boundaries of the solid-liquid region, move with dif-
ferent velocities. Within the solid-liquid vegion the density of
the solid-liquid mass changes at a rate which depends on the dif-
ference between the densities of solid and the liquid and the rate
of the solid formation. Therefore the liguid within the solid-
liquid region flows either toward the solidus front to fill the
volume shrinkage due to the solidification, or toward the liquidus
front due to volume expaunsion on freezing, depending on the rela-
tive magnitudes of the liquid and solid densities. Since the
generation of solid oceurs throughout the solid-liquid region, the
veloeity of the liquid within the solid-liguid region varies not
only with time but also with position. The physical vepresenta-
tion of the problem and the coordinate system used in the mathe-
matical formulation of the problem are shown in Fig. 1. Assum-
ing constant physical and thermal properties of solid and liguid
alloys, the one-dimensional Fourier conduction equations can he
written for the solid skin and the solid-liquid region as follows,

o _1on

ort  ay Ot S 1)
o, o o7,
K, e Py (uly) + 4 = pac, pval <z <e+ Ae (2)

The boundary and the initial conditions required in the solution
of these equations are

U e =0) = —(T, - T,)
2 7‘1(1}

i

€) =0

3 Tola =€) =0

4 Tolz =€+ Ae) = AT =1, - T,
T

o

{

(x = €+ Ae) = 0

T AT
6 Ki—@=¢€ =K, — (x = ¢)
ox o

7 €t =0)=20
8 Aet =0) =0

The first term on the left side of equation (2) represents heat
flow by conduction in the solid-liquid region, the second term
represents a contribution to the heat flow due to the flow of the
liquid, and the last term represents the heat generation due to
solid formation within the solid-liquid region. The boundary
conditions 1-4 state that the temperature at the swface, ¢ = 0,
at the solidus front, z = ¢ and at the liquidus front, z = € + Ae,
are constant, independent of time. The fifth boundary condition
means that the liquid ahead of the liquidus front is at the liquidus
temperature. The sixth boundary condition represents the
conservation of energy at the solidus front. The last two initial
conditions state that initially the whole region is occupied by the
liquid.

The distribution of volume fraction of solid within the solid-
liquid region is written as an nth degree polynomial,

n
fi=1— 2 C& (3)

1=1
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LU
Tc Ts Tl
SOLID SOLID +LIQUID LIQUID
=X
X=0 X=¢€ X=et+he

Fig. 1 Physical representation

[ — n
where § = R and /s are so chosen that Z C: = 1.
Ae i=1

The coefficients C; which represent the distribution of the solid
fraction can be caleulated from a specific relationship between
solid fraction and temperature when the temperature distribu-
tion within the solid-liquid region is expressed in terms of a di-
mensionless space variable such that the functional relationship
between them is independent of the form of solid fraction dis-
tribution used in the analysis. This procedure to calculate the
solid fraction distribution was discussed in detail in reference {5].
However, it is shown in the latter part of this paper that the form
of solid fraction distribution is not a dominant factor for the pres-
ent analysis.  Therefore the coefficients, C';, in the present analy-
sis are assumed to be arbitrary constants for simplicity purposes.

The heat-generation term A can, therefore, be calculated as:

o, L (de | dAeN( &
o p:L Ae <dt e di >< I ) @

i=1

A = poL

where p: is the local density within the solid-liquid region, and is
equal to

pr = pufs + ol = 1) =p, — (p, — p1) D2, C&  (3)
7=1

Before applying the concept of continuity to the liquid-solid
region to obtain the expression of velocity of flowing liquid, it is
necessaty to specify the model for the physical construction of the
liquid-solid region. The evidence for the dendrite being plate-
like which was developed by Flemings [6] and was discussed in
reference {1] makes it possible to visnalize the liquid-solid region
as a collection of rectangular cells which are formed initially at
the liquidus front. The solidification takes place merely by
thickening of the dendritic plates which form the walls of the in-
dividual cells. (The interdendritic branches are assumed to be
absent.) The thickness of the cell during one-dimensional solidi-
fication is of the order of 100 microns which is quite small in en-
gineering scale. Therefore, any isothermal front within the
liquid-solid region can be considered as a porous material with
uniform porosity which, in the present model, is obviously a fune-
tion of solid fraction, and hence depends on temperature. The
velocity of flowing liquid, w within the liquid-solid region can thus
be expressed by applying the principle of continuity as:

<pl - ps> 1 Tfy
Y = | —— ] dx
o )11 ), o
n ),
(3 Lo
(Pz—Ps> dj‘l‘ 1‘=11+1 (iA-G
It .

P

i
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where u is assumed to be positive when the direction of flow is
toward the licuid region.

Solution

Equation (1) with boundary conditions 1 and 2 and initial
condition 7 has the following solution

Tz, ty = (T'y - T)| ———7— - -1

6([,) = 2/\1\/2

where A, Is a constant, and will be determined later.

The method of heat-balance integral is now applied to equation
(2) by defining the thermal layer as the entire freezing region.
After integrating with respect to = between © = € and =z = e
-+ Ag, equation (2) becomes:

(8)

o7, o1
Ky 7= (t = € + Ae) — K, 5 (x = €)
T X

— peal(r = € + Ae)Ty(x = € + Ae) — u(x = )Tz = €)]

e+ Ae e+ Ae o7,
+fe A-de = (’,gfe P2 Otf dr  (9)
But
o1
— (t = €+ Ae) =0 by B.C. 5
ox
Tolx = € + Ae) = AT by B.C. 4
Tyx =€) = 0 by B.C. 3
(10)

! ulz = € + Ae) = <IL~:&>

M
de n i \dAe o
i+ (Erme)a] wees

{e=1

<Pz - Ps> de
€) = | ——— ) —
I dt

With the aid of equations (4) and (5), the integration of heat-~
generation term can be expressed as:

e+ Ae
f A-de =

2n n de i
(805 )] (50w
K=o k '”LZJ::A )1t il =1

by B.C. 6

3

i1,j=1
N ( )( 2n 1 n cic >:| (Eg (]1)
Pr— Ps Sk 1 i—{%:k Jb; dt
,7=1

The integration on the right side of equation (9) can be carried
out by using equation (5) for the expression of ps.

e+ Ae arlvz e+ Ae D
" y — dax = ¢ — (po T2 )d:
¢~£ P o dx cz\fe > (p T2 )z

et Ae apz
— czﬁ T, 61— de  (12)
Using Leibniz’s formula and the definition of
e} Ae
02 == (g f pzng.’E (13)
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the first integration on the right side of equation (12) can be re-

duced to
5 de  dAe
— = p AT — 4+ —— 4
t P <dl + di > ()

) 5+Aeg( ’[’)[ _ d0.
Cy . ot Poly)dr = d

Substituting equations (10), (11), (12), and (14) into equation
(9) provides:

o7 — p,
— Ko (& = €) — p,eAT <[~);&>
ox 0

de " 7
<L+ < Zoivi

13

> ((Ae]

Ci ) —

dt
2n 1

+ L {[me (o1 = py) ( > 2

¢ o )] de
2iJb m
i=e kG )
n l
P gl P P
2n >j| dAe}
s e ) |

X<Zk+li2‘ S dt

k=2 +i=k

db, de  dAe retkde gp,
= AT (54— e 7, P e
a e <(1/ T > ‘ j o

€

(15)

We now let the temperature distribution within the lguid-solid
region be in quadratic form,
Ty = Az — €) 4+ Aslx — €)?

which automatically satisfies B.C. 2. Now using B.C. 4 and 5,
the coeflicients A, and A can be caleulated

T, = ATEF — £2),  where § = —— (16)
Ae
Then
Lk 2T
Foky Ae
do, d

0. e+ Ae
S = — | e 2 Tada
dt dt [C'ﬁ P “”]
2 noo
= Aley | — —pol2 C;
16-[3 e+ (o pb)< ;thz
n 1 1A
- Z o Cz'>:| (776 C2
= 1+ 3 di
e+ Ae O0s
f i o de =
. ol
n ,l'
— — AT | 2 el O
(o, ps)ca {|: < 2 i1 >
n 7 de ¢ 7
— — )=+ R
<i:1’i+2 z>](lé+[<1;1i+2 >
n /j IA
- < Yo Czﬂ Lf} a7
=i+ 3 dt

Combing equations (15) and (17) gives:

de dAe L
By — By —— = By — 8
" + B dt ¥ Ae (18)
where
L Y (pl _ Ps)l: 2n 1 < n )
Bl = —F— 4\ 4+ — " JCC;
' Al {Pt P kgg k hgzzk ’
if=1

Ps (pl - ps) [. < L i >
- — | 2 C;
+ [ P 21 e+ 1
(Z )] o
i=1 .
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L {of & i (19)
By = —— {2 — ,
T ATe {p, < ‘El 41 Cl) (Cont.)
oL —p 2n 1 n
NN
& A-Z::,‘Z k=41 mg::k !
i7=1
- {Bz_-—_p)< i i (;l_> _ [i)) fs
14 i+ 1 2 P
(o1 — ps) < LS| L. ﬂ
2 . ;= o G
T P AT Nt
(py — ps)[ ( LA >
+1 - 12 - C;
pl ;X ? + 2
n l
- < Z I C'[>:|
Shits
2K,
By =
Pic2
Now we assume that
Ae = 2\t (20)

Substituting equations (7), (8), (16), and (20) into boundary con-

dition (6) yields,
S, kl
’\/ Ay —
K oy erf '\/al

- P LNy
Ky (1~ 1)~ N

(21)

/\2 —_ AT

Using the expressions for € and Ae as shown in equations (8) and
(20}, equation (18) can be rewritten as:

1
Bilhi + Bahy = By ——

2 22)

Az can now be eliminated from equations (21) and (22), and a
funetion involving only A, is obtained,

3 < M
- er o
Ay AT K, — '\/a
B S 4 B —— 7 _\Va/
' TR TR Vi pesean
(T, ~T) K, 1 e M=
AT pier o, Vrr MY 93)
etf { ——
Ve

In solution of the problem considered in this paper, the co-
efficients C; in equation (3) are assumed to be known. However,
these coeflicients could be caleulated for a specific solid frac-
tion-temperature relationship as described in the Introduction.
The parameter \; is evaluated by solving equation (23). The
parameter A, is then evaluated from equation (21). With
parameters A; and A\, now available, € and Ae are evaluated from
equations (8) and (20). The velocity and temperatuve distribu-
tion within the solid-liquid region are given by equations (6) and
(16), and the temperature distribution within the frozen skin is
given by equation (7).

Results and Discussion

In order to illustrate the effect of the heat brought about by the
interdendritic iquid flow within the liguid-solid region, we present
the results of ealeulations for one alloy system, with and without
density change during solidification. The following physical and
thermal properties of the solid and liquid alloys which are close to
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the Al-Cu system at low concentration of copper are used in the
calculations. However the difference between densities of soli(
and liquid are exaggerated,

Ky = 75 (Btu/deg F hr)

Ky = 45 (Btu/deg F hr)

o = 0.25 (Btu/lb deg F)

¢ = 0.3 (Btu/lb deg )

oy = 1.507 (ft2/hr)
L = 170 (Btu/1lb)
p, = 199 (Ib/te3)

p = 160 (Ib/ft3)
T, = 1018 (deg F)
AT = 176 (deg F)

Iu solution of the problem, the solid fraction distribution within
the solid-liquid region is assumed to be of cubie form in & (it will
subsequently be shown that the final vesult is not strongly af-
fected by this assumption)

fs:l_gg

i.e., the constants. C,in equation (3) are,

Cy =0
Co = 0
Cs =1
n o= 3

The results of this investigation are presented in dimensionless
form for the sake of generality. The dimensionless groups nsed
in the presentation of the results are,

s [0(1.
P=
z — A
."?:%, henceéz-g; Ae = 36
, T, } - T, T,
= ence T, = —H——"
AT ence 1, AT
T e I
YTooAT ’ AT
- /\1 - /\2
M o= = Ay = ——
' \/al ’ '\/al
_ub
q = —
[24

where D is a chavacteristic length.

The distribution of velocity within the solid-liquid region is
shown in Fig. 2. TFor the case considered (p, > p;) the velocity
is negative throughout the solid-liquid region, i.e., the flow of in-
terdendritic fluid is toward the solidus front. The velocity in-
creases (in absolute value) toward the liquidus front to feed the
shrinkage due to solidification taking place within the solid-
liquid region; and the velocity reaches the highest values at the
liquidus front.

For the case shown in Fig. 2, the velocity distribution within
the solid-liquid region is approximately linear in . This, how-
ever, is not generally true. The velocity of interdendritic fluid
depends on the solid fraction distribution and, in general, can he
represented by a more complex function of & as shown in equation
(6). The velocity of the interdendritic fluid decreases with the
progress of solidification and is inversely proportional to sguare
root of time.

The effect of the flow of interdendritic liquid on the movement
of the solidus and the liquidus fronts is shown in Fig. 3.  The net
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effect of the flow (negative velocity) is to slow the solidification
process about 10 percent, since additional liquid entering the
solid-liquid region also has to be solidified.

A similar conclusion is reached from examination of the tem-
perature distribution within the slab during solidification. The
results given in Fig. 4 show that at any given time (for example,
i = 0.9) and position within the slab, the local temperature is
higher for the case when p, > p; than for the case of equal solid
and liquid densities.

The effect of surface temperature on the movements of the
solidus and the liquidus fronts is shown in Fig. 5. These results
are expressed as plots of A and A, versus dimensionless surface
temperature. The results presented in Fig. 5 show that in general
(at any surface temperature) the solidus and the liquidus fronts
move slower when p, > p;, than for the case of equal solid and
liquid densities (i.e., the conclusion reached previously). But

Journal of Heat Transfer

.9
(WITHOUT FLOW)

-2 [ I
0 05 _ 1,0
X
Fig. 4 Temperature distribution
[X¢] T T T 0.4
09— \
\
08 \ — WITH DENSITY CHANGE
N -—- WITHOUT DENSITY CHANGE 103
07—
— 06— —~
: N
~ 05— —02 ~,
= =
< 04 By
0.3
—0.1
02
0.0F
1 ] | 1 0
0 .0 20 03 40 50 60

~T, {T,~T, /AT)

Fig. 5 Parameters 1 and Az versus surface temperature Te,
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these results also show that as the surface temperature is de-
creased (i.e., at higher cooling rates) the effect of the flow of inter-
dendritic fluid on the rate solidification becomes more pro-
nounced.

All the results presented so far (ie. Fig. 2 to Fig. 4) have
been calculated using an arbitrary solid fraction distribution
within the solid-liquid region,

I =

In order to test whether the conclusions reached on the basis of
these results are affected by the form of the f,(¥) relation, the
calculations have been repeated using linear form of the solid
fraction distribution. The parameters A, and A, for this case
are plotted versus the dimensionless surface temperature in Fig. 6
which is obviously quite close to Fig. 5. A comparison between
the case of linear solid fraction distribution and that of cubic form

1 — &5

FEBRUARY 1970 / 19

Downloaded 04 Jan 2011 to 194.27.225.72. Redistribution subject to ASME license or copyright; see http://www.asme.org/terms/Terms_Use.cfm



1.0 T T T T 0.4
o9k |
\  __ WITH DENSITY CHANGE
08— \ - WITHOUT DENSITY CHatGe
-10.3
0.7+
—~ 06 e
3 g
J 05+ o2 %,
= =
< 04 Y
03—
—0.1
0.2~
0.0+
! ! ] 1 0
0 | 3 4 5

!
2
=T, (T,=T, /AT)

Fig. 6 Parameters A and \; versus surface temperature T,
fo=1—%x

distribution of solid fraction is shown in Table 1. It can be seen
that the difference becomes larger when the surface temperature
ig high, but it still is within 10 percent. Hence, it can be con-
cluded that the effect of the assumed form of the distribution of
solid fraction on the solidification rate is small and in no way
aflects the major eonclusions of this investigation,
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Table 1 Comparison of solidification rate for different solid fraction
distribution p; > py
AL g
1 —=x 0.7465 0.2211
[ — &7 0.7292 0.2134> 7T, = 100 deg I
; of difference 2.31 3.48

1 —& 0.5718 0.2699
1 - & ; 0.2578, 1. =

, of difference 3.53 4.48

500 deg I

foo= 1% 0.2367 0.4343

Fo =1 0.2159 0.3944 > T, = 900 deg I
07, of difference 878 9.18
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Thermal Contact Resistance of
Anisotropic Materials'

This work presents an extension of the understanding of thermal contuct resistance to
include anisotropic materials.
transformation which leaves the thermol currents unchanged while making the tempera-
ture distribution in the anisotropic materials soluble by previously published methods.
The development of this transformation technique is presented, and the effect of material

The extension involves « wmathematical geometric

anisotropy is calculated for a set of interface orientutions and malerial conductivities

which characterize typical contact siluations.

The degree of material anisotropy and

the orientation of the contuct interfuce are shown to be important factors wifecting the
contact resistance in addition to surface roughness, material hardness, and contact load.

Introduction

WHEU two surfaces which are parallel and flat in an
engineering sense are pressed together and heat is caused to flow
across their interface, one can detect an apparent resistance to
heat flow at their interface. This resistance to heat flow com-
monly called thermal contact resistance arises from the imperfect
contact geometry of the mating swrfaces. Swefaces which are
said to be flat are, in fact, rough and/or wavy. A pressuve con-
tact befween two such swfaces is imperfect because the two
mating surfaces touch only at small and relatively isolated spots.
Between these spots, the materials are in very close proximity
but there is no direct coupling for the exchange of thermal energy.
In a vacuum environment, there will be no interstitial filling
material in the regions of close proximity to cause an indirect
coupling. Radiant energy coupling is usually negligible com-
pared to the energy transfer through the actual contact spots.

The contact resistance which at first glance seems to be a sur-
face phenomenon is actually a flow constriction phenomenon
which occurs in the interior of each of the mating materials. In
each of the materials the lines of energy flow change from an even,
uniform distribution far away from the contacting surfaces to a
set of converging groups, each group converging toward a contact
spot. This convergence of the flow lines produces a locally higher
heat flow density which requires a locally higher driving potential
for the flow. The heat flow lines are constricted in the material in
the vicinity of the contact spots.

The size, location, and distribution of the contact spots appear

1 Based on the thesis undertaken in partial fulfillment of the re-
quirement for the degree of Doctor of Philosophy at the Carnegie-
Mellon University.

Contributed by the Heat Transfer Division of THE AMERICAN
SocieTy oF MEcHANICAL ENGINEERS and presented at the ASME-
AIChE Heat Transfer Conference, Minneapolis, Minn., August 35,
1969. Manuscript received by the Heat Transfer Division, December
19, 1968; revised manuscript received, April 8, 1969. Paper No. 69-
HT-47.

to be the most important factors in the resistance phenomenon.
The present work is based on the following ideas: (a) The
energy transfer in the materials oceurs in a continuum. Quan-
tum or atomie effects are not important. (b) At the contact
spots, the mating bodies are well coupled for thermal energy
transfer.  Adsorbed layers are punctured or ruptured when the
materials yield plastically to form contact spots. Clausing’s
[6]2 explanation of the dependence of the contact resistance on
the direction of heat flow between dissimilar metals in terms of
macroscopic phenomena makes prior quantum based explana-
tions seem inappropriate. Holm’s [2] work on electric contacts
indicates that the second assumption is realistic for moderate
contact loads.

Thermal contact resistance effects can be analyzed as condue-
tion problems in a complex three-dimensional geometry. The
most serious practical difficulties arise in determining the contact
geometry in terms of observable or measurable material and
surface properties. Characteristic dimensions of the contact
spots are large enough to cause molecular effects to be negligible,
but small enough to preclude easy measurement of the important
surface and material parameters.

The purpose of the present work is to treat the influence of ma~
terial anisotropy on the constriction phenomenon and indicate
how this influence will manifest itself as the contact resistance.
With one exception [7] all work to date on contact resistance has
considered isotropic metal-on-metal contacts.  Anisotropic ma-
terials in contact situations can arise as single crystal semi-
conductors or in layered materials such as pyrolytic graphite.

The theory describing anisotropic contact resistance is de-
veloped by relying on the basic ideas which have found suceess in
describing isotropic material contacts while specifically intro-
ducing a technique which makes these descriptions applicable to
steady-state heat flow across an interface involving a thermally
anisotropic material.

? Numbers in brackets designate References at end of paper.

Nomenclature
a = contact spot radius kg, by, ke = transformed directional con- T, Y, 2 coordinates
4 = transformed contact spot ra- ductivities a = elliptical spot major axis fac-
dius n = number of contact spots tor
= heat flux vector - it spot inor  axis
A = apparent contact area g g 8 = elliptical spot minor axis
q = transformed heat flux vector factor

¢ = specific heat Ry = contact resistance for a single v = ovalness of elliptical spot
v racti tor spof
C correction factor I ) £ = transformed x
D = spot diameter R = total contact resistance ; ¢ |

= 3 amet 7 = transformed 1
y o s = surface area 1 : ¥
K = transformed conductivity 3 = transformed surface area ¢ = transformed z

k, k,, k, = directional conductivities T = temperature p = material density
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Analysis of Constricted Flow in Anisotropic Materials

The theory of conduction in anisotropic materials can be found
in Carslaw and Jaeger [1]. The general problem can become
quite involved. Fortunately, all materials of potential interest
are orthotropie, having differing conductivities in two or three
mutually perpendicular directions called the principal condue-
tivity axes. The approach in the following analysis is to mathe-
matically transform the anisotropic constricted flow problem into
an equivalent isotropie constricted flow problem for which exist-
ing solutions can be wused. Coneceptually the transformation
may be thought of as a stretching of the problem and its boundary
conditions in such a way as to make the transformed condue-
tivity uniform in all directions. Care must be exercised to insure
that both the temperature and the heat flow are properly trans-
formed. The physical consequences of the limitations on the
applicability of this technigque ave not overly restrictive.

Consider a typical orthotropic solid, pyrolytic graphite, which
exhibits a layered structure with a high conductivity in the plane
of the layers and a low conductivity perpendicular to the layers.
The high conductivity is one hundred to one thousand times
greater than the low conductivity [3, 4]. The conductivity ratio
depends on the method by which the graphite was produced.

If the boundaries of a conduction problem which involves an
orthotropic material are parallel or perpendicular to the principal
conductivity axis, the transform previously mentioned may be
employed. For contact problem analysis, this requires that the
interface plane be either parallel or perpendicular to the principal
conductivity dirvections. For the material mentioned, there is
only one critical direction—that of the low thermal conductivity;
consequently, Cartesian, cylindrical, or elliptic cylindrical
geometries can be used in the analysis.

The conduction equation in rectangular coordinates in an
orthotropic material is:

LT, o
RARYE ? et

oT i ar
¢ = =k, ——
P ox?

By making the transformation:
o L=

£ = wlK/k)5 m o= wE/R) § o= a(K /)Y

ol

)

For steady conduction, the foregoing reduces to Laplace’s equa~-
tion and the temperature is independent of K.

If a resistance obtained from the transformed problem is to
properly indicate a resistance in the original problem, K must be
chosen such that flows are invariant under the transformation.
This is necessary because the resistance is a ratio of a flow and a
temperature difference. Both must be transformed correctly.
This condition may be satisfied by choosing

The conduction equation becomes:

o7
on®

of K (aZT

o T ope \ og

K = (ke k)"

as derived in the Appendix.

By following the foregoing approach contact situations involv-
ing anisotropic materials can be made mathematically equivalent
to contact situations in isotropiec materials. Though this ap-
proach introduces the restriction that the contact interface must
be parallel or perpendicular to the principal conductivity direc~
tions, it renders previous contact resistance analysis applicable
to anisotropic materials.

Constriction effects are conveniently expressed as equivalent
lengths for the respective materials. The equivalent lengths for
a contact are the extra material thicknesses of each of the con-
tacting bodies, which if in perfect contact, would produce the
same overall temperature differences as the imperfect contact
situation. This mode of expression displays the geometric

18 / FeBRUARY 1970

properties of the constriction and suppresses the material conduc-
tivity dependence. TFor anisotropic material contacts, the
equivalent length depends on the conduectivities in directions
other than that of the primary heat flow. This dependence can
be accounted for by an equivalent length correction factor which
depends on the conductivity ratio and interface orientation.

The consequences of material anisotropy on the constriction
phenomenon can be analyzed most easily for the case of a single
spot on a very large surface. This is a good approximation when
the spot size is much smaller than the interspot distances.

Analysis for the Contact Surface Perpendicular
to the Principal Axis

Consider small isolated contact spots on an interface which is
perpendicular to the direction of low conductivity for one of the
typical anisotropic materials as shown in Fig. 1. By using the
transforms

£ =KD 0= yK/k)Y ¢ = 2(K/ha)'
K = (k;zk-z)}/'d

The problem becomes one of conduction in an isotropic material.
The circular contact spots transform to circles because the same
factor relates @ to £ and y to 7. The isotherms in the transformed
constriction resistance problem will be a family of domes nesting
over each spot. The constriction resistance for one of these
spots according to Holm {2] will be:

Iy

= 4Ka

where d is the transformed spot radius, (K /k)Y*a. Torn spots
in parallel
1 k1]/2
R = ——— = ey
YTk (K/k) e — 4naK’/

The equivalent length is the constriction resistance multiplied by
the contact area and the conductivity in the primary flow direc-
tion.

ka2

| = kgA M{T/a

Reealling that
K = (Jahs)'/?
Then one obtains:

oo MY k1

A ka(e)r A [@3]/
" dna k() T dna

CIRCULAR
CONTACT
SPOTS

00

Z ko

Y,k

X, Ky

Fig. 1 Anisolropic material with the contact surface perpendicular to the
anisolropic direction
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CIRCULAR
CONTACT

SPOTS

o
< (=)
Z, ky
Y, ky
X, ko

Fig. 2 Anisotropic material with the contact surface parallel to the
anisofropic direction

Analysis for the Contact Surface Parallel to the Principal Axis

Consider a small isolated contact spot on an interface parallel
to the direction of low conductivity as shown in Fig. 2.  Trans-
forming again, this time using

£ = oK /b)Y n = y(K/R)Y § = 2B k)Y
K = (k%)

One obtains an isotropic conduction problem. The ecircular spots
now become ellipses. IHolm's solutions include this situation,
but we must obtain the ovalness of the transformed spots.
Holm’s ellipse solutions are related to equivalent area circular
spot solutions by a factor f(y). The ellipse major and minor
axes are given by @ = ye and § = a/y. Thus the ratio of the
major to the minor axis is % The ratio of the stretch in the &
direction to that in the n direction introduced by the transforma-
tion is (kl/k2)1/2. Thus

and

Que can obtain f(7y) as a function of 7y from Holm [2].
The radius, 4, of the equivalent area cireular spot in the trans-
formed problem may be obtained as follows:

KV TR,
Ellipse area = 7 ] @ m} a
ke ks

. K
(]1‘1]02)1/2

Td? = wa

Thus one obtains:

K'
= E/—Cll\'z)‘/;

[N

The constriction resistance for a single isolated spot aceording
to Holm is:

flv)
By ="—1
T K
For n spots in parallel
g L) T (k)
© T 4nKa dna  K'/*

The equivalent length, in this case based on conductivity ki,
becomes:
A Eey (k) '/

= hAR = — ,
b= hdR = T o7
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A ke A
=~ [IJ ) = i)

dna | ke 4na

The isotherms in the transformed problem will be ellipsoidal
domes nesting over the elliptical spots.  Upon transforming back
to the anisotropic situation, these ellipsoidal domes will become
cireular domes over circular spots.

Summary and Gonclusions

For either interface orientation an anisotropic correction fac-
tor, C, may be defined by dividing the equivalent lengths ob-
tained by the isotropic material equivalent length which is
A /4na.  Fig. 3 shows this correction factor as a function of the
conductivity ratio for each of the assumed interface orientations.

The analysis has assumed isolated contact spots. If the spot
spacing is on the order of the spot size, the constriction effect will
be reduced. This could occeur at very high contact loads. For
a uniform distribution of contact spots on an interface perpendicu-
lar to the anisotropic direction, another correction factor obtained
by Roess from numerical caleulations and presented by Clausing
and Chao [5] may be applied. This factor relates the constric-
tion resistance for a spot feeding a concentric finite region to that
of a spot feeding an infinite region. The factor which multiplies
the resistance obtained from the transformed problem can be used
because the spot distribution remains uniform under the trans-
form. Direct numerical caleulations appear to be the only good
method of analyzing the situation with close spaced contacts on
an interface parallel to the anisotropic direetion.

Thermal contact phenomena involving orthotropic anisotropic
materials can be analyzed by a geometric transformation tech-
nigue which extends the applicability of solutions of isotropic
material contact situations to anisotropic materials. If the size
and location of the spots of actual material contact are known or
can be accurately estimated from surface profiles and material
properties, the interface resistance can be calculated. The re-
sistance depends on the orientation of the anisotropic material
and the ratio of its directional conductivities as well as all the
parameters which govern isotropic contacts.

In conducting experiments to study this phenomenon, the de-
termination of the size and distribution of the contact spots was

CORRECTION
FACTOR, C
3.
INTERFACE
PARALLEL
TO ky
2.

INTERFACE
PERPENDICULAR
TO ko

) 5 10 20 50 100 200 500

CONDUCTIVITY RATIO, ky /kp

Fig. 3 Equivalent length correction factor, C, versus conductivity ratio
for both material orientations
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the most difficult task. Interpretation of experiments was
radically complicated by the macroscopic constriction effect
arising from contact fatness deviation arising during surface
preparation, as well as thermal strain. To date no conclusive
experimental measurements have been obtained.
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APPENDIX

Examining the invaviant flux condition, q-ds = §-ds, in Car-
tesian coordinates, we see:

g dydz 4 qdedz + gdedy = qednd¢ + ¢, d&dE + qeddy

20 / FEBRUARY 1970

o -

By substituting in ¢, = —k, —, etc, and ¢z = —K -, efe,
ox o&

and multiplying both sides by —1, we obtain:

el " 7

k, v dydz + k, aT, dadz + k, o dady

o

Then expressing df, dn, and d{ in terms of dz, dy, and dz viells:

orT oT ol
= K < ””” (ln(l§ + ””” - ([E(I( + . l[St/)])
o7 o¢

oT oT orT
k. S dydz + k, g dadz + k, o dady

) 1/, - V1/e STV

= K iii LS l:le] —— dydz
K k, k, ox
kT K[ KT o1

4| — — — dudz
K k. k, dy

kYT KTV K or
lw ] L] el e

Solving for K one obtains:
K = (khk,)"7

Yy

Several other ways for obtaining K are discussed by Chao in
reference [8].
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Introduction

Tm; work reported proposes a theorvetical model for
the motion of a fluid when it is heated in an enclosed porous
medium bounded by solid plane surfaces which are different in
temperature.  The model yields a theoretical rate of heat trans-
{ev between these surfaces. This is related to the problem of
radial heat transfer from the wall of a nuclear power reactor core,
through a multishield structure containing air spaces or porous
insulating material, to the pressure vessel.

Most of the studies on natural convection in enclosed spaces
have been related to rectangular cavities where an air gap is used
for insulation.  In these and other cases, it is important to de-
termine the rates of heat transfer across the gap which result
from a temperature ditference between the opposing faces.
Theoretical analysis of the problem usually began with the
fundamental differential equations of conservation of mass,
momentum, and thermal energy, together with an appropriate

UPresent Address: Department of Chemical Engineering, Uni-
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¢ Present Address: Faculty of Engineering Science, University of
Western Ontario, London, Ontario, Canada.

Contributed by the Heat Transfer Division of THE AMERICAN
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AIChE Heat Transfer Conference, Minneapolis, Minn., August, 3-6,
1969, Manuscript received by the Heat Transfer Division, June 6,
1988; revised manuseript received, April 29, 1969. Paper No. 69-

medium filled with gas and bounded by plane rectungular surfaces ot different tempere-
The results are presented in terms of theoreticel streamlines and isotherms.
From these the relative increases in lieat transfer rate, corresponding to natural convec-
tion, are obtained as functions of three-dimensionless parameters:
Da, the Rayleigh nimber Ra, and a geomelric aspect ratio L/D.
lation using the lumped parameter Da Ra is proposed for Da Ra greater than about 40.

the Darcy number
A possible corre-

equation of state. Where the curvatures of the enclosing sur-
faces arve significant, the problems are generally treated by using
eylindrical geometry for which the rectangular geometry is an
asymptote. For natural convection in porous media, the prob-
lem has been treated similarly by expressing the convective flow
in terms of some theoretical model, e.g., Darcy’s law.

Early theoretical and experimental studies of convective flow
of a fluid in a porous medium were made by Horton and Rogers
[1],* Morrison, Rogers, and Horton [2], Rogers and Morrison
3], Rogers, Schilberg, and Morrison [4], in 1945-1951, in
connection with the distribution of salt in subterranean sand
layers. In recent years, in a study of the motion of underground
water with particular reference to geothermal activities in New
Zealand, Wooding [5-11], Elder [12-15], and MeNabb [16],
1957-1967, have reported results on the structure of the flow
field and corresponding heat transfer rates for convection
of fluid in a porous medium owing to heat generation
from below. The criterion for the onset of convective flow was
predicted theoretically by Lapwood [17] in 1948, and confirmed
experimentally by Katto and Masuoka [18] in 1967. In these
studies the term representing viscous forces was neglected in the
equation of motion, which was derived from Darey’s law. This
may lead to significant errors near the solid boundaries unless a
boundary-layer effect is introduced. In a recent paper, two of
the present authors, Chan and Ivey [19] 1967, derived the field
equations for natural convection in enclosed porous media using
a modified form of Darcy’s law which takes into account the

H'C-46. 3 Numbers in brackets designate References at end of paper.
Nomenclature
A = angle of inclination, Fig. 1, rad k., = enhanced, or effective, thermal R (I — ToygD? Ravieiel
c A= = ayleigh
Cy = dimensionless constant conductivity of gas-filled por- H Tacer vies
€, = specific heat of fluid at constant Q}ls Ijl‘ech%un‘, mcludmg conyec- number, dimensionless
pressure, Btu/Ib deg I thf? transfer, Btu/hr it:.d‘eg F T = temperature, deg I; T, 1%
D = width of porous bed. ft ke = effective thermal conductivity of = temperatures at hot and
= WiCth ol porous bed, porous medium filled with stag- cold walls, respectively, Fig. 1
Da = K = Darcy number, dimension- nant gas, Btu/}n‘ ﬂ deg I u = the z-component of the super-
D* ke = enhanced,.o‘r cﬁecuve,. thermal fieial fluid velocity, ie., the
less conductivity of fluid in a cav- volume flow rate per unit
F, = percentage convergence factor, ity, including convective trans- cross-sectional area of bed,
percent fer, Btu/hr ft d‘eg ¥ - tt/hr
; pgBDAT (1) — TygD? k, = thermal conductivity of fluid, » = the y-component of the super-
Gr = o = To? Btu/hr ft deg ficial velocity, ft/hr
? L = height of porous bed, ft s = dis : ; rect ar
~ Grashof number g o b ) m dlbtance‘ along .the 1f3cta1‘1gulavl
L . R Pro== L =M o prandtl number, di- coordinate axis which is di-
g = gravitational acceleration, ft/hr? T o k ¢ ’ rected at angle 4 to the hori-
K = permeability of porous medium, mensionless zontal plane, Fig. 1, ft
fe2 p = pressure of fluid (Continued on next page)
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Horizontal
Fig. 1 Coordinates of rectangular geometry notation
viscous forces (Brinkman [20-22], 1947-1949). These equa-
tions may be solved numerically, under suitable boundary con-
ditions, to yield useful results and criteria for design.

Theory

The theory is limited throughout to steady state conditions,
for which the four equations governing the system are

p = p(T) (1)

Vou=20 (2)
K 1

Y o= (— -Vp + ¢+ VVQ’I,_(') (3)
v p

w- VT = a, VT (4)

This formulation may be simplified by considering only the
two-dimensional motion of the fluid in a space of rectangular
cross section filled with unconsolidated particles. 7T, and 7% in
Fig. 1 are the absolute temperatures of the hot and eold bounda-
ries, respectively. The theory is based on the following assump-
tions: (a) the temperature difference (77 — T%) is small com-
pared with T%; (b) the viscosity, density, and thermal conduc-
tivity of the fluid are constant except for the effect of density
variation in producing buoyaney force; (¢) the fluid is incom-
pressible, and (d) viscous heat dissipation may be neglected.

The superficial velocity ¥ in equations (2) to (4) is averaged
over a region of space small with respect to macroscopic dimen-
sions in the flow system but large with respect to the pore size.
Bquation (3), the equation of motion, is the Darcy’s law model
for the flow regime where the damping force and the viscous
force are of the same order of magnitude. In the energy equa-

tion, equation (4), the equivalent thermal diffusivity, «,, is de-
fined by

o, = ko/pC, (5)

where ko i1s an equivalent thermal conductivity of the porous
medium, for nonflow conditions, taking into account conduction
and radiation effects. Methods for estimating k. have been
proposed by Smith [23], 1956, Yagi, et al. [24], 1961, and others.
Recently, Katto and Masuoka [18], 1967, verified experimentally
that (5) is the correct form for «,, i.e., the equivalent thermal
diffusivity in the energy equation should be defined as the
equivalent stagnant thermal conductivity of the porous-medium
divided by the specific heat capacity of the fluid.

Boundary conditions of practical interest which are suitable for
numerical caleulations are: (@) uniform temperatures, or heat
fluxes, or specified temperature or heat-flux distributions, on the
two vertical faces of the space; and (b) perfect insulation, or
specified temperature distributions, along the horizontal bounda-
ries.

In Cartesian coordinates equations (1) to (4) take the forms

d dr
P — 6)
253 T,
ou v .
— + = =0 )
ox oy
1o ) — o o
B; w o= — = — — gsind L 4+ v <*Jf J) &)
K P2 Ox I ox? oy?
v 1 op Pe— P o %
o= — — — —goosd [ F—F — 9
K’ p2 Oy geos ( P2 T\ o + oy? “
orT orT ol " orr (10)
W o= = o [ 22
ox oy “\ ox? dy?
The boundary conditions are:
w = v = ( T =1T, at y=0, for 0 <z <L (1)
w =0 =0, T =17y at y =D, for 0 <2< L (12)
orT .
u=v =10, o = 0, at z=0and L,for0 <y <D
Xy
(13)
s
0< 4 - 14
4= (14)

Equations (6) to (10) may be made dimensionless by introduc-
ing:
1 The relative distances

Xz;* V =+ 15

D D (15)
[/

for()SXSDf,()Syﬁl

Nomenclature
X = D= relative distance on z-axis
y = distance along the rectangular co-
ordinate axis which is directed
at angle A to the vertical
plane, Fig. 1, {t
.y L .
Y = D = relative distance on y-axis
@ = thermal diffusivity, {t2/hr
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AT

koo . .
= - = equivalent, or effective,

T p0,

thermal diffusivity in porous
medium, ft2/hr

= thermal coefficient of volumetric
expansion, {t*/ft3 deg F

= Iy — 1T, = temperature dif-
ference
T — T
= ——— = relative temperature
rf tsal
T — T

difference, dimensionless; 0,; =
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elements in the field matrices

for 0

U = viscosity of the fluid, b /ft hr

p == B kinematic viscosity of the

p

fluid, ft2/hr

p = density of the fluid, Ib/ft; p, =
valueof pat T = T,

¢ = stream function, dimensionless;

= elements in the field matrices

for
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2 The dimensionless stream function ¥, defined by

a, oY b Ko oY

== == - — 16
=D oy "T DT ox {16
3 The relative temperature difference
T =1
6 = 17
- (17)
for0 <8 < 1.
4 The dimensionless groups
Ty — To)gD?
<f~1”7,~—)fl—~ = Ra= Gr Pr (18)
T v
K
~— = [a 19
D L (19)

which the authors will term the Darcy number, after Henry
Darcy who laid the foundation for the study of laminar flow
through porous media.

The resulant field equations for ¢ and 8 are

1 of of
74 P —— 2 Ra A4 — cos A — 20
Vi On Vi + Ra (blll 4 o7 cos A OX> (20)
veg = 2O ¥) 1)
X, 1)
where
V== V(V?)
2 D2
[
V= oX? T3 N
and
o0, ) __ o0 oy 00 oy
XX, V) 0oX oY Y oX

with the following boundary conditions:

0\// oy . L
_.—-_:~—-- = atV = . X < =
¥ 37 0, 0 =1, at ¥ = 0, for0 < X < D
(22)
oy oy L
=== = at ¥ = | <X <F
14 5% = o7 0, 6=0, WYV =1, for0<X <3
(23)

oY oY o8 L

=L = = — =0, atX =0a

14 5x T or 0, ox , at X = 0 and — o
for0 <Y <1 (24)
0<4a<?t (25)

2

For given A the solutions of equations (20) and (21) are
uniquely determined by the three-dimensionless parameters Da,
Ra, and L/D, to give the scalar fields ¥ and 8, with the associated
streamlines and isotherms.

The case of practical importance is one for which the side sur-
faces are vertical, i.e., 4 = 7/2, when equation (20) becomes

Vi = — Vzglx + Ra 90

dY 26)

The relative increase in heat transfer rate owing to convective
flow is given by (Batchelor [25], 1954; Chan and Ivey [19], 1967)
b 1

L/D Fe)
- [—_ _"] ax
ko L/D J, Y ly=o0
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(27)

where k,, is the enhanced equivalent thermal conductivity which

includes the effect of conduction, convection, and radiation.
Heuce the problem may be expressed parametrically as
ke o ‘
o = f{Da, Ra, L/D] (28)
oo

Numerical Methods

The two field equations, (26) and (21), are solved subject to
the boundary values given by equations (22), (23), and (24).
Since Da is small the first of the field equations is transformed to

] of }
Ve ): — Ra —
2 = Da| Vi — 1 1DY

Equations (29) and (21) are then solved by representing the
finite-difference forms of the derivative components of the right-
hand sides by matrix operators (Woodhead and Kettleborough
[26], 1963; De Vahl Davis, and Kettleborough [27], 1965).

Sinee for L/D > 5.6, the number of mesh points makes the
matrix method prohibitive, the present method is confined to the
results for four values of the vatio L/D: 0.2, 0.5, 1, and 5.6.

As the field matrix technique has been described elsewhere,
(see {26, 27]) only the main features will be given here. The
finite-difference formulas of Bickley ([28-30], 1939-1048) ave
used to construct differential operators for

(29)

ot ot 0T 0t 9 0
Y,d(

ONY V¥ OXY oYY oX’

An initial estimate is made for [{] and [8], of ¢¥,; = 0 every-
where, and the temperature field is assumed to be linearly dis-
tributed, 8,; = 1,

The right-hand side of equation (29) is then evaluated using the
initial [¢] and the differential operators., The improved value
for [{] is found by the inversion of [V?] and use of the extrapo-
lated Liebman method.

The new estimate of [] together with the old estimate of [8]
is used to evaluate the right-hand side of equation (21) in a similar
manuner to that just described, giving a new estimate of {0].
This completes one iterative eycle. New and old values of [¢/]
and [0] are compared for satisfactory convergence. Iteration
continues until convergence is satisfactory.

Upon completion of solution for a particular Da and Ra, the Ra
is increased and the old solution is used as initial values for the
new problem. Ra is continually increased until convergence is
no longer obtainable.

Gomputations

The computer used is an IBM 360/50H.

For the square geometry, where L/D = 1, a mesh size of /15 18
used, giving (11 X 11) field matrices. This in turn produces
operators of order (81 X 81) and (99 X 99) to be inverted for
solution of equations (29) and (21), respectively.

For the rectangular case, where L/D = 5.6, a mesh size of 1/
is used on the shorter side, producing field matrices of order (6,
29), and inverse operators of order (108, 108) and (116, 116).

The inversion is performed by the standard Gauss-Jordan
method with good results. These arve kept on magnetic tape for
frequent use.

The criterion used for convergence is

,:Z \bl Jnew Z ‘ljlvlold ]

(5] ]

X100 < Fopercent

The value chosen for F, percent is usually 0.001 percent. This
test is also applied to the 0 field.
One full iteration cycle takes approximately 2 sec. The
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number of iterations required for convergence varies greatly
ranging from 1 to about 200, being dependent on the L/D con-
figuration, the value of F,, the product of Da and Ra, and the
weighting factor in the extrapolated Liebman method.
Initial results are obtained for
Da = 10-1, 1079, 1078, .

C. 107 1 30)

Ra = 1,10, 102 .. . .. 108, 101 (31)
For a fixed value of Da, the computation is commenced at
Ra = 1, increasing Ra in steps of powers of 10 until convergence
is no longer obtainable. For the L/D = 1 geometry for the
11 values of Da given by equation (30), convergence is not
achieved at Ra = 1012, 101, 101, 109, 105, 107, 106, 105, 1, 1, 1,
respectively.  Final results are then obtained for small incre-
ments of Ra close to values where convergence failed to be
achieved.

For a fixed value of Da, if Da Ra 2 130 and Da is just low
enough for convergence, the 8 field elements exceed 1 at points
corresponding to the upper corner of the hot wall and fall below 0
at those corresponding to the lower corner of the cold wall.
These are obviously extraneous results since, from physical con-
siderations, no temperature can be higher than 1 or lower than 0
for constant temperature walls.  This apparent anomoly may be
due to the use of too few mesh points.  Further work employing
an iterative numerical technique, incorporating finer mesh, seems
to confirm this. Likely localized secondary flow effects, similar
to those noted by Elder [13], would first take place at those
corners where more mesh points may therefore be required.
Moreover, these extraneous results may indicate the ounset of
physical instability (transition from laminar to turbulent flow)
and /or mathematical instability (limit of applicability of the sys-
tem equations).

Results and Discussion

Since the present numerical method depends largely on the in-
version matrix [V~2], this matrix was first established. The
determinants of the inversion matrices for all eases studied,
L/D = 0.2, 0.5, 1, 2, 5.6, and 10, were also calculated. These
had large values of the order of 109, indicating that the matrix
[V?] is nonsingular which means its inverse exists and that the
linear set of equations are well-conditioned. For a given
geometry, i.e., fixed L/D, varying the mesh sizes did not appear
to have significant effect on the rate of convergence or on the final
results.

The theoretical isotherms and streamlines for the square
geometry, at Da = 10~* and Ra = 10, are compared with the
results of Poots [31], 1958, for a square cavity, also at Ra = 104
Fig. 2 shows the predicted relative increase in heat transfer rate
corresponding to convective flow, as a function of the Rayleigh
number, for Da = 10~% This is compared with the analytical
results of Poots up to Ra = 10%, and with the experimental result
of Mull and Reiher (quoted by Jakob [32], 1949) for 10* < Ra
< 105, the correlations being

Poots: kJ = (.16 Ra®-%, a < 104 (32)
‘g
. k. e
Mull and Reiher: P 0.18 Ra®%(L/D)~0-1,
g
104 < Ra < 105 (33)

where k, is thermal conductivity of the fluid, and &, is the en-
hanced, or effective, thermal conduetivity on account of convec-
tive flow.

The results of Poots were obtained for a square cavity uni-
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Fig. 2 Variation of heat transfer with Rayleigh number

formly heated at the right-hand-side vertical wall. Hence the
streamlines for the two cases have opposing divections. Also, in
Poots’ caleulations, it was assumed that the temperature dis-
tribution along the horizontal end walls is linear. This com-
parison seems to indicate that for a given geometry and at a
given Rayleigh number, the presence of a porous material in an
enclosed space would considerably modify the temperature and
velocity fields: reducing the rate of convection. Fig. 2 indi-
cates that the present theory predicts the following: (i) for
Da = 107 below Ra = 10° the rate of heat transfer through an
enclosed porous medium is substantially the same as pure con-
duetive transfer (in addition to radiation); (ii) above Ra = 109,
natural convection produces an enhancement of the transfer rate
similar to that which occurs at Ra = 10% for an enclosed cavity;
and (iii) the rate of increase of heat transfer also varies ap-
proximately as the one-fourth power of the Rayleigh numbetr.

Figs. 3 and 4 show isotherm and streamline patterns for the
square geometry: Da = 1075 and Ra = 107, Figs. 5 and 6
show some of the corresponding patterns for the rectangular
geometry, where L/D = 5.6. Clearly the patterns predict that
the following occur as Ra increases:

1 A gradual and increasing development of convective
motion, accompanied by distortion of the temperature field as
compared with that for pure conduction.

2 A gradual development of boundary layers, downward on
the cold wall and upward on the hot wall.

These predictions are consistent with the known phenomenon of
natural convection in enclosed cavities.

From these ¥ and 8 maps the following information may also
be derived: (1) vertical and horizontal temperature gradients,
— and —9; (i1) vertical and horizontal velocity compoenents u and
X Y
v (from equation (16)); (iii) the local speed, (u® + 22)"/% and hence
localization of stagnation regions; and (iv) the distribution of heat.

oY
In Fig. 7 the parameter k,/ko of equation (27) is plotted
against Ra for various values of Da with the square geometry.
Similar plots are obtained showing corresponding results for the
other geometries. The plots show the following:

- . . o8
transfer coefficient along the vertical walls, from | — .
Y=0and 1
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(Da-Ra) =10°

Fig. 3 Isotherms for Da = 1075, Ra = 107, L/D = 1.0

(Da-Ra) =102

Fig. 4 Streamlines for Da = 1075, Ra = 105 L/D = 1.0

1 The curves are approximately parallel and equally spaced,
so that for fixed £,,/ke, Da decreases by powers of 10 as
Ra increases by powers of 10.  Hence, for a given value of k,,/k,
Ra = constant/Da. This implies that k_,/ke 1s uniquely deter-
mined by Da Ra, or k,,/ko = f (Da Ra) for given L/D which is
predicted by equation (28).

2 The critical value of Ra, i.e.,, the value at which the onset
of convection occurs, increases expounentially with exponentially
decreasing Da.

3 For fixed values of Da, the ratio k,/ke varies exponen-
tially, with Ra; and for fixed Ra, it varies exponentially with Da.

It would seem therefore that, for fixed L/D, the ratio k. /ke
varies exponentially with Da Ra. This is verified in Fig. 8 in
which k,,/ke is plotted against Da Ra on logarithmic coordinates.
For Da Ra > 40, the k,,/k values increase beyond unity, generat-
ing unique eurves which are approximately linear and parallet
for each of the six geometries studied. Fence an equation ex-
pressing a tentative correlation with these parameters may take
the form:
for Da Ra > 40

/“'66 . v —
= J(L/DYDa Ra)®, (34)

Vel

where Cp is a dimensionless constant (Cy =~ 0.7). This confirms

equation (28).
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That Da Ra would be an approximate criterion of heat transfer
in the present system may be seen from equation (26). The
left-hand-side of this equation represents the viscous forces which
may be small.  If they are neglected, the equation becomes

o
Vi + DaRa = 0 (35)

FEBRUARY 1970 / 28

Downloaded 04 Jan 2011 to 194.27.225.72. Redistribution subject to ASME license or copyright; see http://www.asme.org/terms/Terms_Use.cfm



10
8._
6,._
kee 4l
keo |
Da =
2..
{ i i i f
0 04 15 o8

Ra

77777

107 8 109 1010 ol ol

Fig. 7 Variation of thermal conductivity ratio k../key with Ra for various values of Da, square

geometry {L/D = 1.0)

100

kee

0.2

[ 10 102 10
Da.Ra

Fig. 8 Correlation of thermal conduclivity ratio k../k.; with lumped
parameter Da Ra

It may be of interest to note that the eriterion for the onset of
convective flow of fluid in a porous medium, heated from below,
is given by:

Da Ra = 47? = 30.5 (36)
a result deducible from the analysis of Lapwood [17] who used
equation (35), and from the experimental work of Katto and
Masuoka [18].

The function f(L/D) may be examined by a plot of k./ke
versus L/D for fixed values of Da Ra, Fig. 9. It appears that
the relative increase in the heat transfer rate has a maximum
value in the vieinity of the L/D ratio of 1.5, a result which is
similar to the case of the enclosed cavity (Hirata, et al. [33] 1967).
At the two limits of the L/D ratio: as L/D ~» o (I, — o, or
D—0),and L/D -0 (L — 0, or D - «) natural convection is
either suppressed owing to increasing resistance to flow (for the
cases L — 0, and D — 0), or it is dominated by pure conduction
(for the cases L — o, and D — «). Hence the ratio k. /ke
approaches unity at these limits, when it may have a maximum
value between them. At L/D = 1.5, it seems reasonable to ex-
pect that a balance of these effects occur and hence the relative
increase in the heat transfer rate reaches a maximum.
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Conclusion

The analysis presented suggests a correlation of heat transfer
rate in a porous medium bounded by surfaces at different tem-
peratures. Theoretical flow patterns for an enclosed fluid, and
temperature distributions within the medium, were obtained by
a numerical method. These patterns are at least qualitatively
consistent with known convective phenomenon. Rapid con-
vergence for the numerical technique may be achieved by using
field matrices and an inversion matrix.
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Introduction

Tm: DETERMINATION of the radiative transport in
nongray media represents a complex problem which has forced
various investigators to simplify the basic equations before at-
tempting to obtain a solution [1-12].2 The problem is further
complicated when there is a strong interaction between the ther-
mal radiation and other modes of energy transport. A useful
simplification in the planar geometry has been achieved by re-
placing the exponential integral, E.(x), by an exponential fune-
tion; that is, Eo(x) > ae ™", where a and b are arbitrary constants.
A detailed comparison between the exact and the approximate
results in the planar geometry showed that very good agreement
was obtained with this approximation. The particular values of
a = 0.9and b = 1.8 were recommended [13].

The purpose of the present study is to determine the radiative
transport in a nongray medium in the cylindrical geometry. The
system considered is a tube at a constant temperature with uni-
form heat generation in the gas. Nongray effects are included by
using the total band absorptance {3, 14, 15] and both exact and
approximate results are obtained.

Radiative Flux

The radiative heat flux in the radial direction in cylindrical
coordinates in a tube at constant temperature may be written in
the following form [16-19]

1 Presently, Assistant Professor, University of Michigan, Dearborn
Campus, Dearborn, Mich.

2 Numbers in brackets designate References at end of paper.

Contributed by the Heat Transfer Division of Tup AMERICAN
Sociery oF MecHANICAL ENciNgERrs and presented at the ASME-
AIChE Heat Transfer Conference, Minneapolis, Minn., August 3-6,

Nongray Radiative Transport in a
Cylindrical Medium

The problem of determining the radiative transport in a nongray cylindrical medium
Nongray effects are included through use of the total band absorptance.
Exact and approximate formulations and vesults are presented and very good agreement

/2 j 9 r
(o = -",1:f Boocos vy | Dy f ko(n)dn
0 l cos 7y rosin vy
o7 1 V4
jr kanﬁmJ ~Da[ 11 k&nkm}>
, cos v J,
T 1 r
-+ f Bo(rke(r")Dy [ fffffff — f l;w(ﬁ])(/n:l dr’
7 sin v cosy Jr
R i r
— f Bo(r k(1) Ds IZA« - f lsw(n)dnjldr’
. cosy J,.
R 1 r
+ f Bo(rko(r D, l:" — f ko(n)dn
rosin v cos y Fosin v

’

1 r
I f ko(n)dn dr’} dy (1)
cos 7y rosin vy

J

cos Yy

where r is the physical coordinate in the radial divection, R is the
radius of the eylinder, w is the wave number, k. is the spectral
absorption coefficient, and By, is the blackbody radiation intensity.
Equation (1) is valid for a nonscattering medium in local thermo-
dynamic equilibrium bounded by black tube walls. The ex-
ponential integral function D, (x) is defined by

/2 -z ) 1 'unfle‘l‘/u
D, (z)= (cos" ta)exp| — } do = T i du
0 Cos @ o (I— uty/e

(2)
Using the recurrence relation for D, (), namely,

DJ(x) = —=Dua@) n>1 ()

where D, (x) is the derivative of D, (z) with respect to v, yields
the following result for equation (1) [19]%:

1969. Manuscript received by the Heat Transfer Division, January 3 We have taken ke to be independent of temperature. However,
2, 1969; revised manuscript received, April 28, 1969. Paper No. 69- for the case when ke is a function of the temperature according to
HT-38. ke = fen(w) - fen(T) the same procedures can be carried out [2].
Nomenclature
A = total band absorptance F = radiative flux wp = defined as Co? PR
4y = bandwidth parameter H = wall radiosity
Bo = blackbody radiation intensity I = totalradiation intensity Superscripts
Boo = blackbody radiation intensity ko = absorption coefficient + = directed toward wall
evaluated at T, P = pressure — (1‘i1:fected away from wall '
Bue = blackbody radiation intensity @ = uniform l}ea.t, source fo= (llf.ferentvm.tlon, dummy variable of
evaluated at band center ¢, = total rad.mtlve flux integration
§ ) ) R, 7y = tube radius
o = correlation parameter » = local radius Subscripts
E, = blackbody flux density equals B, t = pressure broadening parameter 0 = evaluated at 7%
FEye = blackbody flux density evaluated # = nondimensional optical depth w = wave number
at band center = (o Pr we = evaluated at band center
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The specific medium we now consider is one comprised of an in-
frared radiating gas.  For infrared radiating gases the bandwidth
is sufficiently narrow so that the blackbody radiation intensity,
By, may be approximated by its value at the center of the band,
Bue.  Thus the total radiative flux for one band, which is obtained
by integrating the spectral radiative flux over the bandwidth,

Aw, is given by
¢ = f Gurler )
Aw

v /2
= lf f (Buwce(r') — Bae,y) <j 08 af kuw
/A()l rosin vy a=0 Aw
. 9 gl R
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COS 7Y COS & N
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— Bue,s) <f cos af ke
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X exp [——kw < +r rsin 'y>:| dwda) d)"} dy (6)
oS Y Cos «

Equation (6) is the “exact’” relation subject to the conditions
previously stated. We have used the definition for the ex-
ponential integral D, (x) given in equation (2).

The nongray effects may be included in the total band ab-
sorptance [3, 13, 14] defined by

Aly) = f (1 — e~ Fat)des @
Aw
and

Ay = f ke ™ Festide (8)
Aw

where 4'(y) is the derivative of A (y) with respect to y. Hence,
equation (6) may be written in terms of the derivative of the band
absorptance

/2 7
5 =4 f { f (Batlt") = Buc,o)
v=0 T sin v
/2
X[f cosa(A’[+7
a=0

7 o 2 sin 'y] ©)
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It is preferable to formulate the problem directly in terms of the
band absorptance [13]. This can be accomplished by integrating
equation (9) by parts which yields the following (exact) expres-
sion for the total radiative flux

w/2 /2 r ro—
q, = l}f cos? ozf cos Y {f A [ —— ]
a=0 v=0 rsin y €os 7y cos &
d ke -
X o= (Boolr’) = Bue,)dr’ + A
dr! , COS Y CO8 ¢

d R . Yo 2 osin
X o= (Buelr’) = Bug,)dr’ — f A [f—+’ : 1]
dr s oS Y COS &

sin

0 (Boe(r') — Bae,dr’ — (BuelR) — Bue,y)

R —r r- R — 2rsin
Xx{a4|l-———] -4} ) dyda (10)
COs Y cos o cos 'y cos o

The determination of the radiative flux from equation (10)is a
complex ealculation involving numerical integration of three
integrals. In almost all problems the temperature profile is
unknown so that an iterative procedure involving triple integrals
must be used to obtain the solution.

To simplify this problem we introduce the approximation*

Dy(z) = (11)

ae bz

which is similar to the approximation used in the planar geometry
for the exponential integral, Fs(x). The constants a and b are
arbitrary and are chosen to give the best agreement with the
exact results as obtained from equation (10). Substituting this
approximation into the relation for the radiative flux, equation
(6), and using the definition of the band absorptance yields the
following approzimate expression for the radiative flux

'2 r
4 = 4a f { f (Buolr') — Bue,)
v=0 LJrsin vy
v <A’ [b (r -+ — 2r sin 77):| o [b(; *;L__}]) o
cos Y cos 1y

R by — p

- f (1;w0<]'/) - Bmc,o) <A, I:M(','_ii))}
. cos Y

bir P o— 9 s
_ 1[ (r+7 7 s ”]) dr’} dy (12)
cos Yy
da T

Integrating by parts, we obtain

2 f r b(r — 1)

q, = — €os Y Al ———
b =0 ] rsin v cos Y

d b{z - /)
X (Buwe(r') — Bge,o)dr’ + A (ch(z
dr' ” cos 7y d !

Bue,0)dr’ fR 4 [b(" + 1’ — 2rsin 7)}
B, — y —
rsin y cos Y

4 In response to a referee’s comment, it should be emphasized that
this approximation was not used in obtaining the exact relations,
equations (6), (9), and (10).

(13)
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d .
X e (Baolr’) = Bae,Jdr’ — (Boe(R) — Buc o)

X < [lff’-r({‘—f:—z)} — 4 [lf(r + R = 2rsin V)D dy (1)
cos Y cos 7y (Cont.)

Radiative Heat Transfer With a Uniform Source

We now counsider the problem of a uniform heat source in a
radiating medium contained in a long cireular eylinder at a con-
stant temperature To. The equation for the conservation of
energy is given by

1d
- (rg) = @ (14)
rodr
so that the radiative fluxis given by
= Qr/2 (15)

Combining equation (15) with the exact expression for the radia-
tive flux, equation (10), yields the following integral equation®

N /2 “ I
5= - cos® « cos Y f 4| ——
“ T Ja=0 =0 wsin COS 7Y COs o
de o d
X du! - A} — d)
du w cos ’y cos (lu
o o )
_ f i [li,+ u' — 2usin 'yJ de
u sin vy €os 7Y cos o

u -+ g — 2u st - —
-+ qS(uo)li [”—O Y ’Y:| 4 [ . :]:l} dyda
€COS Y €OS ¢ COS Y €08 o

(16)

where
= Cn")[)/', Uy = 002])[{

and

5 The gas is assumed to have only one band.
1

medium, the radiative flux is given by ¢, = Z qr,i where n is the

For a multiband

number of hands.

Bw(([) - ch 9

(7
Q /A0 P )

Ay is a bandwidth parameter and C,? is a correlation quantity.

To evaluate the band absorptance we use the following correla-
tion of Tien and Lowder [15] based on the results of Edwards and
Menard {14]

il + 2]

A = A4ln (e + 20

18)

where

FE) = 2.04[1 — e~291]. ()

The variable ¢ is a line structure parameter.

The solution to equation (16) was obtained by assuming a
third-order polynomial distribution for ¢ with unknown con-
stants. The constants were determined by satisfying equation
(16) at equally spaced intervals of «. The number of intervals
varied from 5-10. Equation (16) was considered to be solved
when the resulting simultaneous equations yielded virtually the
same results over the entire optical path as the number of intervals
was increased. A quartic profile for ¢ was also used and the re-
sults were in very good agreement with those obtained from the
cubic profile and are presented in Fig. 1.

Using the approximate relation for the radiative flux, equalion
(15), with equation (13) we obtain the following integral equa-
tion

w  da (72 “ e — ')y de
oo cos Y 4] = T’ du
ah =0 w sin cos ¥ du
g i ’/ . ) Z
-+ A [l)(u wzi’] fj% du’
“ cos Y du
us , W~ 2
_ f I [b (u + w u sin 'y)] Zqﬁ/ b’ o)
w sin vy €os 7

% </T [b (ym—t wy — 2u sin 'y>:l I [1)(2«) — u.)]>} iy
cos 7y cos ¥y

(20)

[S]

The solution to equation (20) was obtained in the manner just
described and the results arve also presented in Fig. 1. It is seen
that a value of ¢ equal to unity and b equal to */, in the approxi-
mate formulation yields results that are in excellent agreement

100 T T T T

-~ — EXACT

| R D(x)~ ~125 %

- 4= EwelT) = Ew(To)
Q/8,CZP

0l ] L1 1 | l

-

=

CYLINDRICAL GEOMETRY

00! 0l
Fig. 1
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Center-line temperature of radiating gas with a heat source
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Fig. 2 Comparison of exponential integral function and approximation

with the exact results as obtained from equation (16).%
the comparison between Dy(x) and e~/ i5 presented.’

In Fig. 2

Conclusions

The problem of determining the radiative transport in the
cylindrical geometry has been carried out. The inelusion of non-
gray effects was made through use of the total band absorptance
in both the exact and an approximate formulation. The ap-
proximate formulation, corresponding to the approximation
Dy(z) = e~/ yields results which are in very good agreement with
the exact caleulations.
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APPENDIX

Radiative Heat Flux in Cylindrical Geometry With
a Wall Emittance

For diffuse nonblack walls equation (1) can be written as
follows
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where [,(0) = H,0)/m and H,(0) is the radiosity of the wall.
The approximation Ds(x) =~ aed= has been used in equation
(21). Bquation (21) can be rewritten in the following form

4 /2 T ’ N b’iw (r—1")
(o = — 1 [Bo(r')y — By Jhkowe %7 dr’
T JO 7 osin y

blcaL =)

cos ¥

dr’
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B o N - %L% (r1" ~2rsin v)
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T

sin vy

bl

cos

(r+4-R—2r sin )

1 (Ho(0) — EM);;’ cos ¥ [e

_p kR =1)
—e¢ 7 }} dy (22)

The radiosity of the surface is expressed as
H(0) = eBy + (1 — e)FF T(R) (23)

where F([?) is the irradiation of the surface. We have for the

reflected energy F— the following relation
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Fe= (1~ eF*

where F,* is represented by the following expression

/2 /2
FoHR) = 4 f cos? adaf I,V cos BdB
« B

=0 =0

()

/2 w/2
Fot(R) = »}f cos (3 Io* cos? adad (25)
B=0 a=0

From references [18, 19] equation (25) can be written in the
following form

/2 [ 2k,
ot R) = 4 f cos Y {[w(())])s [ - (R — R siny)
0

cos Y
R
+ f ko
R sin v

B,(") ke o
—— Do | ——= (R 4+ 7' — 2R sin v)
cos Y eos y

ke
+ Dy [4~ (R — r’):l> (lr’} dy  (26)
cos ¥y

Substituting equation (26) into equation (23) and using the
exponential function approximation for D; yvields

ey, (1 — €)da /2
Lo(0) = =2 4 = 2 Lo(0) f cos ye
0

4a(l — €) f“/g fR
+ cos y
G Q i osin v

— bl ,
dos y BT o
e dr'dy  (27)

koBo(r')
cos Y

( B c%/si (R4 — 2R sin 7)
>< [4 > Y +

Solving equation (27) for I,(0) and setting H,(0) = wl,(0) for
a'diffuse surface we obtain

x/2 R
Hu(0) = B0 + da(l — ) f f kuBulr")
0 R sin v

— bk (R-+r’ — 2R sin 4) —bkw(R—7")
X e eos ¥ +e 87 ]dr’dv/den
where 28)
41 —ea [ Z2keb (R sin )
den = 1 — — = cos ye 0% Y dy
T b Jo

Equation (28) represents the expression for the surface radi-
osity to be used in equation (22).
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Introduction

THE annular configuration is of considerable im-

Turbulent Heat Transfer in Concentric
Annuli With Constant Wall Temperatures

The problem of turbulent heat iransfer in concentric annuli is analyzed for the case in
which one wall has a constant temperature while the other is insulated.  The solution is
given for both the thermal entrance region and the fully developed situation with heating
at either one of the annular surfaces. The description of the velocity profile properly
takes into account the Reynolds number and radius ratio dependence of the nondimen-
stonal turbulent velocity profile in concentric annuli. Resulls are presented for radius
ratios 2.88, 5.625, and 9.37 with the Reynolds number range from 20,000 to 240,000
and for Prandtl numbers 0.01, 0.7, and 1000. The calculated Nusselt numbers for the
constant wall temperature boundary condilion are smaller than the corresponding result
for a uniform heat-flux boundary condition. The available experimental evidence for
concentric annuli is insufficient to provide « direct test of the analysis. However some
calculated results for the radius ratios 1.05 and 50 are in agreement with available
theory and experiments for the parallel plate channel and circular tube, respectively.
There is also good agreement belween ihe calculated results for the extension of the analy-
s$is to the case of a linear rise in wall iemperature and experiments for a uniform heat-
Jlux boundary condition for the annuli considered.

The analysis of the thermal entrance region, which is of im-
portance unless the duct is very long, requires the solution of a
partial differential equation and may be an eigenvalue problem.

portance in the design of heat exchangers and has attracted much
theoretical and experimental effort. Like the circular tube and
parallel plate channel, a theoretical analysis may be made of tur-
hulent heat transfer in concentric annuli from the energy equa-
tion. Such analyses have been presented for concentric annuli
in previous work only for the case in which there is a uniform heat
flux at the annular surfaces and the situation is fully developed.

S()QIETY oF MECHANICAL ENGINEERS and presented at the ASMI-
AIChE Heat Transfer Conference, Minneapolis, Minn., August 3-6,

With a uniform wall heat-flux boundary condition the fully de-
veloped solution may be obtained without considering the ther-
mal entrance region. However, with a constant-wall-tempera-
ture boundary condition, the asymptotic value of the Nusselt
number may only be caleulated from the thermal entrance re-
gion solution. Such analyses have been given by Sleicher and
Tribus [1]! for the circular tube and by Hatton and Quarmby [2]
for the parallel plate channel.

The value of such solutions depends very much upon the ac-
curacy of the description of the turbulent velocity profile and the
variation of eddy diffusivity across the duct. Previous formula-
tions of these quantities for concentric annuli, e.g., Leung, Kays,

1969.  Manusecript received by the Fleat Transfer Division, April 4,
1969.  Paper No. 69-H1T-51. ! Numbers in brackets designate References at end of paper.
Nomenclature
4 = eross-sectional area of annulus To , /7
b = radius ratio re/r; o= o4 — /v yr o= ’Zl‘—~ v
] | u o
C, = eigenconstant e
n £ .. = e T « = thermal diffusivity
C = coefficient in eddy diffusivity .+ o , ofTi/, 8 L iyt
. i i = - Y /Y,
equation ‘ u \ ) Y m
- A = eigenvalue
¢, = specific heat at constant pressure t = temperature P density
.. . . = 3
D = annular characteristic dimension " . R t— N 0
2Ury — 1) T = nondimensional temperature 7 = shear stress
{ { P . .
i heat tr % - coeffici . . bo—to wo= viscosity
i = heat transfer coeflicient u fluid velocity » — kinematic viscosity 1/
K = von Karman’s constant in similar- + ; : ; _ ’ SCOSTY B/P
! }* ‘} | constt S a ut = nondimensional turbulent velocity vl o= p/pv’
1ty hypothesis — e
Yyl .. T €, = eddy diffusivity of momentum
k= thermal conductivity u ‘ ¢, = eddy diffusivity of heat
Bo= kb e H Y SIVILY 2
[ = mixing length
) . S . w, = bulk velocity uwdA /A Subscripts
n = index in sublayer profile : 4 . .
\ - , , o ‘ i = inner
Nu = Nusselt number hD/k v' = fictitious velocity of turbulent o = outer
Pr 5. ] . /L 1dv . . .
; I)mnd(lnumbu pe,/k .edd). m = at position of maximum velocity
e teynolds number w,D /v axial distance I = atedge of sublayer
R nondimensional radius »/(rg — ;) nondimensional axial distance /D ¢ = entrance value at x = 0
3 radius y radial distance from annular wall b = bulk value
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wnd Reynolds {3] and Lee and Barrow {4], bave included certuin
assumptions which recent experimental work by Quarmby [5]
has shown to be incorrect. It has been shown by reference
[5] that the nondimensional velocity profile in concentric annuli
is dependent on the radius rvatio and Reynolds number. In
particular, the radius of maximum velocity is a function of
these parameters and is not the same as in laminar flow. An
analysis of twrbulent fow in concentric annuli from von
Karman’s similarity hypothesis has been given by Quarmby
[6] which is in good agreement with the findings of [5].

This analysis is used here, together with descriptions of the
eddy diffusivities of momentum and heat which are believed ac-
curate, to provide the solution of the energy equation for turbu-
lent heat transfer in the thermal entrance region of concentric
annuli with a boundary condition of constant wall temperature.

General Energy Equation

With the usual assumptions of constant fluid properties and
negligible axial conduction and introducing the concept of eddy
diffusivity of heat, the energy equation becomes,

10 ot ot
o (o + eg)r o | = U ™ (1)

1t is further assumed that the temperature is uniform, ¢,, and
the turbulent velocity profile is fully developed at the start of the
heated section at = 0. Using the nondimensional variables

t -1 s
T o= —— at = —
t(, — 1, D
and
o T por = VTl
v

equation (1) becomes
1 2 €y 1 o b — 1 ol
e -H SR = e 2
R oR [:<u - Pr) ’ aﬁ] o P e @

The subseript w refers to the heated wall so that for heating on the

t t;
% and for heating on the outer wall 7',

‘e i

inner wall 7'; =

[t
I‘e - f'o

clear that the asymptotic value of 7' must be zero since this
corresponds to the condition that the fluid temperature is every-
where equal to that of the heated wall. Accordingly, the tem-
perature 7" has only a developing part which may be given by a
variables-separable solution as

= ¢(RWY(X) (3)

Equation (3) is substituted into equation (2) and each side
multiplied by 8/Re and equated to the constant —\2  On re-
arranging we have

Since 7 is defined relative to the wall temperature it is

= 3 C.puRWY(X) (4)
1
where A%, ave the eigenvalues and

8A712$+ =
¥, = exp[— Re ] ()

The eigenfunctions ¢, are determined from

1 d €y 1\ d¢, b — 1 r,%u, ™\, 2
Lod ey LYdo | b I e
R dR [: ( 14 T P]') dR + b Re ¢n 0 ( )

The boundary conditions on equation (6) are that 7' = 1 at
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= Qand 1" = 0 at the heated wall for all values of &+
Erad

heated wall —
unheated wa ok

At the
= () for all values of x*. The eigenvalues are

determined from these boundary conditions and the constants
¢, from the Sturm-Liouiville condition, so that

R,
f w R (R)IR
R:

fh’a
R

Tt is clear from equations (4) and (7) that an arbitrary multiplica-
tive factor may be associated with ¢, or, equivalently, that the

C, =
u, TR, ()R

n

d
magnitude of _ldl?; at the heated wall may be taken as unity.
T

. . dr;
Thus, for heating at the inner wall < IP> = 1 and for heating
aiv J Ry

& ke & = B
ab theo er w 1 -
h : dRr

The Nusselt number is defined by

hD ol D
Nu = g —~<— ()
k or b, — &y

From the expression for {, given by

To
f wrldr
vrio

ro
f wrdr
"
and use of equation (6)

e C, (de, 8A2,
T e 3 ———
* T Peb + 1) + 1) ; N2 <dR > P [ Re

M)

ty, =

x ’{l (10a)
and

1, = —2 5 Co (9% g\i‘ .+
Top = Prib & 1)2 v < >wexp[— e © ] (10b)

Ditferentiating equation (4) and since the magnitude of

. ()
dR /.,

is taken as unity in the solution we have

SN2
n +
Re ”c‘J

2Pr b+ 1) C, exp[—
1

Nu,; = 11a
e il Cn 8>\21‘ +] ( a)
exp| — — 2
; Al b Re
and
b+1 > 8\,
2 Pr - > - ——a*
¥ b zl: c, e‘ip[ Re v ]

Nu, = (11b)

These expressions reduce, correctly, to the parallel plate limit
given by reference [2] as b becomes unity, i.e.,

(11e)

Unlike the circular tube and parallel plate channel the problem
is not symmetric with respect to the center line of the annular
space. Accordingly, the eigenvalues and constants for the case
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of heating at the outer wall are different to those for heating at
the inner wall.  Thus two sets of A, and C, must he determined
for each radius ratio-Reynolds number-Prandtl number com-
bination.

Velocity Profile and Eddy Diffusivity Variation

The solution of equation (6) requires an accurate description of

the velocity profile and of the variation of eddy diffusivity across’

the duct. In the present work the velocity profile is given by an
analysis due to reference [6] which is described in the Appendix.
This analysis is based on the von Karman similarity hypothesis
and may also be used to give a deseription of the eddy diffusivity
of momentum, €,. However, the value of €, thus given by the
similarity hypothesis is zero at the radius of maximum velocity.
Sinece the eddy diffusivity of heat is to be obtained from e, by
an expression for ey /€, such a value is not acceptable since heat is
being transferred across the plane of the radius of maximum
velocity in the present unsymmetrically heated case. Accord-
ingly the eddy diffusivity of momentum is given in the center of
the duct by an expression developed from that given by reference
[3] which fits the data of reference [5] fore,. In the region close
to the annulus wall the expression for €, given by Deissler [7] is

and for v, 7 < ¥, < Yot
eIll 1 l
" (1 - ‘> R = B+ 26.2)

v 15 b
XL+ 0.68,(1 — Bl — Co (13)
where 8, = 1 ~ 4, /9,,,
In the inner sublayer, % is given by replacing the subseript o

in equation (12) by 4, while for y;; * < ;" < y,.: "

€n - ,1: <1 — (i> (1 — Bu2)(1 + 26:%)
v 15 b

7, ymi%‘ ,
X [1 + 0.6 ‘/L“ Bi(l - 61-)} [1 - <1 - 'f:) ﬁz] - ¢
7y Ymeo

where 8, =1 — 4, /y,.. ™.
Leung, Kays, and Reynolds [3] used equation (13) with €, = 0.

. € .
The value of = at y,, * thus calculated is not the same as that ob-
v

tained from equation (12) at the same point. The coefficients ',

£
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nsed.  Thus e, is deseribed as follows, for 0 < y,* < y,,*+ and C; are introduced to eliminate these discontinuities in the
eddy diffusivity profile and ave defined as follows. If the dif-
€ _ nhu, Ty, F[1 — exp (—nfu, vy, )] (12) fel‘en‘ce, at ¥, ™, in €, between equations (12) and (13) with €,
v zero is 6(€,, ), then
l6o ] l
EXPT. REFL 1 Theor ™y
© Re = 88 boo EQONS (13)
+ Re = 51500 ane (1)
A Re= 23250
120 — —
~
V)
%0 |-
Y- Q e
/ ’
A\ \\
4 (-t
/ ‘ /( P, = r > A +\
/ a
o 1 1 |
] 025 [CX3) o075 e
Fig. 1 Eddy diffusivity in concentric annuli b = 5.62
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Fig. 2 Ratio of /e, from Jenkins' expression
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Fig. 1 shows the agreemelnt between the present d‘e.sm"xptmn of o sose o5 10160 30 s 525 243 29 5088
¢,, and measured values given by reference [5]. Similar good
agreement has been shown for equations (13) and (14) by reference 1% 17353 882 19580 620 23560 875 28047 100 36310
[3] for radius ratios up to 19 and Reynolds numbers as high as i
L J 23600 52900 1600 38530 1950 63250 2210 80450 2210 89640
700,000.
The ratio of the eddy diffusivity of heat to that of momentum  sco00  9eese 5000 141340 5000 184400 3000 113900 2530 103140
is taken from the expression due to Jenkins {8] ; namely,
100000 212200 7500 223200 7300 230900 5000 202700 5000 225600
90 + 0 .
- — = Z — 1 — exp (—n*mk1) 150000 334600 1000 306400 10000 401200 10000 488900
X 8
€x 5 ™k n=t .
— = Pr - (15)
€, 90 1 8 s
1l —— — Z — 1 — exp {(—n*wWl)
78 pt n® )
n=1

a

This ratio has been evaluated by reference [3] as a function of
¢,/v and the values for Pr = 1000, 0.7, and 0.01 are given in
Fig. 2.

Calculations and Results

For a given radius ratio, the Reynolds number is determined
by choice of the parameter 7,* since Re = w,D/r may be ex-
pressed as

4 1 Ymi T
wHyt Aoyt

b Yma ™
+ ‘4 2, +(’-O +
- 0

The relationship between r,* and Re for the radius ratio 1.05,
2.88, 5.623, 9.37, and 50 is given in Table 1. These ratios were
chosen since they were used in the flow study of reference [6] and

~ y, )y, t  (16)
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correspond with the experimental results of reference [3]. The
results for b = 1.05 and 50 are comparable with results for a
parallel plate channel and a circular tube, respectively.

The integration of the equations was effected by using a
Runge-Kutta technique and accuracy was insured by suitable
choice of the step length. The eigenvalues were determined by
a trial and error method which consisted of integrating equation
(6) from the heated wall with arbitrary values given to the A, and
establishing which values fulfilled the correct boundary condition
at the unheated wall. The constants C, were then found by
direct integration of equation (7). The eigenvalues and con-
stants for b = 2.88, 5.625, and 9.37 for a constant wall tempera-
ture on the inner wall are given in Table 2 and for a constant wall
temperature on the outer wall in Table 3. Since the radius ratios
b = 50 and 1.05 were investigated merely to provide a comparison
with experimental work for the circular tube and parallel plate
channel, the eigenvalues and constants for Pr = 0.7 only were
caleculated. These are given in Table 4.
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Table 2 Constant wall temperature at inner wall; eigenvalues and constants

Br = 0,01 T Pr = 0.7 ] Pr = 1000 !
b Re i 1
K n N o, A % An ¢,
1 9,075083 -2, 899786 3,091883  -26,13537 | 0, 320858 ~399, 8196
2 | 32,80151 ~2,184740 | 14,08061 L 32470 |14, 47666 ~ 15,66066
3 55. 55759 -1,566498 | 25.03239 .722456 27,61772 12,02237
20363 4 76,0898 -2,157974 | 35.48164 L 277310] 39,23275 - 11,94325
5 | 100,5745 -1,220921 | 45,66055 238206| 49, 75455 6,560319
6 | 123,0365 -2,229934 | 55.91421 . 664812! 56, 96660 - 2,983221
T 1145.4938 -0,950982 | 65,98038 L 270779 - -
1 9, 416890 -3,139316 5.063913  -68,70389 | 0,556746  ~1202,379
2,88 2 34, 42458 ~2,140490 | 24,18967 -18,36254 | 24,01419 - 2,58661%
3 58,09132 -1.921002 | 43,11542 - 9.218279| 43, 884% - 1,035307
73035 4 81, 64276 -1,846881 | 61,02498 - 7.824075/ 65, 88311 - 0,853087
5 1105,1252 -1,809663 | 78,41138 - 6,750022} 85,51508 -  0,788957
6 | 128,5867 -1,781055 | 95,96298 - 5,040550/105, 2247 - 0,848930
7 115%2,0%2 =1, 757375 1113,2790 - 5.5570721124,3951 - 1,016885
1 9, 894949 -3, 481402 6.169168  -101,8846 0,696367 -1881,199
2 36.55422 -2,331768 | 30,03570 ~ 25,80744, 29.41814 -  4,169436
122275 3 61,55557 -2,013125 | 53,64464 -12,81945 |« 56,16238 - 1,594658
4 | 86,5468 ~1,923808 | 75,91237 ~10,91440 | 80,62271 - 1,238183
5 1111,3810 -1,825964 | 97,52171 ~ 9,406338:104, 6599 - 1,020585
6 ]136,2241 -1.864430 |119,3548 - 8,400775{128, 8665 -~ 0,953958
T 1161,0496 ~1,852537 | 140, 8829 - 7.7239041152,7554 - 0.957475 |
1 10, 37975 ~3. 847055 7.014179  -131,8325 0.805328 -2516,153
2 38, 69533 -2,526060 | 34,59894 ~ 32,25595! 33,54708 - 5,714979
3 | 65.08417 -2,106454 | 61,87580 -15,92151 | 64,01264 - 2,147616
170415 4 91,53173 ~2,004531 | 87,54783 -13,58441 | 91,87436 - 1,622690
5 |117,7368 -1,983785 |112,4494 -11,70796 1119,2518 - 1,285538
6 |143,9828 ~1,947898 |137,6165 -10,44894 (146,8418 - 1,138684
T 1170.2076 -1.943638 {162,4331 ~ 9.599533 174.0882 ~  1,069480
¥r = 0,01 Pr = 90,7 Pr = 1000
i He n - N :
Ay Vn Ay “n Ch
1 7.992251 -3,991700,  3,006043 ~41,53817 K ~590, 1611
2 32,43244 -2,177867, 17.44283 - 8,604550, 15,24573 - 0,901330
3 55, 36463 -1,938196| 30.53339 - 4,739451, 33,61881L - 0,517312
30226 4 78,01522 ~1,846164| 43,26135 - 3.992748 48,04803 - 0,627029
5 1 100,5791 ~1.770317 55.58452 - 3,669077, 61,74534 - 0,987041
£ 1 123,1472 ~1,718124; 67,91099 - 3,269371| 74.71682 - 1,795102
. 7 | 145,6580 ~1,680681] 80,25847 - 3,034592¢ 83,32550 -~ 1,575629
5.625 -
1 8.208116 -4,216823] 4,016382 ~74,23870 | 0,414489 -1137.877
2 33,78639 -2,270990] 24,23021 -14,08323 | 24,80260 - 1,709988
3 57.42224 -1,996290, 42,43978 - 45,59228 - 0,821534
65116 4 80, 90392 -1,892412] 60,0860 - 65.28998 - ©0,736744
5 | 104.2955 -1,850289] 77.12644 - 84,35160 -  0,761381
& 1 127,6439 ~1, 816304 94,12569 - 103, 4471 - 0.854037
7 1150.9754 -1,788706/111,1633 - 5,172300:122, 3952 - 1,115195%
1 8, 722900 ~4,784154) 5,125125 -120,9390 1 0.949439 -1599,3%03
2 36, 70451 -2,476832| 32,00075 - 21,28122] 32,14804 -~  3,092469
3 62,09195 ~2,110161] 56,08750 - 11,71480 58,98238 - 1,405441
125267 4 87, 47004 -1,982941] 79.37752 - 10,04015% 84,43577 - 1,144173
5 |112,7423 -1,950942 101, 8479 - 9.389511 109,1080 -  1,030665
& 1137.9151 ~1,929277124.2736 - 8,43930% 133,9183 - 0,956326
7 | 1630917 -1,9071361146, 7614 - 7.B40364 158,7204 - 0,978241
1 9.69456 -5,9530741  6.557680 -226,7880 Q,725608 -3487,521
2 42,16597 -2, 868571 42,19933 ~112, 6053 41,65225 = 5,627407
3 1 70,99961 ~2,319742 | 74,01814 51,78292 | 76,20928 -  2,490315
236622 4 99.98238 -2,149568 1104, 7114 ~100,5854 :108,9599 - 1,953745
5 1128,7981 ~2,145444 1134,2894 72,86839 | 140,7483 - 1,654222
6 1157,4228 ~2,137264 1163, 8059 -100,5410 [172,7960 -  1,405361
7 186,1126 -2,116600 193, 4264 66.53570 1204,8621 - 1,293330
Pr =0,1 Pr = 2,7 Pr = 1000
o Re n " ~ ~
M °q An g, M Sy
1 7.326682  -5.346613 2,973056 53, 88 0,284069  -B36, 6341
2] 32,46807  -2,428282 21,07102 - 22,24966 =
12945 31 55.59644  -2,085337 9 - 5.47 39,9933 -
12945 41 78,5378 -1,956305 66 - 4,662476 1 57,05247 -
51 101.3551 ~1,879692 66,40976 - 4,492097 | 73,50250 -
6 1124,1450 -1,815596 80,93133 - 4,226783 | 99,61274 - 1,
7 1146,9168 -1,772007 95,52910 -~ 3,907540 | 105.1524 - 1,740639
9.3 1) 7.585646 -5.748273 3,711728 -99,67655 1413, 317
2| 34,28466  -2,3521136 : -13,19182 |
3] 58,46403 - 7.852744 ;
8016 4 451
5 7745
€ | 130, 4060 > 2879
T 1154.2773 -1.875041 124,0504 16935
1 8,203973  -6,753652 4,768439 -164,5326 0,434325  -2533,635
2| 38,4610 -2,757374 36,76948 - 19,93419 37.35043 -~ 2,71779%
p— 31 65,10658  -2,283110 63,7613 - 11,89856 2~ 1,417726
57789 & 91.82075  -2.106159 90,06481 - 10.31336 - 1.183148
5 1118, 4713 -2,055428 115,6049 - 10,10213 -~ 1,121113
6 1144,9895 -2, 044937 140,748l - 9.614570 | 150, 3124 - 1,058839
7 171.4501 ~2,029921 165,9868 - 8,940345 | 177.8989 - 1,034234
1 8794331 -7,771293 5,5168450 -220,4155 0,584899 ~3547,008
2 1 42431814  -2,980203 43,61477 - 235,37930 43,93415 - 3,881036
231996 3| 7145661 ~2,409200 75.62531 - 15, 18003 78,37564 - 2,003972
4 1100,6980  -2,206836 106,7835 - 13,23217 |111,6075 - 1,645538
5 1129,8855  -2,169354 137,0169 - 13,02506 |143,9172 - 1,511811
6 1158,8802 -2,180982 166,7686 - 12, 42693 |176,0272 - 1,362212
7 |187,8014 -2,174664 196,6387 -~ 11,54948 |208,3624 - 1,255906

Journal of Heat Transfer

FEBRUARY 1970 / 3]

Downloaded 04 Jan 2011 to 194.27.225.72. Redistribution subject to ASME license or copyright; see http://www.asme.org/terms/Terms_Use.cfm



Table 3 Constant wall temperature at outer wall; eigenvalues and constants

Pr = 0,01 Pr = 0,7 Pr = 1000
b Re n N
.An ‘un xl'l Cﬂ xn Cn
1 13,28325  -1.83418% 4.895039 - 21,57020 |  0.522454  -=367,7152
2 34,65226 -1,885624 14,2774 - 9,296906 14,47746 - 6,227211
2 56, 64096 -1,630964 25,31622 - 3,972633 27,62350 4,851804
20363 4 78,92202 -1,817647 35.57417 - 4.134452 39.24599 -~ 5,331832
5 101.2323 -1,446870 45,80004 - 2,357333 49,87949 2, 813525
6 123,574C -1,781653 56,00696 - 3,282394 58,00810 - 2,706227
T 145.9693 -1,299235 66,09829 - 1,60098% 76,2626% - 21.78293
1 13,97642 ~2,047283 6,143507 - 59.67937 0.914452  -1126,332
2 36,10625 -1,965480 24,37149 - 18,69851 | 24.01474 -  2.476077
73035 3 59,29361 -1, 817168 43,56329 - 10,27337 1 45,88888 - 1,153948
4 82,52081  ~1,766783 61,14153 - 7.784162 65.88442 -  0,846364
5 105, 8165 -1,738139 78.57743 - 6,781996 85,51825 - O, 806828
6 129,1498 ~1,713352 96,04529 - 5,896312 105,2294 - 0, 864743
288 7 152, 5093 -1,691287 113.3448 - 5,382809 124,6058 -  1,068564
1 14,82584 -2, 324203 9,951011 - 89,50058 | 1,146056 -1769,262
2 38,10563 -2, 166809 30,23145 - 26,31512 | 29,41866 -~  3,985931
3 62, 86456 -1,922032 54,17890 - 14,39880 | 56,16674 - 1,769743
122275 4 87.42396  -1,833610 76,04051 - 10,88266 | 80,62350 -  1,196264
5 112, 0975 -1,830149 97,70816 - 9,471152 104,6617 - 1,014519
3 136, 8026 ~1,802637 119, 4431 - 8,218484) 128,8681 - 0,930630
7 161,5180 -1,788587 140,9592 - T.49%423 152, 7579 - 0,943543
1 15,66785  ~2,620234 11.34112  -116,5589 1,326834 -2371,650
2 40,14063 -2.368487 34,80461 - 32,90321 | 33,54769 -~ 5.462482
3 66, 49384 -2,028501 62,47536 - 17,96062 | 64,01755 -  2,384324
170415 4 92,40850  ~1,942479 87,68502 - 13,55954 | 91,87507 - 1.563865
5 118, 4780 -1,922669 112,6518 - 11,80169 | 119,2534 - 1,271219
3 14,5740 -1,890629 137,7098 - 10,23445 | 146.8429 - 1,101982
7 170.6696 -1,880715 . | 162,5105 - 9,319703 174.0897 -  1,039835
Pr - 0,01 ! Pr = 0.7 Pr = 1000
b Re n ” i ~
X, C, IS o N <,
1 14, 46964 -1, 862939 6,268068  -30,75390 0,662449 - 516, 8081
2 35.45612 ~1,797933 17,90387 - 9.254864 18,25292 -~ 1,019198
3 57.53934 ~1.717540 31.13099 - 5.6171300 33,62685 - 0,673969
30226 4 79.66570  -1,672252 43,61935 - 4,263844 48.06026 - 0,745806
5 101, 9489 -1.626293 55, 80325 - 3,628838 61,78367 - 1,217318
3 124,2505 -1. 585645 68,13511 - 3,213319! 74,99613 -  2,800970
7 146, 6134 ~1.553730 8042125 - 2,883351 85,88324 -  5.490860
1 15,0797¢  -2,028908 8,490866 56, 80974 0, 927973 -1013,742
2 36, 86019 -1,901848 24, 83839 -15,463620 | 24,80781 - 1,945516
3 59.71320  ~1,782306 43,21680 - 9,494701 45,59952 -  1,041106
65116 4 82,64930  ~1,740444 60,54474 - 7.236186 65,29541 -  0,8066845
5 105, 6884 -1,714439 77.38267 - 6.197319] 84,35784 -  0,795683
& 128,7931 -1, 590685 94, 38067 = 3.5365501103, 4605 -~ 0,940667
7 151,9488 ~1,668144 111, 3252 - 4.968934,122,4255 - 1,272868
5,625
1 18, 32410 ~2.415349 10,9418% ~94, 86330 1,235954 =1798,632
2 39,63510  -2,133389 32,74275  -£3,98258 | 32,15476 -  3,534336
3 64,56743 ~1,922274 57,05892 -14,55812 | 58,99075 - 1,766283
125267 4 89.34820 -1, 855023 79.93314 -11,06415 | 84,44035 -  1,215655
5 114,16056 -1.832402 102,1323 - 9.442392{109,1110 -~ 1,014893
3 139,1085 -1,815154 124, 5611 - B.428532(133,9227 - 0,960494
7 164,0934 -1,796299 146,9375 ~ 1.564538/158, 7259 - 0,97547C
1 18.57346 -3,218728 14,07381  -157,7191 1,639299 -3164,603
2 44,93661 -2, 561151 43,10654 - 36,73990 | 41,66084 ~  6,415408
3 73, 80227 -2,184752 75.22134 - 22,28590 | 76,22028 -  3,168512
236622 4 102,0729 -2,072201 105, 3869 - 16,90572 1108,9650 - 2,064554
5 130,249 -2, 051479 134, 6056 - 14,39932 1140,7505 - 1,5%6420
6 158, 6847 -2,038173 164,1290 - 12,85162 |172,7990 - 1,375544
7 187.1388 -2,015898 193, 6126 - 11,51405 (204, 8647 - 1,242404
Pr = 0,01 Pro= O : Fro= 000
o Re ¥ N
n “n *n n A <
n
1 15,31560 ~1,939132 7, 558563 . ~705, 0760
2 36,69157  -1,815440 21,935838 . 2 - 1270078 |
42945 3 58, 83514 ~1,729585 37.5%048 1. 4 - 0,783886 |
A 3107431 -1,691031 52,42856 - 5, 5 - 0722132
5 103, 4552 -~1,659917 56.86289 - 4. 7 - 0,882977
5 125, 9207 -1,623360 81,28564 - 4, 89,57696 - 1,411074
7 148, 4192 ~1,589611 95, 83479 - 3.801155 105,51222 - 2,910468
1 16,13696  -2,176337 9.596857  -58,56517 | 1,046148 -1211,604
2 38,45544 ~1.942557 28,54105 -16,83746 | 28,49637 - 2,17753% |
3 61,84821 -1, 810976 48,76199 ~10.77944 | 51,09333 - 1,198011
2,37 80016 4 85,23766  -1,764113 68,12504 -8,326993 1 72,87622 -~  0,906773 |
5 108,6938 -1,740480 86, 87617 ~7.015186 | 94,00505 -  0,837965 |
5 132,238) -1,721529 105, 5727 ~6,287613 |114,9449 - ©,915241 |
7 155,8436 ~1,703650 124,4018 ~5, 711760 | 135,9401 -~ 1,136126
1 17.92158 -2,753387 12,50075 ~116,9076 1,410559 -2201,778 ;
2 42,54364 ~2,233665 38,19248 - 26,30077 37.3550% - 4,07957% !
3 68, 81453 -2, 004007 65,28569 -~ 16,85143 | 66,85567 - 2,119952 |
157789 4 94,85010  -1,929800 91,18638 - 12,98980 | 95,29813 -  1,45%833
5 120, 8137 -1,900982 16,2351 - 10,90787 [122,9088 - 1.170224 |
6 146, 8957 -1,888802 141,2041 - 9,759193 [150.3180 - 1,065081 |
T 173,0960 -1,875413% 166,3613 - §,863980 {177,.9961 - 1,045427 |
1 | 19,54425 -3.347630 14.57425 ~159,3378 1,676155 -3108,772 |
2 46,45371 -2,502758 45,24382 - 34,09554 43.95141 - 5,844285
3 75. 45975 -2,184107 77.37047 - 21,83574 78,39197 - 3,043570 |
231996 4 104,000 -2, 084261 108,0571 - 1£,80992  ]111,6181 - 2,021642 |
5 132,3402 ~2, 049520 137,7106 - 14,09673  |143,9228 - 1,557139 ¢
6 162, 8301 ~2,041556 167.2537 - 12,60549 {176,0319 - 1,349933
1 189,4915 -2,029360 197,0583 - 11,44853 §208.5679 - 1,248994
38 / resruArRY 1970 Transactions of the ASME

Downloaded 04 Jan 2011 to 194.27.225.72. Redistribution subject to ASME license or copyright; see http://www.asme.org/terms/Terms_Use.cfm



Table 4 Eigenvalues and constants for Pr = 0.7

TWMER WALL HEATEL

OUTER WALL ¥

C
n

L 20843
25,67910
33.03450
45, 04762
46,56938

10, 4663
2,262412
2,247138
1,23G020 |

3,018416

1.548232

[ B R

7.240322
25, 46487
45,58816

3
01T

22

1.110350
11, 34677
19,53091
27, 529357
35,14858
42,6402
50,19726

2.286086
31.45926
54,01127

89645
98,03957

119, 5247

140, 7451

76,20088 |

78.63925

8 51100, 2468

878516 121,5715
142,5174 |

f

i

47,20071

80, 86723
113.9925
146, 5960
178, 6144

[~ G pe s RO N B O b MU B N e VUt B R bt el OV B e N e [ v e R

SO

3.120007 |

210,1352 |

2087721
io15.2

| sa.730
i 8s,350112
17,5294 |
| 149,8517
{ 18,4380 |
212,4908 |

L5410
L51259
.02358
. 29809
46519
11,22363

3.169%23
9,192922;

The fully developed Nusselt numbers for the inner and outer
walls ave shown in Figs. 3 and 4, vespectively. These may be
obiained by evaluating equations (11e) and (11b) for large
vidues of ¥ or by taking the approximation that only the first
term need be considered. Thus the fully developed Nusselt
Numbers are

Nu; = 2 Pr (b + A2 (17)

sl

Nu, 2Pr (b 4+ DNYD (18)

It may be noted in Fig. 4 that the results for Nu, for b = 50
and b = 9.37 are indistinguishable as are the results for b = 2.88
and b = 1.03.  Asis to be expected there is a much greater radius
ratio effect on Ny, than on Nu,,

FFig. 5 shows the variation of Nu, and Nu, in the thermal en-
trance region for b = 5.625 with Re = 30,200 and 125300. Similar
results may be obtained for the other radius ratios from equations
).

Discussion and Comparison With Experiment

The authors are not aware of any experimental results for
annnli in the literature in which the boundary conditions are the
~ame as the present analysis. Some results for a uniform heat
flux have been given by reference [3] and Quarmby [9]. The
present analysis may only be directly compared for b = 30 with
the experimental results of Boelter, et al. {10], for a steam-heated
circular tube with air flowing. Fig. 4 shows the good agreement
hetween the results of Boelter, et al., for the fully developed case
and the caleulated values of Nu, for b = 50.

There is also very good agreement in the entrance region, where
1 comparison may be made with the results for b = 9.37 which,
as mentioned, are indistinguishable from those for b = 50. This
15 shown in Fig, 6.

A further comparison of the analysis with experiment may be
nmade, which also illustrates the use of the entrance region solu-
tion to provide results for cases in which the wall temperature has
an arbitrary axial variation. If the wall temperature varies
linearly with «, i.e., { = Az then by the principle of superposition
it may be shown that

Journal of Heat Transter

—

Nu; (19)

1 — exp

1

Nu, =

— exp

These expressions reduce correctly to the parvallel plate channel
results given by reference [2] if b is unity.

The boundary condition of linear rise in wall temperature is
exactly that of the fully developed situation with a uniform wall
heat flux. Accordingly, equation (19) for Nu; for large ¥ may
be compared with the uniform wall-heat-flux experimental results
of references [3, 9].  This is shown in Fig. 7. The agreement is
quite satisfactory. Also Nu, calculated from equation (20} for
b 50 may be compared with results for a uniformly heated
eircular tube and this is shown in Fig. (8) where a comparison is
made with the results of Deissler [7] and reference [3]. The two
results for b 1.05 from equations (19) and (20) are indis-
tinguishable and either may be compared with the experimental
results for Barrow [11] for a parallel plate channel, Fig. 8. Therc
is good agreement between the solution for a linear rise in wall
temperature and experiment for uniform heat flux in both Figs. 7
and 8. Also it may be noted that the fully developed Nusselt
numbers fov a linear rise in wall temperature or, equivalently, for
a uniform wall heat flux ave slightly greater than those for a con-
stant wall temperature. This is in agreement with previous
caleulations in the literature for the circular tube and parallel
plate channel.

Conclusion

There is good agreement between the predictions of the analysis
and the experimental evidence. This is true both for a divect
comparison with experimental results for a plain tube having a
constant wall temperature and also for an indirect eomparison
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between an extension of the analysis for annuli to the case of
linear wall temperature rise and experiments for a uniform wall
heat flux. The good agreement indicates that the descriptions
of the velocity profile and eddy diffusivities of heat and momen-
tum employed are accurate.

The results show that the radius-ratio effect on the Nusselt
number is much less with the outer wall heated than with the
inner wall heated. Also the constant wall temperature boundary
condition gives lower Nusselt numbers than with uniform heat
flux. Both these effects hold true over all the range of radius
ratio Reynolds number and Prandtl number investigated.
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Heat Fluxes,” International Jowrnal of Heat and Mass Transfer, Vol.
1, 1962, p. 306.

APPENDIX

The twbulent veloeity profile in the eoncentric annulus may be
described by the following equations.  These are developed from
von Karman’s similarity hypothesis for the center region of the
annulus.  Deissler’s [7] expression for €,/v, equation (12), is
used to deduce the velocity profile in the sublayer vegion which
extends up toy, *.

In the inner sublayer region for 0 < y; 7 < y;; ™
A =3 Hi Hri

o e : 1)
dy,* L n2u 7y, 711 — exp (—nPu; y, )]
with ;" = 0 at y;* = 0, while fov y,; " < y; 7 < y,.;*

Journal of Heat Transfer

o,

. . ) ) du; T
with the boundary condition at y,;* that both ;¥ and T‘: are
al;
taken equal to the corresponding values given there by the sub-
layer profile.
For the outer profile, for 0 < y,* < y,, *

T,
r,.u,,’ - /T, — (23)
dy,™ 1+ nhu, Yy, [ — exp (—n2e, 7y, )]
and for g, 7 < gy, < Y., "
dtu,t K (du, > /dy,*)* 24)
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The boundary conditions on equations (23) and (24) are similar  v,,,™, v,;%, and ;7 may be expressed in terms of 7+ by the
1 those on equations (21) and (22). following

The development of the foregoing equations is given in ref- ) « . .
eience [6] where it is shown that the index n? and the sublayer Ymo " = <I - b) o (25a)
ihickness 1+ may be taken as functions of Re and y,,,*. This is
shiown in Fig. 9. The von Karman constant K is taken as 0.36. o= a — 1bla®> — 1) . (250)
A an example of the validity of equations (21)-(24), Fig. 10 com-~ o b b —aqr ¢ o
pares the value for the radius of maximum velocity which they ) .
prediet with the experimental measurements in reference [5]. et = 1 b_(“_;l) » o (25¢)

If ,* is chosen as the basic parameter, the other parameters bobt—at '
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The effect of fluid flow induced by surface tension forces on heat transfer through a drop
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was considered.
surface.

The model is a hemispherical liquid drop growing on o flat isothernal
The solution was obtained by finite-difference techniques for different values of
the Marangoni number (Nm) associated with surface tension forces and the Biot nini-
ber (Bi) associated with heut transfer at the liguid-vapor interfuce.

The ranges of

parameters covered by this investigation include the rvegimes of most practical interest

for water.

The resulls show that the contribution of internal circulation in the drops

to the increase of heat transfer in dropwise condensation is insignificant,

Introduction

WHEN a saturated vapor isin contact with a surface
whose temperature is below the saturation temperature then
dropwise condensation will oceur on the surface, i.e., liquid drop-
lets will form, provided that the liquid does not wet the surface.

Within the past few years it has been shown that dropwise
condensation is a nueleation phenomenon [1]t and that all heat
goes through growing droplets [2]. Further analysis, based on
the model which neglects the effects of liquid circulation inside
droplets, shows that only droplets of very small radius are active
and that the relatively large drops contribute very little to the
overall heat transfer.

Trefethen [3] suggested that larger drops could also be impor-
tant for heat transfer if there was a significant internal cireulation
within the drops caused by surface tension forces resulting from
nonuniform temperature gradients (thermocapillary flow). With
a simple model he predicted an increase due to thermocapillary
flow of approximately 170 times that predicted by the conduction

I Numbers in brackets designate References at end of paper.

Contributed by the Heat Transfer Division of THE AMERICAN
SoctEry oF MecHANICAL ENGINEERS and presented at the ASMIE-
AIChE Heat Transfer Conference, Minneapolis, Minn., August 3-6,
1969. Manuscript received by the Heat Transfer Division, Novem-

solution alone. e observed circulation in larger drops but could
not take any measurements.

The existence of flow induced by surface tension was first re-
ported by Marangoni. Scriven and Sterling {4] reviewed the
literature on “Marangoni Bffects” up to 1960. Trefethen
[5, 6] observed the motion of bubbles along a heated wire in
acetone, and the motion of ice on a warm metal plate. DBoys
[7], Maxwell [8], Block [9], and others mentioned other surface
tension-induced flow phenomena.

Even though thermocapillary flow has been known to occur in
many physical processes, reported measurements of the dynamics
of the flow are very rave. Furthermore, measurements of in-
creases in heat transfer due to this type of flow have not been ob-
tained. There were claims, however, that it may be important,
as we mentioned earlier, in dropwise condensation [3] as well as in
nucleate boiling {10]. No conelusive evidence substantiated the
claims.

The purpose of this work is to determine the effects of thermao-
apillary flow on heat transfer in dropwise condensation by
simultaneously solving the momentum and energy equations with
an appropriate set of boundary conditions. A complete solution
to the problem which goes as far as predicting actual heat traufer
rates through each drop is not attempted. Instead, the solution
presented is primarily concerned with showing the percent iu-
crease in heat transfer over the conduction solution. In this

ber 12, 1968; revised manuscript received, February 24, 1969. Paper " " : :
No. 69-HT-40. respect the problem is modeled so that the effect of thermoeapil-
Nomenclature
a = drop radius P = pressure
ha . cl
Bi = — (Biot number) Pr o= T the Prandtl number
Bi’ ha Biot | R, ¢, 8 = spherical coordinate system
r= i (Biot number) 7, 2, 0 = cylindrical coordinate system
¢ = specific heat of the liquid r’, 2’ = dimensionless coordinates
. . . o B I/ L Tt
h = liquid-vapor interface heat transfer coefficient T = temperature
1 1
a To = temperature of drop base
hr2mrdr T, = temperature of vapor
0 . Y- M
havy = ——— , overall heat transfer coefficient I velocity
’ Tl Ta
o . . . Tl 3 gg a1
h, = modified liquid-vapor interface heat transfer coef- V= o’ dimensionless velocity
1 ‘. 3 e . . . .
ficient .. o = thermal diffusivity of the liquid
h, = local heat transfer coefficient along drop base, do
[ or (T.— T ):! = ar derivative of surface tension with respect to tem-
Nl T, d
oz . . A perature
k = thermal conductivity of the liquid o = surface tension
= surfs it
(T, = To)a . = abs ‘oosity of the Liauid
Nm = His,,.J’ the Marangoni number u = absolute viscosity of the liquid
Mo w = vortieity
ha = density of the liquid
Nu, = —, local Nusselt number along drop base p “ 1
k 7 = shear stress
have @ T 1T |, .
Nlavg = ———, average Nusselt number # = ——, dimensionless temperature
ko’ T, — T,

46 / FEBRUARY 1970

Copyright © 1970 by ASME

Transactions of the ASME

Downloaded 04 Jan 2011 to 194.27.225.72. Redistribution subject to ASME license or copyright; see http://www.asme.org/terms/Terms_Use.cfm



lary How is somewhat overestimated and results regavding in-
creases 1n heat transfer provide an upper bound.

Prohlem Statement

Model. A hemispherical liquid drop on a flat isothermal sur-
ince at Ty is considered to be growing by condensation of satu-
rated vapor at temperature 7', The growth is considered to be
quasi steady. There is a finite heat transfer coefficient, h, be-
tween vapor and liquid-vapor interface. Viscosity of vapor is
negligible compared with viscosity of liquid.  Viseosity, thermal
ronductivity, and density of liquid are constant. Viscous terms
ave negligible in the energy equation.

The solution domain is given in Fig. 1. The problem, as stated
carlier, is specified by the following relations:

Continuity Equation
V-V =0 (1)
Momentum Fguations
bV
p = — VP4 pViv + F (2)
Dt
Fuergy Equation
DT
C — = [VeT 3
Y (3)

Referring to Fig. 1, the boundary conditions written in eylindri-
cul coordinates ave as follows:

AMz=0 0<r<a,
V.=0,V,=0, T =T, (4)
Atr=0 0<e<a,
ov, oT =0 H
v, =0, “F—0, = o)
or or
Az =@ = 0<r<a
v+ Ve =

MT — Ty

-z
<a’1 ’ )
k==
or
2 (6)
— X/ J— '[
> Fla o < " a a>
o+ z 0 <Vri ~- v, L> (V R i 7>]
a 0z « « a [ a

The symbols used in the foregoing relations are introduced in
the Nomenelature. The boundary conditions at z = Qand r = 0
are obvious. At the boundary, z = v/g? — r? (velations (6)), the
first equation states the condition of zero liquid velocity normal to
the interface; the second relation, written in spherical coordinates,

m
states that: b — = T — T)).
oR ’
rhange in surface tension along the boundary must be balanced
by shear force. In spherical coordinate this condition is:

2|

TN

[2R2

SRS
|

The last one states that the

do 0T

¢  a dT o

ﬁ or
a 0¢

To put the problem in a form which is more manageable, the
following dimensionless qualities ave defined:

mo_

T -1 V=1 Y, = .
,) — H z == 3

T, — T, o a [

0=
I'urthermore, we introduce a stream function ¢ defined as follows:
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Fig. 1

.

Loy
r’or’

10
V,) = —— f‘é and V! =
0z’

By taking the eurl of the momentum equation (2), and making
use of some standard vector relations, the following was obtained:

2 (seai>+ ° < :OD\P) _ P {D%w
o' \r'or') o

r’ oz’ 0z'?

o1eren)
+Dr’ oo !

> (1 oy > [1oy v
—w o= o\ D (8)
© oz’ <r’ Oz'> + or' <r’ Dr’>

The dimensionless energy equation is

oy of Dl// of o , o8 b 0%
oY v v _ 2 (= .
' o' o' o or’ o’ Qz'?

Y

where

Boundary conditions corresponding to the new variables are:

Atz = 0,0 <7 <1,

oy

Y = 0; 5 = 0;0=0 (107
At =0,0 <2 <1,
of
=0;w=10;,— =0 (1)
a/
N

V1= 130 < < 1,

Y= 0 of o+ ?ﬁz’ = —Bi'(§ - 1)

or’ 0z’
of of .
—Nm|— 2 — r’> (12)
or' oz’

At g’

it

e
+
TN
‘O
LIS
+
(7
<
~—
i

where
(Ts ~ To)a ha

Nm== — and Bi' =
uo

Equations (7)—(9) with boundary conditions (10)—(12) were
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Fig. 2 Finite-difference grid network

solved numerically using a computer program called EPS [11]
which solves equilibrium field problems in two-dimensional con-
An irregular S4-grid point network was employed as
shown in Fig. 2. This grid was decided upon after several trial
rns, compromising between grid refinement (aceuracy ) and avail-
able computer time.

The nonlinearity and coupling between velocity and tempera-
ture in the governing equations and boundary conditions was
handled by iteratively solving linearized finite-difference equa-
tiong, This iteration involved repeatedly solving a set of about
H60 difference equations until maximum solution changes were
ahout 1 percent of the value of the field variables. To get this
convergence, a large amount of computer time was needed; there-
fore, only the solutions in the most important ranges were gener-
ated (Bi = 1 to 200 and Nm = 0 to 550). On the IBM 7094
computer it took about 20 min computer time to generate a solu-
tion for one given value of each dimensionless group.

In the process of generating solutions for various parameters
of the system (Bi’, Nm, Pr) we found that inertia terms in the
momentum equation could be neglected in the range of parameters
ol interest for this work., The flow then was considered as inertia-
[ree; hence the left-hand side of equation (7) was set to be zero.
[ this way the only dimensionless groups left in the system ave
Bi’ and Nm.

An additional modification is introduced at the boundary

o= I — (#")% Since at the base the temperature was pre-
seribed (1" = T4), for very large h, a discontinuity begins to de-
velop near the drop base. This situation was difficult to handle
with finite-difference equations even for a muech more refined grid
than the one used here. To insure that such a discontinuity
would not disturb the solution for large values of h, we decided
to define an ki, which decreases toward the surface of the cooling
plate as shown in Table 1; (see Fig. 2).

finua.

Table 1

J 9 8 7 6 5 4 3 2 1 0
he/h i1 1 1 09 075 040 0.10 0.05 0.00

ha
— in boundary condition (12),

i

Consecuently, instead of Bi’ =

h .
we have Bi = ~>. Therefore, if a run is taken at, say, Bi = 100
i
this will mean that Bi actually decreases from 100 to 0 as shown.
The foregoing modification, as it will be shown, increases the rela-
tive significance of the thermocapillary flow,

48 / reBrRUARY 1970

Ranges of Parameters. As just pointed out, the rauge of param-
eters covered in this work is Bi = 1 t0 200 and Nm = 0 to 350,
In addition, the solution for Bi = 0 is a trivial solution of no heat,
fHux (h = 0, T = Ty everywhere inside the drop, no circulation ig
present). Also, for Bi = o, h = «, the liquid-vapor interface
temperature is uniform (7)) and therefore the thermocapillary

driving force | —Nm (IQ is zero everywhere, implying no lquid
do
motion.

For water, drops of small size are covered with low values of
Bi and Nm. For example, a drop of 2 microns in radius, for
o= 10° Btu/hr-ft2 deg T will have Bi = 2, and for T, — T, =
tdeg F, Nm = 4.5. The foregoing value for Nm corresponds to
the atmospheric pressure; at lower pressures, Nm would be some-
what smaller (mainly due to the increased p). Biis a weak fune-
tion of pressure, provided that & is specified. However, h itself is
a very strong funetion of the system pressure. A detailed diseus-
ston of variations of h and its order of magnitude is beyond the
scope of the present work. Nevertheless, we would like to men-
tion that evaluation of the liquid-vapor interface heat trausfer
coeflicient could be made from Shrage's relations in a simplified
form {(developed by several authors, see, for example, {12]), pro-
vided that one knows the evaporation or condensation coefficient.
Reference {13] gives a survey of values for the condensation co-
eficient, experimentally obtained by different investigators. The
condensation coefficient of unity will give, at atmospheric pres-
sure, h of the order of 105 Btu/hr-ft2 deg I, Indirect caleulations
of h from carefully conducted dropwise condensation experimerts,
in the absence of noncondensible gases in the system {14, 15],
indicate that interfacial b is of the same order as one would eal-
eulate it from Shrage’s relation with the condensation coefficient
of unity.

The large drop size corresponds to the higher values of Bi and
Nm. A water drop, for example, of radius 200 microns a
ko= 10° Btu/hr-fi2 deg T, will have Bi = 200 and at 7", — 1
deg and atmospheric pressure, Nm = 480.

In the ranges of physical parameters covered in this work, the
following may be concluded: for water, the range of Bi = 1 to
200 corresponds to (a-h) = 1 X 108 to 2 X 10" micron Btu/hr-{t2
deg I, respectively; Nm = 0 to 550 corresponds to {a- (7, — T)]
= 0 to 1000 microns deg ¥. The foregoing range of parameters
covers all the cases of practieal interest (drop size range) lfor
which the conduction through drops is the limiting factor (i.e.,
for sufficiently high values of a-h).

In reference [16] it has been shown that the ratio (interface
resistance/conduction resistance) for any drop ean be approxi

2k 2
= - Therefure,

ha Bi.
the value of Bi > 1 will cover all those drops for which condue-
tion resistance is greater or equal to one third of the total resis-

tance

The term conduction resistance in the foregoing refers to the
thermal resistance from the surface of the drop at the liquid-
vapor interface to the base of the drop (based on the average
temperature difference between the interface aund the base of
the drop). For lower values of Bi, the interface resistance he-
comes a countrolling factor and the presence or absence of a
strong liquid motion inside a condensing dvop will not signifi-
cantly affect the overall resistance.

Results

For a typical chowce of parameters (Bi = 100, Nm = 450), the
stream function ¢ is plotted in Fig. 3. "The plot shows the How
pattern inside the drop. The variation in surface tension with
temperature, together with temperature nonuniformity on the

boundary 2° =
do . . L.

force —~Nde;, acting on the boundary, whieh pulls the liguid
¢

downward setting the pattern shown in the figure.
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Fig. 4 Surface velocity distribution for several values of Nm

Fig. 4 shows surface veloeity as a funection of ¢ at constant Bi
for various values of Nm. The fluid velocity, as can be seen
from the figure, increases to a maximum of about 82 deg (for this
particular value of Bi number) and then decreases rapidly to zero
at the base of the drop. TFig. 5 shows the effect of varying Bi at
constant Nm. The maximum value of surface velocity increases
with Bi, for Bi < 50 and decreases for Bi > 50. The position of
the maximum moves to the higher values of ¢ with increasing Bj,
indicating that most of the temperature variations at the surface
are more and more concentrated near the corner for higher Bi.

The temperature field, for Bi = 100 and Nm = 450, is shown
in Fig. 6. For comparison in the figure are also plotted isotherms
for conduction only (Nm = 0). It can be seen from the plot that
internal circulation increases the temperature gradient near the
right-hand corner.

The surface temperature, as a function of ¢ is given in Fig. 7
for Bi = 100 at various Nm. The most interesting thing about
the temperature profiles is the faet that temperature is almost
uniform from 0 to 70 deg, which, of course, implies that over
this range the thermocapillary driving foree is almost zero. Only
in the narrow range near the corner, where the temperature
gradient is most pronounced, the driving force is significant.

In Fig. 8 the swrface temperature distribution is shown for
various values of Bi and Nm equal to zero. In each case the
temperature gradients ave largest at the wall, as can be seen from
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TFig. 9. For increasing Bi from 50 to 200 the local gradient at the
base increases but the average gradient over the drop surface
decreases. Furthermore, for Bi decreasing from 50 to 1, the tem-
perature gradients decrease near the base and increase elsewhere,

The percentage increase of average Nusselt number (or overall
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heat transfer coefficient) as a function of Nm with Bi as a parame-
ter is plotted in Fig. 10. The cross plot, percent increase as a
funetion of Bi and Nm as a parameter, is shown in Fig. 11. As
Nwm increases at constant Bi the effect of thermocapillary con-
vection increases. With inereasing Bi (from 50 to 200) at con-
stant Nm the percent increase in heat transfer decreases. This
ix due to the fact that increase in b (increase in Bi at constant
Nm) in this range of Bi, makes surface temperature uniform over
a larger portion of the surface reducing the average driving force

dg . Co .
(—Nm 7¢> and consequently reducing the liquid circulation
¢

too. This can be easily seen and understood from Figs. 5, 8,
and 9. The maximum increase in heat transfer for the range

covered is only about 25 percent occurring at Bi = 30, Nm =
550. These parameters correspond to relatively large drops and
very large (7', To). Drops of this range do not contribute
much to the heat transfer in dropwise condensation so that an
increase of about 25 percent above the conduction solution is
much less than required to make their contribution significant.
The drop range of interest would have a radius of the order of a
few microns and this could eorrespond to low values of Bi (ap-
proximately of the order of unity) and a value of Nm of around
5. Our caleulation shows that in this range the increase in heat
{ransfer is only a few percent. The average Nusselt number for
the conduction solution is plotted against Bi in Fig. 12.

Discussion

The conclusions achieved in this work are based on the pre-
viously introduced model which somewhat deviates from the
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actual conditions in dropwise condensation. For this reason in
the following we will discuss the effects of these deviations on the
validity of our conclusions.

The drop growth is considered to be quasi steady. Since the
heat capacity of the growing drop in the range of intevest is small
compared with heat fluxes through the drop, the transient effects
are negligible on the temperature distribution. On the other
hand, the quasi-steady approach neglects the inertia of condens-
ing liquid, i.e., it is assumed that the condensate, as it condeuses,
will instantaneously achieve the velocity corresponding to the
steady-state solution. Consequently, the velocity field as well
as the overall effects of thermocapillary flow, calculated with the
foregoing approach, will be somewhat overestimated.

In the momentum equations the inertial terms were neglected.
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In Fig. 13 the values for surface velocity calculated with and
without inertial term, at Bi = 100, Pr = 1 and two values of
Nm: 240 and 450, respectively, arve plotted. These curves reveal
that the presence of the inertial terms did not change the velocity
distribution substantially. The change in the average Nusselt
unmber was 2 percent (higher values for inertial free flow).
This indicates that this part of our modeling increased the ef-
feet of thermocapillary flow (although ounly slightly).

Another critical part of the modeling was the modification of
lignid-vapor heat transfer coeflicient in the vicinity of the right-
hand corner. This would obviously affect the total amount of
heat transferred to the surface base considerably. Fig. 14 shows
the values of local Nusselt number at the base of the drop (de-
fined in the Nomenclature) as a function of dimensionless radius
{or three values of Nm (listed in the figure) and Bi = 100.
Near the corner, as a consequence of the model, Nu, decreases,
although it would increase all the way toward the end if the inter-
[nee heat transfer, h, were kept constant.

In Figs. 15-17 we compared the surface temperature profile,
loeal Nusselt number, and the surface temperature gradient,
respectively, for the two cases, namely, when the interface & was
10) and when h was modified according to
The surface temperature
How-

kept constant (Bt =
the scheme introduced previously.
and the Nu, were lowered with our model everywhere.
ever, the temperature gradient was on the average, increased,
indicating that the internal cireulation’s effects are increased.
Physically this is easy to see, the modified interface heat transfer
coeflicient (h,) will increase the nonuniformity with the sur-
fnce temperature, and this gives the higher value for the ther-
maocapillary foree at the surface.

It is safe then to conclude that our model increased the relative
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effect of thermocapillary flow by reducing the conduction con-
tribution and increasing the cireulation. Consequently, our con-
clusion, that the effects of internal circulation on the heat trans-
fer in dropwise condensation is insignificant, is valid.

Conclusion

Thermocapillary flow does not contribute significantly in the
dropwise condensation of water. The range covered by this in-
vestigation was I < Bi < 200 and Nm < 550. This included,
for water, the drop size range of practical interest for which the
heat resistance through droplets is the predominant resistance.
The results show that the inecrease in heat transfer is not higher
than a few percent over the one which could be predicted neglect-
ing internal circulation.
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working fluid.

introduction

THE pETERMINATION of channel wall convective heat
transfer characteristies has likely been the most important engi-
neering aspect of heat transfer vesearch. However, while data
and analysis for heat transfer in channels of constant cross sec-
don arve abundantly represented in the literature, rvelatively little
vesearch is reported for channels with abrupt changes in flow area,
even though this latter geometry occurs frequently in heat-ex-
vhanger design.  The lack of information can probably be attri-
buted to the complexity of the flow field in this geometry as well
= to the smaller interest in local heat transfer data in the era be-
fore such high-performance heat exchangers as modern-day nu-
clear reactors and gas-turbine engines.

The purpose of the research reported here was to make a con-
tribution in this relatively lightly explored fechnical area by
~tudying, in particular, local heat transfer behind an abrupt
expansion in a civeular channel for the tuwrbulent, subsonic re-
gime. A range of Reynolds numbers and geometries were tested
with air ag the working fluid.

Zeview of Literature

Recognition of the need for thermal research on the abrupt
rhannel expansion problem is evidenced by the fact that two
papers closely related to the present effort have been published
on this subject since this research project began in Jan. 1966.
The first, and move closely related, is the work of Krall and Spar-
row [1]* which was a heat transfer study for the region down-
siream of an orifice in a circular channel with water as the work-
ing fluid, The ratio of orifice to downstream diameters was
varied from /s to /3 and the downstream Reynolds number range
was 10,000 to 130,000. The second recent paper is that of Filetti
end Kays [2] in which work is reported with abrupt, symmetri-

! Numbers in brackets designate References at end of paper.

Contributed by the Heat Transfer Division of THE AMERICAN
Soctery oF MEuEcEANIcAL EnciNgers and presented at the ASME-
AIChE Heat Transfer Conference, Minneapolis, Minn., August 3-6,
1969,  Manuscript received by the Heat Transfer Division, January
j!{i‘ 13%()'9; final manuscript received, April 28, 1969, Paper No. 69-

depending on geometry.
and water are included.

Abrupt Circular Channel Expansion

Experimental work was performed to determine local Nusselt numbers in the region
beyond an abrupt expansion in a circular channel.
of upstream-to-downstream diameter of 0.43, 0.54, and 0.82, were tesied with air as the
Data are shown for Reynolds numbers from 4000 to 50,000-90,000

Three expansion geomelries, ralios

Selected comparisons with previously published data for air

cally expanded flat duets. Upstream to downstream channel
height ratios of about 1/, and /s were studied for a Reynolds
number range of 70,000 to 205,000. The flat duct data were not
found to give really useful comparisons with the present work
because the two-dimensional expansion always shows asymmetric
reattachment. This is in contrast to the cylindrical case which
appears to expand evenly until relatively high upstream velocities
are reached.

The only other heat transfer data known to exist for the abrupt
cylindrical expansion ease are the results of a block of work per-
formed at the National Fngineering Laboratory, East Kilbride,
Scotland.  The most extensive work was with water as the work-
ing Aluid. Testing reported by Ede, Hislop, and Morris [3] and
by Tde, Morris, and Birch [4] covered diameter ratios of 0.3,
0.5, and 0.8, and a downstream Reynolds number range of 1000
to 50,000, Data with air flowing through the channel are
reported by Ede [5], and by Emerson [6]. These data were re-
stricted to practically the same diameter ratio, 0.50 for the
former work and 0.58 for the latter. The corresponding Reynolds
number ranges were 2000 to 43,000 and 14,500 to 105,000, re-
spectively, Use of these data is somewhat complicated by the
fact that only a fraction of the National Engineering Labora-
tory data is reported for the case of heating in the downstream
channel only. The remainder is for channel wall heating both
before and after the expansion. Measurable differences between
the two heating schemes are noted. For the case of down-
stream pipe heating only, the reattachment point is shifted
slightly downstream and the peak Nusselt number is increased.

Two sets of heat transfer data for the two-dimensional ge-
ometry of a single backward facing step are available. The two
channel width ratios were 0.94, a relatively small change in flow
area, and 0.81, a more interesting geometry. The data are re-
ported by Seban, Emery, and Levy [7]. Reynolds numbers be-
tween 0.8 and 2.5 X 10° were represented. These experiments
were with air.

Test Apparatus

More detailed material than that given next concerning the
test apparatus and concerning the test procedures and data re-
duction methods (discussed briefly in the next section) can be
found in reference [8].

Nomenclature

d = upstream (smaller) tube diameter
D = downstream (larger) tube diameter
Nu = local Nusselt number, referred to downstream diameter
Nuy, = Nusselt number associated with fully developed flow,
referred to downstream diameter
Numax = maximum Nusselt number, referred to downstream
diameter, assumed to occur at reattachment point
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Pr = local Prandtl number

Re = local Reynolds number, referred to downstream diam-
cter

e, = Reynolds number just before expansion, referred to up-
stream tube diameter and upstream tube fluid prop-
erties just before expansion
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The test apparatus flow schematic is shown in Fig. 1. Ambient
air was pumped by a constant-speed, water-cooled, two-stage
compressor into a constant pressure reservoir.  Air for the experi-
mental apparatus was drawn from the reservoir and passed
through three filter/dryers in series. These air cleaners, utilizing
centrifugal moisture separation followed by filtration through a
porous stone or sintered metal eylinder, were intended to remove
oil, water, and solid particles from the airstream. Frequent
blowdown at the reservoir base, at each of the filters, and at other
low spots in the piping insured a clean air supply to the test
section.

A constant flow rate was maintained by metering the air
through a pressure control valve located just downstream of the
air filters.  The flow rate was measured by one of the two water-
calibrated sharp-edged orifices installed just upstream of the test
section.

The test section itself was installed along the center line of a
2-ft by 2-ft-wide by 16-ft-long plywood insulating box filled with
layers of glass wool. The intent was to reduce radial heat losses
to a negligible level by surrounding the test section by approxi-
mately 1 ft of eflicient insulation in all directions. The insulating
box extended from upstream of the flow-measuring orifice to the
point where the working fluid was exhausted to the environment.

A test section was constructed with three alternate upstream
test sections, with inside diameters of 0.40, 0.50, and 0.76 in., re-
spectively, and with lengths at least equal to 100 inside diameters.
The downstream section consisted of a 102-in. length of tubing
with a 1-in. OD and a 0.035-in. wall. Upstream and downstream
sections were of type 304 stainless-steel seamless tubing. The
{wo test sections were jointed at a transition flange designed to
center the upstream section and provide a sharp, symmeiric
expansion, to insulate the two sections one from the other electri-
eally and thermally, and to serve as the upstream electrical con-
nection to the downstream test section. The essential material
in the fransition construction was Johns-Manville marinite, an
acceptably machinable insulation material of asbestos fiber and
diatomaceous silica with an inorganic binder. The details of the
transition flange can be found in Fig. 2.

The only instrumentation upstream of the larger diameter
pipe was pressure and temperature instruments related to flow
measurement and two thermocouples 1-in. upstream of the ex-
pansion.  One of these thermocouples was mounted on the sur-
face of the upstream section to give at least a qualitative measure
of the insulating effectiveness of the transition flange. The other
was immersed in the fluid. The immersed thermocouple was
threaded through a 0.050-in. hypodermic needle installed through
the tube wall and cut to a length designed to place the thermo-
couple bead at the channel center ine. The possibility of the
probe affecting the expansion flow pattern was investigated by
rotating the smallest upstream section through three different
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probe orientations (90 and 180 deg from the usual position) and
studying downstream temperature data for each case. No
discernible difference in postexpansion wall temperatures was
detected.

The vast majority of instrumentation, 53 surface thermocouples
and one probe, was installed on the downstream test section.
Near the expansion, thermocouples were installed every 0.25 in.
to study in detail the phenomenon occurring in this region.  Seven
in. downstream of the expansion, the thermocouple spacing was
increased.  All surface thermocouples were installed over a sub-
layer of porcelainlike Sauereisen No. 8 cement (measwred at
0.012-£0.001 in.) to provide electrical isolation from the resistance
heated tube. A small quantity of the same cement was used to
hold the thermocouple in place. Thermocouple output was
measured with a manually balanced precision potentiometer.
The downstream section was heated resistively by means of a
3.6-kva d-c power supply.

Test Procedure and Method of Data Reduction

A combination of test rig heat capacity and the heat capacity
of the rather massive components of the air pumping and stornge
equipment required a minimum running time of 3 hr before
steady-state conditions were approached. Even after this waif-
ing period, constant heating up of the compressor proper made
completely stable conditions impossible. Data were collected
when main test section inlet temperature rose not more than 2
deg ¥ per hr. At this time, data from all instrumentation were
collected, a task requiring approximately 15 min, and then the
same instruments were read in reverse order, the entire 30-min
process yielding two sets of data which were simply averaged.
Special data readings corroborated the approximate validity of
this procedure. After the first data set was collected, steady
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<tate (2 deg F,hr temperature rise) could he attaived within 1
tir for a new power-flow combination.

There was real concern that the working fluid might veach the
est seetion contaminated by oil from the piston-type compressor
or by water during periods of high environmental speecific hu-
midity.  In addition to the precaution of installing three air
cleaners (each with a blowdown valve) in sevies, additional drain
vulves were installed at low points in the piping and eracked dur-
ing frequent blowdowns. The effectiveness of these measures
was indicated by the fact that little or no moisture colleeted in the
downstream filter moisture bowl and that neither moisture nor
ail traces were ever detected at the mouth of the main test sec-
[ETIR

legarding the relative settings of flow and power during the
test series, it was felt that a more coherent mass of data could be
rollected if the flow-to-heat flux ratio were kept approximately
constant, given a nearly constant axial temperature rise in the
bulk fluid temperature. In an attempt to strike a compromise
hetween having fairly constant fluid properties along the test
seetion (small temperature rise) and having large enough bulk-
ro-surface temperature differences (large heat flux), an axial
temperature rise of 60 deg I was chosen.

The data correlation was accomplished by a computer program
written for this purpose. The first caleulation was for flow rates,
which were caleulated by well-known orifice relationships, as
deseribed in Stearns, et al. {9], for instance.

The upstream temperature probe (installed 1 in. before the
expansion) was not corrected for radiative losses or stem con-
duction because wall and fluid thermocouple temperatures were
almost identical. Towever, the stream versus total temperature
correction was not negligible for the higher flow rates. TFor this
probe, subjected as it was to considerable wall influence through
direct metallic contact over a short path between the wall and
the thermocouple bead, a recovery factor of P03 was applied.
"This recovery factor is associated with adiabatie circular channels
aud seemed appropriate.  Furthermove, this choice of recovery
(actor was supported by heat-balance computations and by
data like those displayed in Fig. 8. The stream temperature
just beyond the expansion was the temperature deduced in this
wiy from the upstream temperature probe followed by a cor-
rection for adiabatic expansion of the air from the upstream flow
area to the downstream section flow area. The downstream
(101 in. from the expansion) temperature probe reading was con-
verted to local bulk temperature by applying corrections for
rliation effeets, fluid transverse temperature profile, and re-
vovery factor. The downstream probe was constructed to make
the thermocouple junction a nearly adiabatic sphere, so that,
first, stem conduction could be ignored and, second, a recovery
{actor of 0.65 was applicable.

The two probe temperatures were used as just discussed to
deduce fluid bulk temperaures just beyond expansion and at a
point 101 in. downstream. The local fluid temperature was
caleulated from a straight-line bulk-temperature distribution as-
sumed to exist between these two points. Parallel calculations
were performed in which local bulk temperature was calculated
iferatively and piecemeal along the channel based on the locally
determined convective heat transfer coefficient and known wall
temperatures.  However, this scheme yielded only negligibly
different results (Nusselt number) in the area of greatest interest,
i the vieinity of the expansion, and, furthermore, sometimes gave
entively erroneous developed flow Nusselt numbers since even a
relatively small acecumulated errvor in local bulk temperature
(from a heat-balance point of view) could give downstream loeal
fihn temperature differences that were grossly in error. For
example, at low flow rates, a 3 deg F accumulated discrepancy at
ST in. from the expansion would be approximately a 5 pereent
error in heat balanee but a 15 percent error in local film tempera-
ture difference and Nusselt number. Consequently, the linear
axial fluid temperature distribution was applied as a compromise
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which would atlect upstream resultx little but serve as wconsistent
basis for upstream and fully developed results, which are widely
compared next.

Moving from fluid bulk temperature determination to the
surface temperatures, the only direct surface temperature cor-
rection was one to caleulate inside wall temperature from mea-
sured outside wall tempevature. The ealculations were made on
the assumptions that, first, the radial temperature gradient
in the tube wall was zero at the outside swface and, second, that
the second derivative of temperature with respect to axial loca-
tion was constant throughout the radial dimension of the tube
This correction influenced the maximum Nusselt number up to 2
percent, the greatest influence being exerted for high How /power
conditions.

The convective heat transfer correlation proper was accom-
plished in such a way as to take into account both radial condue-
tion losses through the insulating blanket as well as axial con-
duction effects.  The radial conduction loss was based on a cylin-
drical model with inside radius of 1/5 in. and an outside radius of
12 in.  In the region of most interest, up to about 14 step heights
from the expansion, the radial heat loss was calculated to be
always less than 2 percent of the heat generated in the test sec-
tion. However, at 87 in., where wall temperatures were much
higher, the percentage was almost 15 percent for the lowest
flow/power case in each geometry, 10 percent for the second low-
est ease, then gradually reduced fractions as test section convec-
tion increased to compete more successfully with the radial con-
ductive path. This heat loss was considered to be adequately
taken into account.

A lower degree of confidence is held in the correction for axial
conduction. However, the following attack on the problem was
formulated to make the correction as precisely as possible under
the circumstances. The conduction for an internally heat
generating solid involves, of course, the second derivative of
temperature with respect to axial loeation, assuming azimuthal
symmetry and a separable vadial temperature distribution. A
straightforward finite-difference approach (first three terms of the
Taylor expansion) based on as-measured temperatures 1/ in.
apart proved grossly inadequate. The final corrections were
based on a central difference differentiation formula incorporating
closely spaced values taken from smooth curves drawn through
the measured temperatures versus axial location with an exag-
gerated temperature scale. While the 0.035-in. wall thickness
obviously did not make axial conduction near the expansion
negligible, the thickness was small enough for the conductive
effect to decline rapidly with distance from the expansion. The
first axial location chosen for the presentation of reduced data is
0.625 in.  Axial conduction can affect Nusselt number by up to
50 percent at this point. However, for the upstream sections
with 0.40 and 0.50-in. inside diameter, this point is relatively
far from the Nusselt number peak. In the peak heat trasfer
vegion, corrections of 0-6 percent ave encountered. The cor-
rection is more critical for the 0.76-in. upstream section; for,
in this case, the maximum Nusselt number appears to exist at
0.625 in. ov earlier for all but the lowest flow. Consequently, the
first displayed data point as well as maximum heat transfer
point both have axial conduction corrections of 5 (highest flow
power) to 50 percent. This discussion of potential difficulties
arising from the axial conduction corvection must be closed with a
reference to the reduced data shown in the following section.
The internal consistency of all the data collected for a given ge-
ometry (except for the lowest flow-rate data which seems some-
what different in each case) as shown in Figs. 4-6, as well as the
fair consisteney of all the maximum Nusselt numbers for all the
geomeiries as shown in Fig. 8 imply that the method chosen to
make this correction was adequate.

Broad use is made in the data correlation of the ratio between
local and fully developed Nusselt numbers.  For the purposes of
this paper, the data 87 in. from the expansion (about 94 dia) is
considered fully developed.
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Raw and Reduced Data

The purpose of this section is to present the actual test data
in terms of wall and fluid temperatures as well as in correlated
[orm showing the relationships between geometry, Nusselt num-
bers, and Reynolds numbers.

A typical axial temperature distribution is presented graphi-
cally in Fig. 3 for the case of d/D = 0.43. The wall temperatures
shown are those caleculated for the inner surface. The bulk
temperature lines are merely the linear distributions assumed to
exist between the bulk temperatures caleulated as described in
the preceding section for the point just past the expansion and at
101 in. from the expansion. Therefore, the temperatures shown
are exactly those used in the Nusselt number determination.
Because of large and difficult to define axial conduction effects,
correlations will not be presented for the first two temperature
points seen in this figure, that is, at 0.25 in. and at 0.375 in. from
the expansion.

The temperature distributions themselves give some qualitative
restions concerning the phenomenon being studied, i.e., heat
transfer effectiveness downstream of an abrupt expansion. Nus-
selt number is inversely proportional to the wall-to-bulk tem-
perature difference for a fixed heat flux and constant properties.
Ifig. 3, associated with the smallest diameter ratio, shows that
minimum temperature differences occur between about 1.5 and
2.5 in. from the expansion. Therefore, the maximum Nusselt
numbers can be expected to be found in the same arvea. (The
possibility is not overlooked of a second Nusselt number peak
between the expansion and 0.625 in.  However, a detailed study
of this relatively short postexpansion region would be an ade-
quate subject in itself for a separate experimental program. All
the comments which follow include the implicit admission that a
~econd peak might exist.)

In the following three figures, the local heat transfer effects of
the expansion are displayed in terms of the ratio between local
Nusselt number and the fully developed value.  As was explained
previously, fully developed Nusselt number means the value
ealeulated from measurements taken at 87 in., about 94 dia down-
stream of the expansion. Furthermore, the ratio is actually
referred to the quantity (Nu/Re®fPr04), an effort to relate local
Nusselt number to the fully developed value at the same
local fluid properties.  Along the abscissa of the figures, the step
height (i.e., (D-d)/2) is selected as the measure of axial distance.
This choice was indicated as a logical one both by the analytic
work on this problem [8] as well as by the present and previously
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reported abrupt expansion data. The data for the smallest
diameter ratio, I'ig. 4, show a peak Nusselt number hetween 6 and
9 step heights. Tgnoring the maximum Reynolds number infor-
mation, the remaining peaks ave clustered close to 9 step heights.
Although the problematic axial conduction correction may he
biasing the correlation, the data for this largest expansion do
suggest the existence of a second peak neaver the “corner” of the
expansion. The data for the intermediate expansion, Fig. 5,
are similar in general shape to the previous case. Peak Nusselt
numbers fall between 5 and 8 step heights downstream of the
expansion. However, ignoring the masimum Reynolds number
:ase as belore, the maxima favor a location near 7 step heights.
The large diameter ratio data, Fig. 6, do not include clear maxi-
mum points. Excluding the somewhat anomalous low flow
data, the maximum heat transfer is shown to oceur at 0.625 in.
or earlier. The manner in which the 0.625-in. Nusselt numbers
compare with the peak values for the other two geometries, as
seen in Fig. 8 and briefly discussed earlier, implies that the penks
are attained or nearly attained at 0.625 in., or at about 7 step
heights.

Note that the distribution of the data in Fig. 6 follows a shape
different from what was seen in Figs. 4 and 5. The same treud
of hroad-peaked axial Nusselt number distributions for small di-
ameter ratios (d/D) and sharp-peaked distributions for large
ratios is reported by Iide, Morris, and Birch [4], Tide, Hislop,
and Morris [3], and Krall and Sparrow [1] for comparable data
on water. It is also seen that the distribution for the run of
lowest Reynolds number in each geometry is somewhat different
from the rest of the data. It seems not unreasonable to surmise
that these low flows, Reynolds number range between 4000 and
5000, are not turbulent or energetic enough to produce the same
consistent hydraulic pattern generated by the higher flow rates,
characterized by Reynolds numbers greater than 7000. An-
other credible possibility is that the various uncertainties in pa-
rameter measurement and data reduction, most of which are worst
for the lowest flow and power, make the reduced data less valid.
Another set of data which is not entirely consistent with other
data for the same expansion geometry is the highest flow results
for the 0.43-dia ratio. A second set of data collected under ap-
proximately the same conditions verified this maximum local to
fully developed Nusselt number (within 10 percent) as well as

the approximate distribution. Perhaps compressibility effects
not felt by the other tests make these data, collected under con-

ditions of the highest upstream section Mach number (aboub
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0.54) of any data, point to somewhat different heat transfer
chavacteristics. In any case, ignoring the low flow results in all
three geometries and the highest flow case in the 0.43-dia ratio
geometry, the results within a given geometry can be seen to fall
within a rather narrow band. A fairly consistent but small
teynolds number dependence can be seen on the downstream
side of each peak, the ratio of local to fully developed Nusselt
number decreasing as the Reynolds number increases. How-
cver, the dependence is, by and large, quite minor. This is a
surprising result, since Krall and Sparrow [1] show clear-cut
important Reynolds number dependence of the Nusselt number
ratio for water.

Fig. 7 shows approximate axial distributions of the local to
fully developed Nusselt number ratio for the three geometries as
derived from the preceding three figures. The curves show that
the larger the ratio between upstream and downstream diameters,
the larger are integrated and local increases in heat transfer be-
vond the change in diameter. Second, for a given downstream
channel diameter, the location of peak heat transfer moves nearer
the expansion the smaller the difference between diameters.
This is true in the dimension of “‘step heights’’ and all the more
true in the dimension of “downstream diameters.”” The cor-
relating advantage of using step heights as the dimensionless
axial distance parameter is demonstrated in Fig. 7. For, where-
as the location of maximum Nusselt number is 7-9 step heights
for all three geometries, the range in downstream diameters is
approximately 0.5-2.5 dia.

Dependence of separated flow phenomena on Reynolds num-
ber to the 2/; exponent is not unusual. Fig. 8 shows maximum
Nusselt numbers plotted against upstream Reynolds numbers.
The straight-line fit, which is a fair representation of the data,
has as its equation

N = 0.20 Re,

Although the test program was not mounted to investigate
fully developed heat transfer, it is interesting to compare the
downstream results with published correlations for fully de-
veloped Nusselt numbers.  The downstream results are especially
interesting insofar as the 87-in. results are used in the Nu/Nu,,
ratio in Figs. 4-6. These fully developed Nusselt numbers ave
plotted in Fig. 9 versus local Reynolds number. For the sake of
comparison, a line is shown representing the classic Dittus-
Boelter equation with an initial constant of 0.024.

Another matter related to the overall validity of the exper-
mental results is the question of the heat balance. The original
dissertation {8] can be consulted for detailed heat-balance results.
The largest discrepancy encountered was 7.4 percent (calculated
heat input less than measured). The next highest error in the
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heat-balance comparison was 4.3 percent. Although the axial
distribution of actual test section resistance was not known, a
set, of precise overall voltage/current measurements showed the
test section plus counections to have a resistance 3.8 percent
higher than that calculated from the resistivity of type 304 stain-
less steel and the manufacturer's nominal dimensions. TFac-
toring this kind of correction into the calculations would give a
nmore even distribution of positive and negative heat-balance dif-
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ferences, reduce the maximum discrepancy to 4.4 percent, and
reduce the average discrepancy from —2.3 to 4 1.5 percent.

A final item bearing on the general validity of the data is the
axisymmetry of the expansion.  In aneffort to provide some check
on the symmetry of conditions beyond the expansion, “monitor-
ing” thermocouples were installed diametrically opposed to the
main line of thermocouples along the top edge of the downstream
test section.  The thermocouples were mounted 1, 2, and 4 in.
from the expansion. In the worst case, the highest flow rate for
the greatest expansion, a ease seen to be anomalous in other
respects, the asymmetry difference was found to be able to affect
Nusselt number caleulations by about 7 percent. Potential
errors of 4-6 percent were found in the case of the greatest ex-
pansion ratio for the other flows. The other geometries show
potential local errors of up to 4 percent. In spite of the possible
errors, however, it must be noted that the differences are small in
abrolute magnitude, small enough to be attributed wholly or
partially to the various causes of experimental scatter. In fact
of the 34 points of comparison only six were as large as 0.5 deg F,
and three of the six points were associated with such large film
temperature drops that errors of only 1-2 percent are involved.
Nevertheless, although the absolute magnitude of the dif-
ferences is small, asymmetries are detected and must be admitted
to possibly cause correlation ervors to the extent indicated.

Comparisons With Previously Published Results

Several direct comparisons with existing data are available.

It has been stated previously that there is only one known
=uuree of data for a cylindrical expansion with air as the test
fluid and with only the downstream section heated; namely, the
work of Ede [5]. In the same reference, data arve shown which
demonstrate that local to {ully developed Nusselt number ratios
decrease and the point of maximum Nusselt number shifts some-
what when both upstream and downstream sections are heated.
Fortunately, the single geometry investigated by Ede, d/D =
.50, is reasonably close to the 0.54 d/D configuration that was
investigated in the present work. Furthermore, there is a near
correspondence of downstream section Reynolds numbers as a
basis for comparison (Iide—42,800; present work—48,900).
For reasons to be discussed next, a third case is added to the com-
parison, the work of Krall and Sparrow [1] with water as the
working fluid and downstream section only heated. The latter
data are for d/D = 0.530 and a Reynolds number of 51,500.
The data were all correlated on the basis of the ratio of loeal to
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fully developed Nusselt number versus axial location in down-
stream section diameters. The comparative data can be seen
in Fig. 10. The maximum Nusselt number ratio differs little in
magnitude among the three cases. It is surprising to see that the
present data agrees better with the water data than with Ede's
air data. The agreement in magnitude with the water data 1s
coincidental since water data, as will be demonstrated shortly,
typieally shows a strong Reynolds number dependence in the
Nusselt number ratio. However, there is striking agreement in
the location of the maximum Nusselt number and in the Nusselt
number distribution in the vicinity of this maximum point. Bet-
ter agreement would be expected among the data downstream of
reattachment as the flow becomes fully developed. However this
is an example (actually a less striking example than will be shown
in the following two figures) of the scatter among the small
amount of test data related to the expansion phenomenon and
indicative, perhaps, of the difficulty of collecting and correlating
such data.

Fig. 11 demonstrates a point alluded to in the previous section.
Water data show a clear, monotonic dependence on Reynolds num-
ber of the maximum to fully developed Nusselt ratio. See the
water data of Krall and Sparrow [1] and of Ede, Morris, and
Birch [4] as plotted on the figure. The air data of Ede [5] and
the present investigation show no obvious Reynolds number
effect, except perhaps that the lowest Reynolds number case
(Reynolds number of about 5000) shows the highest ratio. An

FEBRUARY 1970 / 39

Downloaded 04 Jan 2011 to 194.27.225.72. Redistribution subject to ASME license or copyright; see http://www.asme.org/terms/Terms_Use.cfm



X t I
18 L INVESTIGATORIS) FLUID
O KRALL & SPARROW ~ WATER
i O EDE, MORRIS & BIRCH "
n | A EDE AIR T
= V' EMERSON AIR
2 <& PRESENT WORK AIR .
. [
512 -
"’510 - <L 0
::E i
=
2 3 g - 5
E 81 &
<
£l 2 .
E H
4 “— “EXPECTED FOR DOWNSTREAM —
PIPE HEATING ONLY; SEE TEXT
2 = _]
0
0 .2 4 .6 .8 1.0
DIAMETER RATIO - d/D
Fig. 12 Effect of expansion ratio on location of maximum Nusselt
number

additional indication of the data in this figure is that the magni-
tude of the maximum Nusselt number ratio agrees reasonably
well between Ide’s work and the present effort. Ede's data
point to an average value of Numu/Nu,, of approximately 3.9,
while the present work gives a value of about 3.6. The numbers
are close together and are related qualitatively as expected;
that is, the larger the ratio of small to large pipe diameters the
smaller the maximum Nusselt number ratio.

The next comparison, Fig. 12, deals with the location of maxi-
mum Nusselt number. The data sources have all been discussed
previously. The peak locations in the dimension of step heights
are shown for various expansion ratios.  In most cases, ranges are
shown, indieating either data scatter among the various flow
rates investigated or a dependence on a parameter like Reynolds
number, The data of Ede, Morris, and Birch [4] and of Emerson
[6] are for test rigs with upstream and downstream sections
heated. Such an arrangement, which involves a fully developed
thermal boundary layer upstream of the expansion, is expected to
give a maximum Nusselt number downstream of the hydro-
dynamic reattachment point. A separate experiment by Emer-
son [6] to find hydraulic reattachment (by means of oil drop
smears) would place his expected point of maximum Nusselt
number at the point designated by an asterisk in the figure if the
downstream section only were heated. The data scatter is too
widespread to deduce a single number or narrow band for the
peak location. A band of 5-10 step heights includes almost all
the data. A more specific conclusion seems unwarranted. As
was the case with Fig. 10, the present data agree better with the
water data of Krall and Sparrow than with the air data. Fu-
thermore, these water data appear to favor a maximum Nusselt
number location of about 6 step heights, a location consistent with
the analytic results developed by the authors elsewhere [8].

Gonclusions Concerning the Test Data

For the range of Reynolds numbers and expansion ratios
studied, the following conclusions are drawn from the test data.
1 The flow beyond an abrupt expansion in a circular channel
shows a considerable enhancement (over the fully developed
value) of the average convective heat transfer coefficient in the
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separated flow region.  Furthermore, although the duta do leave
some question concerning the avea immediately beyond the
expansion, the local heat coefficients likewise appear always to he
higher than the fully developed value.

2 The degree of heat transfer coeflicient enhancement, both
maximum and average, increases strongly as the ratio of down-
stream to upstream diameter increases,

3 The location of maximum heat transfer, presumably at the
end of the separated flow region, moves downstream as the ratio
of downstream to upstream diameter increases. This is a strong
funection if the distance from the expansion is measured in down-
stream diameters, but a relatively weak function in terms of step
heights downstream from the expansion.

4 Correlation of the data in the form of local to fully de-
veloped Nusselt number ratio versus distance from the expansion
gives a reasonably close clustering of the data for a given ge-
ometry and for downstream Reyuolds numbers in excess of 7000.

5 The peak Nusselt number exhibits a clear dependence on
upstream Reynolds number raised to approximately the 2/
exponent. The equation that reasonably represents the maxi-
mum Nusselt number data of all three geometries tested is

Nitmax = 0.20 Re -

6 At high velocities, the abrupt cylindrical expansion flow
pattern is suseceptible to asymmetric reattachment, with this
susceptibility apparently inereased as the ratio of downstream to
upstream diameters is increased.
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Introduction

'N ORDER o make an accurate heat transfer predic-

Thermal Instability in Plane
Poiseuille Flow

The conditions marking the onset of longitudinal columnar vortices dute to buoyant forces
are studied for fully developed laminar flow between iwo infinite horizontal parallel
plates with nonlinear basic temperature profile.  The wall temperatures at the botiom
and top plates, Ty and T, respectively, are assumed to vary linearly in the main flow
direction.  The nonlinear basic temperature distribution and convective motion due to
longitudinal disturbance component give rise to the influence on stability criteria:
This influence may be expressed by a characteristic parameter representing the effect of
longitudinal temperature gradient. Numerical values for critical Rayleigh nwmbers
based on temperature difference, Ty — T, are found for various Prandil niumbers and
the parameter p characterizing the effect of longitudinal wall temperature gradient.
An increase in value for p reduces the critical Ra further to a value less than 1708 when
Ty > T, and this tendency becomes pronounced as Pr increases.  Results for the cases
Ty £ Ty also show that the vortex rolls can be caused by the effect of longitudinal tem-
perature gradient.  Tentative discussion in terms of Richardson number is made lo
define the region where colummnar vortices have priority of appearance over two-dimen-
stonal Tollmien-Schlichting waves. The compuited secondary flow streamlines and
perturbation temperatures show that the mode of convection motion is also affected by
the parameter p.

of the centrifugal forces in the flow field. In this case the
secondary flow appears as soon as the fluid is brought into motion
in the axial direction. However, when a fluid passage has an in-

tion for a flow with body forces, it is necessary to examine the
possibility of secondary motion and determine which type of
motion is most probable among various types of secondary
flows. Body forces acting in a direction perpendicular to the
main flow can cause steady secondary flow in ducts. A typical
example can be found in a curved pipe, where a pair of vortices
for the secondary flow is formed due to nonuniform distribution

Contributed by the Heat Transfer Division of THE AMERICAN
Sociery or MEcHANICAL ExciNeers and presented at the ASME-
ATChE Heat Transfer Conference, Minneapolis, Minn., August 3-6,

finite extent in the direction perpendicular to both body force and
main flow, the body force may leave the main flow unchanged in
some regions with small body force parameters, and provides
only a potential of instability. As the body force parameter in-
creases beyond a critical value, specifie type of secondary motion
results, and the flow can no longer maintain its original pattern.
A well-known example is the Taylor vortices developed between
rotating concentric cylinders. When a stationary secondary flow
is set up in a two-dimensional channel, it takes the form of
columnar vortices whose axes ave in the divection of the main
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flow.
The purpose of the present paper is to examine the possibility
of onset of longitudinal vortex-type secondary flow between two

April 28, 1969.

Nomenclature

coefficients in series expansion
defined in equation (19)

wave number

elements of a matrix defined in
equation (22)

complex wave speed

d/dz

body force

Grashof number, gBATh3 /v?

gravitational acceleration

distance between two infinite
horizontal flat plates

operator defined in equation
(16)

pressure

Prandtl number, v/«

Rayleigh number, gBATR? /v

layleigh number, g87h* /vi

Reynolds number, Udh/2v

Richardson number, —gBATh/
16U,?

dimensionless time

temperature
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bottom plate temperature at = parameter, Re h/AT
a' =0

= temperature at bottom plate

= temperature at upper plate

= velocity in the a'-direction

= maximum velocity in the un-

perturbed flow

= kinematic viscosity
= density

- T - ~
|

= temperature gradient in z’-di-
rection for two plates

<
]

secondary flow stream funetion

w, v, w = dimensionless velocity pertur- Y., = basic velocity profile function
bations in the z, y, and z-di- Yy = basic temperature profile func-
rections (after equation (9), tion
these denote z-functions) Vit = Laplacian operator in z'y’-

r, ¥, 2 = dimensionless rectangular coor- plane
dinates

|| = determinant or absolute value  Superscripts and Subscripts
[ ] = matrix 7= disturbance quantities, differen-
8 = coeflicient of thermal expan- tiation with respect to z or di-
sion mensional quantities
AT = temperature difference between }
. . * = critical value
two plates, Ty — T . S
8 = dimensionless temperature per- b = hzmtctqu:mm,xe.s in unperturbed
: state
turbation T
& = thermal diffusivity n, neo= integers
A = wavelength of vortex rolls v, y = in corresponding directions
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horizontal parallel plates due to buoyancy. The bottom and top
plates are assumed to be at different temperature levels and each
changes linearly in the direction of main flow. This wall tem-
perature condition appears to be realized on thin broad fins found
in some types of heat exchangers,

The stability of horizontal parallel flow under effect of buoy-
ancy has been studied theoretically and experimentally by many
investigators. Gill and del Casal [1]! made the analysis for the
effect of variable viscosity and buoyancy on two-dimensional
velocity profiles and gave a qualitative discussion for the stability
of flow in view of the Tollmien-Schlichting theory. However,
they did not consider the vortex-type secondary flow. In ex-
periments longitudinal vortex rolls were observed by Terada, et
al. {2] in liquid flow with free upper surface, by Terada and
Tamano [3], Mori and Uchida {4] in Poiseuille flow, and by
Chandra [5], Bénard and Avsec [6], and Brunt [7] in plane
Couette flow. Those vortex rolls can be regarded as an in-
finitely elongated form of convection cells which are familiar in
the Bénard problem. Basic temperature profile prior to the onset
of convection induces a potential of instability in either a forced
flow or a fluid layer. When the bottom and top plates arve kept
at different temperatures but uniform on each plate, the basic
temperature profile becomes linear in the fully developed region
of flow. This is the same form as was found in the classical
Bénard problem. When we follow the linearized theory, we
find that equations for thermal stability in a forced flow ave
essentially the same as those for the Bénard problem. Therefore,
the critical value of Ra (based on the temperature difference and
the distance between two plates) is given as 1708. Using this
wall temperature condition, Kuo [S8], Deavdorfl [9], Gallagher
and Mercer [10], and Ingersoll [11], studied theoretically the
effect of shear on thermal stability in plane Couette flow. They
examined the stability against disturbances whose wave front is
at any angle to the direction of flow, and showed that longitudinal
vortex rolls oceur at 1708 which is independent of the presence
of shear, and is the lowest among the critical values of Ra.
Very recently Gage and Reid [12] made an analysis for plane
Poiseuille flow, and presented a Ra-Re diagram showing under
what conditions longitudinal vortex rolls have priorvity over other
secondary motions,

In the present problem the wall temperature gradient along the
main flow yields a nonlinear basic temperature distribution.
This nonlinearity is increased by the wall temperature gradient,
the velocity of flow, and the Prandtl number. In a quiescent
horizontal fluid layer, nonlinear basic temperature profile may
result from internal heat sources. In this respect the stability
problem considered in this paper is analogous to that for heat
generating fluid layer. Sparrow, Goldstein, and Jonsson [13]
applied the polynomial expansion method to the perturbation
equation and obtained the stability criteria for heat-generating
fluid layer between two rigid boundaries with fixed temperatures.
The results by the linear theory show that the parabolic part of
basic temperature profile decreases the stability. More recent
theoretical and experimental developments for the heat-generat-
ing-layer problem can be found in the literature [14-18]. In view
of these works, though some of them were done under different
boundary conditions, one can expect in the present problem that
stability criteria and mode of convection motion are influenced by
the nonlinearity of basic temperature profile. It should be
noted also that there is an effect of basic velocity profile on the
stability which is not observed in a forced flow with linear basic
temperature or heat-generating fluid layer. The present study
provides new data on the stability criteria for plane Poiseuille
flow which have been studied so far only under the isothermal
condition or the condition of uniform but different temperatures
at the top and bottom plates. As far as the authors are aware,
no attempt has been made in the past to find the stability eri-
teria for the present problem. In this study we follow the linear
theory assuming that

-

! Numbers in brackets designate References at end of paper.
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Fig. 1

System of coordinates

1 Velocity and temperature profiles are fully developed.
2 Boussinesq approximation can be applied.
3 Physical properties are constant,

Fundamental Equations
The system of coordinates is shown in Fig. 1 where two infinite
horizontal flat plates are located at 2z’ = 0 and &, respectively.
The wall temperature on the bottom and top plates are given as
T =Ty 47" and Ty = Ty — AT + 72’ (1

respectively, where 7' is reference temperature, AT temperature
difference between the upper and lower plates, and 7 constani
temperature gradient in the z’-direction. The fully developed
velocity (U) and temperature (7°) distributions in the unper-

turbed state are
Zl 2/
Uy=aUy (=) 1= (2)
() [ -(5)]
7 2 ’ 7\ 2
T,] - TI . l, EOT}I’, i l:l — 9 f,
3 K h h

where Uy is the maximum velocity.

Perturbations are now superimposed on the basic velocity and
temperature fields, yielding U = U, + v/, V = o/, W = o/,
T =1T,4+ 0 and p = p, + p’, where V and W are velocity com-
ponents in the y' and z’-directions, respectively, and p, is the
pressure for the unperturbed state. Introducing the nondimen-
sional quantities (z, v, 2) = @', ¥, 2")/h, (u, v, w) = (W', v/,
wh/v, @ = 0'/AT, dimensionless time scale { = t'v/h2, Grashof
number Gr = gBATh /v2, and Reynolds number Re = Udh/2v,
the linearized equations for perturbation components are ob-
tained in the following dimensionless form after eliminating pres-
sure terms,

) bwv
ox

o} o
] 2 2 y - (ip 2 8]
(Ot + Re ¢, on V > Viw — Re ¢, Gr V20 )

V2> 0

= ({1 +uPrihw — (u/Rep (3)

> o 1
<az +Rev o= 4

where

V2= (020t + 0%/0y?), ¢, = Sa(l — 2),

Vg = (22/3)(1 — 22% + 2%) and prime denotes differentiation with
respect to z. The characteristic parameter u = Re 7h/AT
represents the effect of longitudinal temperature gradient, and
u Pr the magnitude of departure of 7, from the linear distribu-
tion. The equation for u, though it is used in deriving equation
(4), remains to be determined for equation (5). This will be
given in a later discussion for longitudinal vortex rolis.

In order to show the region of interest in our study, we consider
the following general form of disturbance

Transactions of the ASME

Downloaded 04 Jan 2011 to 194.27.225.72. Redistribution subject to ASME license or copyright; see http://www.asme.org/terms/Terms_Use.cfm



w = w(z)exp [{lue — Redd) + da,yl (6)
w = w(z)exp [ia,x — Re cb) + fa,y] (7)
0 = 0(z) exp [i(ax, — Re et) + ia,y) (8)

where a, and @, are wave numbers in the z and y-divections, re-
~pectively, and ¢ is a complex quantity divided by Re where the
imaginary part is related to the growth rate and the real part to
the phase speed.  Substituting equations (6)-(8) into equations
(-4) and (5), we find

(12— a?) — i Re (a,¢, — )|(D? — a®)w
+ da, Re ,/"'w = a2 Gr § (9)

1
I:F (D* — a?) — i Re (a, ¢, — (')] 0
p
= — (1L 4+ uPr ¥ w + ]lf( w (10)

. 1/, .
where ¢ = (a,? + «,*) /%, D == (d/dz), and (2) is now dropped
from the expressions for u, w, and 4.

I The equations for the longitudinal vortex rolls are obtained
by setting «, = 0. It is clear that the basic velocity profile
funetion ¥, has no direct influence on the hydrodynamic equation
{4). However, the effect of ¢, appears through w in the energy
equation (10).  The equation for « is now given as

[(D? — a?) + ¢ Re clu = Re ¢,/w (11)

wheve the pressure gradient in the z-~direction is held constant at
the value for the unperturbed state (0p’/0z’ = (). The inter-
ference of Y, with perturbed temperature field is inherent in the
present problem since u # 0, but it diminishes as y — 0.

The ratio of convection to conduction contribution in the basic
temperatuve field is vepresented by p Pr. When g — 0, equa-
tions (9) and (10) reduce to the equations for the eclassical
Béuard problem.  Under the condition of uniform but different
wall temperatures, the eritieal Rayleigh number Ra* (Ra = Gr
Pr)is given as Ra* = 1708 regardless of the presence of forced
{low.

2 For transverse roll-type disturbances, we set ¢, = 0. It
can then be seen that equation (9) reduces to the Orr-Sommerfeld
equation when Re > a, Gr.

3 When a, # 0, a, 5 0, the disturbances are three-dimen-
sional.  If @, Re > a® Gr, the problem becomes purely hydrody-
namieal, and reduces to a two-dimensional problem [case (2)]
under Squire’s transformation. The analyses for the case a, Re
~ q* Gr, 4 = 0 and Couette flow can be found in the literature
[S=11]. The results for stahility criteria show that the flow is
more stable for three-dimensional disturbances than for the dis-
turbance of type 1 in certain regions of Re. (Gage and Reid
112} showed for the case of plane Poiseuille flow with u = 0 that
Squire’s theorem is still valid when 7, > 7, and Pr = 1. They
wlso pointed out that longitudinal vortex rolls are the most
probable in the region Ri < —0.92 X 107% where Ri is the
Richardson number defined as —gBATh/16U,2. The limiting
rase Re — 0, u — 0 yields the classical Bénard problem where
three-dimensional convection cells are a subject of interest.

In the present study it is desired to find out the criteria of
marginal stability for longitudinal vortex rolls which are con-
sidered to be most important among various types of secondary
motion in some regions of Re. From equations (9)-(11), setting
= qa, = 0, we obtain

(D2 — a?)tw = a® Gr f (12)
1 “ )
—(D*— a2 = — (1 + uPryyw+ —u (13)
Pr Re
(D — a?)u = Re ¢, /w (14)
or denoting Ra = Gr Pr (Rayleigh number),
(D? — a®Yw = —a? Ra [(D* — a?) + uL]w (15)
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whaore

Lw = Pr (D? — a?)(Yy'w) — Y, 'w

= 2 [4(1 4+ Pr)(2z — 1) — 8 Pra(l — )b

I
+ o Pr(l — 622 429)(D? — (12)} w o (16)
D

Ls

Boundary conditions are

w=Dw=0=u=0 at z=0andl (17)
Correspondingly, for equation (15)
w = Dw = (D — a*)w
= (D —aw =0 at z=0 and 1 (IN)

Method of Solution

In view of the considerable complexity of equations (12)-(14)
or (15)~(16), the numerical technique employed by Sparrow, et ul.
[13], for the fluid layer problem seems to be most powerful for our
purpose.  The unknown function w in equation (15) is now ex-
pressed in the following power series

(19)

where «A’s are constant coefficients.  Applying the boundary

conditions (18) at z = 0, we obtain
;"0 = ."11 = U, .‘14 = 2(12:12, ;l(; == 3([71;13 (’2()]

Substitution of equation (19) into equations (15) and (16) yields
the following recursion formula for A,(n > 8) after equating
the coefficients of zm.
Ays = 4ad 6 — 6a'd e + 468 — @ Ra (1 + 2 Pr u/3)] 4,4
— [e8 — a* Ra + & Pr ua® Ra {—(1 + 1/Py)
— 2m — a?/12 ~ m(m — 1)/2}]4,,
— 16 Pr pa® Ra [(I 4+ 1/Prim + mim — 1) 4+ mim — 1)
(m — 2)/6]d ey — dm(m — 1) Pr ya* Ra A,

4 (Sm/3)om — )m — 2) Pr pa! Ra A, (21)

Now in equation (19), the four constants 4., d;, A; and A5 still
remain unknown. The boundary conditions (18) at z = 1 pro-
vide the following homogeneous algebraic equations for these
coeflicients.

Cu (712 (713 CH A 2
Ca Cs s Cas A3
Cu Cyw Clys Cyy ds
Cy Cy Cy Cyy A

=0 (22)

where C;; (i, § = 1, 2, 3, 4) are functions of Pr, u, a, and Ra as
cited in Appendix 1.

The determinant of the coefficient matrix [c;;] must be zero in
order that a nontrivial solution exists; thus

[Cyl =0 (23)

In order to obtain a set of parameters Pr, u, a, and Ra satisfying
the condition (23), the values for Pr and yu are preassigned, and
the relation between ¢ and Ra is sought. Final numerical re-
sults are obtained for the minimum value of Ra which gives a
eritical Rayleigh number with corresponding wave number a for
the prescribed values of Pr and u. All computations are per-
formed by IBM 360 insuring accuracy for the first eigenvalues of
Ra such that

_leu = eyl

s
{C‘_jiu s

and for the second eigenvalues € < 1074

< 1073
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Fig. 2 Stability boundaries for longitudinal vortex rolls

In addition to obtaining numerical results for neutral stability
curves, secondary flow streamlines, perturbations of the axial
veloeity and perturbation temperature are also computed.
Necondary flow stream function ¥ is defined by v = 0¢/0z,
w o= — oY/ dy.

Results and Discussion

The results of stability caleulations are shown in Fig. 2.
Solid lines represent the case for Ty > 1% (positive Ra), and broken
lines for 7', < T (negative Ra). Detailed numerical rvesults for
these curves are listed in Appendix 2. Each curve represents ¢
boundary above which flow is unstable and below which flow is
stable. One of the most interesting results is that, if 7, > 7%,
ihe temperature difference AT vequired for the onset of secondary
flow decreases as the main flow velocity and the temperature
gradient 7 are increased. The cause of the decrease in stability
comes partly from the nounlinear basic temperature profile and
partly from the effect of disturbance component w which is
brought into the present problem by the presence of temperature
epradient 7 and the main flow U. The effect of the nonlinear
hasic temperature profile is in qualitative agreement with that
found in a heat-generating fluid layer discussed by Sparrow, et al.
[13]. The effect of the parabolic part of basic temperature pro-
file is more pronounced with increase in Pr; thus a flow with large
Pr is more unstable than one with small Pr.  All solid curves
converge to the value 1708 as u — 0. From observation of
equations (12)-(16), it can be seen that the role of disturbance
becomes significant when Pr < 1. This effect of « will never be
found in problems where there is no temperature gradient (7 = 0)
or no main flow.

The curves for the limiting case Pr — 0 are also shown in Fig. 2.
[ this ease the basic temperature profile is governed solely by
the wall temperature condition so as to cause linear variations in
hoth the z and a-directions. In case of Ty > T5, instability is due
to both adverse temperature gradient in the z-direction and the
presence of 7T (in nondimensional form u), whereas in case of
T\ < Ty the only cause of instability is 7U/.  These limiting cases
are unrealistic, nevertheless they confirm that the effect of u
through the disturbance » does decrease stability. Tt should be
naoted that « is closely velated to the basic veloeity profile as
<hown in equation (14).

When we fix the product 7U¢ and change A7, a point vepresent-
ing the flow condition moves along a straight line whose downward
direction makes an angle of 45 deg with the positive direction of
the abscissa.  (See the line B-A-C in Fig. 2.) As ;4[ increases,
every curve approaches agymptotically to a 45-deg straight line.
This means that the stability criteria now become independent
of AT as l/./.] — <, and are determined by the product of Re and
Rayleigh number based on 7
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Fig. 3 Stability boundary for the case y — «©

Ra, = gBrhi/kv.

In Fig. 3, the critical numbers of the parameter Re Ra, are shown
against Pr for the case ,u1 — . Infinite i,ui may be realized by
zero temperature difference hetween the two plates (AT = 0).
In this case we have to change the definition of 8 to that based on
7h. At this point it is noted that the present configuration ol
fluid passage corresponds to a limiting case of a rectangular chau-
nel for which numerical computation was done by Cheng and
Hwang [19] for various aspect ratios.  According to their calen-
lation under conditions of uniform wall temperature around a
circumference and varying linearly in the main flow direction,
secondary flow in the central region of the channel diminishes as
the aspect ratio (width/height) approaches infinity. The present
study reveals that there is a possibility of secondary flow even in
the case of infinite aspect ratio.

In the analysis of Cheng and Hwang [19], secondary flow in-
duced by the variation of body forces near the sidewall is actually
considered. This type of secondary flow can be found in various
ducts and pipes under the effect of body forces. In this case the
gradient of the body force I in the y-direction, 0F /Oy, appears on
the right-hand side of equation (12). Since F is a known func-
tion of basic velocity or temperature, all the fundamental equa-
tions do not yield an eigenvalue problem. Secondary flow is
driven by the body force F whenever fluid is moving in a curved
channel, or temperature distribution is present. In the present
problem, 0F /3y = 0, and the cause of secondary flow is the dis~
turbance imparted to the How. Disturbance may disappear it
dissipation effect is predominant. It may develop into a form of
vortex rolls due to body forces, or change the flow into a turbu-
lent state, under certain circumstances. The condition for a
discrete change of flow pattern can be determined as a solution of
cigenvalue problem. The case of vanishing gradient, 0F /oy = O
where F' is buoyancy, can also be produced by specific wall tem-
perature condition in a duct such as a rectangular channel with
finite aspect ratio. Stability problem for such a case was dis-
cussed by Sherman [20] vecently.

As we reverse the wall temperature condition such that 7 > 11
and increase |AT|, the eritical point moves upward along 2
broken line as shown in Fig. 2. It can be easily seen that an in-
crease in AT} for a given 70U, brings flow to the stable side
(A4 — B) whereas a decrease in jAT brings flow to the unstable
side (A — C). This vesult is intuitively correct, since the in-
crease in |AT| makes a positive contribution to the stable struc-
ture of flow when 7% > 7. At the values of u which give com-
pletely stable structure (no adverse temperature gradient in the
fluid ), the broken lines approach infinity.

In Fig. 4 the relation between critical wave number « and p i3
shown together with the values of « for a limiting case ]ul — ®
with Pr as a parameter. As Pr — 0, the trend of the curves for
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Fig. 4 Critical wave number versus u

7' 2 T becomes opposite to that for a high Pr.  This is due to
the effect of u through disturbance component . In the case of
a < 4.5, vortex rolls are singly laid between the plates; whereas
for ¢ Z 4.5, secondary motion forms double vortex rolls as shown
in Fig. 6(c). Similar double structure is known from Taylor’s
experiments [21] for rotating eylinders and also from the theoreti-
al work by Debler [14] for a heat-generating fluid layer problem.
Within the range of the present study this phenomenon is found
only for the case 7', < 7.

From equation (23), the second critical eigenvalues of Ra for
the case 7'y > T are computed. These values are represented by
the upper curves for three selected values of Prin Fig. 5 to show
that they are much larger than the first eigenvalues represented
by the lower curves, and this tendency becomes more pronounced
as wincereases.  The second eritical values may have no practical
importance because they are derived on the assumption of
Poiseuille flow. The basic flow and temperature fields differ con-
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Fig. 5 Second critical eigenvalues of Ra

siderably from the Poiseuille flow field at a high Ra due to sec-
ondary flow which might be set up at the first eritical Ra. How-
ever, results indicate that we may expect a flow pattern, deter-
mined solely from the first eigenfunction, to exist in some regions
of Ra near the first critical values, though nonlinear terms may
play some role in the fundamental equations at high Ra.

Figs. 6(e—c) show secondary flow streamlines and isothermal
lines of perturbation temperature for typical eases. The values
of ¢ and 6 are those obtained by setting —:s/a = 1. This
normalization corresponds to setting the coeflicient of a leading
term in the series expansion of ¥ unity. [Note: ¢ = =—sin
(Ly{ (Ay/a)z?/20 + (As/a)?/3! + .. } ] Isothermals have only
one eye when there is no maximum basic temperature in the fluid,
otherwise two eyes exist. The center of vortices moves down-
ward as u inereases for the case T > T%; but very gradually.  For
the case 7% > T, the movement of vortex center is opposite.
Fig. 6(c) shows double vortex structure. In Fig. 7, the per-
turbations of the axial component of velocity on the line A-4 (see
a cross-sectional view in the figure) are shown for several com-
binations of Pr and u.

Finally, for the completeness of the present study, it is neces-
sary to show the region of parameters (Re, Ra;, Ra) where the
longitudinal vortex rolls may exist. As a measure, the critical
value of Re (= 5400) for two-dimensional Tollmien-Schlichting
waves is compared with the stability criteria based on buoyaney
effect in Fig. 8 for aiv (Prof 0.7).  When a point representing the
hydrodynamic (Re) and thermal (Ra, Ra;) conditions of a flow
is in the region below Re* = 5400 but above the slant straight
line for a given value of y, then the flow is considered to be un-
stable, predominantly for the vortex rolls.  Gage and Reid [12]
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Fig. 6 Secondary flow streamlines and isothermals of perturbation temperature
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Fig. 8 Comparison of thermal instability with hydrodynamic instability

pointed out that the eritical Reynolds number for the 7-S waves
is also influenced by thermal structure of flow. Their results
show that the critical Re increases as stable structure (7' > 7)) is
enhanced. Thus the comparison in Fig. § is only tentative. A
more convenient comparison can be made by using Richardson
number which is related to the other parameters by Ri = — Ra/64
Re? Pr. According to the analysis in reference [12] for the case
Ty >T,, Pr=1,and g = 0, in the region Ri < —0.92 X 107° the
longitudinal vortex rolls are more probable than 7-S waves.
This criterion is clearly influenced by the presence of u as shown
in Table 1 where Pr is taken as 0.7. It is also seen that at ex-
tremely low Re there is a possibility of transverse or three-di-
mensional vortex rolls as observed by Chandra [5] in a plane
Couette flow.

The assumption of fully developed laminar flow should also be
examined carefully, since instability in the entrance region might
be significant under certain circumstances. It may be reasonable
to assume that steep temperature gradient in the boundary layer
near the entrance region may cause secondary motion. How-
ever, when the influence of this secondary motion on the fully de-
veloped basic velocity and temperature fields is negligibly small,
and the growth or decay of the motion is dependent on the ther-
mal structure of fully developed vegion, the present results are
considered to be sufficiently valid. Therefore the validity of the
present analysis depends on the growth rate of disturbance in the
entrance region. At the preseunt stage of theoretical investiga-

Table 1 Critical values of Ri (AT > 0) below which longitudinal vortex
rolfs have priority of appearance over the T-$ waves (Pr = 0.7)
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tion, further studies are vequired to determine under what con-
ditions the instability of the entrance region may influence the
stability of the whole region of flow.
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APPENDIX 1

Elements of matrix [C;] 3 3
Cn o= Loy P se . Cu = =5 @+ o + Kz
2 I 9 -+ 4!V + ’0’ -+ /\1,2
Ce = 3a* + Ky
Co = — + K3
! 4
8! Cy = =30+ o+ Ky
| 2
Cis = _' -+ [X’W N
! 1L g
1 W= Ty T R
Oy = o + K
) where
2a? 3at m
%y == e sl o "‘) 9 - [}n ;
Co L+ 31 } Y + Koy K, ;= )
n=8§ n!
Clyy = 'l" -4 [(93 m Lo
- 2 " Ko = Z g
iy (n— 1!
1
Uy = 4*' + Iz.a [\"R'i _ m [ ,‘Lf, B WE,?:] 5
| ’ g L — 43! (n — 2)! "
Cay = -+ ["—’J m o o
31 | a2 3at
6! Ky = Z [,,,, — Lot i Zf‘,_“:l B,;
) s S L — 6)! (n — 4)! (n — 2)! ’
a e
CY' = . — + [&’.2
. 9 4 : j=223357,
Cp = —2a* + Ky aud B's ave the coefficients in the following equation for 4,(n >
. S) fe.f. equation (21)],
1
Oy = 1 — 4+ Ky,
0 A n = [f",g."lg *{- 1{,‘,3:’{3 + 1},¢,5A5 + B,;,7A7
Co = I _ a* 4 Kyn Tufinite servies for K's were terminated when the desired con-
31 60 vergence was obtained.
APPENDIX 2
Numerical Results
Pr = 100 Pr = 0.1
o a Ra* B u *a Ra* B
0 3.116 17078 0 3.116 1707.8
0.075 3.399 1322.3 3 3.118 1693 .0
0.225 3.738 699.80 7.5 3.127 1623 .0
0.525 3.878 346.7() 15 3.145 1441.9
0.75 3.911 250.85 295 3.159 1256.5
1.5 3.950 130.38 3( 3.169 1098.4
—1.875 4.021 —111.87 45 3179 864.97
—1.125 4.043 —190.38 60 3.184 708. 49
—0.75 4.069 —203.13 75 3186 59843
—0.52) 4.104 —433.09 —75 3.184 —954 .09
—0.225 4.256 —1174.8 —52.5 3.173 —1514.8
—0.15 4 387 ~2013.3 —37.5 3.151 —2447 .0
—0.075 4.761 —6094.9 —96.95 3.008 —4355.3
- 18.75H 2988 —8273.1
Pr— 0
“ a Ra*
0 3.116 1707.8
7.5 3.113 1661.2
15 3.105 1547 .1
26.25 3.091 1341.0
45 3.073 1051.9
75 3.056 762.02
—~75 2,947 —1445.9
—352.5 2.907 - 2390 .4
—37.5 2,844 —4077.9
- 30 2.777 —6078.2
—22.5 2.645 — 109650
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Numerical Results

Pr = 10 Pr = 0.7
u a Ra* i - « Ra*
0 3.116 1707.8 0 3116 1707 .8
4.375 3.221 1568.0 1.8 3.128 1683.6
0.75 3.397 1309.3 3 3.160 1618.3
1.5 3.616 913.62 5.25 3.223 1478.6
3 3.775 548 .47 7.5 3.284 1329.0
4.5 3.830 389.25 15 3.415 943 .66
7.5 3.881 245.65 30 3.510 875.38
11,25 3.906 167.97 45 3.546 410.98
15 3.918 127.59 60 3.564 319.20
—18.75 3.986 —~109.36 75 3.576 260.81
—11.25 4.006 —~186.05 —75 3.667 —309.83
—7.5 4.031 —~286.34 —52.5 3.687 — 459 .59
—5.25 4.064 —~422 .83 —37.5 3.712 —676.76
—3.75 4.107 —~618.79 : 3.735 —884 .47
-3 4.145 —~804..18 3.770 —1271.0
—2.25 4.208 —1144 .4 3.798 —1620.4
—1.5 4.331 —1957.7 3.836 —2220.4
—1.125 4.451 —2082.7 3.891 —3462.0
—-0.75 4.683 —5H894 . 1 3.962 —7223.6
—0.675 4.760 —7205.5 3.973 — G022 1
—0.6 4.858 —0164 .4
Critical Second Eigenvalyes
m S « Rai*
0 H.365 17610
0.075 5,359 18444
0.1125 5,364 19519
0.1875 5.471 23050
0.225 5.597 25328
Pro= 0.7 ’
[ a ar*
0 5.365 17610
0.15 5.366 17636
0.3 5,369 17712
.45 5.374 17839
0.75 5.392 18252
1,125 5,432 19077
1.5 5,408 20267
2.25 5.741 23703
Pro= 01 o
m « Rag*
0 53.365 17610
0.75 5.374 17677
1.5 5.404 L7877
3 5.521 18685
5.25 5. 840 20041
7.5 6.279 24315
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New Analytical Approach to the Evaluation
of Configuration Factors in Radiation From
Spheres and Infinitely Long Cylinders

It is shown in this paper that, in the case of radiation from spheres and infinitely long

cylinders to a certain class of surfaces, the configuration factors are independent of the

validity of Lambert’s cosine law.

A new technique has been developed to calculate the

configuration factors in radiation from spheres and infinitely long cylinders and, with
this technique, formulas have been obtained for several geometries for which no solutions
have previously appeared in the literature.

Introduction

IN THE existing literature on radiant-interchange
configuration factors, the underlying assumption is that the
directional distribution of the emitted radiation follows Lambert’s
cosine law. It is shown in this paper that, in the case of radiation
from spheres to a certain class of surfaces, the configuration fac-
tors are independent of the validity of Lambert’s law. A new
technique is developed to calculate the configuration factors in
radiation from spheres, and formulas are obtained for several im-
purtant geometries. All, except one, have never been solved in
closed-form to the best of the knowledge of the present authors.
Ounly the formula for the special case of the factor from sphere to
a particularly positioned rectangle appears in the literature.

LExtremely simple formulas resulted from the present investiga-
tion in certain cases in which the heretofore used methods led to
multiple integrals of forbidding complexity which often could
only be solved by numerieal processes.

Ieasoning, similar to the one applied to the spheres, is further
extended to infinitely long cylinders. The results prove that two
formulas widely reproduced in the literature are incorrect and that
the scope of these formulas has, at any rate, not been fully appreci-
ated heretofore. A new closed-form expression is developed for a
factor from an infinitely long eylinder to a portion of a noncon-
centric eylindrical enclosure.
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SocieTy oF MecHANICAL ExciNgErs for publication (without
presentation) in the JourNaAL or Hear TransrEr. Manuscript re-
ceived by the Heat Transfer Division, November 7, 1968; revised
manuseript recetved April 21, 1969, Paper No. 69-HT-J.
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Radiation From a Sphere to a Goaxial Disk

For the purpose of this paper we shall say that a disk is coaxial
with a given sphere when it lies in a plane perpendicular to the
line joining its center with the center of the sphere.

Fig. 1 represents a sphere and a projection of the coaxial disk
AB.
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The factor from the sphere to the disk 4B is the same as from
the sphere to the hollow spherical surface ACB, provided that 4 B
does not intersect the sphere.  This is so because any ray, emanat-
ing from any point on the radiating sphere and striking the disk,
would necessarily also strike the surface ACB. The opposite is
equally true—thus, any ray striking ACB could not come from
the radiating sphere without passing through the cirele 4 B.  This
ohservation is the keystone of the method developed below.

It must further be observed that the irradiation per unit area
on the surface of the outer sphere is the same at every point quite
irrespectively of the validity of Lambert’s cosine law; provided
only that, whatever is the angular distribution of emanating
cnergy, this distribution does not vary throughout the radiating
surface. This represents no real restriction, because in most
practical cases the surfaces of radiating spheres can be considered
homogeneous, while not necessarily behaving in accordance with
Lambert’s law.

The factor from the radiating sphere to the outer sphere is,
obviously, unity. Thus, bearing in mind our previous remarks,
we must conclude that the factor from the sphere to the area
ACB (and with it the factor from the sphere to the coaxial disk)
1s equal to the ratio between the area of the spherical segment
ACB and the total area of the outer sphere. Thus, the factor
from the sphere to the disk is

Fsa =

dmia? + »?)
(1

1 «

2 2\/&2 + 12

In order to obtain this factor as a function of a dimensionless
quantity, let us introduce the ratio R = r/a which may con-
veniently be called the relative radius. After simplification, we
obtain

1 1

Fog= —

R S L
2 Vit R )

For a sector of the disk (see Fig. 2) the factor is

F =
s-seetur T

@ |:l a :l )
a2 T oV g e @)
or

14 J— g [_1_ Ql__wJ b
s-sector T 2’]‘{‘ 9 va ( : )

10 / FEBRUARY 1970

Fig. 3

Radiation From a Sphere to an Infinitesimal, Coaxial Ring

We shall now consider the differential increase in the factor
Foqas r grows from a value x to @ 4 dx.  This increase repre-
sents the factor from a sphere to an infinitesimal ring of radiux &
and width dz.

ax s
AdF i, r = o (a? + %) lady %)

For a portion of such a ring subtending an angle « at the center
(see Fig. 3), the factor is

R (a* + 'L‘Q)"%(ll' (4
o 2 0T ! )

dl"s-segA inf. » =

The dimensionless form of these equations is obtained by de-

fining the ratio X = z /e and substituting «.X for z and ad X for de.
After simplification, we have

X . s .
dFsin. e = (14 X2)77ax (3)
a X | . .
AF o seq. int. r = o 2 (1L + X2~ dX ")

Radiation From a Sphere to an Infinitesimal Area Lying in a
Plane Which Does Not Intersect the Sphere

It will be useful to consider at this point the factor from a
sphere to a unit area on a coaxial ring.  This factor per unit area is

. dF s iat. -
dF s-unit area = T_
2made

a
= — (a? 4 IQ)“3/2
41

Therefore, the factor from sphere to a differential element of
area lying in a plane which does not intersect the sphere is

a
AF seatp = o (a2 4+ 22) " dd, (3)

where z is the distance between this element and the perpendicular
drawn from the center of the sphere to the plane of this element.
Putting X = z/a and dd = dAp/a?, we get

1 .
dFqq = — (1 + X?)~"d4 (3"
4

It should now be noted that equation (5') has been developed
from equation (1) through a process which required no reference
to Lambert’s law and is, therefore, just as independent from {his
law as equation (1), itself. Further, this independence applies
equally to any finite area lying in a plane which does not intersect
the sphere,
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A digression may be in order at this point in relation to the
reciprocity law. It is well known that this law is in general not
valid for non-Lambertian surfaces. Since the factors obtained
here are valid also for Lambertian surfaces, the reciprocity law

will apply, provided only that the surface paired with the sphere S
follows Lambert’s law. o8
Radiation From a Sphere to a Segment of a Coaxial Disk e
Fig. 4 represents the disk AB in Fig, 1, viewed from above. o
Point O is the projection of the center of the sphere. This pro- D
jection coincides with the center of the disk. oo I
h oo
The angle subtended at O by the shaded ring is 2 cos™! —. g'?;}
@ ;
Thus, utilizing equation (4), we obtain (;:'
2 cos™t — o 008
) T ax (@ + o)~V b
T seseg, — = T T dx o
[V. g A Qrr 9 x LL‘; Q.0
s h
a cos™! — )
" (a? — h*)r? = 2a®h® oo
= +g~111‘1~~ —— () 0008 I-- -
8 2aVa+ (u® + ) acor
[rlee ]
Equation (6) is transformed to a dimensionless form by the sub- 0007
stitutions R = r/eand H = h/a. ooo4
0003
H
cos~t -
1 R A (L= HYR® — 20 000z
Ji— — - — sinTl e :
8 orVi4 e dm (14 HR2
(6"

09%1 N 61 G Ga G ovon 1

[t may perhaps be useful to underline the method employed in =
this section which can be used to an advantage in calculating
factors from spheres to other plane areas. The multiple integra-
tion, commonly resorted to in the existing literature, has here
been replaced by a single integral. !

The graphic representation of the dependence of Fi e, on R
and on aratio Z = H/Ris shownin Fig, 5.

Fig.5 Configuration factors from a sphere to a segment of a coaxial disk

Radiation From a Sphere to a Coaxial Rectangle

We shall say that a rectangle is coaxial with a given sphere
when it lies in a plane perpendicular to the line joining its center
with the center of the sphere.

Fig. 6 represents the view from above of a rectangle mmsmmg
2b, X 2bs, which is cirecumscribed by a civcle of radius \/b12 + b2,
The center of the rectangle, O, coincides with the projection of the
center of the sphere.

The factor from the sphere to this rectangle can be obtained by

H subtracting the sum of the factors from the sphere to the four seg-

l ments from the factor from the sphere to the circle; it can, there-

Fig. 4 fore, be easily calculated with the help of equations (1) and (68).

Journal of Heat Transfer FEBRUARY 1970 / 11
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Thus,

Vb bt
Foreot, = Foq — 2 AF s seg. ini. »
b

1

f Vb EE b 1 a
-2 AF oo, int, » = = — —
N 2 oV 4 by 4 by

f\/b”.;.(.;: s

— -

2 5

ba LT

1 ( N 20202 — (a® — b2)(h? + b7
= sin "t - -
o | (@ + b2)(be + ba?)

22[‘72_.‘ ’2_‘122 (2 122
4 sin-t b’ (a ha?) (b -+ b )] 0

""""""" (@ + b2)(b2 + by?)

After introducing the ratios B, = bi/a and By = by/a, the nondi-
& / [ty
mensional form of equation (7) becomes

I reet. =

1 [ 2B = (1= BB+ By
— 3183 R -
B (1 + BB + Ba?)

27

+ sin~!

i (=BG ] g
(1 + B2)(B* + B»?)

Equation (7) is equivalent to the expression obtained by
Mackey, et al., (1943), for the factor from sphere to a coaxial
rectangle.  These authors assumed that the size of the sphere is
very small as compared to the dimensions of the vectangles. The
same factor has later been obtained independently by Wilson,
Hwang, and Crank (1962) by means of the usual method of
quadruple integration, involving in this case some rather compli-
cated three-dimensional drawings. Their contribution les in
the fact that they have shown that the radius of the sphere does
not influence the factor, provided that the plane of the rectangle
does not cut the sphere. They have found, thus, that the re-
strietion imposed by Mackey et al. (1943) was unnecessary.
However, the conventional approach used by these authors pre-
cluded them from discovering that the assumption of validity of
Lambert’s law is also superfluous.

Radiation From a Sphere to a Coaxial Right Circular Cylinder

Surprisingly simple expression is obtained for the factor from
a sphere to a right cireular cylinder of length 2a¢ and radius »,
when the sphere is placed at the center of the eylinder (see Fig. 7).
Because the factor from the sphere to an enclosure containing
this sphere is unity, the factor from the sphere to the cylinder
can be obtained by subtracting from unity the factors from

sphere to the two bases. Using equation (1), we have

Frot, =1 =2 [i - %-:‘L,ﬁ]
) 2 2V a2 + 72
a
~ Vet ®

After the transformation R = r/a, the factor becomes

1

Foop, = ==
T VI T R

1f the sphere and the cylinder are coaxial but not concentric
(see Fig. 8), the relevant self-explanatory equation is

(87
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lis-c_vL = 9 (ﬂ)
Putting By = #/ay and By = r/a, we oblain
1 1
Foco. = — Ii*; e :;:I IGK
DUV + R V1L oRe ’

Radiation From a Sphere to a Polygon

Let us consider an arbitrary n-sided polvgon lying in a plane
which does not intersect the radiating sphere, e.g., the polygon
ABCDEA i Fig. 9. Let point O be projection of the center
of the sphere on that plane. This projection can fall either within
the polygon, or without. It will be sufficient to examine the
latter case, because it is more comprehensive than the former,
as will readily be understood from the following analysis.

By joining the corners of the polygon to the point O, we obtain
triangles with a common vertex at that point. The problem is
now reduced to the evaluation of the factor from a sphere to an
arbitrary triangle with a vertex at 0. The factor from the
sphere to the polygon will be a simple algebraic sum of »n such
sphere-to-triangle factors, provided that the factors for the
triangles which lie completely outside the polygon arve considered
negative.

Let the triangle OCD in Fig. 10 be of the aforementioned iri-
angles.  We shall now draw two cireles with the common cenfer
at O and with the respective radii OC and OD.  The factor Fesoor
(from the sphere to the triangle OCF) can be obtained by =ub-
tracting a factor to a segment (equation (6)) from a factor to a

-~

N
/

Fig. 7
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sector (equation (2)). The same applies to the factor F.aonx
(from the sphere to the triangle ODE),

Clearly,
i
Fspocp = Y [Fsn0cr — Fapopr)
where
_, 0P
COs ey
e [ 1 a ] I
TsAocr = | o o e
2 2\/a~ + 0c? ™
_,or
a cos™t — ) I
L oc (a*> — OP?OC? — 20*0P*

!

S 9nvar + ogr | AT (@ + 0PHOC?

1)
St J—
~ Cos — 1 . (a? — OP"‘)ETC'? — 2a0P* i
oo 4 (@* + OP*OC" 5
and
_, OP
cos ™l —
P [1 a ] 0D
“s-aopE = | e
2 oVetopd T
0P
a cosTl ==
Lo op 1@ OP*)OD* — 2a°0P*
S onVer £ opr AT (a? + OPOD?
0P
cos Tt T ,,,,
0D 1. - (a? — OPYOD? — 2(12()P2 }
= ————— — -~ sin S— =
2 dar (a* + 0PYOD? S
Therefore,
1 op op
Fsxoenp = " [cos“1 (3—_0 — cos™! O—D]
1 [ (a* — OPY)OC* — 20*0P*
— — 1 sin™! e
S (a* + OP*0OC*

— sin~

, (@@ — 0P)0OD? — 2a2707’2]
(a® + OP*)0OD?
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Fig. 11(a} b > ¢

b | -»-—>{; .,

I

Fig. 11(b) b < ¢

Radiation From a Sphere to a Noncoaxial Disk

Point O in Figs. 11(a) and 11(b) is the projection of the center
of the radiating sphere and the shaded arcs are drawn with O as
their center. Evidently, the whole surface of the disk can be
covered by such ares in Fig. 11(a), but not so in Fig. 11(b).
Therefore, the integral of equation (4) with appropriate limits
will give us the factor from the sphere to the disk in the former
case; while in the latter, another factor (from the sphere to the
coaxial disk, shaded in the figure) will have to be added to the
infegral,

[u both figures we have

2?4 b — ¢

@ = cosl ————

2xb
Thus, forb 2 ¢
_ 3;2 _+_ b? P (2
cos”l —————
bte 2xb ax
Fononcoax. ¢ = f e (a® + 22) " e
bee T 2
(10)
and, for b < ¢
14 / FEBRUARY 1970

U? + b2 — LZ
b €0 1 “2—1:0““‘ ax
Fsnonconx. ¢ = f e e f: (a® + .‘v'z)*a"/gd;r
- T 2
e (
+ ! ¢ (11

”:" e ——— S ——— g )
2 oV — (¢ — by

It can be shown that the equations (10) and (11) lead to elliptic
integrals and cannot, therefore, be integrated in terms of ele-
mentary functions. It was thought, however, that it may be use-
ful to present in Fig. 12 the numerically computed values of the
factor as a function of the dimensionless ratios Z = b/¢ and
R = c/a.

Some Special Cases

The radiation from a sphere to a surrounding concentric cube
is equally divided among its six sides irvespectively of the validity
of Lambert’s law. Thus, the factor from a sphere to a coaxial
square, the side of which is twice the distance between their
centers, must be equal to 1/6. This is in agreement with the
result obtained from equation (7’) by putting B, = B, = 1.

Similar things could be said in relation to any other regular
polyhedron.  An appropriate caleculation may provide an interest-
ing exercise.

Radiation From an Infinitely Long Cylinder to an Infinitely
Long Parallel Rectangle

The same reasoning employed in the development of equation
(1) can be applied to the radiation from an infinitely long eylinder
to a parvallel, symmetrically placed, infinite rectangle appearing
in cross section in Fig, 13,

A B represents the width of the rectangle and ACB is an ave of
a cirecumscribed circle concentric with the cylinder. Provided
that 4B does not intersect the cylinder, the factor from the ra-
diating eylinder to the rectangle is the same as the factor from
this cylinder to the portion ACB of the outer cylinder. Irre-
spectively of the validity of Lambert’s law this factor equals ce/m
and does not depend on the radius of the radiating eylinder.
Because a = tan™1 (b/a), we have

[ﬂc,\’]ms,\'mm. rect. = — tan~l —

(12)
a
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Fig. 13

Putting B = b/a

1

Incyl.*s)'mm4 reet. ;r tan~! B (12/)

If the rectangle is not placed symmetrically (see Fig. 14), we
obtain through simple subtraction

2]

1 b b
Fcyl,»nunsymm. reet, = (tan*1 2 tan—?! _E> (13)
27 a
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, 1 .
¥ cyl.-nonsymm. rect. = 97 (t‘fln 1 lfl — tan~?! [fg) (131)
LT

It can be seen from Fig. 14 that this factor is simply ¢/2w.
This could have been guessed intuitively, but it is not easy to
prove directly.

Assuming now that the rectangle radiates in accordance with
Lambert’s law, we can apply the reciprocity theorem, and obtain

T bl b‘z
Frect.eyt. = — L tan™! — — tan~!—
b @ a

Putting b = by — by, R = r/a, By = b/a and B, = by/a, we get

(14)

(tan =1 By — tan~1 By) (14")

?
Freet.-cyl‘ = ]31 — Bz

The parentheses in this formula have been erroneously omitted
by Hamilton and Morgan (1952) and that mistake has been sub-
sequently reproduced in many books, among them the widely
used text by Sparrow and Cess (1967). Apart from the error in-
volved, it should be pointed out that in these references the ve-
ciprocal factor, from the cylinder to the rectangle, has not been
evaluated. Thus, its independence from the radius of the ra~
diating cylinder has not been noted.

In this connection it ought to be mentioned that another
formula in Hamilton and Morgan (1952) is mistaken. Fig. 15 is
a reproduction from this work. An infinitely long strip of in-
finitesimal width is denoted by P;. The factor from this strip to
the cylinder is given as

N2

Fros = 50

This is manifestly wrong, as can be seen by putting N = M
which would lead to an infinitely large factor. The correct result
can be obtained from equation (12).

Let the width of P be dm.

1
Fc.vl.-rect. of width m = —— tan™1—
2w n
ch\\'L-rect. of width m 1
dm m?
ey 14+ —)n
n?
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Fig. 15 M = m/r, N = n/r

But

. ,
AF g1 rect. of width m = £ 4,-ry

Thus

ndm

J (3, I e
Far-rs 2w (n? 4+ m?)

(18)

Therefore

¢ .

Fpn = o,
Po ity ApPy

dm

*n

n? 4+ m?

N
TN + M2 (16)
Again the erroneous result received wide currency, being re-
produced, among others, in a book by Wiebelt (1966).
The remarks regarding these errors are made in the interest of
the users and should in no way be interpreted as a criticism of the
authors involved,

Radiation From an Infinitely Long Gylinder to an Infinitely
Long Nonconcentric Cylindrical Enclosure

We shall now use equation (15) as a starting point in our quest
for an analytical expression for a factor from the infinitely long
inner cylinder shown in Fig. 16 to the portion PQ of the outer
cylinder.

Equation (15) represents the factor to an arbitrary infinitely
long strip of width dim identified by the variables m and n shown
in Fig. 16. But m, dm and n are functions of the angle «.
Specifically:

m = esin a

16 / FEBRUARY 1970

Fig. 16
dm = rode
n o= 713 — € Cos A

where ¢ 1s the distance between the centers of the two cylinders.
Let dA. denote the arvea of the strip dm. Equation (13) be-
cOmes now

ndm (ra — e cos a)rda
2w (n® 4+ m?) 27 (re? — 2rse cos @ + ¢%)

FA;~<ZA2 =

Integrating from a; to . we obtain the required factor F 4.4,
from the inner cylinder to the portion PQ of the outer eylinder.

72— € CoS
Fag, = — do

7 2
2 j:n (re? — 2r0e cos a + €%)

1 o — oy re -+ e o
= - - tan=1| ——— tan —
2 [ 2 + <7'2 - 2>

As was the case with the factors given by equations (12) and
(13), F 4,4, is independent of the radius of the inner cylinder and
of the applicability of Lambert’s law.
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the large purticles.

Introduction

.E-ma BROAD application and tmportance of the pueu-
matic conveyance of solids needs no recounting here. In such
systems, the possibility of thermal-energy exchange with the
boundary exists and, indeed, the influence o[ suspended particles
on this exchange mechanism may be of critical importance in de-
Several previous theoretical and e\pcnmuxml investiga-
tions have dealt with the problem of heat transfer to gas-solid
suspensions in the vertical orientation where the gravity force is
axial and the flow field is symmetrieal [1-7].2 These and other
pertinent publications are summarized in an excellent book {8].

In comparison to the vertical orientation, the horizontal con-
figuration is inherently asymmetric and it requires individual
treatment. Two previous investigations [9, 10] using horizontal
heat transfer systems did not report the quantitative eflect of
vertical concentration gradients and no results which are com-
parable to those presented herein are known by the authors.
The effect of gravity on a suspension flowing in the horizontal
orvientation is to cause the denser phase to settle toward the bot-
tom of the pipe. The ability of the continuous phase to support
a denser solid phase is found to depend on the velocity and fuid
properties.  Always, however, the tendency is for the solids
concentration to be higher along the bottom of the pipe. In the
extreme, the solids form a more or less continuous bed and move
along without appreciable mixing of the two phases.  Under this

sign.

t Formerly, Research Assistant, University of Washington, Seattle,
Wash.

2 Numbers in brackets designate References at end of paper.

Contributed by the IHeat Transfer Division of THE AMERICAN
Sociery or MECHANICAL BExciNeers and presented at the ASME-
AIChIS Heat Transfer Conference, Minneapolis, Minn., August 36,
1969, Manuscript received by the Ileat Transfer Division,
December 16, 1968; revised manuscript received, April 16, 1969.
Paper No. 69-HT-62.

tube such that Reynolds numbers of 10,000, 15,000, and 30,000 were produced
loading ratios on @ mass basis were us large as 7.
lo observe the effect of stratification on the heat transfer churacteri
The pressure-drop results in
heat transfer data show significant difference between the temperatire of the /ube wall at
the top and bottom with the small particles.
times larger on the bottom side than on the top side.
The pressure-drop data indicate significant wall interaction for the
large size, bl not for the small size,

Heat Transfer to Horizontal Gas-Solid
Suspension Flows

Heat transfer and pressure-drop characlerisiics of a gas-solid suspension flow in a
horizental circular tube were investigated using glass spheres of two sizes, 30 and 200
The airflow rate was held constant at three different values in @ 0.71-in-ID

Solid
The purpose of the investigation was
ics of the system.
, but the

licate that the solids were suspended in all cases

Nussell numbers were as much as 21/,
No such effect was produced with

extreme condition, the solid bed may form an insulating barvier
to heat transfer, but in the normal circumstance, when a circum-
ferentially uniform heat flux is imposed, the lower wall is expected
to be cooler than the top wall due to the normally high thermal
:apacity of the solid phase and, hence, its greater cooling effec-
tiveness.

Although some eonsideration of particle distribution, pressuve
drop, and minimum transport conditions [11-13] has been given
for isothermal conditions in the literature, no information exists
which quantitatively describes the variation of temperature or
heat transfer coefficient when a heat flux is imposed at the bound-
ary in horizontal systems. This investigation was carried out to
obtain some initial answers to the following questions:

I At what concentration does the temperature al the tube
bottom become measurably less than at the top?

2 How large does the temperature difference hecome?

3 Does design for e adequate design
for heat t

The answers to these questions were obtained for a limited
range of parameters, but much further work remains to be done
to verify and to generalize the specific conelusions of this paper.

conveyance constitite
ransfer?

Experimental Apparatus and Techniques

Flow System. The experimental apparatus used in this investiga-
tion is shown schematically in Fig. 1. The basic flow loop was
developed during the course of previous studies {14], and it was
modified to produce the configuration for the current research.
The primary element is the uniform-flux heat transfer section
which is placed in the horizontal position for these experiments.
The suspension is produced by adding glass spheres to the metered
air which comes from the laboratory compressed air supply.
Glass spheres are supplied by a batch hopper which is mounted
on a platform scale. The weight of the feed hopper is continuously

Nomenclature

¢ = specific heat u; = pipe “friction velocity” ms = solids mean

D = inside tube diameter W = massflow rate 0 = inlet condition

h = loecal heat transfer coeflicient s = solids
Nu = Nusselt number Subscripts t = top tube wall

P’ = average pressure gradient, psi/in. @ = air w = wall

¢ = local heat flux b = bottom tube wall z = local value at x in. from inlet

7 = temperature me = air mean o = average if 7 values nearest tube
u = particle terminal velocity mm = mixture mean outlet

Journal of Heat Transfer
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monitored by a strip chart recorder reading the output of a
strain-gage resistance bridge on a cantilever beam which restrains
the scale arm.  The flow of solids is adjusted at the feed nozzle
which admits solids to the flow at the throat of a venturi nozzle.

The solid particles used in the investigation were glass spheres
manufactured by the Minnesota Mining and Manufacturing

Company. The diameter range of the large size used was
117-240u.  The average bead diameter of the small size was 28u.

They will be referred to as the 200u size and the 30u sizes,
respectively. The mixture passes through a second venturi
nozzle to make the distribution symmetrical at the entrance to
the flow development section. This development seetion is 100
dia long and it provides a fully developed hydrodynamic flow
condition at the onset of heating. The 0.75-in-dia X 80-in-long
heat transfer section of type 304 stainless-steel tubing has copper
electrode flanges for conduction of electric eurrent through the
0.020 =+ 0.003-in-thick tube wall. Two diametrically opposed
['e-Co thermocouples were spot-welded to the outside wall at each
of 22 locations along the tube. The test section was thermally
insulated with a minimum of 4 in. of powdered insulation over
its entire length. Details of the thermocouple installation and
loeations are described in the previous publication [4]. The
tube was oriented such that the thermocouples were at top and
bottom. Caleulation showed that longitudinal conduction,
circumferential conduction, and the temperature difference be-
{ween the outside and the inside tube wall are all negligible.
Following the test section, the flow is passed through a water-
couled heat exchanger to restore the solids to near room tempera-
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ture for subsequent reuse. Flow continues through a double-
effect cyelone separator where the bulk of the solids is removed to
a storage hopper. The airflow exhausts to the room through a
cloth filter bag.  Operation of the system is quasi-steady, with the
steady period of operation dependent on the solids rate due {o
the limited supply of solids in the feed tank. Run periods ranged
from 15 min to several hr.

In addition to those on the heated section, thermocouples were
mounted on the approach section to determine the mixture inlet.
Thermocouple output was recorded by a strip chart recorder;
airflow was measured with a calibrated Meriam laminar flow ele-
ment to 2 percent aceuracy; voltage and current were measured
with calibrated Weston meters to 1/, per cent accuracy.

Experimental Procedure. An initial sevies of 19 runs with air only
over a range of Re from 10,000 to 70,000 was made to check the
overall and loeal system performance. These initial runs served
a twofold purpose. By measuring the outlet mixed mean tem-
perature and performing a heat balance, the heat loss from the
heated section to the room was determined. The temperature
of the tube wall at the last thermocouple on the heated section
was maintained at 275 == 5 F for all tests including the solids
suspension runs, thus maintaining a nearly constant-heat-lnss
value. This heat loss value of 39 Btu/hr, which is roughly 3
percent of the heat input, was subtracted from the gross heat in-
put to determine the net heat added to the suspension flows. The
second purpose of the series with air alone was to verify the
phenomenological performance of the system, as will be discussed
in the following section.
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Check runs were made periodically through the program to in-
sure the continued satisfactory performance. About 2 hr were
required for warm up.  Constancy of all temperatures was noted
for about 15 min prior to the introduction of solids, after which
about 5 min were allowed for conditions to stabilize. The system
had a 30-sec time constant for step inputs of power and step
changes of airflow rate, and 5 min was more than adequate. The
sequence of events for a test run was as follows:

1 Warm up with air flowing at a desired flow rate, maintain
outlet tube wall temperature of 275 = 5 .

2 Establish solids flow at an estimated concentration.

3 Regulate heating power and air rate to restore oviginal
flow rate and outlet wall temperature.

4 Record data after observing a steady condition for all in-
struments.

The first series of suspension runs which were made produced
results that were unreasonable. Axial tube wall temperature
variations at distances beyond the thermal entry region contained
maxima and minima which weve 253-deg apart for some cases.
This type of variation was found to depend on both tube straight-
ness and approach section alignment. Adjustable supports were
placed at 20-dia intervals and both sections were made colinear
to within 0.01 in. with the aid of a surveyor’s transit. Only
those results which were produced after this alignment procedure
are reported herein.

Analysis of Results. The local Nusselt number, kD /k, is based
on the local heat transfer coefficient, which is defined by

ks

w L
T, is the mean temperature that would exist if the phases were
in thermal equilibrium and it is based upon an energy balance:

R TP

ava Vs
The heat flux is assumed to be uniform since the tube electrical
resistivity is nearly constant, the heat loss is a small part of the
total heat transferred, and tube wall conduction is estimated to
be negligible. In the air-alone tests, W, = 0, and the same
formulas are used with 7", the average of the top and bottom
thermocouple readings.

During the tests with only air flowing, the top and bottom
thermocouples at most of the axial locations indicated the same
temperature. There were a few exceptions due to tube non-
uniformity or inaccurate thermocouples, but the difference was
always less than 3 F. When solids are Howing, heat transfer
coefficients are caleulated separately for the top and hottom tube
walls based on their respective measured temperatures, but the
same values of heat flux and mixture mean temperature are used.

The Reynolds number is always based on the mean flow rate
and physical properties of the air.  When air-only ruus are made,
the average mixing cup temperature is used: when solids ave
present, the inlet air conditions are used for evaluation of the
physical properties.

Experimental Results and Discussion

Tests were conducted for the following conditions: airflow
only; air Reynolds numbers of 10,000, 15,000, and 30,000 with
30u particles; air Reynolds numbers of 15,000 and 30,000 with
200 particles.

Heat Transfer With Air.
present to assess the system performance and capability for ac-
curate and repeatable results. The tests covered a range of
Reynolds numbers from 10,000-70,000, and the resulting asymp-
totic Nusselt numbers are shown in Fig. 2. The solid line repre-
sents the previous data of Depew [15] and the analysis of Spar-
row, Hallman, and Siegel [16]. The experimental data are
within =5 percent of the expression. Further confidence in the

system is engendered by the fact that the 5 percent thermal-

Nineteen runs were made without solids
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Fig. 2 Asymplotic Nusselt numbers versus Reynolds number for air-only
flows

entry length for all tests was from 9-14 dia long. This is in
agreement with Sparrow’s value of 12 at Re = 50,000 and
Depew’s range of 11-13 dia. These results are considered to be
substantial verification of the system and its instrumentation,

Heat Transfer With 304 Particles. Local Nusselt numbers are pre-
sented in Fig. 3 as a function of axial distance for four diffevent
solids loading ratios with the air Reynolds number held constang
at 15,000. These results are typical of the 12 runs made at this
air rate and they show the essential characteristics of the system
performance. Fig. 4 shows the high-loading ratio run plotted as
the Nusselt number ratio (ratio of local value of Nu to Nu at
/D = 101) versus axial distance. Fig. 5 is a plot of the asymp-
totic Nusselt number as a function of solids loading ratio with the
comparable results from [14] for the vertical orientation also
shown. Fig. 5 also shows similar curves for Re = 10,000 and
30,000. Local Nusselt numbers are not presented for these air
rates since the behavior is similar to the series when Re = 15,000.

Fig. 3 clearly shows that Nu, increases everywhere in the tube
with the addition of solids, but the Nu, is somewhat reduced by
particles. The results also show that there is no appreciable
tendency to prolong the length of the thermal-entry region con-
trary to the pronounced effect which was found for the same con-
ditions in the vertical orientation. Fig. 4 shows only a modest
prolongation of thermal-entry length to about 40 dia for the top-
side values, while the axial profile for air alone adequately vepre-
sents the data for the bottom side. The curves for Nusselt num-
ber ratio for other loading ratios are similar to Fig. 4, with a de-
creasing effect on the top-side profile as the loading ratio is de-
creased. Also, it is apparent from Fig. 4 that Nu, has con-
siderably more variation than the values along the top side.
This result is made more evident by considering the standard
deviation ¢ of the seven values at x/D greater than 50. At
Ws/Wa = 1.61, ¢ is 1.0 on the bottom compared to 0.53 on the
top; at 3.63, ¢ i3 2.83 on the bottom compared to 0.51 on the top;
at 7.24, ¢ is 5.03 on the bottom compared to 0.27 on the top.
The variation of Nu, with x/D is reproducible and regular,
i.e., it can be seen from Fig. 3 that Nu, (/D = 76) is the highest
of the last seven values for all loading ratios. It appears that this
effect is systemic in spite of the careful alignment of the tube, as
described in the previous section. Careful visual observation of
the tube interior revealed no variation which could be considered
as a possible cause of the variation, and it appears that variations
within the straightness tolerance (0.01 in.) are responsible for the
trregularity of the behavior of Nu,.

Solid particles had only a nominal effect on the heat transfer
coeflicient on the top side, as shown by plotting Nu,, versus solids
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Fig. 4 Nusselt number ratio for 30u particles at Re = 15,000

loading ratio, where Nu,, is the arithmetic average of the last 7
stations; Le., for /D > 50. Fig. 5 shows that, for Re = 15,000,
along the top side Nu,, decreases by approximately 25 percent and
remains nearly constant for loading ratios greater than 1 or 2.
The effect of solid particles on the bottom-side tube wall tempera-
ture is significant, however, as shown by the increased value of
Nu,, at high loading ratios. At lower values of loading ratio there
is little evidence of stratification, and the temperatures at the top
and bottom are virtually the same. As loading is increased, the
higher concentration of solids at the tube bottom is effective in
cooling the wall, such that at the intermediate Re and at the
highest ratio shown in Fig. 5, 7.24, the difference in temperature
of 90 F produces a Nusselt number at the bottom which is 21/,
{imes greater than at the top and almost twice as large as with no
solids at all.

Also shown in Fig. 5 is the line representing the results of the
vertical tube tests for Re = 15,000 and 30,000 from [14] for com-
pavison.  The variation at 15,000 is not unlike the curve for the
hottom side of the tube, but it is closer to an average value for the
top and bottom sides. Also, the minimum occurs at a lower load-
ing ratio for the vertical tube and has a slightly lower value.

Turning attention to the results in Fig. 5 for the high and low
flow-rate cases, notice that Nu, is almost unaffected by solids
loading ratio for the lower Reynolds number, but that Nu, is re-
duced by about 34 percent at loading ratios greater than 2 for
Re = 30,000. The most plausible explanation for this effect on
Nu, takes into account the residence time for particles to absorb

B0 / reBrUARY 1970

heat from the air. That is, when Re = 10,000, the solids have
roughly three times as much time for heat transfer as at the higher
air velocity, and this additional rvesidence time allows them to
approach thermal equilibrium with the air. The closer that the
solids are to the air temperature, the closer will be 7',,, to the
mean air temperature 7,,,. If it is assumed that the particles are
ineffective in altering the convective mechanism at the top of the
tube, then the effect on Nu, is entirely due to 7,,,,, and the con-
dition where 7T,,, T would result in invariant Nu,. For
The>1pn>Tho Ty — Tho) > (T, — T,.) and Nu,, is less
than for thermal equilibrium.

A rather unexpected result can be seen in Fig. 5 by noting that
on the bottom wall Nu,, has the same value for all Re for a limited
range of loadings. For the two lower air rates the range of agree-
ment is from 1 to about 4, while the tests at Re = 30,000 produce
coincident results only over loading ratios from 3—4. It is possible
that the curves might continue to follow the results from the in-
termediate air rate, but the solids loading valve would not allow
operation in this range. Further work is underway to investigate
this region of loading ratio.

Heat Transfer With 200 Particles. The Nusselt number ratio is
increased by adding 200u solids, also as shown in Fig. 6, for 4 load-
ing ratios. The increased ratio results in a prolonged thermal-
entry length to about 50 dia. Fig. 6 also shows that the difler-
ence between the ratio at the top and bottom is insignificant.
This symmetry is also demonstrated in Fig. 7 where the asymp-
totic Nusselt numbers along the top and bottom are plotted as a
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Fig. 5 Asymptotic Nusselt number for 30y particle suspensions

conditions of this investigation, the ratio is always less than 0.1
when using 30y particles and the ratio is greater than I when
running with the 200y size. 'This criterion suggests that the small
size should flow in suspension, but that the 200y particles should
settle out. Thomas correlated his experimental results for mini-
mum transport velocity for liquid-solid and gas-solid flows and
he derived a relation among the terminal velocity, friction velocity,
and the physical and fluid properties of the system. Using this
correlation, which appears as equations (15) and (16) in [11], both
sizes should flow in suspension. This conclusion is based on ex-
perimental data and is more reliable than the foregoing, which ix
suggested by letting 1 /u, = 0.2.

Based on the foregoing discussion, it is reasonable to expect
greater stratification effects with the large size, if any are present
atall.  Comparison of Figs. 5 and 7 shows the opposite; tempera-
tures were symmetrical for the 200u size and asymmetric for the
othersize. That the lower wall was much cooler without reaching
Thomas’ criterion is not, however, contradictory to the theory.
A minimum transport velocity oceurs when stationary or sliding
particles oceur at the bottom of the pipe and it is well below the
condition of sizeable vertical concentration gradients.

The lack of any marked sign of stratification when running with
200u particles is contradictory to the previous discussion, but a
possible explanation may be found in the observations of bouncing
flow made by Bagnold and by Adam, as reported by Wen [17].
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Fig. 6 Local Nusselt number for 200u particle suspensions

funetion of solids loading ratio for both the high and low Reyn-
olds numbers. The differences are minor and the results for
the bottom side do not exhibit any of the behavior of the 30u
particles, Fig. 5. Additionally, the reduction of the asymptotic
Nusselt number from the value for air alone on the top by about
19 percent is only about 1/, the reduction found with 30u spheres.
Particle-Size Effects on Heat Transfer. Among the size character-
istics of particles which are important in transfer of heat energy
we suwrface area and particle terminal veloeity. The smaller
~pheres used in this study have roughly 50 times more surface
area per unit weight of solid than the larger ones have. For this
reason alone, the small particles are expected to have a larger
olfect on heat transfer than the 200u spheres, as was found in the
previous studies {2, 3], On the other hand, the larger particles
have a higher terminal velocity, and according to Thomas’ crite-
rion [11) for minimum transport velocity, they should stratify to a
greater extent than the smaller particles. Thomas cites the ratio
of terminal velocity to pipe friction velocity as the major factor in
determining the nature of the suspension flow, i.e., solids trans-
ported in suspension or a concentrated layer along the bottom of
the pipe.  If the ratio u/u; is high, the phases would separate, but
if the ratio is low, the turbulent eddies would support the solid
phase for conveyance as a mixture. Thomas suggests a value of
0.2 as a convenient division between the two regimes. Ior the
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Fig. 8 Average pressure gradient versus solids loading ratio

Iu these studies, particles were observed to bounce from wall to
wall as they were transported along the pipe. Mehta, et al. [13],
postulate that the 97u glass particles used in their pressure-drop
studies moved primarily in bounecing flow, while the 36u size fol-
lowed suspension flow.  The present results indicated a symmetry
to the 200u flow which could be the result of bouncing, and the
pressure-drop data in Fig. 8 support these ideas. A larger pres-
sure gradient would result with bouncing flow and its associated
momentum transfer due to acceleration and deceleration. Note
that the pressure drop increases linearly with loading ratio for the
large spheres and that this increased pressure drop increases with
the square of the air rate. These observations tend to verify the
theory that there is substantial bouncing contact with the wall
in the case of the large particles. On the other hand, the pressure
gradient is only moderately affected by the 30u size, indicating a
much smaller momentum interaction with the wall. The concept
that wall interaction, which Is tantamount to bouncing, offers a
plausible explanation for the observations in this work, but more
direct measurements will be necessary for full confirmation of the
phenomenon.

Summary and Gonclusions

Although the amount of data and the range of parameters is
limited, the results of this investigation pertaining to horizontal
gas-solids suspension flows can be summarized in the following
conclusions:

1 For solids loading ratios less than approximately unity,
there is no asymmetry of wall temperature distribution.

2 Forsuspension with 30u particles, the Nusselt number along
the top wall of the horizontal tube is reduced to a value lower than
with air alone.

3 TFor suspeusions with 30u particles, the Nusselt number
along the bottom wall reaches a minimum value and then in-
creases as the loading ratio is increased.

4 When 200u particles are used, there is no asymmetry of wall

82 / FeBRUARY 1970

temperature distribution for loading attained in this investigation,

5 Based on the heat transfer results, it appears that 30u par-
ticles move in a stratified suspension flow, but that 200u particles
interact symmetrically with the tube wall. The pressure-drop
results indicate significant wall interaction with the larger size,
but no interaction was apparent with the smaller size within the
accuracy of the pressure-drop measurements.

These conclusions should be considered to be tentative and
subject to verification or modification with further research.
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Sully developed laminar flow in horizontal circular tubes with uniform heat flux. Solu-
tions for heat transfer and pressure drop, with both heating and cooling, were obtwined
Sor water with two limiting hube-wall conditions.
hibits higher Nu and f than the glass tube, with Nu being over five times the Poiseuille
With the glass-tube boundary condition, significant circumferential

The infinite-conductivity tube ex-

wall temperature variations exist. A correlation for the difference between the wall
temperatures at the top and bottom of the tube is presented. Design corvelations for Nu

and f are developed from the analytical solutions.

The analytical predictions bracket

recent experimental dala for waler.

Introduction

IN spITE of numerous analytical and experimental
<tudies, it appears that no correlation has previously been de-
veloped which satisfactorily accounts for gravitational effects in
l:uninar tube How.

When a flowing fluid is heated in a horizontal tube, the
tluid near the wall is warmer, and therefore lighter, than the fluid
fither removed from the wall; it therefore flows upward along
the wall, and continuity requires a downflow of the heavier fluid
newr the center of the tube. As a result, there is a secondary
fluid motion established which is symmetrical about a vertical
plane passing through the axis of the tube, and combined with
the axial flow, the three-dimensional streamlines exhibit a spiral-
ing character. This secondary flow was demonstrated by means
of a simple counterflow heat exchanger consisting of a 1/4in-
117 pyrex tube centered in a plexiglas channel of square cross

Contributed by the Heat Transfer Division of THE AMERICAN
RocieTy oF MEcHANICAL ExGINEERS and presented at the ASMIE-
AIChE Heat Transfer Conference, August 3-6, 1969, Minneapolis,

section [1, 2].1 Photographs of the flow of water at Re = 150 in
plan and elevation are depicted in Fig. 1, where the streamlines
were marked with a very dilute solution of potassium perman-
ganate maintained at the same temperature as the flowing fluid.
A diagrammatic sketch of a cross-sectional view of the two-
dimensional, secondary-flow streamlines is presented here since
this could not be photographed.? Some of the details of this
secondary flow have been examined via dye streamlines in
water {4, 5], veloeity profile measurements in oil (6], and velocity
and temperature profile measurements in air [7].

A number of empirical correlations have been proposed for
the heating or cooling of various fluids in horizontal laminar-tube-
flow with approximately constant wall temperature [8-14]. In
the majority of these investigations, the data correlations were
attempted with a view toward obtaining average Nusselt num-
bers via various modifications of the Graetz solution which applies
to the uniform wall temperature situation. When this boundary
condition is imposed, the secondary flow develops to a maximum
intensity, and diminishes to zero provided the tube is long
enough.

I Numbers in brackets designate References at end of paper.

Alinn,  Manuseript received by the Heat Transfer Division, Decem- 2 Mori and Futagami [3] recently presented axial photographs of
ber 17, 1968; revised manusecript received, March 27, 1969. Paper airflow in a large diameter tube where smoke was used for visualizu-
No. 69-HT-39. tion.
Nomenclature
B = dimensionless axial pressure h = heat-transfer coeflicient r radial distance
gradient J = conversion factor, 778 ft-lbs/ re = tube radius
¢, = specific heat at constant pres- Biu s = path length of two-dimensional
sure k = thermal conductivity streamline
D = tilbe diameter I, = axial length T = temperature
o -
Fr = Froude number == gro/W,? Nu = Nusselt number = hD/k AT = T, — 1T,
= Darcy-Weisbach friction fac- ) = Nuss - for Poiseui Y ' .
f arcy E g Nup Nusselt m.u‘nl)el for P()lbell}“(} 7, = mixed-mean fluid temperature
tor flow, uniform heat flux Nup . time
fp = friction factor for Poiseuille = 4.36 - o . i
= B4 ) . . . u = velocity component in r-diree-
flow = 64/Re P = two-dimensional pressure dis- tion t
. 5 gD? tribution, P(#, 6
trac > — i = . . .
Gr = Grashof pumber = - . - . . 0 N v = velocity component in f-direc-
4 P* = dimensionless pressure = P(r, tion
, go* o ., gy + 7 Fr ' . )
X Py — 1) — B (T, — T4) > 5 W, = average axial velocity
p? Pr = Prandtl number == ¢ u/k . i .
Shati : . w = velocity component in z-direc-
g = gravitational acceleration p = pressure ¥
. . . Lion
g. = conversion factor, 32.174 ft- (¢/4), = heat flux at solid boundary
b /Ibs-sec? Re = Reynolds number = plVoD/u (Continued on next page)
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Fig. 1 Spiraling streamlines in plan and elevation

For a constant-heat-flux boundary condition, a wall-minus-
fluid temperature difference obtains throughout the length of the
heated tube; thus the free convection persists throughout the
tube. Iixperimental data for the heating of air [7, 15] and water
[16, 17] with approximately constant heat flux were recently re-
ported. The secondary flow produces increases in the heat-
transfer coefficient which can readily be of the order of 500 per-
cent.

In general, the available empirical correlations of experi-
mental data for either houndary condition apply ouly for limited
ranges of variables, and ave characterized by large uncertainties.
This is not too surprising since the number of parameters is very
large and difficulty would be expected in correlating data for

significantly different fhiids.  In particular, the effects of tempera-
ture-dependent properties have not been isolated; for example,
variable property effects have been correlated via the Grashof
number, and buoyancy effects have been correlated via viscosity
ratios.

The abundance of inhibiting factors associated with the experi-
mental approach suggests that theoretical approaches should bhe
considered. However, a solution of the complete problem, in-
volving transient phenomena and entrance effects, is not cur-
vently possible.  Accordingly, analytical work has centered on
the more tractable problem of fully developed flow in uniformly
heated tubes, with density as the only temperature-dependent
property. Hanratty [4], Morton [18], del Casal and Gill [19)],
and Igbal and Stachiewicz [20] cousidered series solutions using
various quantities for a perturbation parameter. These results,
which include both first and second-order perturbation analyses,
are contrary to experience, for even moderate values of the ex-
pansion parameters. Mikesell [5] approached the problem in
terms of a boundary-layer analysis; however, the analysis was
unsuecessful sinee the formulation for the core flow could not he
separated from that of the boundary layer. Mori and Futagami
[3] recently reported a boundary-layer solution for Pr ~ |,
utilizing the integral approach, which was in fair agreement with
limited experimental results for air.

While these theoretical analyses have contributed to an under-
standing of the problem, they have not produced relationships
which corvelate the experimental observations to a reasonable
degree of accuracy. Hence, it appeared appropriate to consider
a more exact solution, via finite differences, for an appraisal of
the effect of free convection in uniformly heated horizontal tubes,
rezarding the transport properties to be essentially constant.

The simplification of the problem to two dimensions brings it
within the capability of currently available automatic computa-
tional equipment; however, it is necessary to comment on the
practical utility of such a solution. Consider first the fully de-
veloped assumption.

If the heated section is preceded by an adequate [1] hydro-
dynamic calming length, the development of the secondary flow

att be considered to oceur in two stages. In the first stage, axial
fluxes predominate {1}, and the temperature profile develops
almost as a symmetric flow. Then there exists a nonuniform
radial density distribution and, in the second stage, the body
forces come significantly into play. In this region the body forces
are of the same order of magnitude as the inertial forces; this
condition can be expressed with the following relationship [1]

Ly Re?

—_— o~

D Gr

(1

The region, I ~ L1 + Ls, in which the flow is being established
an then be estimated by adding to equation (1) an estimate [1]
for stage one; viz,, In/D = 0.05 Re Pr. McComas and Eckert
[15] reported data for air which appear to exhibit a fully developed

Nomenclature

z = axial coordinate A = dimensionless axial pitch of w = property evaluated at average

a = convergence-accelerating  pa- three-dimensional streamline wall temperature
rameter in equation (27) p = dynamic viscosity

$# = bulk modulus of expansion vo= kinex.nm,i(: viscosity Superscripts

e = dimensionless radius to fivst in- p = dql‘\ft’yA * = dimensionless variable: @ =
tersection  with  specified T = _OT/OZ» . . w/Wo, & = v/Wo, @ = w/W,,
streamline on ray which Y = stream .hmctmn defined by P 2/1, F - /re, B = p/po
contains eye of two-dimen- equation (12) Po=T/T,p = Bz + P(#, 0)
sional streamlines Subscripts = p/pW 1 = (Wo/r,

0 = azimuth angle measured from avg = average property - = average property
vertical center line b = property is evaluated at mixed-

¢ = path length of three-dimen- mean fluid temperature All properties are evaluated at the mixed-
stonal streamline correspond- max = maximum mean fluid temperatures unless otherwise
ing to axial pitch min = minimum noted.
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condition as predicted in this manner. Mori, et al. [7], reported
developed fows of air with entrance lengths about 30 percent less
than that predicted by this method, while the data of Shannon
and Depew [16], for water at the ice point, indieate entrance
lengths up to about 30 percent greater than predicted by the
method just suggested. Thus the region in which the secon-
dary flow is being established can be reckoned approximately.

Regarding the effect of variable transport properties on the
radial velocity components, an exact analysis was made via the
Frobeneous method to determine the effect of the variable vis-
cosity of water on a fully developed laminar flow, neglecting
gravity [1]. The results of this one-dimensional study, which cor-
roborated the work of Poppendiek [25], indicated that devia-
tions from the Poiseuille flow would be no larger than 15 percent.
In fact, it was shown [1] that radial viscosity variations would
result in deviations in the Nusselt number from the Poiseuille
ralue of less than 5 percent provided

T LT, (2)

Finally, it is necessary to consider the conditions under which
a stable laminar flow will be expected. When all possible distur-
bances are eliminated, laminar flow may exist at Re ~ 107 [21];
however, it appears that when nominal care is exercised to pre-
vent external disturbances, all disturbances will be attenuated
only for Re < 10%  From visualization studies under adiabatic
conditions [1] it was found that for Re < 1000 the flow is stable,
for 1000 < Re < 2000 a loeally time-dependent, sinuous motion
ensues, and at Re ~ 2000 the first disturbance eddy breaks
away. This effect is corroborated by the work of Prengle and
Rothfus [22].  Under diabatic conditions, there is some un-
certainty as to whether the secondary flow retards or promotes
the transition to turbulent flow. Altman and Staub [23] con-
cluded that the free convection rendered the flow in rectangular
duets more stable, while Scott, et al. [24], contended that it was a
destabilizing effect for tube flow. Mori, et al. [7], found that the
transition Re (inferred by hot wire) at high inlet turbulence
levels increased as the product Gr Nu was increased, but the op-
posite effect was observed at low turbulence levels. In no case,
however, did the transition Re drop below 2000. Thus stable,
laminar flows with heat travnsfer obtain in many practical situa-
tions for which analytical solutions will be applicable.

Analysis
Differential Formulation of the Secondary Flow Problem

The variation of the density in the presence of the earth’s gravi-
tational field provides, of course, the motive force for the secon-
dary flow that is under consideration. However, when the density
is primarily a function of temperature, as was first pointed out
by Boussinesq [26], the variability of the density can often be
ignored in all of the analytical expressions except the body-force
term. This effects a considerable simplification in the mathemati-
cal formulation of the problem since part of the nonlinearities
associated with the material derivatives are circumvented and
since, with an iterative approach anticipated, the number of
cyeles of iteration required will be substantially reduced. Ac-
cordingly, the density will be treated as a constant in all of the
terms in the governing equations except the expressions relating
hody forces.

In the treatment of problems involving free conveetion, it is
customary to introduce the bulk modulus of expansion and ex-
press the results in terms of the Grashof number. However, the
use of B assumes a linear relationship between p and 7, and some
error is introduced at higher A7 where the free convection is very
significant. In order to obtain a precise solution to the problem,
the numerical calculations were performed for a specific fluid using
an accurate formulation for p(7"). Since water is important in
engineering practice and exhibits large secondary flow effects, it
was chosen as the working fluid.

Journal of Heat Transfer

Employing eylindrical eoordinates, and making the valid {1]
assumption that, for water, the work associated with viscous dissi-
pation is of no consequence, the differential equations of continu-
ity, energy, and momentum are

2 iy + 2L 2 3)
0 4 _
or o0
o7 40 Yk N 1 1o (. oi’)
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The density data of reference [27] for the saturated liquid ave re~
lated to the temperature with deviations of less than one percent
over an interval from 40 to 350 deg ¥ by

p = 624 — 7.83 X 1077 ~ 40)2, (8)

where p isin lb,/ft? and T is in deg F. Other property data were
taken from references (28] and [29].

The boundary conditions for the analysis derive, from the as-
sumption of a no-glip condition on the velocity at the bounding,
solid surfaces, from the observation that symmetry about the
vertical axis exists, and from the specification of thermal condi-
tions at the tube wall. Consequently,

At # o= 1: a1, 0) = o(1, 0) = @1, 8) = 0;
0 o (#0, %) = 0, and ow (#,0) = 0;
50 (0, 2) = ,(m(bg 7Oy =0;

A
n

il

At 0 =0 8(#0)
X “ oW
Atf =m: 6(f, ) =0, o0 (F,m, 2) = 0, and —

; S (hm) =109

The most reliable boundary condition that can be physically
imposed, with the joulean heating of cylindrical tubes, is that of
insulating the outer tube surface. This problem, however, re-
quires the simultaneous solution of the fluid and tube-material
regions. This can be achieved, but the number of independent
parameters that must be considered is almost prohibitively in-
creased unless a specific experimental situation is alluded to.
Therefore it was considered more useful, at least for these first
exploratory caleulations, to impose realistic, yet bracketing, con-
ditions upon the thermal boundary conditions. This was ac-
complished by the utilization of two distinet sets of boundary
conditions, The first, and most realistic boundary condition,
involves the assertion that it is the fluld system that determines
the circumferential temperature distribution at the tube wall;
mathematically this is equivalent to asserting that the thermal
conductance of the tube is equal to that of the stationary fluid.
This is almost exactly true for glass tubes and is not very far
from reality with metal tubes of moderate diameter due to their
thin walls. Nevertheless, another extreme condition was con-
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sidered inewhich it was assumed that the tube material exhibited
an infinite thermal conductivity, and hence eliminated any cir-
cumferential temperature gradients at the tube wall, with the
result that ’7’(1, #) is constant. For both of these conditions re-
lnting to the temperature distribution around the girth of the
tube, the radial heat flux at the wall was regarded as being uni-
form. Thus, since the thermal conductivity is being considered

as (‘()H.\Jt,étll[,, and
< '71> =
oF r=1

the radial temperature gradient at
that the two thermal boundary conditions can be distinguished,
they will be referred to as the “glass tube” and the “infinite
conductivity tube”” boundary conditions, respectively.

Now, if the momentum equations for the #

((1/ /A )w7 0

10
W, (10

the wall is also constant. So

# and G-directions are
integrated with respect to # and 0, respectively, and the resulting
expressious for p arve differentiated with respect to Z, the results
are equal only provided

= Bz -+ P(# 0), (11)

where B i1s an unknown constant. This permits, via the elimina-
tion of $ from the equations of motion, a reduction in their num-
ber from three to two and reduces the number of equations in the
svstem to be considered to four.

A stream funetion can also be defined such that

(12)

thereby satisfying the continuity condition. Thus the system of
ditferential equations to be considered has been reduced from

five to three. They are
@1 1of 1 ol oy o oy of
P — N . I i I) — - - -1
o T ror T g TRE [ <Oz 00 o8 af)]

4+ Re Pr 7o = 0, (13)
o0 1od 1 0%  Re[opon oo
o2 7 of i o6 £ LOF 08 of of

— B Re =0, (14)

and
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[u addition to these differential conservation equations, two
integral conditions must be imposed to bound the system and to
insure the uniqueness of the solution. These integral conditions

are;
2 1
f f Wididl =
0 0
2% 1 "
f f Tipididd = .
0 0

1970

(16)
and

(17)

B6 / resrUARY

Physteally, the constraints insure constaney of the mass How and
local bulk temperature, respectively.

The boundary conditions, in terms of the stream function, he-
come
3&0 oy oy

70) =0, *”( ) =0, — (1,

of

)[menvm, since ¥, but for an additive constant (due to the
definition of ¥ being specified as a derivative), is the amount of
fluid flowing through a section per unit of time, the constant of
integration is conveniently chosen so that ¥ is zero on the walls,
Thus take ¥(1, )= 0. But, since for § = 0and # = 1, ¥ = (,
and ¢ = constant along 8 = 0, Y(#, 0) = 0 also.

The pressure distribution P(#, #) is determined after the solu-
tions for ’7', @, ¥, and B have been obtained. This is accom-
plished by solving the radial equation of motion (5) for an ex-
pression for 0p/d#. This is equal to 0P /0F, however, since p =
RZ + P{# 68). The resulting expression is caleulable, then sing¢e
the solutions for 7’, W, and ¢ are known, and integration along
successive radii gives P(#, ) to within the arbitrary constang
required to specify the pressure level.

The axial pitch of a streamline is an operational quantity if
visualization of the flow is made possible and should, conse-
quently, be caleulated. The axial distance traversed in time, ¢,

is given by
ot
z = f wdt,
0

and the time interval, {, can be determined from the are length of
the two-dimensional streamlines, The time required to complete
the two-dimensional streamline circuit is

#) = 0, and gg/ (1, 8) =

(18)

(149)

or the differential time requived to traverse an elemental length
of the two-dimensional streamline is

dl = G (20)
Vi +
Thus, since
a8 = V(7O + @y, 20
di = M (22)

\/w -+ 92

Hence, the pitch, A, is given by
\/ V(0 + (@i
Y T
The distance along a trajectory, ¢, is given by

f \/<z¢19)2 T+ (A + (dz)

ar + o

24

The Darey-Weisbach friction factor is given by

f = —4B,

and the Nusselt number is defined as

D (g/A),D
kT kT, — Ty

Finite-Difference Formulation

The so-called central-difference operators, employed to trans-
form equations (13)-(13) into algebraic, finite-difference equa-
tions, were obtained from manipulations with truncated Taylor's
series. These operators had truncation errors of the order of the
square of the grid spacing. The integral constraints and bound-
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Fig. 2 Convergence behavior

ary conditions were also transformed by standard numerical
techniques.  Due to their excessive length, it is inappropriate to
present the finite~difference formulation here; a detailed descrip-
tivte is given in reference {1].

Solution Details

An iterative technique with successive over (or under) relaxa-
tion was utilized. This yielded the optimum convergence rates
and provided for damping of oscillations in the event that poor
initial guesses induced potentially divergent instabilities in the
uonlinear system. The residuals, popularly used in relaxation
caleulations via desk computation, were not employed and
stored, however, in this investigation since the core storage
limits were already strained. Rather, after iteration at each grid
point, the variables were modified in accordance with the formula

F = apFrew + (1 — ap)Foa (27)
where F represents any of the variables, 7, #, ¥, or B; « the
carcesponding  convergence-accelerating parameter; Fue. the
vidue of the pertinent variable from the current iteration; and
I".,11 the value of the same variable from the previous iteration.
Unfortunately, no theoretical basis exists for assigning values to
the various o’s, and one must resort to numerical experimenta-
tion, In the cases reported in this work, «’s as low as 0.25
were required for stable behavior, and values as high as 1.5 were
achieved with stable operation under differing circumstances.

As many as 50,000 cycles of iteration and as few as 1600 were
acknowledged in the solution of the cases studied. Tt is signifi-
cant that somewhat shorter computational times are required
when the initial guesses are associated with employing the output
of one case as the initial guess for the next, while maintaining a
=v=tematic alteration of the problem parameters.

Fig. 2 depicts the change in the temperature, the change in the
axial velocity, and the change in the stream function with the
unumber of cycles of iteration for representative grid points for a
tvpical case. Oscillations are observed to occur at the beginning
of the ecaleulation.  An account of the convergence rate was
printed out by the program so that the plotting of the variables
was not required. These results were estimated to be within
ubout one percent of those that would be realized after an infinite
nitmber of iterations [1]. A nominal time for one converged case
fusing 20 X 20 grid, 10,000 iterations, and printing every 500

lournal of Heat Transfer

iterations) represents about 21/, hr on the IBM 7094 and about 11
hr on the IBM 7040 system.

The computational time increases drastieally with grid re-
finement. Studies were made using finer grid networks, and it
was found that the 20 X 20 grid formulation yields results which
are within 5 pereent of those using 40 X 40 grids, and that there
is no significant difference between 40 X 40 and 80 X 80 grid
formulations.

Regarding the initial guesses for 7, @, ¥, and B required to
initiate the iterative process, several schemes were utilized.
These included: Poiseuille flow, Morton’s [18] perturbation solu-
tion, the perturbation solution of del Casal and Gill [19], and
various combinations and modifications of these. In general,
most efficient computation was effected by using the solution to
one case for the initial guess of another one, since the perturba-
tion solutions were of limited use even as initial guesses.

Fortran program listings and instructions for use of these pro-
grams are given in [1].

Discussion of Results
Details of the Flow

Tigs. 3-10 depict detailed results for a typical case: glass-tube
houndary condition, v = 0.5 in., (¢g/4), = 10% Btu/hr-ft%
Wo = 0.1 fps, and T, = 100 deg F. The computed results are as
follows: T, = 120.5 deg F, 7(1, 0)/7(1, ) = 2.25, Gr = 1.241
X 105 Re = 1130, Ny = 11.23, and f = 0.071. The rather modest
average temperature difference produces significant stratification
effects as well as substantial increases in Nu and f, which are 4.36
and 0.056, respectively, for the corresponding symmetric, or Poi-
seuille, flow.

Lines of constant temperature and lines representing constant
values of the stream function are presented in Fig. 3. The maxi-
mum temperatures are observed to occur in the upper portion of
the tube while the minimum temperatures are noted to occur in
the lower region of the tube. Significant asymmetry of the stream
function about the horizontal center line can be seen with this
glass-tube case Inereasing the tube radius and/or the heat flux
results in the location of the eye of the spiraling streamlines being
moved radially outward and farther into the lower portion of the
tube. With the iufinite-conductivity-tube boundary condition,
much less asymmetry about the horizontal center line is ob-
served; the principal effect of an increase in either tube radius or
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heat flux is to displace the eye radially outward. For both
boundary conditions, the location of the eye of the streamlines is
unaffected by alteration of the average axial velocity.

Figs. 4 and 5 depict the distribution along the vertical and
horizontal center lines of the axial-velocity ecomponent and the
temperature profiles, respectively. The corresponding Poiseuille
profiles are presented for comparison. The effect of the secon-
dary flow on the axial velocity profile is observed in Fig. 4 to shift
the point of maximum velocity along the vertical center line to-
ward the lower region of the tube. Fig. 5 emphasizes the marked
asymmetry in the temperature distribution about the horizontal
center line; the stratification effect is seen to be significant, with
the minimum temperature ocewrring in the lower portion of the
tube. The circumferential variation in the tube wall temperature
is given in Fig. 6, where it is seen that a temperature difference of
106 deg F exists between the top and bottom of the tube. Fur-
thermore, the wall temperature at the bottom is less than the bulk
temperature. Experimental variations of this order have been
reported for water in laminar flow [5] and turbulent flow [30, 31}
at low Reynolds numbers. It is noted that this wide variation
in fluid temperature precludes any analytical simplifieation via
use of a constant bulk modulus of expansion. From a practical
standpoint, this result suggests that numerous thermocouples
are required to obtain average wall temperature measurements
for tubes with small eircumferential heat conduction. In addi-
tion, in order to maintain the constant-heat-flux boundary condi-
tion, it is necessary to choose tube materials with low tempera-
ture coeflicients of electrical resistivity.

The radial and azimuthal velocity distributions along the ver-
tical and horizontal center lines are shown in Fig. 7. It is signifi-
ant that the asymmetric position of the eye of the streamlines
induces reversals in the accelerations of the fluid particles along
the vertical center line in the lower position of the tube. The
secondary flow is portrayed quite vividly by the azimuthal
velocity profiles along the horizontal center lines. It is significant
also to note that, whereas in the symmetric developing flow
situation the radial velocities attain large magnitudes [1], while
apparently contributing in only a minor way to the heat transfer,
the velocity components transverse to the principal direction of
flow induced by free convection are quite small yet produce a
very sizeable effect upon the heat transfer.

Although the pressure distribution throughout the cross sec-
tion of the tube is very nearly hydrostatic, the effect of the sec-
ondary flow can be seen in the distribution of the pressure along
the vertical center line and along the hovizontal center line in
Pigs. 8 and 9, respectively.

Fig. 10 illustrates the axial pitch of streamlines, which is of
interest in visualization studies. From this figure it is apparvent
that the pitch changes most drastically with the point of particle
marking, measured along the ray containing the eye of the
streamlines, near the axis of the tube. Consequently, consider-
able uncertainty is associated with methods for determining the
pitch that involve the injection of marked particles at the center
line of the tube. It appears that the most opportune particle-
marking position occurs nearer the eve than nearer the tube axis.
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Fig. 11 Dependence of Nusselt number on tube radius and heat flux

However, the measurement of the pitel very near the eye will re-
quire a very precise technique. Hanratty’s perturbation solu-
tion, recorded in Appendix 2 of reference [4], severely overesti-
mates the axial distance required for a streamer, identified at the
tube axis, to reach the bottom of the tube [1].

The detailed fow information obtained in this study was used
to examine conditions under which the boundary-layer approxi-
mation might be considered a valid approach to the study of the
secondary flow [1]. It was found that the predominantly inviscid
region defining the core could be reasonably well defined. How-
ever, since the core flow depends strongly on the boundary-layer
flow, there appears to be no profitable motive for pursuing such
a calculation involving the boundary-layer approximation.

Parametric Effects and Design Correlations
An extensive computational effort was undertaken to develop
sufficient solutions to define the parametric effects and de-
velop design correlations for heat transfer and pressure drop.
The effects of the problem parameters (heat flux, tube radius,
wall temperature, and tube-wall boundary condition) upon the
average Nusselt number are presented in Figs. 11 through 13.
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In Fig. 11, it is appavent that the Poiseuille flow model is valid
only for capillary tubes and/or for minute heat fluxes. Fig. 12
indicates that as the bulk temperature is increased, the Nusselt
number increases.

The glass-tube and infinite-conduetivity-tube boundary condi-
tions are compaved in Fig. 13, where it is seen that the infinite-
conductivity tube exhibits a much higher Nusselt number. A
tube material which has a high conductance will not accommodate
as large a eireumferential temperature gradient as will those ma-
terials which have low thermal conductivities such as glass.
Consequently, the stratification phenomenon is more pronounced
with the glass-tube boundary condition, with the result that the
driving potential for the secondary flow (thelocal AT) islessened.

Tt was found that variations in the average axial velocity,
which is physically an independent problem parameter, produced
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no changes in the average Nusselt number. This is, of course, 4
consequence of the fully developed assumption.

The traditional correlation parameter employed in problems
involving free convection is the Grashof number. The improve-
ment in average Nusselt number is plotted versus Grashof
number in Fig. 14, where it is observed that calculated free-con-
vection effects elevate the Nusselt number by over a factor of
five at higher Grashof numbers. The analytical data point scat-
ter is systematic, and smooth curves could be drawn through
those data points representing the same tube-wall bouundary
condition, heat flux, and bulk fluid temperature. Shannon and
Depew [16] vecently veported data for the heating of water.
Representative data from this study, corresponding to fully de-
veloped free convection, are shown to be bracketed by the present
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malytical predietions. The experimental data of Ede [17) are
alzo hracketed by the analytical vesults of this study.

Final correlation curves were obtained by introducing the
Prandtl number as shown in Fig. 15. In order to effect a success-
ful correlation, it was necessary to evaluate the Prandtl number
al the average wall temperaturve. Since the different tube-wall
boundary conditions constitute systems which are not similar,
the distinet correlations which are depicted should be expected.
The water data of Shannon and Depew [16] or of Ede [17] could
ot be checked against the correlation since the Prandtl number
conld not be extracted from the published data. However, in
view of the good agreement in Fig. 14, a reasonable corvelation
wauld be expected. An attempt was also made to include the
limited air data of McComas and Eckert [15] and Mori and
Futagami [3]. These air data were considerably above the pres-
ent correlation eurves. Several analytical solutions were also
Zenerated for a light oil, and significant deviations from the curves
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in Fig. 15 were noted. These results indicate that the present
analytical correlation is valid only for water, and that additional
caleulations will be required to develop a general prediction. In
view of the complex nature of the problem, it is certainly to be
anticipated that additional dimensionless groups will be required
to correlate data for more than one fluid.

The effects of the problem parameters upon the phenomeno-
logical, pressure-drop parameter are presented in Figs. 16 through
18. Again, the results are monotonic with respect to the average
axial velocity. The limited extent of the applicability of the
Poiseuille model in predicting pumping requirements is apparent.
in Fig. 16 and is similar to the heat-transfer parameter situation.
The effects of bulk temperature changes are also in like directions
as seen in Fig. 17.  Associated with the infinite-conductivity-tube
boundary condition ave larger azimuthal velocities, tighter spirals
(smaller values for the axial pitch of the streamlines), and conse-~
guently larger pressure drops compared to the glass-tube bound-
ary condition as is shown in Fig. 18.
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Fig. 19 relates a correlation between the analytical results
for the friction factor and the Nusselt and Prandtl numbers for
hoth tube-wall boundary conditions considered. Unfortunately,
no experimental results for the effect of heating on pressure drops
were found in the literature for comparison.

With the glass-tube boundary condition, significant civcumfer-
ential wall temperature varviations exist. A correlation for the
difference between the wall temperatures at the top and bottom
of the tube is presented in Fig. 20.

Now, since the use of the Nusselt number really requires an
extra ealeulation for the designer (generally either the heat flux
or the wall temperatures is specified and the other is required),
a correlation between the average wall temperature and a parame-
ter involving the heat flux, bulk temperature, and fluid properties
is presented in Fig. 21, A particularly simple correlation was ob-
tained for the glass-tube case.

Conclusions

An analysis has been performed to determine the effects of
free convection on fully developed laminar flow in horizontal cir-
cular tubes with uniform heat flux. A large-scale digital com-
puter was used to solve an accurate finite-difference formulation
of the governing equations. Solutions for heat transfer and pres-
sure drop, with both heating and cooling, were obtained for water
with two limiting tube-wall conditions: low thermal conductiv-
ity (glass tube) and infinite thermal conductivity.
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Fig. 21 Correlation for average wall temperature as an alternate fo the

intermediate Nusselt number calculation method

A detailed presentation of data for velocity, temperature, and
pressure distribution is given for a typical case with the glass
tube boundary condition. At a modest AT, extensive stratifica-
tion of the flow is predicted, with the tube wall exhibiting a luge
circumferential temperature gradient. Due to the secondary
flow, both Nusselt number and frietion factor are higher than the
values predicted for constant-property Poiseuille flow.

Numerous solutions were generated to examine the effects of
system parameters on heat transfer and friction. The Nusselt
number and friction factor increase as tube radius, heat flux, and
bulk temperature are increased. As a consequence of the fully
developed assumption, Nu and the increase of f Re above the
Poiseuille value are unaffected by the average axial velocity.
The infinite conductivity tube exhibits higher Nu and f thau the
glass tube, with Nu being over five times the Poiseuille value at
Gr ~ 108 The analytical predictions bracket recent experimen-
tal data for water. A design correlation for Nu for both heating
and cooling of water is developed from the analytical solutions
(Fig. 15). Several other correlation curves were developed to
facilitate computation of wall temperatures and {riction factors.

The present, data provide for an assessment of free-convection

effects for water. Regarding extensions of this study, additional
solutions for other fluids are requived before a general correlation
an be developed. However, the analytical formulation may have
to be revised for other fluids to account for the effects of radial
property variation and viscous dissipation. Specific applicafions
may require solutions for the “any-tube” case where the tube and
fluid regions are considered simultaneously. Eventually, the
three-dimensional solution can be undertaken to study the de-
velopment of the secondary flow.
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Stahilize Forced-Convection Two-Phase Flow
Systems With “‘Pressure-Drop™ Oscillations'

Optimization theory is applied to a forced-convection two-phase flow system with Jieqt

addition described by « second-order system of differential equations.

The mathematicyl

model describes o physical system in which low-frequency pressure-drop oscillations
occur, and these oscillations may either grow or decay with time depending on whether

the system is stable.

The dynamic programming approach is applied lo obtain a sup-

optimal feedback control system which is very stable and exhibits no oscillatory behavior,
A system is synthesized whereby pressure and temperature fluctuations are used to con-
trol heat-input fluctuations in order to provide stability.

Introduction

A NuMmBER of analytieal studies of two-phase How
systems have been made to develop spatially independent models
=0 that spatially continuous processes could be characterized by
lumped parameter representations. These studies describe the
development of a system of governing equations based on the
conservation of mass, momentum, and eunergy and their conse-
yuent solution to determine frequency response, stability, etc.
In the equations which describe systems with fixed geometry,
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69-HT-43.

there are some quantities which are usually considered to be con-
stant. These quantities, which include heat input, How rates,
and inlet and outlet pressures, are adjusted sometimes to ohtain
stability and/or to realize other performance parameters. In
many other processes, stability is achieved by the application of a
feedback controller. So too, in the case of two-phase flow sys-
tems, there is the possibility of using a feedback controller,
This would mean that one or more of the aforementioned quanti-
ties would become a control variable which varies in time in some
appropriate manner to attenuate temperature and pressure flue-
tuations generated by external distuwrbances. Tn the following
development, the heat input is taken to be the control variable.
Then optimal control theory is applied to the synthesis and design
of a feedback controller to produce stability in a forced-convection
two-phase flow system.

In a recent paper by Bankoff and Bandy [1],® optimization
theory is applied to the design of a natwral-circulation boiling
water channel where the heat removal rate is to he maximized and
the control variables are the flow area and the local heat input.
The local heat flux is constrained to be less than some fraction of

3 Numbers in brackets designate References at end of paper.

Nomenclature
A4y = flow area between supply &, ks k;; = k parameters, see equations T = final time
tank and surge tank (11)(13) T, = heater wall temperature
— y . H . T — qaturat: ra b ur
A, = flow area between surge tank Ly length 10f tubing between T, saturation  temperature of
and heater supply tank and surge Auid in heater
b lefined i . e tank { = present time
b:, = define ions (57)— ! - , .
i 6(6()) in equations (57) L. = length of tubing between ¥, = volume of gas in surge tank
) surge tank and outlet V, = volume of liquid in surge
o = 1 M = mass of heater tank
T2 = mass flow rate " dummy time variable
= ‘ aris
. my, my = defined after equation (44) Lo
¢, = specific heat of heater ma- ) . . p; = liquid density
. ny, 72 = defined after equation (33) .
terial N o = future time
. P = supply pressure ) .
D = differential operator Py = surge tank pressure Ty, T2 defined after equations (47)
. . e ) s and (49), respectively
E = instantaneous minimum er- Pyq = partial pressure of air in 1 l‘( ) [‘ chvel
ror function surge tank b1, o, s = weighting functions
e = error index Py, = partial pressure of vapor in d = (preceding a quantity) per-
. ) . surge tank turbation of quantity
ex = defined after equation (41) P; = outlet pressure away from its steady-state
H = power input to fluid @1 = volume flow rate into surge value
4 auk ~ steady-state value when used
H, = power input to heater tank 0 steady-st 1(9 value when use
; heat-t ¢ Fcient (); = volume flow rate out of surge as subseript
v = heat-transfer coefficient, er- - . .
;‘01' n( ! ’ tank 7 = differentiation with respect
easure Qo = rate of loss of liquid due to to time.,  This does not
o > . .
Ky = [(P1— P2)/Q:% evaporation apply to the Appendix.
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ihe loeal burnout flux. Tt is also constrained (o be nonnegative.
They found that the optimum shape was flared at both ends and
that, in the intermediate region, the diameter increased from inlet
to outlet. The heat input, which was found to be at either the
upper (some fraction of local burnout flux) or the lower (zero) con-
slraint value, varied as a function of position along the channel.
The work deseribed next is concerned with forced-convection
two-phase flow where the only control is the heat input.

According to Stenning and Veziroglu [2], there are two major
types of instability associated with two-phase flow. The first
pcreurs when the pressure drop decreases with increasing flow rate
across a given test section and is associated with a low void frac-
fion.  This is often called pressure-drop instability. The
second type of instability is caused by the interaction of pressure
drop, flow rate, and mass storage and is sometimes called “density-
wave' instability. In the following analysis, pressure-drop
insiability will be considered in order to illustrate the application
of optimization theory to two-phase flow problems.

System Equations

The derivation of the system equations follows the work of
Stenning and Veziroglu [2] very closely but with enough modifi~
cations to allow the use of dynamie programming to synthesize a
conirol system. The frequency associated with the pressure-
drop flow oscillations is rather low (1 to 5 rad/min) so that it i
possible to assume quasi-steady conditions in the heater. For the
stine reason, it is also possible to neglect inertia effects.

The problem is one of one-dimensional unsteady flow for the
sv=tem shown in Fig. 1. Two-phase flow representation is pro-
vided by the vapor volume in the surge tank and the liquid flow
out of the tank. That is to say, liquid and vapor are present
simultaneously in the model. TFurther, the surge tank provides
for liquid storage so that the How out of the tank may Huctuate
as would oceur with the onset of oscillations.  Boiling effects ave
considered in an implicit manner through the variation of pres-
swe drop with heat addition. Tt is interesting to note that in the
experimental investigation [2] with this apparatus, instability
was usually oceasioned by boiling in the heater. The heat addi-
tion accelerated the flow with decreasing pressure drop and
brought on the unstable oscillations. Stenning and Veziroglu
2] used water and Freon-11 in their work. Freon-11 is the
working fluid in the examples considered in this paper,

The system under consideration is perhaps the simplest one
which exhibits instability. This, in turn, allows insight to be
giined in the synthesis of a feedback control system which renders
stubility to two-phase flows which may be unstable in the open-
loop configuration.

The governing system equations are derived in the Appendix
and are linearized on the assumption of small disturbances from
the equilibrium conditions.  The final form of these equations is
[see equations (59) and (60))

{
L P = bdl: 4 T, n

1
%{(M',,,) = bndPy + budT, + cubH, @)
dl

where 8, 67, and 6H ; are perturbations of the surge tank pres-
sure, the heater wall temperature, and the heat input, respec-
tively, from the equilibrium values. The constants b;; and ca
depend on system parameters.  These equations are in a suitable
forin to facilitate the application of various methods of optimiza-
tion theory to synthesize a control system. The caleulus of
variations approach and the dynamic programming approach are

earrh considered.  For either case an error measure is introduced

h(5Py(a), 67 (), 8H (o), 0]
= @u(6P:)* + ¢:(8T,)% + ds(8H,)® (3)

with the associated error index
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R{Constant)

R {Constant)

A

|
Lo

SUPPLY TANK

T

SURGE TANK HEATER

Fig. 1 Schematic of flow system

P
e(t) = f h[6Ps(a), 8T (o), 6H (o), aldo. (4)
t

Present or real time is ¢, future time is o, and 7' is the final time
at which the process is completed. The coefficients ¢, ¢, and ¢y
are weighting functions. They are somewhat arbitrary and are
governed, to a certain extent, by system performance require-
ments.

The Galculus of Variations Approach

The minimization of the error index subject to the differential
constraints of equations (1) and (2) is a typical problem of the
:aleulus of variations.  This approach does not lend itself readily
to the treatment of linear problems since it results in a fourth-
order system of linear differential equations which is computa-
tionally unstable. That is, terms with real and positive parts
oceur in the exponent.  In an analytical solution, these terms are
driven to zero by a judicious choice of initial conditions. Errors
in numerical or analog solutions usually excite these terms, how-
ever, and they are a source of trouble. An interesting observa-
tion was that the auxiliary equation for this fourth-order system
did not contain terms in odd powers. Another interesting oh-
servation and a useful result is that ¢; can be set equal to unity
without any loss of generality.

The Dynamic Programming Approach

The form of the system equations (1) and (2) and the form of
the error measure are retained in this approach. The computa-
tional difficulties just mentioned do not occur in dynamic
programming [3]. Instead, a set of nonlinear differential equa-
tions is introduced and this set is not solved in terms of elementary
functions.  Computer solution is required but it is noted that
computers are usually employed in the solution of large linear
systems.

When dynamic programming is used to obtain the optimal con-
trol equations for some system, it is convenient to put the process
differential equations into vector form. For the present problem,
equations (1) and (2) become

x'(i) = Bx({) + Cm(l) (5)

where the elements of x(¢) are the perturbations 8P, and 67',.
The elements of m(f) are the control quantities and in this case
the only nonzero termis m. = 6H,;. Bisa 2 X 2 matrix with con-
stant elements b;; and (' is also a 2 X 2 matrix with constant ele-
ments, of which only ¢ is not zero.  In this notation, the ervor
index is

e(l) = i:

n=14t

T

{h.(0) [z, ()12 + Pslmale)]?}do. (6)

The instantaneous minimum-error function is defined as

Ex{u), p] = min e(u). (7)
ma(a)
{u, T

The dummy time variable g, defined on the interval [¢, T, is in-
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troduced so that the actual time £ ean be treated as a constant
during the optimization process.

The fundamental concept in the dynamic programming process
1s the principle of optimality. In the synthesis of control
syvstems, the principle can be paraphrased from Bellman [4] as:

Principle of Optimality. An optimal control has the property
that, whatever the initial conditions and control are, the sub-
secquent control must be optimal with respect to the state result-
ing from the initial control.

This leads to the condition for minimum error,

min <Z 1) e, (11?4 o) (mafp)]?}

me(p) \n=1
2 DE[x (1) u])« OEx(u), p
m (W) )= Tt
+ ,zgl 2 o, () /* o ®)
This equation is represented in a more convenient form as
ol {x(w), ul 2 .
Ton T 2 9un (] + gulma¥ ()
n=1
2 OB [x(u), ul
+- @, M) — = 0 (9)
'n;l OJI,L(,U,)

and it is a partial differential equation for the instantaneous
minimum-error  function. The starred quantities are the
minimizing values. Its solution is assumed to be of the form

2
Blx(w), gl = k() — 2 2 kn(w)e,(u)

m=1
2 2

+ 2 20 s, e (u)

m=1 j=1

(10)

where &, () = k;,,(u). Substitution of E from this equation
into equation (9) results in the following nonlinear ordinary dif-
ferential equations for the b parameters:

2
—k'(w) = D [—enth? (11)
7=
2
—k () = 25 (bok, — k), omo=1,2  (12)

n=1

fov

. r - 2. .
*Amj (M) = — Cyn ’]‘nml‘nj):

(qbna'nma’nj + bnmkuj + bnjknm
1

n

a

m,j = 1,2 (13)

1 0
e = Oand 4 = .
0 1

Since the desired output quantities coincide with the state
variables x,, A is the identity matrix as shown with the elements
a,;. Of the six k parameters, k1 = k= 0 and kpp(u) = kalu).
It is noted that. u is a dummy time variable which disappears
when the boundary conditions have been used with the solutions
for the & parameters. The boundary conditions for the k&
parameters are found from the terminal value of the minimum-
error funetion, i.e.,

where

Elx(T),T] = 0. (14)

In order to guarantee that this condition holds for all finite values
of x(T'), the k parameters must vanish at u = 7', L.e.,
T = k(1) = T, f(T) = 0. (15)

Solution requires the backward integration of equations (12)
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and (13) and the values of the k's are noted at some initial time (.
The k(¢) are the initial conditions on the k(u) and these are used
in the complete system equations with all integrations proceeding
in the forward direction.

The goal of this work is to determine the optimum feedback
control system which will minimize the error index. For the
process under consideration, the optimum control equation is

SH ) = enlkalt) — ku(DBPy(t) ~ kn(0ST,(8)].  (16)

Data are available for a marginally stable case and an unstable

case and this information is used to determine the b,; and exn for
equations (1) and (2).

Marginally Stahle Case

This system is marginally stable with no feedback control and
exhibits oscillations which are very lightly damped. The quanti-
ties of interest are

o= 2.35 Ih/min my = —0.1480
ex = 1.705 my = 0.800
7y = 2.12 min ny = 21.1

79 = 0.0385 min ny = 4.70

by = —2473 b = 0.1045
by = —56.25 bes = 1.064
Cp = 2597

The auxiliary equation for this system without feedback is

D2 4 1.409D 4+ 3.247 = 0, (17y
which shows damped oscillatory behavior.
The solutions for the k£ parameters are shown in Fig. 2. Since

only ks and ke appear in the control equation (ke == 0), these
gains are of particular interest and it is seen that they arve rela-
tively uniform except for the last 5 sec or so. This suggests
the possibility of a suboptimal feedback control system with
constant k parameters which, for this case, ave

ko = —0.0158,

kyy = 40.0177.

It was assumed that ¢ = ¢ = ¢5 = 1.0,
trol is obtained from equation (16)

SH (1) = 0.A18Py(t) — 04657 ,(0).

The suboptimal con-

(18)
When 8H (1) is substituted into equation (2), the system auxiliary
equation is

D? + 13.36D + 31.69 = 0. (149)

It can be verified that this system is nonoscillatory and also that
disturbances will decay as exp (—3.08¢) where { is given in minutes.
By way of comparison, disturbances decayed as exp (—0.705() in
the open-loop system.

Unstahle Case

In this situation, the physical parameters are chosen to make
the open-loop system unstable.
ciated coefficients are

The parameters and the asso-

mo= 2.30 Ih/min my = —0.1580
ex = 1.700 ne = 0.916
7 = 2.10 min n = 19.0

7o = 0.0148 min ny = 3.14

by = —3.364 by = 0.1605
by = —152.67 b = 3,027
Cy = 67.57

The auxiliary equation for the open-loop system is

D* — 0.563D 4 245 = 0, (20)
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Fig. 2 k-parameters for open-loop marginally stable case
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Fig. 3 k-parameters for open-loop unstable case

which shows instability because the roots contain a real and
positive part.

The solutions for the k parameters ave shown in Fig. 3 and, as
i the previous case, the suboptimal control system with constant
eains is suggested.  The appropriate gains are

kn = —0.0302,
+0.0153,

/\'22 =

feedback control system which is very stable. The system con-
sidered exhibits so-called pressure-drop oscillations which are
oceasioned by increasing flow rates with decreasing pressure
drops. Thisis a low-frequency phenomenon with periods ranging
from about 1 min to about 3 min.

The low-frequency character of the system oscillations permits
considerable simplification of the governing equations and also
permits linearization of these equations with some degree of con-
fidence. The dynamic programming approach is particularly

where n was assumed agam that ¢i = ¢ = ¢ = 1.0. The powerful in the treatment of linear systems since certain inherent
~uboptimal control equation is difficulties associated with the method can be circumvented.
SH (1) = 2.048P,(1) — 1.0367 (1), (21)  This means that it is possible to obtain the feedback gains for a

{ . ’ w Saks

and the associated auxiliary equation for the closed-loop system
1%
D? 4 59.03D + 189.8 = 0. (22)

[t can be demonstrated that this closed-loop system is nonoscilla-
tory and also that disturbances will decay as exp (—3.41¢4). It is
interesting that the exponents in both cases are not significantly
different from each other.

Discussion

Dynamice programming has been applied to a very simple
torced-conveetion two-phase flow process to obtain a suboptimal

Journal of Heat Transfer

closed-loop system as funetions of time with considerable ease on
the computer.

Analog computer solutions showed that the feedback gains,
associated with temperature and pressure fluctuations, were es-
sentially uniform in time except for the 5 or 10 sec just
before the final time. In processes which proceed for an in-
definite time, it is suggested that the final time be arbitrarily
large. Thus the gains can be considered constant and the feed-
back controller can be regarded as optimal. These constant
feedback gains produced very stable systems with a high degree
of damping. It is noted that the weighting functions ¢ and ¢.
were taken to be unity in the development. The value of these
functions could be adjusted, however, relative to some other op-
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Fig. 4 Mechanization of control system

{imization or performance criterion. This choice is open to the
designer.

The use of a second-order system facilitated analytical ex-
amination of the system equations and the associated auxiliary
equation. Thus it was possible to see the effects of the dynamic
programming process without encountering the complications
brought on by a large system. The process can be extended
readily to larger systems, however, and to systems which deseribe
density-wave oscillations and instability.

A possible mechanization of the feedback controller for pres-
sure-drop oseillations is shown in Fig. 4.
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APPENDIX

In this Appendix the detailed derivation of equations (1) and
(2) is given. The system under consideration is shown in Fig. 1.
The development is based upon the usual laws of conservation of
mass, momentum, and energy.

The momentum equation between points 1 and 2 is

i . Ly dQ
Pr=Py= K@ 4p (23)
Ay di
where ¢, is the volume rate of flow into the surge tank. The
momentum equation between 2 and 3 is
. [42 (lQ:
Py — Py = (Py — Py), + py oa (24)

where s 1s the volume flow rate out of the surge tank; (Py — Ps),
is the steady-flow pressure drop across the system and depends
on Q. and the heat input.  Since P, and P; each are constant,

Py — P; = const. (25)
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The continuity equation for the surge tank is

av,

Qu— @ — Qv = a

(26)
where (Jov is the rate of loss of liquid volume due to evaporation
and V; is the volume of liquid in the surge tank. If V, is the
volume of gas in the surge tank,

dv, dv,
= T (27)
dt dt
and the conservation of mass implies
p,dV,
Doy = — —. &
Qe p, dt (28)
Therefore,
dV p, AV po\ AV
Q- Q== - = Sy
& & dt + o, dit < p,> dt (=)

Since the gas in the surge tank is a mixture of air and saturated
vapor,

l)g = ])2a + [):!v; (30)
where
Po, = partial pressure of air,
Ps, = partial pressure of vapor.

The partial pressure Ps, is constant if the liquid temperature in
the tank is constant and thermal equilibrium prevails, which in
turn implies

PV, = PV = const. (315

This is solved for V, to give

D 7
v, = Dol (32)
¢ [)20 =
and then V, is differentiated with respect to time
d Vg P;za() 1fg() (lf)g(, .
a - Pa dt el

Up to this point, the analysis is identical to that in reference [2].
In the presentation of the thermal energy equation, the present
development will take into account variations in heat input.
Stenning and Veziroglu {2], by way of contrast, considered con-
stant heat input in their work. Thus the thermal energy equa-
tion becomes

(34)

where H is the power input to the heater and H is the power inpul
to the fluid. Under steady-state conditions with no losses,

Hy = H,. (35)
The power input to the fluid is
H = 14T, - T)), (36)

where the heat transfer coefficient b is some appropriate funection
of @ and other system parameters [5],

h o= h(Q, ...). (37)
The flow Q. is taken to be the governing argument while the other
parameters are assumed to be essentially constant over the range
considered.

Even this simplified model as given by the preceding equations
consists of nonlinear differential equations. Since stability
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analyses usually are concerned with attenuating perturbations as
soon as they begin, a reasonable approach is to introduce small
disturbanees in the nonlinear equations and retain only the linear
terms. I'urther, as long as the amplitude and the frequency are
low, it is reasonable to neglect the inertia terms d@Q/dt in equa-
tions (23) and (24).

Equation (23) then becomes

Py — Py = K (38)

Perturbations are introduced through

Pl = 1)10,
Py = 1)20 -+ 51)2, (39)
Ql = Qlo + 5Q1

where it is noted that Py is constant. When Py, Py, and @, from
equations (39) are substituted into equation (38) and higher-order
terms are neglected, therve results

“61)2 = ZI{IQLU(S(Qh (40}

This equation is normalized by multiplying the left-hand side by
Py/Py and the right-hand side by Qio/Qu, and then using the
steady-state version of equation (38), to give

—O6Py = 2¢,6Q), (41)
where

6P,
51)21 = ”‘_‘1
1)‘20
30
8Q = —,
“E G

. ID]O - P20

o= Py o

When perturbations are introduced into equation (24), with the
inertia term neglected,

0P = 8(Py — P3),. (42)
The right-hand side depends only on H and @» so that
o(P; — Py) O(Py — Py)
0Py = | ———~ | 0H — | 6Qs. :
2 |: ol , + 20, \ Q2 (43)
Tn normalized form, this becomes
0Py = mbH' + mQy’, (44)
with
Q@ [O(Pz -~ Py)
my = —— | ——— 1,
1)20 OQZ 0
H, [O(PZ — Py)
my = — [ —————- 1.
Py oH 0
The perturbed form of equation (29) is
.\ A0V,
MPW@:~<—&><”X (45)
Py dt
From equation (32), it is seen that
Vv
8V, = — =2 6P, (46)
2a0
so that equation (45) becomes, in normalized form,
A(6P,’
80 — 8Qu' = TI(( 2) 47)

ot
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with

=11 p_’ IL"O i);"l
' o1/ Qo Poao’

The perturbed forin of equation (34) is

16T,
ae, Y1) _sm — sm, (48)
dt
while, in normalized form, it is
167,
_)(fgw—w—) = 6H; — 6H’, (40
dt
where
Me
g = == (Twg = T so).
T2 Ho ( 0 1()

When perturbations are introduced into equation (36), there
results
0H = (T — T)ASh + hed (8T, — 0T;). (50)

Since the film coeflicient b depends on @; and since the saturation
temperature 7', is a function of P,

dh
Oh = — 80 5
( 20, 2, (51)
dr;
T: = —" 6P, 52
5 4 (ZI)Q 6 ° ()2)

In normalized form, equation (50) is, accounting for equations
(51) and (52),

SH' = 8T, — mdPy + n.dQ,’,

Py (ar,
ny = —————,— o )
Two — Ty \dP: /¢

o (ﬁ dh> .
"= }lo (IQZ 0

In the remaining development, the primes will be omitted from
the normalized perturbed quantities. TEquations (41), (44), (47),
(49), and (53) constitute the perturbed form of the governing

(53)

where

equations. Some simplification is possible because some of the
variables can be eliminated by means of substitution. The
quantity 6@, can be eliminated from equations (41) and (47),
8P, d(6Py)
— - —0Qy =T — 54
2e, ’ Ya (54)
while 6 H can be eliminated from equations (44) and (53),
0Py = midQ: + me(8Ty — mbPs + nab6Qs), (55)
and also from equations (44) and (49)
d(éT
T2 ( ” ) = 0H,; — 07, + mdP; — n:0Q,. (56)
a

Finally, 6Q, is eliminated from the three preceding equations to
give the equations that will be used in the control system ap-
proach,

1 { ' 9
= wfz>:=apz[—- 4—~-_.~wMjLﬁEﬁLf}
& 2e,m1 Tl + mana)

+6T, —— 2 (57)

Ty mane)
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o 10y nia( L - angny) control systems, it is convenient to put the foregoing equations
— (67,) =8Py — — : ! : .
ll 7y T2l mans) into the following form
d
1 M 1 = (6P3) = budP: + b7, (54)
+ 07| = =+ |+ —8H,. (58) dt '
Ty Tolnn -+ mans) Ty .
d
- 6Tl. = bz 6])3 l);rgaTw 6225111. (GD
In the application of various aspects of optimization theory to dt ©T.) : + + J
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Taylor-Goertler Vortices and Their
Effect on Heat Transfer

An experimental measurement of the effect of Taylor-Goertler vortex formation on the
heat transfer through the boundary layer on a concave wall has been made. A theoretical
analysis based on independent mean and oscillatory flow components indicates that,
although the heat transfer rate will fluctuate periodically in the spanwise direclion,
there should be no overall increase in heat transfer.

The experimental vesulls indicate

that there is a significant increase in Nusselt number in the presence of the vortices.
Interaction between the oscillatory and mean components must be accounted for, if the
theoretical model is to be reliable.

lutroduction

TAYLOR [1]* was the first to attack the problem of
instability in the flow contained between the conecentric rotating
cylinders. Taylor assumed a stable periodie vorticity contained
in the boundary layer, which would trail in the direction of flow,
Fig. 1. In appearance the vortices are similar to wing trailing
vortices except they have alternate right and left-hand rotation.
Taylor formulated the motion in mathematical terms, analyzed
its stability, and verified the analysis with excellent correlation
of theory and experimental results.

Fig. 1 sketches the streamlines of motion after the instability
has set in. Colored fluid was injected into the annular volume
such that it covered the inner cylinder. The relative velocity of
the cylinders was increased until the boxlike disturbances ap-
peared in rectangular zones periodic in the Z-direction. Taylor’s
vortices were steady, periodic and their size was a direct function

I Numbers in brackets designate References at end of paper.

Contributed by the Heat Transfer Division of THE AMERICAN So-
cIETY OF MECHANICAL ENGINEERS and presented at the ASMIE-
AIChE Heat Transfer Conference, Minneapolis, Minn., August 3-6,
1969. Manuscript received by the Heat Transfer Division, May 13,
1068; final manuscript received, November 14, 1968, Paper No,
69-HT-3.

of the spacing between the cylinders but independent of the rota~
tional velocity.

A stability analysis by Goertler [2] in 1940 predicted that
similar vortices should be formed in the boundary layer on a con-
cave plate. Such an instability would be expected to arise when
the centrifugal force becomes so large that the radial pressure
gradient and viscous forces can no longer damp out small dis-
turbances.

The vortices represent a steady type of flow.
strates the phenomenon in the concave plate case.

It is obvious that these vortices grow with distance (in the di-
rection of fluid flow). Goertler, however, analyzed a disturbance
which grew with time. He postulated a small three-dimensional
disturbance superimposed on a base flow of the form:

w, = us(y) + wly) cos (ez) exp (Bt)
n(y) cos (az) exp (BL)

Fig. 2 demon-

v, =

1
w, = wi(y) sin (az) exp (Bt) )
P, = Py(y) + Pi(y) cos (az) exp (8t)

The coordinate system used is a curvilinear system with «
being the distance along the curved surface and z and y the dis-
tances perpendicular to the z-axis; see Fig. 3. u, v, w, are com-
ponents of the entire velocity. wp represents the undisturbed

Nomenclature
(', = specific heat at constant pres- q, total lux of energy from a heat- T, = total temperature, sum of dis-
sure; Btu/lb deg ing element {Geond + Geonv + turbed and base tempera-
d = diameter of duct raa), (Btu/hr £t2) tures; deg ¥
¢ = emissivity Jeond = ﬂu‘x of energy lost from a heat- ,{Y,‘” = temperature of full stream; deg F
h = average heat transfer coefficient ing element by conduction T, = temperature of wall of a flat
S At aehy L’Z;T B/ ('Vlelf : through test surface, Btu/hr o plate or duct; deg F
g conv/arear (Blu/hr - ft ft2 T, = average wall temperature for =
deg F) L; deg ¥
K. — thermal conductivity: Btu/hr Geonv flux of energy from a heat- o 0—L; deg
he = l(;ltncll‘ln' I?;”“ UeHvILy; - Btu/h ing element by convection AT = temperature leerenr(:ve of \:’all
° o " through boundary layer, geonv and free stream, 7, — Ta;
k = curvature 1/r, (1/ft) = RAT, Btu/hr ft2 deg F
L = duct length Grad flux of energy from a heating U, = en.trance Vel(‘ml,y of flow enter-
Py = amplitude of disturbance com- element by radiation losses ing a duct; fps .
ponent of static pressure ror R = radius of curvature Uy, = free-streafllnL vlelocﬁ}y for flow
. . er a flat plate;
Py = static pressure of base flow; Ib/ t time; sec OV(?I, ! ‘Le, b
’ w = amplitude of disturbance com-
ft? T amplitude of disturb t Sy 3
) 1 = amplitude of wsiurbance tem- ponent of velocity in the a-
P, = total static pressure, sum (?f perature component direction, as defined by equa-
base and disturbed static Ty = undisturbed temperature of base tion (1)

pressure; lb/ft?

Journal of Heat Transfer

Downloaded 04 Jan 2011 to 194.27.225.72. Redistribution subject to ASME license or copyright; see http://www.asme.org/terms/Terms_Use.cfm

flow; deg ¥

Copyright © 1970 by ASME

(Continued on next page)

FEBRUARY 1970 / 101



i

T T

A

S~

velocity. Similarly Py represents the basic undisturbed pressure;
uy, vy, wi, and Py are the superimposed periodic disturbance func-
tions. # is the measure of the time rate of growth.

As the neutral stability condition was his main object, Goert-

along a concave wall {Goerler)

Y
r
TAYLOR VORTICES

Fig. 1 Taylor vortices——streamlines of molion after instability has set u

in a fluid contained between two conceniric cylinders rotating in the same

direction. The space between the cylinders is small compared with the

inside radius and i has been normalized.

X

\ colored
\‘ fiuid
=0
\
c;‘l‘i"‘"d’er Fig. 2 Vonices caused by three-dimensional disturbances in the flow

= wavelength of disturbance
= Stefan-Boltzman constant =

0.1712 X 1078 (Btu/hr ft®

ler’s use of time variation was satisfactory. He derived a stabil- z
it riter hie A H . ¢4 oo . . .
ity criterion which was enunciated in the form of the Goertler  gig 3 Boundary-layer profile and the definition of axes for flow along
number: a curved plate

Nomenclature

ug = base component of undisturbed wy = base component of undisturbed
veloeity, in z-direction; fps velocity in spanwise direction
(2); fps

w, = total velocity in e-direction, sum
of base and disturbance com-
ponents as defined in equa-
tion (1)

w, = total velocity in spanwise di-
rection (z), sum of base and
disturbance components as
defined in equation (1)

v = amplitude of disturbance com- W = width of test section
ponent of velocity in vertieal x = distance along curved or flat
(y) direction as defined in plate in direction of flow
equation (1) y = distance perpendicular to sur-

face

= distance in spanwise direction

perpendicular to z-y plane

ve = hase component of undisturbed
velocity in vertical (y) direc-
tion; fps

o
|

« = measure of vortex width =

v, = total velocity in vertieal (y) di- 2 /N; ft1
rection, sum of base and dis- B = growth factor defined by Goert-
t_m'bm.we (30111})()11(31“5 as de- ler; sec™!
fined in equation (1) d = boundary-layer thickness or dis-
wy, = amplitude of disturbance com- tance above surface at which
ponent of velocity in span- point boundary-layer velocity
wise (z) direction as defined equals 0.99 times the free-
m equation (1) stream velocity; {t
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deg R—%)
kinematic viscosity; ft2/sec

= momentum thickness at transi-

tion point for a curved or Hat
surface as defined by Licp-
man

density of fluid (slugs/ft%)

Graetz number divided by

Prandtl number
vortex size = b

= growth factor = (362/y

decay factor in equation (23)

ratio of amplitude of disturb-
ance component to base com-
ponent = w/U

curvature = §8/r; dimension-
less

= distance from wall = y/6
= Goertler number Rs/K

{(Continued on next page)
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In this work the Goertler numbers have been computed on the
basis of the boundary-layer thickness 3, and not on the momen-
tum thickness, 6% Recently, Smith repeated Goertler’s work, but
considered disturbances which grow with distance [3]. Smith
retained many of the terms in the boundary-layer equations dis-
carded in Goertler’s analysis and thus had to resort to numerical
techniques.

Fig. 4 shows the critical Goertler number versus the wave
number (4 = «@d) for constant amplification curves (8 = const).
The neutral stability curve (8 = 0) defines the absolute minimum
Goertler number for a given wave number. Below the neutral
stability curve 8 is negative and the disturbances are damped,
not amplified. The neutral stability curve found by Smith is
compared with Goertler’s in Fig. 4. Goertler’s predicted vortex
formation cannot occur for N less than 16 while Smith’s lower
limit was about 9. The curves above the neutral stability line
show the lower bounds to the Goertler numbers for given growth
factors (8).

It should be stressed that the presence of the vortices in the
boundary layer does not produce turbulence until the entive range
of wavelengths experience amplification.

Liepman investigated the laminar boundarvy-layer stability
and transition to turbulence on curved surfaces [4, 5].

He found that the Reynolds number based on the free-stream
velocity and distance from the leading edge, R, failed to predict
the transition point for curved surfaces. He did find, however,
the transition of laminar boundary layers on curved surfaces oc-
curred at a critical Goertler number of about 240.

Fig. 5 shows the transition Reynolds number (R«,,) versus the
parameter /0 where r is the radius of curvature and . is the
momentum thickness at the point of transition.

The flat plate transition Reynolds number is shown in Fig. 5 by
a horizontal line, while Liepman’s criteria is shown by the sloping
segmented line marked N = 240. Note that for smaller radii
(i.e., smaller »/8:) the data best fit Liepman’s stability criteria;
however, for larger »/0;. the data approach the flat plate transi-
tion eriterion. Therefore, it can be concluded that the transition
to turbulence of laminar boundary layers on highly concave sur-

1000
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Fig. 4 Goeriler number (N) versus wave number (A)

faces is due to the buildup of Taylor-Goertler vorticity. As the
surface becomes less concave, turbulence is promoted by the
presence of both Taylor-Goertler vorticity and disturbances of
the Tollmien-Schlichting type.

The lower and upper limits to the Goertler number are, re-
spectively, 16 and 240. This range produces stable vortex de-
velopment superimposed on a laminar base flow.

Neither Goertler or Smith set any upper limit on the growth of
the vortices. However, Kirchgassner [6] has shown that there
are absolute limits to the value of Goertler’s disturbance compo-
nent amplitudes 1, v, and w;. In the case of 1; the absolute upper
limit is the velocity of the free stream. The buildup to maximum
size is very rapid.

Nomenclature
Nu, = average Nusselt number for a S = amplitude factor defined in f = a flat surface
curved duet = h-d/K,, equation (23) e = entrance conditions and proper-
Nu; = average Nusselt number for a U = base velocity in a-direction = ties of a duect
flat duct = h-d/K,, o/ U t = the subscripted quantity is the
D ey SO« « S - . . g - 5 is 8 ase
I disturbed pressure coefficient w = amplitude of disturbance com- sum of the uudlstucllbeld b(;,c
WP, — P/ pl] .2 L c e - and t -
2P, — Py)/pU, ponent of velocity in the w- flow component and the dis
) - 3 5
P, = Prandtl number C u/K,, divection = /U turbance component
/U o
2, = R . - bas - . . ) = the subscripted quantity is a
Ry Reynolds numb‘m based on en » = amplitude of disturbance com- @ I, fue Y a
trance velocity and duct ponent of velocity in y-direc- component of the base flow
diameter = U,d/y tion = vi/U ) 1 = the subscripted quantity is an
® . . .
1= R . - base - . . amplitude of a disturbance
Ry = Reynolds I“llll})el based on en w = amplitude of disturbance com- ;‘onllp(ment
tran.ce velocity length of test ponent, of velocity in z-direc- R . beerinted quantity is
section = U, L/v tion = /UL, tr = the subscripted qugn ity Iblﬂ,
R, = Reynolds number based on N TR A T e property of the. ow at the
X 1 f lead 1 f .
. ; : ; A% = distance from leading edge of a yoint of transition to turbu-
free-stream velocity and dis- swrface = X /8 i rans
. . ence
tance from leading edge of a N . o ) . i
- , ¢ = amplitude of disturbance tem- o = (infinity) and refers to proper-
plate = U X/y serature component = 1/ -
0 i bulence 1 perature component = Ly ties of the free stream for flow
Reee = transition to turbulence Reyn- (T, — 1)
- ' w « over a flat plate
olds number for a plate = .
o f = undisturbed temperature of base .
U - X1/ flow = (T To/T ) Superscripls
Rs = Reynolds number for a plate v ’ b ® " = differentiation with respect to 7
based on free-stream velocity — Subscripts — = a bar over a quantity implies a
and boundary-layer thickness ¢ = a curved surface mean value
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A very good discourse on this phenomenon is given in reference
[11].

The objective of this work was to determine analytically and
experimentally, the effect of Goertler’s vortex formation on the
heat transfer to the plate through the boundary layer.

Since the existence of the phenomenon to be studied had at
best been shown indirectly by Liepman and McGahan it was
first desired to demounstrate their existence with some visual
technique. Once this had been accomplished the results of the
visual technique could be compared with velocity measurements
made with a hot wire anemometer.

The experimental work was therefore divided into two sections.
The objectives of the first section were:

1 To design apparatus which would generate Taylor-Goertler
vorticity.

2 To demonstrate the existence of said vorticity.

3 To gain sufficient understanding of the vortices in order
that a meaningful heat transfer test could be run.

The objective of the second part was to investigate the effects
of Taylor-Goertler vorticity on heat transfer. It was desired to

104 / resrRUARY 1970

verify the theoretical predictions that a heated curved swiface
should have areas of relatively high and low heat transfer in the
presence of such periodic disturbances.

If this phenomenon causes a large increase in heat transfer, it
would appear advantageous to attempt to incorporate it into a
radically new heat exchanger design which would operate in the
laminar flow regime.

Experimental Work on the Production and
Characteristics of Taylor-Goertler Vorticity

The vortices were formed by blowing a laminar air stream over
a concave plate, the combination of velocity and radius of curva-
ture being such that the Goertler number was above 16 and less
than 240. Because the flow from the wind tunnel decelerated as
it flowed over the plate, a duct had to be formed by placing a
second plate over the first. To avoid the conditions of pipe flow
the test duet length had to be such that [7],

(L/d) < 0.12R,

Fig. 6 shows a sketch of the test duct. It had the following di-

mensions,
=5 in.
W = 13.7 in.
L = 7.63in.

d = 20in,

The gas velocity could be varied from 5 to 125 fps. For example,
at 20 fps with the foregoing radius of curvature, then

N = 100,

For tunnel exit velocities from 0-30 fps (which covers the range
of velocities used in this work), measurement showed that the
intensity of turbulence at the exit was less than 1 percent. The
velocity profile across the duet was very uniform over a length
equal to the width of the duet (the wind tunnel width was 16.5
in. wide, compared to the 13.7 in. width of the duet).

The vortex formation was rendered visible (a transparent upper
duct wall was used) by spraying the concave surface with a =olu-
tion of methyl alcohol saturated with naphthalene, and then
blowing the gas over it. Material is removed faster where the
vortices are, so that distinet longitudinal streaks appear after
some time. TFig. 7 is a photograph of the streaks after 2 min of
running at a gas velocity of 22 fps., The average transverse
wavelength was measured to be 0.2 in. As there were no =ide
walls to the duct the streaks tended to diverge from the center
line.

To investigate the fluid dynamie aspects of the problem further,
a study of the mean houndary-layer velocity profile was under-
taken using a hot-wire probe. The probe could be moved
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through 5 ems laterally (the z-direction) and through 2.5 cms
longitudinally (z-direction). The arrangement is shown in Fig. 8.

The probe measured the vector sum of the », and w, compo-
nents (total), but w, is much smaller than w, and so it can be con-
sidered that w, alone is being measured.

Fig, 9 shows a plot of the mean boundary-layer velocity {(#,)
versus position on the z-axis. The time-varying component of
the velocity was given by the peak-to-peak voltages as measured
on an oscilloscope and these are entered as vertical bars through
the points defining the mean velocity. During these measure-
ments a naphthalene coating was applied and in Fig. 9 the cross-
hatched sections mark the regions on the z-axis where the naptha-
lene was rubbed off. Tt can be seen that the areas of high mass
transport do indeed correspond with areas of high boundary-
layer velocity.

The turbulence levels (proportional to the peak-to-peak oscilla-
tion magnitude) were a maximum in the low veloeity regions
(valleys) and at most about 3 percent of the free-stream velocity.
So the flow remains quite laminar.

It was observed that the spanwise fluctuations recorded by the
hot wire did not shift about in position, nor did they grow with
time. So it is felt that in the analysis to be carried out it can be
considered that the vortices, once formed, remain fixed in size
and do not shift in the spanwise (z) direction.

Defining the strength of the disturbance as:

Fig. 8 Positioning of hot-wire anemometer at duct exit

100 (’lzlmnx - aémin)/ﬁ'lmux
and
Ttmpax — Ttmin = (W0 + @) — (@ — @) = 20

2
-, strength = 100 <_~ t >

WU tpas

It was found that as the free-stream velocity was varied from 15~
24 fps, the spanwise velocity pattern hardly changed, the wave-
length (measured to be 0.2 in.) remains unchanged, and the dis-
turbance strength remained in the region of 20-25 percent.

Observations also indicated that the spauwise wavelength
did not alter with change in wall spacing or wall radius of eurva-
ture. Taylor found that the wavelength of the disturbances set
up in the annular volume between rotating concentric eylinders
was dependent on the spacing and curvature (that is, his phenom-
enon was geometry dependent).

The spanwise wavelength value of 0.2 in. would not be specifi-
cally predicted on the basis of any of the available stability
analyses (Goertler’s, ete.), although it lies in the feasible range.
With a typical 6 value, ad would be about 3. As «d remains
fairly constant while the Goertler number is increased, one would
expect merely an increase in the amplification factor, 8, to occur.
The apparent invariance of the spanwise wavelength is a feature
which would well warrant further investigation.

Experimental Investigation of the Effects of
Taylor-Goertler Vorticity on the Rate of Heat Transfer

As the theoretical model would predict areas of high and low
heat transfer on the plate relative to the undisturbed flat plate
ase, 1t was desired to check this prediction. If true, then there
should be no overall increase or decrease in heat transfer as a
result of the spanwise fluctuations in velocity.

It was decided to measure the heat transfer on a cooling basis.
The concave surface and a reference flat surface were heated by
embedding heating elements in them (14 elements in each plate).
The elements were laid parallel to the flow direction and were
spaced 0,030 in. apart. They were each 0.1 in. wide, and the duct
width (or span) was 13.7 in. The back and sides of the test sec-
tion were well insulated to minimize conduction losses. The ma-~
terial on which the elements were laid had a very low conduc-
tivity also and so the conduction between elements was also mini-
mized.

12 T | T T 1 ‘l T {
a . r= 50"
7... X f ...“ d= 20" -
V[ B e

( 1 |

70 80 mm

Fig. 9 Mean boundary-layer velocily versus fransverse position (Z)
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The surface temperature was measured using an optical pyrom-
eter (range 212-715 deg ¥) which can sense the temperature of
0.1-in-dia spot with an accuracy of =2 percent. To allow thermal
“viewing’ of the heated surface, the upper walls of the ducts were
made of 0.19-in. window glass. To get maximum emissivity the
test surfaces were sprayed with krylon flat black paint.

Fig. 10 shows the optical pyrometer “looking” at the curved
test section at the mouth of the wind tunnel.

A thermal balance on a given heating element gives

¢, = (volts)  (amps) = Geonduction &+ Gradiation =+ eonvection (3)
The heat transfer coefficient was defined as:
Yeonv = h’('[_‘w - Tm) (‘H
and the Nusselt number was

hd _
Nu = - (3)

ht

where K, i3 the thermal conductivity of air. The losses due to
conduction through the back of the test plate were estimated hy
heating the center heating element on the curved plate at various
heating rates. Thermocouples embedded in the material mea-
sured the temperature at the back of the plate, and

" (Tw - Ttherumcuu yle) )
Goonalqy T'p) = Ky ———— Af"’ﬁ"’l """ (6)
Y
where
Ay = plate thickness
K, = thermal conductivity of wall material (fiberfax)

0.3 Btu in./ft2 deg ¥

I

The ratio of geona to ¢, was about 0.1 for all elements investigated
in the heat transfer study performed on the curved duct. The
loss for the flat plate, which operated at lower temperatures, was
higher and

Geond = 02(]¢

In the experimental work, an average temperature of the heating
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Fig. 11  Nusselt number versus Ry.d/fL

elements was arrived at by scanning a set of 6 points along the
length of the entive surface. The system, with air blowing from
the tunnel and the heating on, was always allowed several minutes
to come to thermal equilibvium, before measurements were
taken. The entrance velocity varies from 5-30 fps and power
input, entrance velocity (using the hot wire) and surface tempera-
tures were recorded for each run.

The following tables present some typical data taken and gives
the computed heat transfer coefficients for the curved duet.

In Tables 1 and 2, column 1 gives the particular heating ele-
ment, column 2 gives (7', — 7T'»), and column 3 shows the fotal
heat flux from the element.

Column 4 gives the heat lost by radiation,

qraa = er(T,0 — T4 (7)
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and column 5 gives the heat transfer coeflicient,
ho= (g = qeond — qraa)/ (T — 1) (8)
Column 6 gives the Nusselt number based on the duet diameter,
Nu = hd/K;, 9)

The Nusselt number one would observe on a heated flat plate of
length L and a free-stream veloeity equal to the duet entrance
veloeity, is
[ g
Nu,, = 0.66 \/13,1 h (10)

p)

This allowed the ratios Nu/Nuy, to be computed and they are
given in column 7.

Table T Curved duct=~d = 0.325 in,; L = 7.5in,
Ra ;{ = 165
Klement
No. Tw—Te q: Grud h Nu  Nu/Nujp
4 258 5740 521 15 24.3 2.9
5 253 2900 504 8.3 11.2 1.3} )
6 231 3180 436 10.5 14.2 1.7 4
7 213 3780 384 14,2 19.1 2.3
8 220 4550 404 16.8 22.6 2.7
Table 2 Flat duct—~d = 025 in;L = 7.8 in.
P
Ra 7= 20 -
Tle- ~N.
ment T —Tw qt (rad h N Nuysp
7 222 1380 410 3.1 3.3 1.1
b} 288 2140 626 3.8 3.9 1.3
9 250 1520 495 2.9 3 1

The vuits of h are Btu/hr {£> deg F.

d
In Fig. 11 are plotted Nusselt numbers versus If(,-—j for the

’
flat duct and the curved duet. Also plotted is the prediction for
heat transfer in the entrance region of a flat rectangular duct
based on the analysis by Sparrow {7], who showed that

FANYERE
Nll(]lmﬁ = N“fp [l -+ 3.65 <P\d . 1> ]

The constant 3.65 is half the value of that used in Sparrow’s
work, because his Nusselt numbers were based on the length of
the duet, while the Nusselt numbers in this work are all based on
the duct diameter (d).

Nu,

(1)

Fig. 12 shows plotted versus the spanwise position, 2, and
Nuy,

also the average boundary velocity versus z. One recalls that in

the naphthalene diffusion tests the aveas of high mass transport

corvesponded to areas of high average boundary-layer velocity.

Not enough Nusselt number ratios at various z positions were
available to say definitely whether or not areas of high heat
trunsfer correspond to areas of high boundary-layer velocity.
The datted curve merely indieates what one would expect to get
if there was a correspondence.

A more elaborate experimental arrangement would be called
for (o settle this and other questions concerning heat transfer on
funcave plates.

A sample of the surface temperatures recorded by the optical
Dyrometer for two adjacent heating elements, in the longitudinal
directions, is given in Table 3.
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Fig. 12 Ratio Nucurved duet 10 NUflat plate versus Z position

Table 3  Surface femperature distribution

Mean
tempera-
Position ture
Element « = 11 (above
number 1.5 3 3 7 9 (ems) 79 deg F)
1 301 321 341 384 372 303 258
2 202 350 319 373 355 319 253

At this point it is worth noting some significant aspects of these
results.

It is evident from Fig. 11 that the fat duct experimental data
follow the flat plate theory more closely than they follow Spar-
row's predicted duct entrance region Nusselt numbers. It is
reasonable that the Nusselt numbers for the entrance region of a
duet should be greater than the corresponding Nusselt numbers
for a flat plate. As the flow is accelerated in the duct entrance
region and the average boundary layer is thinnev, the velocity
gradient through the boundary layer is greater. If the energy
transport from the heated wall is carried by the same mechanism
as the momentum transport (Reynold’s analogy) one would ex-
pect Nuy, to be greater than Nuy,.

On the average, the recorded flat duct Nusselt numbers lie
about 7 percent above the flat plate Nusselt numbers (theoreti-
-al). The theoretical curved duct Nusselt numbers lie about 20
percent above the fiat plate numbers. However, Sparrow’s
theory had yet to be conclusively verified, and the conduction
losses allowed for were upper limits.

The flat duct study was used to demonstrate the reliability of
the apparatus. An estimate of an absolute upper limit to the
experimental errors in the Nusselt numbers was made and
turned out to be =30 percent.

The curved duct Nusselt numbers are 30-190 percent greater
than the flat plate Nusselt numbers, so that on the average the
heat transfer from the curved surface is 110 percent greater than
that from a flat surface. The effect is significantly above the
430 percent experimental reliability.

This important result will be commented on again in the con-
clusions.
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Theoretical Analysis

The curvilinear coordinate system used in the analysis is shown
in Fig. 3. The base flow is in the x-direction (the arc length along
the curved wall). The y-coordinate is perpendicular to the wall
(y = 0 on the wall) and the z-coordinate is perpendicular to the
-y plane (spanwise dirvection).

An outline of the analysis is presented and for details the reader
is referred to reference (8],

The flow model was set up under the following constraints:

1 The base flow is laminar and all fluid properties are invari-
ant.

2 The velocity boundary-layer thickness 0 is such that the
8/r < 1. Following Goertler it was postulated that wy = U, =
constant at y = 4.

3 The minor effect of the wall curvature on the free flow was
ignored.

4 The base flow is assumed parallel (i.e., vo = 0).

5 The radius of curvature is constant.

6 Uo and Py were not functions of .

7 The flow is incompressible and steady in the sense that the
vortices build up to a maximum stable size and do not there-
after change with time (i.e., 8§ = 0). Nor do they move in the
spanwise direction.

8 There is no slip at the wall; i.e,

w0) = v,0) = w(0) ... ete. =0

9 g, po, To represent the undisturbed flow components that
would exist for the same flow conditions over a flat plate without
curvature.

The full steady incompressible Navier-Stokes equation for the
flow were found to be:

1 o, i S, n o, n fup, 1
ey e oy o Wy e b = e
T+ky e Moy T8 T ky p(l + ky)

SO WY T TN T
o (1 + Ey)? Ga® oy 622 1+ ky
.2 9l
e I R
dy (1 -+ ky) 1+ ky o
plus two similar equations in v, and w,.
The continuity and energy equations are, respectively,
1 8 v 0 k
LT L 90, 9w, _ R = 0 (13
i1+ hky 6x oy oz 14 ky
the continuity equation, and
u, oT, oT, o7, K, 1 67,
— o p, ——— W, o mm s e |
14+ ky b2 Lg £ 5e C, (1 + ky)? \ bz?
o 0T k orT
el ‘._{,_ o T (14)
oy 0z? U+ ky Oy

the energy equation.

Boundary Conditons

1 At the edge of the velocity boundary layer defined by y =

0.

(i) The base component of the boundary-layer velocity
equals the free-stream velocity, w(6) = U

dug(8) _ o
dy

(iii) The boundary-layer temperature equals the free-
stream temperature Ty(8) = T

108 / FesrUARY 1970

2 At the wall (y = 0)
(i) w0} =0

(i) To(0) = T, = wall temperature

For the oscillatory component the boundary values are ax fol-
lows:

3 Aty = =
w(e) =vn(e) =w(=)=p(e) = Ti(e) =0
4 Aty =0
wi(0) = »(0) = w(0) = p(0) = TW0) = 0
5 Equation (16) shows that

dv(0) dv( =) 0
dy — dy
Equations (12)-(14) were now linearized using equations (1) and
following standard procedure. The steady flow (or base How)
equations were subtracted from the equations for the total flow.
This produced the following set of equations in the oscillatory
components , 9, ete.

d?uy ky duy "y 4 K2y
. - ki SN e 4 ,
Tdyt 1+ Ry dy LTIy
dua ko
— == 4 o =0 (15
[dy + 1+ ky] . )
plus two similar equations in —v; and wi.
doy kv
— wy = = { (16
dy o L4 ky &
Ky . K,k Ty K, d*T, dTs
gLl o _ B E 2t )
oC, pC,00+ ky)  dy  pC,  dgr " dy
i AT
Uy £ ) =0 [‘7)

T 1 + hky Cde

These equations were now nondimensionalized by using the fol-
lowing relations,

d2u U dﬁ(
dyr 8 dn?

76 = Und/v, us = UU.,

A = by, = ul’,

X*(S, dil — (,i" . du

w, = wly,, vy = 18, ¢ = —
. Y=Y dy 0 dy

In this analysis the following ranges of variables were cousid-
ered:

K—As 7 = 5 in. in the experimental work and 6 varies from 0 o
about 0.2, so K varies from 0-0.04 (K = 8/r).
A—In the experimental work, N\ was measured to be about 0.2

270
in. Thus A varies from 0-6 <A = %)
/

R—For flow velocities from 0-30 fps, R varies from 0-1000 (135
= Udud/7).

As (Kn)® was small compared to unity, so
I+ Kn)r=1- Ky
(1L + Kn)~2=1 — 2Ky

The final nondimensional set of equations obtained was ax fol-
lows:
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d?u L du dU .
- K— 4% —{ Ry —+ ReKU v =0 (18)
dn? dy dn
d% dv j Rs dP
=7 G T IKR e call
e K d A% 4+ 2KRsUn 5 (19)
d2w dw ARsp
- ]’ —— ‘112 e ————
e K n w 5 (20)
dv
— 4 Adw 4+ Kv = 0 20
dn
TR d¢ de , a0
— 4 K= — A — | RsP, — = (RsP)(1 — Knht ——
dn? + dnq ¢ ( s d‘q) v = (Rel( K dxX+
(22)

Solutions of the Equations

Due to the complexity of the foregoing equations, an approxi-
mate technique was resorted to, to obtain a useful solution.

It was assumed that the normal component of velocity (in the
y-direction) takes the form,

V = Sn?exp(—by) (23)

where S is an amplitude factor and b is a decay factor.

A polynomial approximation to the Blasius profile was also
adopted, agreeing with that profile to within 2 percent; see Fig.
13.

Uo

U=( =6r=51+3)B for 0<n <1 (24)
S
and
t/U 1 o
YL —opt gyt << o, v =1 g
h 3 dy
(25)

As U equals unity outside the boundary layer and matches the
Blasius profile within it, one must solve equation (18) in both
regions and match the solutions at 7 = 1.

The boundary conditions are as follows:

Journal of Heat Transfer

(a) n = 0; w0) =) = w) =0
and from the equation of continuity

() _
dy

0

(h) atn-— o; w(w) =w(w)=p(x) =10

dv{ w
bi=)
dy
(¢) at n = 1, the solutions inside the boundary layer must

match the solutions outside the boundary layer.

Solution for Solution for

n <1 7> 1
U = "
! = ut
v = v

Note: the expression used for v (equation (23)) satisties all the
boundary conditions.

Substituting the expression for v into equation (21) gives the w
component immediately:

= —Ky — — (26)

The equation to be solved for u, in both regions, is an inhomoge-
neous second-order linear differential equation of the form

d? LK d
han =
dy® dn

1
) = <Ra(l£ + R,;KU) v = RS
dn

- ;12) w = f(n) (27)

where

1w
. <(—U + KU> ntexp (—bn) (28)
dn

This equation was solved using the variation of parameters tech-
nique both inside and outside the boundary layer.
The general solutions obtained were:

w = [or + er(mw(n) + oo + e2(m)us(n) (29}
0<9<1
u = [es + es(mlus(n) + [es + ca(m]us(in) (30)

1<n< o

where,

ui(n) = w(n) = ¢~ AEK/2

w(n) = us(n) = o+ AT

The constant parameters ¢, ¢z, ¢;, and ¢s and the variable parame-
ters (), ete., were determined by applying the boundary condi-
tions and matching the two solutions at 7 = 1 [8]. The analysis
does not predict the final vortex size and so the parameter 4 =
ad, which measures the vortex size, was varied over a suitable
range—in this case from 2-6.

The parameter S in equation (28), or the product RsS is also
not predicted by the theory and has to be computed by compari-
son with experimental results. A value of S = —2.81 was de-
termined,

Now R is the Reynolds number based on the entrance veloc-
ity and length of the test section,

Ry = Uy
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and R is the Reynolds number for a plate based on the tree-
stream velocity and distance from the plate edge.

1C

3

s =

In the variation of parameters method used to evaluate the ¢;
and ¢;(n) an expansion in terms of ¥ is involved. The value of
I’ used in the computations was chosen so that the disturbance
components reached their peak halfway through the boundary
faver. Smith [3] has shown that this is a reasonable assumption,
The value was P = 4.

The profiles u(7), v(n), and w(n) are graphed in Fig. 14, for a
typical set of parameter values.

The result predicts that the « component of veloeity is sig-
nificantly greater than either » or w and its gradient is also larger
than that of » or w.  So one would expect the u-component to be
most effective in mass or energy transport from the curved wall.

It is also to be noted that » and w are out of phase. Thus,
where the w-gradient is such that energy or mass is being trans-
ported from the boundary layer, the v-gradient is such that a flux
i toward the wall is set up.

Tig. 14(b) shows that for RgK from 0-20, the change in curva-
ture has little effect on the profiles. The peculiarity for RsK =
—40 is attributed to a breakdown in the validity of the lineariza-
tion technique.

Temperature Profile

If one takes the Prandsl number as unity, K as small (say,
0.02), and df,/dx as small, then the energy equation (22) has
the same form as the equation for u, equation (18). Thus the
nondimensional temperature and velocity profiles are the same,

o(n) = uln)
Reynold’s analogy takes the form:

Stress on curved surface

Toreced convection on curved surface

Stress on flat surface Forced convection on flat surface

or

Nu, B (dw,/dy B

Nu;, h (duo/dy ) - (i[,/
(17]0
<du/dU>
= 14+4{—/——]cosaz
dn/ dn
Now from (25),
dU Nu du
— ) =5/3 ‘=1 3/5 | = ) cos (wz 32
<d'q )0 5/3 Nu, + 3/5 <(l77>obos (az)  (32)

From Fig. 14(a), the slope of « at the origin is about 1

Mo _ 14 06 cos (a)
o= L0 Cos (o2
Ny,

Thus the analysis predicts that the ratio of Nusselt numbers
should fluctuate sinusoidally in the spanwise divection. The in-
crease or decrease tn local heal transfer showld be +60 percent with
no overall increase for an inlegral naordber of waves. One sees from
equation (33) that the semiempirical relation for Nu,/Nu, is in-
dependent of Nusselt number,

The dashed line in Fig. 12 shows the wave form one would ex-
pect from the theory, lifted upward to cover the region occupied
by the experimental points. The lack of correlation is obvious.
Skewing of the streamlines (so that they lay across the heating
elements) could explain why the data didn’t follow the sinusoidal
curve, However, the theory, as it stands, does not explain the
appreciable increase in the Nusselt number in the presence of the
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Goertler vortices. Tor an integral number of wavelengths equa-
tion (33) predicts no overall increase in heat transfer over the
flat plate case. Of course, an analysis based on linearized equa-
tions cannot predict a change in the overall rate of heat transfer.
This increase could only be realized analytically, by the retention
of the nonlinear terms in the fluid equations.

tecently, Sutera [9, 10] has obtained analog computer solu-
tious to the full Navier-Stokes’ equations for the case of finite
vorticity addition to a boundary layer and the very appreciably
changed heat transfer rates which result.

His model of vorticity amplification stretching would appear
to be very relevant to the case of the buildup of Taylor-Goertler
vortices on concave plates, and his analytical procedure could
help to produce a more realistic analysis in this case.

Conclusions

The experimental work described in the section, “Experimen-
tal Work on the Production and Chavacteristics of Taylor-
Goertler Vorticity,” showed that the periodic disturbances known
as Taylor-Goertler vortices did exist on the conecave surface of
the test ducts studied. The hot-wire data also showed that the
disturbances did not change (within experimental error) with time
and did not move about in the spanwise direction.

The prediction by the theory that the rate of naphthalene
transport from the concave duet wall was due mainly to fluctua-
tions in the w-component of velocity was consistent with the ex-
perimental studies.

The experimental results indicate that a 100-150 percent in-
crease in Nusselt number oceurs in the presence of Taylor-
Goertler vortex formation on the concave wall of a duct. The
theoretical analysis fails to predict such an overall increase in
heat transfer. Being a linear analysis this isn’t surprising. The
basic assumption being that the total flow is the sum of the base
and disturbed components, which are treated as independent of
each other.

It is likely that the oscillatory components set up some sort of
pressure gradient which changes the mean temperature and
velocity profiles, producing an overall increase in heat transfer.
Such an effect can only be catered for theoretically by retaining
the nonlinear terms in the flow equations.

It is common practice to treat heat transfer in curved ducts as
being closely approximated by heat transfer in a flat duct—at
least for large radii of curvature. This work indicates clearly,
however, that if the combination of Reynolds number, duct
curvature, and fluid properties are such that the Goertler number
lies between 16 and 300, this assumption is gravely in error,

The possibility also arises that by making use of curved ducts,
the performance of heat exchangers can be significantly improved,
at very little extra cost.
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APPENDIX

Glossary
Base flow =
Boundary-layer 1
thickness |

undisturbed laminar flow over a flatplate.

distance above the wall at which point
the velocity profile reaches 0.99 the
free-stream velocity.

Btu = abbreviation for British Thermal Unit.
Core = region in the center of a duct where the
velocity profile is uniform and ac-
celerating.
Disturbance = disturbance in this study was periodie

vortices which were superimposed on
the base flow. The disturbance was
steady and periodic in the spanwise
direction and should not be confused
with oscillatory turbulence.

half the distance between the walls, d/2.

half the distance between the test sec-
tion sides, W /2.

Center line of duct =
Center line of |

test section §

Element = thin strip of electrofilm laid on surface
approximately 0.00900, 0.005 in. X
0.1 in. X 8in.

Fiberfrax = a highly uniform structural insulating

ceramic fabric which assumes equal
thermal conductivity throughout Ky,
=~ (.35 Btu in/ft2 deg I hr.

the distance from the entrance of a duct
at which point the core velocity
reaches 0.99 of its asymptotic value.

periodic change in flow characteristics in
the spanwise direction; should not be
confused with time oscillations of flow
characteristics.

(I,) the rms value of oscillations as read
on a rms voltmeter divided by the
free-stream velocity. I, = rms U/U,
= 0.707 (T'L)/2.

front edge of a surface upon which the
flow first impinges, x = 0.

distance along the surface in the direc-
tion of flow (x).

Entrance length l
to a duct |

Fluctuation =

Intensity of 1
turbulence §

Leading edge =

Lengthwise direction =

Oscillation = changes in fluid characteristics with
time.
Spanwise  direction = direction perpendicular to the z-y plane

across the width of the vest section (z).

three test sections were made and num-
bered 1, 11, III. Basically they were
simply two parallel plates which
formed a curved duct. The latter was
specially prepared with a heated con-
cave surface.

ratio of peak-to-peak oscillation in
velocity read by hot wire to free-
stream velocity. TL = Uy —
Uo)/ U

distance above the wall (y).

distance in the z-direction required for
one sinusoidal fluctuation of the dis-
turbance.

Test section =

Turbulence ]
level (TL)§

Vertical distance =
Wavelengih =

FEBRUARY 1970 / 111

Downloaded 04 Jan 2011 to 194.27.225.72. Redistribution subject to ASME license or copyright; see http://www.asme.org/terms/Terms_Use.cfm



Acknowledgment

This work was supported in part by a grant from the Air
Toree Office of Scientific Research, Propulsion Division (Dr. B.
T. Wolfson).

112 / FesrUARY 1970 Transactions of the ASME

Downloaded 04 Jan 2011 to 194.27.225.72. Redistribution subject to ASME license or copyright; see http://www.asme.org/terms/Terms_Use.cfm



Acknowledgment

This work was supported in part by a grant from the Air
Toree Office of Scientific Research, Propulsion Division (Dr. B.
T. Wolfson).

DISCUSSION
A. M. 0. Smith*

It is remarkable that the influence of concave curvature on heat
transfer rates was not studied long ago. Professor Me¢Cormack
and his co-workers are to be congratulated for their efforts in this
area.

The paper brings forth several questions. The first one con-
cerns the increased net heat transfer rate, which is contrary to
linear theory. Why has it occurred? Are you sure you were
measuring a true average for the entire plate? In the paper you
say the heating elements were 0.1-in. wide, spaced 0.03-in. apart,
and loeated parallel to the flow. Something is not clear. There
appears to be interference. I presume you mean the elements are
transverse to the flow, and it so, the 14 elements cover about one
eycle.  This extent may not be enough to obtain a good average.
Another point arises; the flow is highly unstable. Perhaps, it is
transitional, thus explaining the inereased heat transfer rate, al-
though your hot-wire measurements seem to deny this possibility.

T'am curious how much the vortices have been amplified at your
measurement station. Have you tried to make such caleula-
tions, as I did in your reference [3]?

The evaporation rate for naphthalene is proportional to the
rate of heat transfer. This fact suggests a possible experiment
with respect to the gross heat traunsfer rate. Under carvefully
controlled conditions, run the channel for a shovt period of time,
learn the loss in weight w of naphthalene, and hence dw/dt either
for the complete model or for an insert. For the same velocity,
temperature and other conditions with naphthalene evaporate
from a curved plate at the same rate as from a flat plate, or at a
different average rate?

A statement is made in the paper as follows: “Since the ex-
istence of the phenomenon (Gortler vortices) to be studied had
at best been shown indirectly by Liepman and MceGahan, it was
first desired to demounstrate their existence with some visual

2 Chief Aerodynamics Engineer, Research, Douglas Aireraft Com-
pany, Long Beach, Calif.
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technique.” Tani has demonstrated their existence (Proceedings,
International Council of the Aero Sciences, Stockholm, 1962).
Wortmann observed them visually and generally verified the
theory by work in a water channel. His work was reported at
the XTI International Congress of Applied Mechanies, Munich,
1964. Neither of these experiments involved heat transfer,

Gortler-type instability can exist in either laminar or turbulent
flows.  What does it do to turbulent heat transfer? What does
it do to separation? These are unanswered questions.

I would like to close by saying that interesting work has been
reported but many questions still remain and it is hoped that
Professor MeCormack and his colleagues can continue their work
on finding the answers.

Authors’ Closure

As mentioned in the paper, the temperature of each heating ele-
ment (on the curved duct) was taken as the average of 6 measure-
ments taken along the element. A sample is given in Table 1
the average is 258 deg F and the spread is about =9 percent.
There are 14 such elements, each parallel to the low. I do not
understand Dr. Smith’s objection to this arrangement. They o
indeed cover just over 1 cyele of temperature (or velocity) varia-
tion in the spanwise (z) direction.

The flow was, in fact, very stable and the free stream turbulence
fluctuations were always well under 3 pereent of the free stream
velocity-——that is, less than 10 percent of the longitudinal velocity
fluctuations associated with the Gortler vortices.

We did not measure the amplification factor of the vortices.
However, our observations indicated that these reach a constaut
maximum strength at a certain distance along the curved plate
(as expected from Kirchgassner’s work) and owr heat measure-
ments were made in this region,

The suggestions for a further naphthalene experiment are ap-
preciated.

We are now aware of the work of Tani and Wortman on demou-
strating the formation and nature of Gortler vortices,

We agree that it is likely that Gortler vortices are present in the
sublaminar layer in twbulent flow on concave plates and proba-
bly twbulent heat transfer. These and other unanswered
problems associated with this interesting phenomena are worthy
of continued atiention.
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wv. keweer § Radiation Heat Transfer for Annular Fins

Senior F.(ese‘arch Engin?er, M u 1
waworcerer 8 0f Trapezoidal Profile

E. S. HOLDREDGE

A one-dimensional numerical solution is obtained for the steady-state thermal behavior
of annular fins of trapezoidal profile which transfer heat by conduction and radiation.

Professo
Department of Mechanical Engi:me:ring;: The results obtained are presented as charts relating fin efficiency fo the dimensionless
Texas A & M University, group (rq — ry)ea T3/ k cos a, for various values of the dimensionless groups ry/(ry -
College Station, Texas ), Lo/ (ry — v}, and arctan {(Zg — Zp)/(rp — r5) ). As presented the problem is
the general formudation for the problem of radiating fins with flat surfaces.
EX'[‘ENUICD surfaces transferring heat by radiation d:U 1 tan o aU
and conduction only are becoming increasingly important for  gpe [[g + p - (1 - R tanca + 6 ar
space vehicles where these modes of heat transfer are the only
means for disposing of waste heat. From the standpoint of mass _ B,(!f,)4 =0 ()
reduction, it is generally preferable to utilize tapered fins for (1 — R)tana + 8 i
these applications.
The thermal behavior of straight radiating fins of rectangular U@©) = 1.0 (2)
profile has been studied by Lieblein [1],? Bartas and Sellers {21, au
and Tatum [3] using numerical techniques. Tiu [4] has found (J[});g ) =0 (3)

an exact solution for a straight radiating fin of rectangular profile

and Shouman {5] has found an exact solution for a radiating fin

of constant area. Holstead [6], Mackay (7], and Reynolds [8]

have analyzed a straight fin of trapezoidal profile by numerical

methods. Chambers and Somers [9] studied annular fins of  YiUra + $2Urn — (o + $2)Us

rectangular profile.  The solutions for these geometries can be I —1
(15

The finite-difference equation describing the temperature dis-
tribution in this fin is given by

obtained as special cases of the geometry studied in this paper. N
- =0, (4)

N2

Treatment of Prohiem

A sketch of the fin to be studied is shown in Fig. 1. The where
following idealizations are made.

1 The conductive flow of heat is radial.

2 The heat flow and temperature distribution throughout
the fin are independent of time.

3 There are no heat sources or sinks in the fin.

4 The temperature at the base of the fin is uniform.

5 The fin material is homogeneous, and the properties of the
material are independent of the temperature.

6 There is no incident radiation on the surface of the fin.
7 There is no heat transfer from the tip of the fin.
8 The fin is a gray body.

These idealizations result in the following dimensionless dif-
ferential equation and boundary conditions:

! This paper is based on a PhD dissertation submitted by H. .
Keller, to the Mechanical Engineering Department, Texas A & M
University.

2 Numbers in brackets designate References at end of paper.

Contributed by the Heat Transfer Division of THE AMERICAN

SociETY oF MEcHANICAL ENGINEERS and presented at the ASME- HEAT CONDUCTING FIN SUPPORT
AIChE Heat Transfer Conference, Minneapolis, Minn., August 3-6, ANNULAR FIN OF TRAPEZOIDAL PROFILE”
1969. Manuscript received at ASME. Headquarters, June 3, 1968.
Paper No. 69-HT-6. Fig. 1 Sketch of system
Nomenclature
= subscript to denote nodal point R = (r — rp)/(rp — 1g) B = (rp — rpleaT' p*/k cos o
k= thermal conductivity T = temperature € = emissivity
N = number of radial increments [(lﬁ = ;?;};{)el'zlttll‘(% at fin base 0 = Zy/(ry — 7p)
- = radic s B = /(P — 1
7= md%al position Z, = fin thickness at base p l’B/ (rg ~ 73)
vy = radius of fin base Z, = fin thickness at tip o = Stefan-Boltzmann constant
rp o= radius of fin tip a = angle of taper ¢ = efficiency
Journal of Heat Transfer Copyright © 1970 by ASME FEBRUARY 1970 / 113
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5
i

Yo =

1>]taua+9}. (6)

This equation is good for the limits 2 < I < N, where [ is 1 at

the base of the fin and [ is N + 1 at the tip of the fin.

The finite-difference equation written at the tip of the fin be-

COMes
4N — 1
B(/r-\‘+14 [p (7—1‘}77’7?‘ >]

‘-0 2N — 1 tan o
AN N vl N v

Equations (4) and (7) together with the boundary condition

U, = 1.0 (8)

Uy ~ Uyn =

constitute the complete finite-difference characterization of the
dimensionless temperature distribution in an annular fin of
trapezoidal profile.

Fin efficiency, used as the basis for determining a fin design, is
defined as the ratio of the actual heat-fow rate to the heat-flow
rate that would occur if the entire fin were at the temperature of
its base, For this problem, the actual heat-flow rate was ob-
tained by summing the radiant heat-flow rates from all of the
finite elements. This results in the following equation for the
efficiency:

1 N
<P+a,> +* 3

— I=2

o (5ol (5] e

4N

(R}

08 i S

06— — : D e

FIN EFFICIENCY

.2 b e e

Ire=rgleo T;/k cos a

Fig. 3 Fin efficiency versus 8 fora = 0.00 and § = 0.10

ficiency to the dimensionless group § for three values of p (1.5,
1.0, 10.0), with « and @ held constant. The values of a and
are successively fixed at all possible combinations of the three
values of @, (0.0, 6.0, and 12.0 deg), and the three values of §,
(0.0, 0.05, 0.10), with the exception of both parameters equal fo
Zero.

It should be noted that the number of parameters could be re-
duced to three by dividing both 8 and 8 by tan « and eliminating

. (9)

NZp + 1)

Solution of Prohlem

The solution of the problem was accomplished by using the
technique presented by Holstead [6]. The method first solves
equation (7) for the temperature ratio Uy and notes that Uy is a
function of only Uyxy.  Hence, by assuming a value of Uy, Uy
may be ealeulated directly. Likewise, equation (4) may be
solved for Uy, This gives Uy as a function of Uy and Ui
Therefore Ux.i may be found since Uy and Uyy are now

known. This procedure is carried out until a value is obtained
for Uy. This value is then compared to the required value of
unity. If the calculated value of Uy differs from unity by more

than the desired tolerance, a new value of Uy, is chosen and the

ealeulations are repeated. A systematic procedure for selecting

Uy s used so that the value of Uy will approach unity rapidly.
The data obtained are presented here as charts relating fin ef-

>
8
g .
w
Q
w
w
w
~ /rB/(rT-rB)—IO-WWA
o
=05
Coy——— —_——
' [ s ' | | [ : (R N
0 ] ; (ERIRIED] H L] i
Heloll Ot ol [2e]

(I'T‘ra)ec T;/kcos a

Fig. 2 Fin efficiency versus § fora = 0.00 and § = 0.05
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o as one of the parameters. This would reduce the number of
charts needed to present the data. However, this removes some
of the general nature of the problem since the case of @ equals zevo
must be treated as a special case.

The efficiencies of annular fins of trapezoidal profile were com-
pared to the efficiencies of straight fins with the same trapezoidal
profile as determined by Holstead [6]. This comparison is pre-
sented in Table 1. The efficiencies of the annular fins are ex-
sentially the same as the efficiencies of the straight fins at a value
of p equal to 10.

The results obtained here are valid for any one of six fin
geometries. The three parameters which control the fin geometry
are a, 8, and p. A value of zero for « denotes a rectangular pro-
file. A value of zevo for @ denotes a triangular profile.  Nonzero
values for both « and 8 denote a trapezoidal profile. Straight
fins with any of these three profiles may be represented by choos-
ing p equal to or greater than 10. Thus the solution as pre-
sented here can be regarded as a general solution for fins having
flat swrfaces.

Table 1 Comparison of efficiencies for annular and straight fins of
trapezoidal profile; « = 6.0 deg, § = 0.05

Straight Annular fin
] fin p = 0.5 p = 1.0 p = 10.0
0.010 0.91 0.856 0.878 0.905
0.020 0.84 0.761 0.793 0.835
0.040 0.74 0.638 0.678 0.736
0.060 0.67 0.558 0.602 0.666
0.100 0.58 0.439 0.505 0.573
0.200 0.455 0.337 0.381 0. 448
0.400 0.345 0.239 0.277 0.338
0.600 0.29 0.194 0.228 0.283
1.000 0.23 0.148 0.177 0.225
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Fig. 9 Fin efficiency versus 8 for «
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12.00 and § = 0.10
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DISCUSSION
A. R. Shouman

The one-dimensional steady-state general heat transfer through
radiating fing was studied.? The study covered the variable
geometry fin, considered the radiating case, as well as the com-
posite radiating convecting case with or without heat generation,
The effect of dependency of thermal properties and heat gencra-
tion on temperature was included. The conditions under which
the governing differential equation ecan be solved exactly was
pointed out.  For the cases when an exact solution could not be
obtained, a numerical evaluation technigue was outlined.  Fow-
ever, the graphs provided by the paper should be useful for the
designer.

Shouman, A. R., "‘Nonlinear Heat Transfer and Temperature Dis-
tribution Through Fins and Electric Filaments of Avbitrary Geometry
With Temperature-Dependent Properties and FHeat Generation,”
NASA Technical Memorandum NASA TM X-53621, June 14, 1467;
superseded by NASA TN D-4257, Jan. 1968,
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Introduction

Turbulent Flow, Heat Transfer, and Mass
Transfer in a Tube With Surface Suction

The problem of turbilent pipe flow with mass removel ab the bounding surfuce is
analyzed, and numerical resulls are presented for the friction factor, axtal pressure
gradient, leat and mass transfer coefficients, and velocity and lemperature profiles.
The results, which are relevant to forced-convection condensation in « tube (either with
or without noncondensable gases) are shown to be substanticlly affected by even small
amounts of wall suction.  Therefore, the present findings do not support the current
practice of using impermeable-boundary transfer coefficients in condensation calcula-
tions.  The analysis is performed wunder the condition that the velocity field is locally
self-stmilar.  Corresponding conditions are wsed for the distributions of lemperature
and mass fraction.  The cross-sectional distributions of the transverse velocity and
the shear stress are not constrained in advance, but vather, are permitted io vary tn ac-
cordance with the conservation laws. The turbulent lransport is expressed in terms
of the mixing-length model, modified in the neighborhood of the wall by « specially de-
rived damping factor,

interesting to observe that the effects of the interfacial mass
transfer (i.e., the suction) on the predicted heat transfer, mass

TURBULICN’I‘ pipe flows in which there is withdrawal
of mass (i.e., suction) at the boundaries of the flow are encoun-
tered in a variety of engineering applications. Such flows oceur,
for example, when components are separated from gas mixtures
flowing in tubes whose walls are selectively porous. Another
widely encountered application is forced-convection condensation
in a tube. In this example, condensed liquid flows in an annular
film adjacent to the cooled wall of the tube, and vapor flows
through the core. There is a continuous transfer of mass across
the interface between the vapor and the liquid phases. The
vapor may thus be regarded as a turbulent pipe flow with mass
removal at its boundary (i.e., at the interface).

With regard to the aforementioned condensation problem, it is

! Presently, Associate Professor of Aerospace and Mechanical
Engineering, University of Arizona, Tucson, Ariz.

Contributed by the Heat Transfer Division of THE AMERICAN
SoctETY oF MECHANICAL ENGINEERS and presented at the ASMIE-

AIChE Heat Transfer Conference, Minneapolis, Minn., August

transfer, and friction coefficients of the vapor are generally ig-
nored. Thus, for instance, when there are noncondensable gases
in the vapor, the suggested mass transfer coeflicient is that caleu-
lated for flow over an impermeable wall [1].2 Similatly, the
predicted interfacial shear is obtained using information for
flow with an impermeable interface [2, 3].

Consideration of available results for other types of twrbulent
flows, in particular external flows, indicates that suction or blow-
ing at the boundary can have a significant effect on all of the
transfer coefficients. It is, therefore, to be expected that wall
suction will have a distinct effect on the transport characteristics
of turbulent tube-flows as well. An analytical investigation of
the effect of wall suction on these flow characteristics, including
friction, heat transfer, and mass transfer, is the subject of the
present research.

In formulating the analytical model, every effort was made to

3-6, 1969. Manuscript received at ASMIT Headquarters, May 9,
1968. Paper No. 69-HT-4, 2 Numbers in brackets designate References at end of paper.
Nomenclature
¢, = friction factor, 27,/pi? Pr = Prandtl number, v/« W = mass fraction
, = specific heat at constant pressure p = static presswre 2z = axial coordinate
= binary diffusion coeflicient ¢ = heat flux y = transverse coordinate normal to
D, = eddy diffusion coeflicient Re = Reynolds number, %(2r,)/v wall
DF = damping factor, equation (16) r = radial coordinate y* = dimensionless trausverse coordi-
¢ = temperature similarity variable, 7, = tube radius nate, y\/rm/p/l,
equation (27) r* = dimensionless radial eoordinate, o = thermal diffusivity
h = heat or mass transfer coefficient, 7'\/Tw/p/1/ B = eigenvalue; 8y, first eigenvalue
equation (33) or (38) r,T = dimensionless tube radius, v = transport parameter, equation
j = diffusive mass flux, equation e 2
J (37) i} ' 1 ) i'w’\/Tu,/p/V . (“'6)_
e e fux fact . Se¢ = Schmidt number, v/D M= viscosity
= monientum ux factor, equation T = temperature u, = eddy viscosity
(19) w = axial velocity v = kinematic viscosity
k = thermal conductivity @ = mean velocity p = density
k, = eddy conductivity ut = dimensionless axial velocity, 7 = shear stress
! = mixing length N/ /n
! = mixing length w/N7,/p
[T = dimensionless mixing length, v = transverse velocity Subscripts
l\/—rw/p/y v, = suction velocity at wall b = bulk
- . . + : . . e \ .
Nu = Nusselt number, equation (33) v* = dimensionless transverse velocity, 0 = without surface mass transfer
or (38) v/‘\/Tw/p w = at wall
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preserve as much generality as possible.  To this end, the loeal
similarity concept is employed. This avoids the need to con-
sider specific axial distributions of the suction velocity. Fur-
thermore, radial distributions of shear stress and transverse ve-
locity need not be specified in advance, but rather, follow from
the conservation laws. The turbulent exchange model incorpo-
rated into the analysis is believed to be the best available repre-
sentation consistent with surface mass transfer.

Numerical results are provided for application-oriented quan-
{ities such as the surface shear stress, the axial pressure gradient,
and heat and mass transfer coefficients. Representative ve-
locity and temperature profiles ave also presented. 'The results
depend upon the axial flow Reynolds number, the velocity ratio
e, /% (v, = suction velocity at boundary, 4 = mean axial ve-
locity), and, for heat and mass transfer, the Prandtl and Schmidt
numbers.

Prior investigations of turbulent duct flows subject to surface
mass transfer have been directed primarily toward fluid injec-
tion (i.e., blowing). This work is well summarized by Olson
and Eckert [4].  Velocity-profile measurements for airflow in a
porous tube with wall suction have been made by Weissherg
aud Berman [5].  These will be discussed in a later section of the
present paper.

Velocity Prolilem

The analysis begins with the conservation equations for mass

aud momentum for turbulent How in a cireular tube. These
may be written
ol o)
- (rv —(@u) =0 i
a7.( )+ aI( ) (1)
ou? o) op o(rr)
Ratadl iy — 2
p|:7 oz + Or(”w):l 76.1' or @

where the inertia terms (left-hand side of equation (2)) have been
recast into a somewhat more convenient form by application of
the continuity equation. The negative sign affixed to the vis-
cous shear term anticipates a derivative, /0y, in the definition
of 7(y is normal to the wall). For the purposes of the present
analysis, compressibility and variable properties are regarded
as second-order influences and are omitted from the conservation
equations.

Cross-Sectional Distribution of Shear. By application of the mo-
mentum equation, the distribution of the shear stress across the
section can be derived, this distribution being one of the essential
ingredients in the solution. First, equation (2) is formally
integrated from an arbitrary radius » to r, (r, = tube radius).
Then, the integration is specialized to the range r = 0 to r =
re. In this way, the pressure gradient, Op/0z (assumed inde-
pendent of »), can be eliminated in favor of the wall shear stress
and total integrated change in axial momentum flux. Following
these steps, there results after rearrangement

T r uv e Ju?
T_r_pw L{ o
Te T Tw o), o
].2 Tw Ol 2
- <1 —_ 7'—Ldr (3)
') )y O%

The local similarity model will now be invoked. It is postu-
lated that the velocity profiles are locally self-similar; that is,

- f(f?) )
u T

where 4 is the loecal value of the mean velocity. Furthermore,
from mass conservation
da 2v,, -
—_——= 3)
dx 7
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s0 that, with equation (4)

20,1 .
= e (6)

7,0

w

The integrals appearing in equation (3) can now be rephrased
using equation (6). Following this step and the introduction of
the well-known w*, r+ variables, there follows

. v\t 7T\ 2
e AN i1 Sl -1
T w/jrT Pw
ret I"Lu“[ ‘ rwt oy, +2[ . .
— iyt - “dr 7
X P2 ) g 2 0
1] w r w

Equation (7) represents the radial distribution of the shear stress
consistent with the conservation-of-momentum prineciple and
local similarity. Clearly, for the case in which surface mass
transfer is absent (v, = 0, v = 0), equation (7) reduces to the
familiar linear variation of shear stress with pipe radius.

Inspection of equation (7) indicates that the evaluation of
7/7, depends upon a knowledge of the velocity distributions
vH(r¥) and «*(r¥), as well as on the radial position »* and the
prescribable constant parameters »,* and v,/4. However, the
transverse velocity »*+ can be eliminated as an independent en-
tity by integrating mass conservation, equation (1), fromr = (o
7 and substituting equation (6) for ou/ox. These opera-
tions vield

P

vt o= rru *dr*“:| (8)
in which
bt = Hj (s0)
Re denotes the Reynolds number
Re = ) )
v

and use has been made of the fact that Re = 2r, @™,  Asa result
of equation (8), it is seen that the distribution of the transverse
velocity is explicitly related to the distribution of u™.

Taken together, equations (7) and (8) provide a relationship
between the radial distributions of 7 and w*. This relationship
will serve as input to the shear stress-velocity gradient repre-
sentation, the details of which will be discussed in the next
section.

Turbulent Transport Model. For turbulent flows, it is eustomary
to write the relationship between the shear stress and the ve-
locity gradient in a form equivalent to the following

du
T = (A u)
dy

(1m
where u, denotes the eddy viscosity and y is the distance from
the wall. There are a number of competing representations for
Ly based on various models of the turbulent exchange process.
After a careful consideration of the possibilities, it is the view
of the authors that the mixing-length concept, suitably modified
by a damping factor in the neighborhood of the wall, offers the
best available representation.

In assessing the possible influence of wall mass transfer on the
mixing length, it is to be noted that recent experience suggests
that this quantity is insensitive to both mass transfer and com-
pressibility effects. In particular, Townsend [6] has put forth
strong arguments supporting the use of a universal mixing length
(I = 0.4y) in the wall layer of turbulent flows with surface mass
transfer. These arguments have been reinforced by Bradshaw
[7]1. In addition, Maise and McDonald [8] have demonstrated
that the mixing length is sensibly independent of density vari-
ations over the entire thickness of compressible turbulent bound-
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ary layers.  Finally, Spalding [9], seeking a transport model
that could be applied for all types of turbulent boundary layers,
lius recently advocated use of the mixing length, modified by a
damping factor (after van Driest) near the wall. Consistent
with the interpretations of these authorities, therefore, the mixing
length in the fully turbulent portion of the flow may be viewed
as a universal quantity which is, for all practical purposes, un-
altered by surface mass transfer and compressibility effects.

Adopting this viewpoint, the turbulent viscosity u, is expressed
in terms of the mixing length as follows

(11)

U'pon introducing this representation for u, into equation (10)
and rearranging, one obtains

T dut\cu*
— =1 — ) -
T dy*/dy*

An expression for the mixing length in pipe flow, purported to
apply all the way from the wall to the center line, is the following
{10, page 568]

[ 1 2 3 4
Lo 04l - 0.44<ZL> + 0.24(” > - 0.06<”> (13)
)‘UJ ]‘ll' ]VU‘ )‘Yl' ,.ll’

The first term of the foregoing, { = 0.4y, corresponds to Prandtl’s
hypothesis for small y /7.

1t is widely held (e.g., [9, 11]) that the conventional mixing-
length representation (e.g., equation (13)) overstates the effect
of turbulence in the immediate neighborhood of the wall. One
method of accounting for the damping effect of the wall has been
proposed by van Driest [11].  Although van Driest’s damping
factor is, in itself, not directly applicable to turbulent flows with
surface mass transfer, his model can be generalized to yield a
damping factor for such flows.

The basis for the van Driest model can be stated as follows:
An infinitely extended flat plate situated in an otherwise quiescent
fluid environment oscillates harmonically in its own plane. Ow-
ing to viscosity, the amplitude of the oscillations experienced by
the fluid diminish exponentially with Increasing distance from
the plate; that is, the damping factor is exp (—y*/4 T), where
.17 is the damping constant. In the case in which the plate is
stationary and the fluid is oscillating (turbulent eddies), the cor-
responding damping factoris 1 — exp (—y+/4 7).

To generalize the van Driest model for the case of surface mass
transfer, suppese that there is a uniform suction v, at the surface
of the aforementioned oscillating plate. Correspondingly, the
governing equation for the velocity field in the fluid above the
plateis

o= pltdu/dy

(12)

ou ou 0%
b v =

Uy v (14)
ot SOy oy?

with the boundary condition © = wug cos wt at the plate surface.
The steady periodic solution for u can be shown to be

oo 1 Vel 1
o= wug cos | wb — yN'/zsin -6 )| exp —ﬁ-/ — YN cos -0
2 2v 2

(15)
where

P 2
- (15a
4 \p? (L5a)

< 4 > /2
A = T , cos 0 =
16v+4 p?

The exponential quantity within braces in equation (15) is the
damping factor.

[n accordance with the van Driest model, the damping factor
for the case in which the plate is stationary and the fluid is os-
cillating (i.e., eddying) is obtained by subtracting the aforemen-
lioned exponential term from unity. After considerable re-
arrangement, this damping factor can be written as
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in which

X = v, ty¥/2 (16e)
It may be verified that for flow in an impermeable tube (x = 0),
equation (16) reduces to the damping factor proposed by van
Driest.  In the absence of evidence to the contrary, the damping
constant A * will be assigned the same numerical value used by
van Driest, that is, 26.

Continuing, the mixing-length representation, equation (13),
can now be modified to take account of the damping of turbulent
eddies in the immediate neighborhood of the wall. If, at the
same time, dimensionless variables are introduced, there follows

1+ o+ +\2 +\3 vt \ 4
= 04(DF) - — ().44(‘7 > + 0.24<'{5 +> - 0.06<‘f—j>
)' - r“? M ,.!l' - 7'”‘ 7‘“' :

w

(17)

where DF is expressed by equation (16). The mixing-length
representation of equation (17) is employed in conjunction with
the 7/7,, dut/dy™ relation of equation (12).

Integrodifferential Equation for v*. The shear-stress distribution
expressed by equation (7) may now be substituted into equation
(12), thereby yielding the governing equation for w¥. After
replacing »+ in favor of y* (i.e., y* = r, ¥ — r™) and rearranging,
one obtains

Tu+ +\ 2 -
e LU N
dy* dy™* Pt a
Re 2 U ut
Xy — 7% whn, ™ — gty
2 r,t rt
w 0
v, \ 1 7t \? jRe?
+4<7u> 7’{[1 a <'WT>]/TI(
a Jr, " 7ot b
ur 1
- f whr,t — y)dyt i (18)
0 "
with the boundary condition u* = 0 at y* = 0. The quantily

K in the foregoing is an abbreviation for the momentum flux
factor given by

1 rw Q rwt

K = - 2rruldr = — wti(r, T —y )yt (14)
T, 22 j; Re? j;

It is seen that K is the ratio of the axial momentum transported
by the actual flow to that transported by a slug flow moving at
the mean velocity . In general, for turbulent flows, K is only
slightly greater than unity. In addition, it is readily verified
that 7, * and Re arve related by

5 7‘w+
- f wr(r, T —yt)dy*
“Jo

Equation (18) is a nonlinear integrodifferential equation for the
veloeity distribution w*(r¥). The equation contains a total of
four parameters: v,/4, Re, r,*, and K. However, in light of
equations (19) and (20), only two of these parameters are inde-
pendent.

Solutions of equation (I8) have been obtained numerically
for specified parametric values of #,/@ and Re, respectively,
spanning the range from 0-0.02 and from 10,000-150,000. In
its broad outlines, the numerical scheme is as follows: Specific
values are selected for v,/ and Re. Then, trial values are
assigned for »,* and K. With these, equation (18) can be
forward integrated fromy* = 0 toy* = r,*. The thus-obtained
velocity distribution u¥(y*) is then employed to evaluate K

19

Re = - (209
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and Re.  If the numerical values of these quantities do not
agree with those originally assigned, then new values of »,*
aud K ave selected and the process repeated until convergence
15 achieved.

Friction Factor, Pressure Drop. Once the velocity distribution has
been determined, numerical results for the friction factor and

pressure drop follow divectly.  The friction factor ¢, is defined as

¢ = 1./3p @)
In terms of the variables of the analysis, ¢, can be written
¢, = 2(2r,7/Re)? (22)

In the presence of surface mass transfer, the axial pressure
gradient dp/de contains both wall shear and momentum flux
confributions.  From the integrated form of equation (2), the
following expression for dp/dx can be derived

= de, — 16<Z~’}’>K
i U

Numerical results for these quantities will be presented in a
later section of the paper.

(23)

Heat and Mass Transfer

The formulation and solution of the heat and mass transfer
problems follow along identical lines. In the heat transfer
problem, we are concerned with the temperature field and the
wall heat flux for a fluid flowing in an isothermal tube. In the
case of mass transfer, consideration is given to a binary gas mix-
ture flowing in a tube at whose wall the mass fraction of one of
the components is constant. Prior experience with turbulent
flows sugg that the heat and mass transfer coefficients are
not very sensitive to the specific nature of the thermal and mass-
concentration boundary conditions at the wall [12].

The forthcoming development will be made primarily in terms
of the heat transfer problem, specific comments on the mass
transfer problem being deferred until the end of this section.
The final results apply equally well to both transfer problems.

The starting point of the analysis is the energy equation for
turbulent tube flow

. or v orT 1 D( ) 24)
e b — v— } = —— —(n
pe dx or 7 or "
where
ar )
¢ = =+ k) (25)
dy

in which k, denotes the eddy conductivity. Under the assump-
tion that the turbulent Prandtl number is unity, that is, k, =
¢, W, and introducing the mixing length from equation (11),
the expression for ¢ becomes

wr

d du™
¢ = ~C,,w<y*)(vl*;

1
) = 12—
Y@™) ot

26
dy+ (26)

It will now be assumed that the temperature profiles are
loeally self-similar, so that [12]

(27)

and, additionally, for consistency with the definition of the bulk

femperature
Tw rw
f rugdr f rudr = 1
0 0

After application of the local similarity assumption, the energy
equation becomes

(28)
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d71,/dx dg v d «Ig:|
g — v = — —| (o —w)y 5 | 29
u<"1’b - Tw>g by T e — ) dy (e =)y dy !

With respect to integration in y, the quantity (d7,/dx)/(T, —
T.)is a constant. Thus one can write
dT,/dx B2

= — (30)
7, -7, r, Re Pr =)

where the factor Re Pr is introduced for consistency with prior
tube-flow analyses [12].

In light of the foregoing, the energy equation can now be re-
cast in the form

d dg g
p N N [ S YoV o e Yy
dy*'[o‘“ y )vdwj + (T oyt -

2

, . B
+ (et~ yHu g:m =0 (31)

with the boundary conditions

g=0aty" =0, dg/dy* = 0aty+ = r,* (32)

the last condition being an expression of symmetry. The dis-
tributions of u* and »* are known functions of y* from the
already-discussed solutions of the velocity problem, while Re,
v,./1, and Pr are prescribable parameters.

It is readily seen that equations (31) and (32) constitute a
homogeneous mathematical system; therefore, 32 plays the role
of an eigenvalue. It is known that an infinite but discrete set
of eigenvalues and associated eigenfunctions can he found to
satisfy the foregoing mathematical system. However, it may
be shown that the thermally fully developed temperature profile
corresponds to the first eigenfunction. Thus it is sufficient for
the purposes of the present investigation to obtain solutions to
equation (31) corresponding to the first eigenvalue, 1.

In determining values of B, for specified values of the param-
eters, the following numerical scheme was employed: First, it
was recognized that the value of 8, is unaffected by a change in
the level of the eigenfunction g, that is, ¢ multiplied by any con-
stant is also a solution to equation (31) for a given B;. Thus
the wall derivative (dg/dy*), can be assigned any arbitrary
value. With ¢ and dg/dy* prescribed at y* = 0, a forward
integration of equation (31) can be performed with y+ = 0 as
starting point. A trial value of 8, is selected and the integra-
tion is carried out; note is then taken of the resulting value of
(dg/dy*) at y* = r,*. If this derivative is not zero (to within
a specified tolerance), then a new trial value for 8, is selected, and
so on and so forth.

Once the first eigenvalue has been found, the corresponding
eigenfunction g is sealed (i.e., multiplied by a constant) so that
equation (28) is satisfied. In all subsequent developments, it
will be assumed that we are dealing with properly scaled eigen-
functions, g.

After the eigenvalues 8, and eigenfunctions g have been found,
the heat transfer coefficient and Nusselt number can be evalu-
ated. In the usual way, one defines

Qw h2r,) 33)

h o= Ny = —"— (5]
l Tw - Tb’ ! k .

so that, in terms of the variables of the analysis

(34)

Nu = 2r,*dg/dy™*),
By formally integrating equation (31) across the section from

yt = 0toy* = r,* and making use of other pertinent relation-
ships, the Nusselt number expression can be reduced to the form

2
Nu = B + Re Pr (v_w> (33)
2 @
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Thus the Nusselt number is determined as soon as the eigen-
values B are known.

The modifieations of the just-concluded analysis that are
relevant to the mass transfer problem will now be outlined. Let
W and W, represent the local mass fractions of the two com-
ponents of a binary gas mixture. At every point in the cross
gsection, Wy 4+ Wy = 1. Mass conservation for component 1
vields the following diffusion equation

oW, o, 10
Ut gt ) = =D (g 36
P <U o t or > 7 or (riv) (36)
where the diffusive mass flux of component 1, ji, is given by
. dW -
ji==p(D+ D)~ (37)
dy

Tquations (36) and (37) are the counterparts of equations (24)
and (25) of the heat transfer problem.

The solution of the diffusion equation follows along lines
identical to those for the energy equation. If one defines a mass
transfer coeflicient and a corresponding Nusselt number as

. . h(2r,) .
ho= Nu = - (38)
”'hn — W 1 p])
then the expression for Nu is
2 v,
Nu = B*' + Re Se (j“) (39)
a

in which S¢ is the Schmidt number.

The Nusselt numbers for heat and mass transfer, equations
(35) and (39), respectively, are identical in form. In this con-
nection, the mass transfer coefficient h, equation (38), must be
defined in terms of the diffusive mass flux ji, of component 1,
rather than the total mass flux* of component 1. In some
situations, the diffusive mass flux and the total mass flux are
nearly equal, while in other situations the two mass fluxes are
quite different. This important distinetion does not seem to be
widely recognized.

Results and Discussion

In the forthcoming presentation, first consideration will be
given to quantities of direct engineering interest such as the fric-
tion factor, pressure gradient, and heat and mass transfer co-
efficients. Velocity and temperature profiles will be presented
later,

Friction, Pressure Drop, Heat and Mass Transfer Coefficients. The
variation of the friction factor with the relative suction velocity,
v, /%, is shown in Fig. 1 for parametric values of the Reynolds
number. The ordinate variable is the ratio cyo/¢,, where ¢ is
the friction factor for the case of zero suction, while ¢; includes
the effects of suction. The departure of the curves from unity
is a direct measure of the effect of suction. The range of the
ahscissa parameter v, /% inecludes operating conditions encoun-
tered in forced-convection condensation processes.  For instance,
in recent experiments involving condensing Freon-11, with and
without air present as a noncondensable, the v,/@ values fell
approximately in the range 0.002-0.005 [14].

The figure shows that the higher the suction velocity, the
greater the friction factor; ie., cyo/c, < 1. In other words,
the fluid exerts a greater shear force on the bounding surface in the
presence of suction than when suction is absent. If, as in
the condensation problem, the flow is bounded by an annular fluid
layer, then the drag force exerted on the layer is greater than that
exerted by a flow without surface mass transfer. As a conse-
Guence, the resulting velocities in the annular fluid layer arve

4 The total mass flux includes both diffusive and convective con-
tributions [13].
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Fig. 2 Dependence of dimensionless axial pressure gradient on relative
suction velocity

greater than those calculated by employing shear stress in-
formation for tube flows with impermeable boundaries.

A casual look at Fig. 1 suggests that a high Reynolds number
flow is more sensitive to suction than is a low Reynolds number
flow. In considering such a conclusion, cognizance must be
taken of the fact that the abscissa variable contains @ as well as
v,. For fixed », and v, two flows with equal v,/ and different
Re will have different »,. This follows from the fact that
v,(2r,)/v = (v,/%) Re. In particular, the v, for the higher
Reynolds number flow will be higher. Thus the ordering of the
curves in Fig. 1 reflects the fact that higher suction velocities are
associated more with the high Reynolds number curves than
with the low Reynolds number curves.

For fully developed tube flows without surface mass transfer,
the friction factor and the axial pressure gradient, normalized
by the dynamic pressure, are essentially equivalent quantities.
On the other hand, in the presence of surface mass transfer, the
pressure gradient is affected by changes in axial momentum flux
as well as by the wall shear stress. In particular, when there
is suction at the wall, the momentum change of the flow tends to
cause an increase in pressure in the flow direction, while the wall
shear tends to decrease the pressure.
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Fig. 3 Variation of local Nusselt number with relative suction velocity
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fixed axial low Reynolds number

Results for the axial pressure gradient are presented in Fig. 2
as a function of the relative suction velocity v,/2. The Reynolds
number is the curve parameter. In the absence of suction, i.e.,
v, = 0, the pressure gradient is negative. With increasing v,
dp/dx changes sign and becomes positive. In accordance with
the foregoing discussion, this behavior is indicative of the fact
that the momentum change due to suction overrides the skin
friction at the wall. It i1s known that flows characterized by
positive pressure gradients are prone to separation. However,
no amount of suction in fully developed turbulent pipe flow can
reduce the velocity gradient at the wall to zero. Therefore,
as long as the flow remains turbulent, separation cannot occur.

The effect of suction on the heat and mass transfer coeflicients
15 illustrated in Fig. 3. On the ordinate, Nu is the Nusselt
number in the presence of suction and Nug is the Nusselt number
for no suction. The results correspond to a Prandtl or Schmidt
number of 0.7. The qualitative trends in evidence in Fig. 3 are
the same as those already discussed in connection with the fric-
tion factors in Fig. 1.  The results displayed in Fig. 3 emphasize
the fact that even small amounts of suction cause a major in-
crease in the Nusselt number. For instance, the Nusselt num-
ber for v,/@ = 0.004 is approximately twice as large as that for
v,/ = 0. Such a deviation is undoubtedly worthy of considera-
tion in caleulations of condensation involving noncondensable
gases.

122 / FEBRUARY 1970

1.4 11 [ ; LA S T
1.2
ER—
8- -
Re = 25,000 N
.4
2
Q : H s : 1 toi L
o} .2 4 .6 .8 1.0
Y/Vw

Fig. 5 Representative velocity profiles for two suction conditions

. 8 T T T LA SN B |

Re = 25,000

Y002

'005:10\& \\ ;

0 1 I i f L Lo 13 H 1 i 1
0 .005 .010 015

Y/I’w

Fig. 6 Effect of suction on velocity profiles near tube wall

The influence of Prandtl or Schmidt number on the Nus=elt
number results is dealt with in Fig. 4. Curves are shown for
Proor Se equal to 1.0, 0.7, and 0.4.  Inspection of the figure shows
that the higher the Prandtl or Schmidt number, the more sensi-
tive is the Nusselt number to the effects of suction.

Velocity, Temperature, and Mass Fraction Profiles.  Representative
veloeity profiles, plotted in terms of the variables w/«@ and y re
are presented in Fig. 5. Curves are shown for the extreme values
of v,/ = 0 and 0.02. Irom an overall viewpoint, the two pro-
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files appear to differ very little from one another. However,
a closer inspection shows that the profile corresponding to suction
is very much steeper near the wall, as would be expected in view
of the higher wall shear associated with a suction-modified flow.
Furthermore, near the wall, the velocities are higher in the
presence of suction. A more detailed display of the velocity
profiles in the immediate neighborhood of the wall is provided
by Fig. 6.

The occurrence of higher velocities near the wall helps explain
the previous observation that higher Prandtl number (or Schmidt
number) fluids are more affected by suction than are fluids
with lower Prandtl numbers, Fig. 4. The higher the Prandtl
number, the thinner is the thermal wall layer. Correspondingly,
the region immediately adjacent to the wall plays an ever more
dominant role in the thermal transport process as the Prandtl
number increases. Thus higher velocities in the wall region are
particularly effective in increasing the transfer coefficients.

Turbulent velocity profiles are often presented in terms of
the dimensionless u*, y+ variables, and such a plot is given in
Fig. 7. There is substantial spread among the curves for the
various parametric values of v, /@. This is to be contrasted with’
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the near congruence of the curves in Fig. 5. Xvidently, in the
preseunce of surface suction, the ¥, y* variables do not lead to a
universal velocity representation as in the case of turbulent pipe
flow without surface mass transfer.

Transverse velocities are induced by the swface suction.
Representative profiles of transverse velocity are plotted in Fig.
8. A cwrve for v,/ = 0 does not appear in the figure because
v is equal to zero in the absence of swrface mass transfer. The
transverse velocity profiles in Fig. 8 show only a weak dependence
on »,/4. There is a moderate departure of the curves from a
linear relationship between v and y (dashed line), such a linear
relationship being a natural first guess concerning the radial
variation of the transverse veloeity.
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It is of interest to compare the velocity profiles of the present 14 Rudoy, W., “Local Heat Transfer Measurements for R-11
Condensing With and Without the Presence of a Noncondensing
Gas,” PhD thesis, Department of Mechanical Fngineering, Univer-
sity of Minnesota, 1967,

analysis with the measurements of Weissberg and Berman [5].
Data points, taken from Figs. 5 and 6 of the just-cited paper, are
compared with correspouding analytical curves in Fig. 9. The
agreement may be viewed as satisfactory when it is realized
that these measured and predicted results represent the first
attempts at studying this problem in detail. IHowever, more
experimental work on the suction problem is evidently needed
to help establish the analysis or to suggest modifications,

Representative temperature profiles are displayed in Fig. 10
for several values of v, /1. It is evident from the figure that the
temperature distribution is markedly affected by suction, be-
coming flatter in the core and steeper near the wall as the suetion
veloeity inereases. By comparing Figs. 5 and 10, it is seen that
any semblance of similarity between the velocity and tempera-
ture fields vanishes with strong suction.  This trend is not un-
expected, since the presence of suction introduces a momentum
change into the velocity problem, such momentum change not
having a counterpart in the heat transfer problem.

Concluding Remarks

The effect of surface suction on the frictional, heat-transfer,
and mass-transfer characteristics of twrbulent tube flows has
been investigated analytically. Inso doing, it has been necessary
to postulate a model for the turbulent transport processes occur-
ring within the flow. 1t is believed that the mixing-length model
herein adopted is strongly supported by the presently available
evidence. This evidence is understandably far from conelusive.
Nevertheless, it is significant that the mixing-length model em-
ployed, when coupled with the local flow similarity hypothesis,
vields predicted velocity profiles which are consistent with the
only known experimental measurements made to date. Indeed,
the level of agreement is well within the range shared by the re-
sults of early analytical and experimental studies of external
boundary-layer flows with wall mass transfer.

Investigating a range of relative suction velocities and axial
flow Reynolds numbers, it has been shown that even small
amounts of suction ean have an appreciable effect on the friction
factor and Nusselt number results. Therefore, the present
findings do not support the current practice of using impermeable-
boundary transfer coefficients in condensation caleulations.
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any semblance of similarity between the velocity and tempera-
ture fields vanishes with strong suction.  This trend is not un-
expected, since the presence of suction introduces a momentum
change into the velocity problem, such momentum change not
having a counterpart in the heat transfer problem.

Concluding Remarks

The effect of surface suction on the frictional, heat-transfer,
and mass-transfer characteristics of twrbulent tube flows has
been investigated analytically. Inso doing, it has been necessary
to postulate a model for the turbulent transport processes occur-
ring within the flow. 1t is believed that the mixing-length model
herein adopted is strongly supported by the presently available
evidence. This evidence is understandably far from conelusive.
Nevertheless, it is significant that the mixing-length model em-
ployed, when coupled with the local flow similarity hypothesis,
vields predicted velocity profiles which are consistent with the
only known experimental measurements made to date. Indeed,
the level of agreement is well within the range shared by the re-
sults of early analytical and experimental studies of external
boundary-layer flows with wall mass transfer.

Investigating a range of relative suction velocities and axial
flow Reynolds numbers, it has been shown that even small
amounts of suction ean have an appreciable effect on the friction
factor and Nusselt number results. Therefore, the present
findings do not support the current practice of using impermeable-
boundary transfer coefficients in condensation caleulations.
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DISCUSSION
Tuncer Gehecit

The authors ave to be commended on theiv analytical study
concerning the problem of turbulent How with mass transfer in
tubes.  The discusser would like to present some thoughts oun
which the authors may wish to comment.

First, I would like to comment on the way the authors have in-
cluded the damping factor (DF) into the mixing-length expression
given by equation (13). If we argue (as Van Driest did) that
the presence of the wall changes the mixing length by

1 —exp (—y/4)
. . e 1/,
where A is a constant defined as 206v(r,/p,) " 7%
should write equation (13) as

[+ U+ 2 y O\ s
- = | 0.4 — .44 { = 024 (L
T Ty [
!I+ 4
— 0.08 - DI
ru*T

rather than the way it is written; Le., equation (17).  Although
for sucked boundary layers, the difference between the foregoing
equation and the one given by equation (17) is negligible, the dif-
ference may be quite important for blown boundary layers where
the sublayer thickness is not so small.

Second, T would like to comment on the generalization of Van
Driest’s model for flows with mass transfer.  The expression thal
the authors obtain by solving the Stokes problem with mass
transfer does not consider the pressure gradient effect. As it
stands, the DF, as given by equation (16), in the absence of
mass transfer, cannot be used for Hows with pressure gradient
since for such flows y* may approach zero (flow separation).

then once

G. B. Wallis®

This paper contains a nice theoretical analysis of a significant
practical problem. However, it would be more useful to engi-
neers if some of the more important results could be expressed in
a more compact form and could be related to simpler theoretical
models. This is particularly true in the present case because the
solution is not exact, but is based on some idealized model for
turbulence, and it is not clear just what has been gained by the
choice of a rather sophisticated caleulation procedure which would
be very time-consuming if it were used to solve all such problems
in practice.

Now, there already exists a very simple model for interfacial
shear in condensing flows, or flows with suction, based on the
leynolds flux concept.t According to this theory, the ratio
C10/Cy, shown in the authors’ Fig. 1, should depend on the ratio
v,./u, where ug is a characteristic transverse veloeity characteriz-
ing the turbulence and is given by

uy = Croll (400
4+ Senior Engineer/Scientist, Douglas Aiveraft Company, Long

Beuch, Calif. Mem. ASME.

5 Associate Professor of Iingineering, Thayer School of Engineering,
Dartmouth College, Hanover, N. H.  Assoc. Mem. ASMUIE.

6 Silver, R. S., and Wallis, G. B., **A Simple Theory for Longitudinal
Pressure Drop in the Presence of Lateral Condensation,” Proceedings,
Institution of Mechanical Engineers, Vol. 180, Part 1, 1965-1966, pp.
36-40.
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Over the present range of Reyvuolds numbers the Blasius equation
may be used to estimate Cyy; thus

Cry = 0.079 Re ™'/ 41)

A simple check as to the validity of the Reynolds flux theory is
then to plot the authors’ values of v,
at constant values of Cro/C;. The result is found to be a series
of lines with a negative slope almost exactly equal to /.. This
indicates that plotting Cro/Cy versus v,/uy will indeed give one
unique curve for the whole range of Reynolds numbers chosen by
the authors.

Moreover, the simple theory of Silver and Wallis indicates that
the equation of this unique curve should be

¢ n (42)

Uy

or, using equations (40) and (41) if a more direct
needed for practical computation,

equation is

Cp 1 N
C/ - {43)

Uy
1+ 12.7 Re'/r =
(2

A crossplot of the authors’ Fig. 1 reveals that all the results
are very close to a slightly modified version of equations (42)
and (43)

Cro 1 1
i = - (44)
1+ 17.5 Re'/t ==

U

In the absence of good experimental data we cannot determine
which theory is the most aceurate. However, that is not the
point.  The fact is that in most practical design situations utility
and brevity are more important properties of a theory than ele-
gance. It should not be left entirely up to the reader to manipu-
late the results into the most useful form. (For most purposes
this means an algebraic equation in terms of simple functions, not
a calculation procedure orv a set of graphs.)

Even in academia, we are often left to explain an embarrassing
gap between theories which are too simple to be accurate and
those which are too complex to be useful.

Of course these criticisms do not apply to those parts of the
paper which are concerned with veloeity and temperature profiles.

Journal of Heat Transfer

Clearly these canunot be predicted from one-dimensional or
lumped-parameter theories.

Authors’ Closure

The authors appreciate the interest shown in their work by
Dr. Cebeei and Professor Wallis, The discussers have raised
some interesting points, to which we would like to respond in
order.

Dr. Cebeci is quite correct in asserting that some care must be
exercised in applying the damping factor to the mixing length.
It is noted, however, that for flow in an impermeable tube, as
well as for the case of surface suction, the damping factor is
essentially unity before the higher order terms in equation (17)
become operative. Thus it is immaterial in this case whether
one applies the damping factor to just the first linear term
or to the entire expression. However, for the case of
swrface injection, one should follow the recommendation of
Dr. Cebeci and apply the DF to the entire mixing length ex-
pression,

The second point raised by Dr. Cebeci is also well taken.
For any flows in which the wall shear stress gets very small
or goes to zero, it is a dangerous procedure to nondimensionalize

variables with respect to ‘\/’I‘w/p‘ Tu this case, u™ gets vevy
large and y* gets very small; clearly this is a situation to be
avoided in any caleulation procedure.

It is apparent that Professor Wallis has taken considerable
time to study the authors” results in light of his earlier simple
model.  However, it is not clear how Professor Wallis obtained
his results (40) and (42). Having read his earlier paper, it
appears to the authors that Professor Wallis still had to “manipu-
late the results” into a more useful form. Aside from this,
the authors have compared more precise tabulations of their
numerical results with the discusser’s equation (44). Very
satisfactory agreement is obtained over the entire range Re =
10,000 to 150,000.

By way of closing, the authors would like to caution Professor
Wallis concerning his “check as to the validity of the Reynolds
flux theory.” It appears that all that has been demonstrated is
some gross measure of consistency between the present caleu-
lations and those performed earlier by Wallis, Even then,
an empirical adjustment had to be made to his result before
approximate agreement could be achieved. The authors feel
that more substantial evidence than this is required to validate
the simple lumped-parameter theory proposed by Wallis.
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Introduction

. Tmc great importance which physieal and chemical
surface conditions have in boiling and evaporation has long been
recognized [1],2 and the effects of surface material, treatment,
finish, past history, and liquid-surface combinations have been
investigated in recent years. Phenomenological descriptions
and experimental results, particularly with regard to nucleate
boiling, can be found in various papers and texts [2, 3]. Of
particular interest for most evaporation processes is the wettabil-
ity of the heating surface, because nonwetting may lead, among
other things, to reduced heat transfer and overheating of the
surface. Moreover, the condition of surface wetting seems to
he a most important eriterion for high heat fluxes in all evapora-
{ion processes, and it represents a crucial property whenever the
liquid phase forms a relatively thin layer on a heat-exchanger
swrface, e.g., in thin-film evaporators and spray or dry-type
evaporators. In such applications, different methods are used
{o insure a uniform spreading of the liquid phase over most of
the heating surface and to improve the surface wettability, if
possible. The latter is mostly done by chemical treatment of
the surface, by providing special finishes and roughnesses, or by
adding surface-active substances to the liquid. The distribution
of the liquid over the evaporator surface is often improved by
utilizing advantageously the vapor shear at the liquid-vapor
interface, e.g., in annular two-phase fow inside horizontal or
vertical tubes. In addition, a vaviety of mechanical devices
such as spiral fing, turbulators, moving serapers, and wipers are
used in different process heat exchangers, mostly for the same
objective.  Capillary wicking and swrface deposits have been
added more recently to this list.

Photographic studies of the evaporation of thin liquid films
revealed that mechanieal scrapers and wipers were unable fto

I Presently, Engineer, Bettis Laboratories, Westinghouse Electric
(‘orporation, Pittsburgh, Pa.

2 Numbers in brackets designate References at end of paper.
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Surface Wetting Through Capillary Grooves

The effects of capillary grooves on surface wetting and evaporation have been analysed.
Aun attempt has been made lo oblain expressions which approximately describe the in-
crease in heat transfer in order to select for given properties and temperature differences
a groove of oplimum design.
mechantism is determined by thermal resistance of the liquid layers inside the grooves.
From a nmumerical evaluation of linearized equations, heat transfer rates have been com-
putted for grooves wilh triangular, semic

For this purpose, it 1is assumed that the hect transfer

relar, and square cross sections.

prevent completely a formation of dry spots, when any form of
evaporation took place [4]. TDrregularities of the heat fluxes
which were observed at characteristic temperatures could be di-
rectly related to the partially dried-out areas. A modification
of Nusselt’s classical analysis of film condensation to interfacial
evaporation, due to heat conduction through a falling liquid
fitm, led to calculated heat transfer rates which explained quali-
tatively the relationship between surface wetting and overall
performance. In the regime of nucleate hoiling, the experi-
mentally measured heat fluxes were up to 30 percent larger than
those predicted from the laminar film model, but the differences
decreased remarkably when the film thickness grew smaller,
regardless of whether or not nucleation was observed. The
results suggested that the heat transfer mechanism was governed
by thermal conductance across the film. It therefore
postulated that the heat transfer rates in thin-film evaporators
could be improved if the liquid phase might be spread more
uniformly and thinly over the total heating surface. For this
purpose, the author proposed to utilize capillary grooves as a
means of distributing a liquid coolant in thin-film evaporators
and later in dry-type evaporators, too [5].

The topic of surface wetting as a contact-angle and capillary-
action phenomenon is discussed in several texts within the
general framework of the physical chemistry of surfaces {6, 7].
The wetting process through ecapillary grooves is essentially u
capillary-rise phenomenon and its dynamic behavior is of in-
terest here. The governing differential equations for fluid mo-
tion induced by capillary forces under isothermal conditions have
been derived for different conditions. Analytical solutions are
available for several cases, e.g., for laminar flow of a wetting
liquid inside capillary tubes of round or rectangular eross sections
(8], between parallel plates [9], and within porous materials
[10]. The fluid motion inside capillary grooves has been studied
experimentally by Parker and Smoluchowski [11] who succeeded
in enhanecing the spreading of a liquid metal over a solid surtace
through etched grooves.

The present study® sought to investigate the effects which

3 The research reported herein is part of an investigation sup-
ported by the Office of Naval Research under Contract NONR-4239
02).

was
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capillary grooves of different shape and size might have with
respect to the wetling of a solid surface for the case of interfacial
evaporation without bubble formation. In the following, it is
assumed that a liquid ecolant is lifted and distributed over a
vertical heating surface by a system of capillary grooves.
Through the thin liquid layers which are formed inside the
grooves, heat is conducted from the wall to the liquid and
evaporation takes place at the lHauid-vapor interface. 1t is the
purpose of this paper to examine the mentioned capillary effects
in connection with interfacial evaporation.

Static Capillary Rise

When two immiseible fluids are in contact with each other,
under conditions of mechanical equilibriwm, their common inter-
face can be determined from the fundamental equation of Young
and LaPlace

Ap = a(1/r 4+ 1/r) (1)

where 7 and r; ave the principal radii of curvature; Ap represents
the pressure difference across the interface, and ¢ is the inter-
facial, or surface, tension. The oldest method of measuring
surface tensions is the observation of liquid rise in a vertical
capillary.  Here, the pressure difference across the meniscus in
the capillary, Ap, must be equal to the hydrostatic pressure of
the column of liquid of height, &, which is lifted inside the tube.
If the liquid and vapor densities are denoted by g, and p,, rve-
spectively, it follows that Ap = ¢(o. poh. For an approxi-
mate treatment of the capillary rise, when » < h, equation (1)
can be reduced to a simpler relation with one radius of curvature,
and the pressure difference becomes

Ap = 20/r = glo — p Ik (2)

In the case of a perfectly wetting liquid, the radius of eurvature
of the surface of the meuiscus, r, equals the radius of the capillary,
L. 1f the liquid does not wet the capillary surface completely,
an angle of contact hetween the liquid and the solid surface, «,
will be observed and the radius of curvature becomes r = R(cos
a). Thus the height, h, to which the liquid rises in a capillary
tube can be ascertained by the relation

h = 20(cos a)/g(or — p IR (3)

The static contact angle, o, has been widely used as a criterion
for surface wetting, which is usually considered as being limited
to angles of 90 deg or less. Strictly speaking, however, a liquid

averages local and microscopic effects of the combined properties
of the liquid and the solid wall, which are affected by absorption
of impurities and possible molecular reorientation of the solid
surface in presence of the fluid. The apparent contact angle
seems also to be influenced by the roughness of the surface. For
the experimental part of this investigation, the required countact
angles were measured; for the analytical study, a fixed coutact
angle was taken as a boundary condition.

Analytical Treatment

If a wetting liquid is in contact with a plane vertical wall,
the liquid wets the solid swrface due to capillary action up to a
height, A, in mechanical equilibrium.  The contour of the liquid
interface as a function of ¥*, the distance from the wall, is de-
seribed by the differential equation

N

e glen = pe
(U (da/dy*3)"= o

Jdy*e

4)

where z represents the local height or rise of the liquid nter-
face. An analytical solution of equation (4) yields the ex-
pression [12]

G

- (¢ — /102)‘/'
= (¢/2)(cosh™ (¢/z) — cosh™Ye/he)) (B)
where

iy

¢ = 2a/g(g ~ p.))
and the maximum height &, for the capillary rise at a plane wall is
- a/2) (6)

The liquid-vapor interface in a capillary groove with rec-
tangular cross section under the action of gravity is shown
schematically in Fig. 1. The contour of the liquid interface is
represented by a surface z(x, y) which is evaluated by solving
the governing equalion derived from a two-dimensional force
balance. For this purpose, it is considered that, in mechanical
equilibrium, the driving force which is acting on every fluid
element (dx dy z) is equal to the weight of the column of liquid
pgz(dxdy) which is lifted. Thus the driving force per unit area,
due to surface tension, becomes

he = 2(a/gloy — p. ) sin (m/

%

glon — p)z = Fyey (1 + (0z/0x)*)~?

that does not wet a solid would be characterized by an angle of + 0% (1 + (d2/0y)%)~
180 deg. The contact angle represents a mean value which oy’ )
Nomenclature
Ag = free surface area groove solid surface
A, = cross-sectional area Q, = maximum heat transfer rate B = vertex angle of a triangular
¢ = 2(c/(o: — ,ol.)g)‘/2 of groove (with optimized groove
d = depth of groove depth) 0 = mean thickness of liquid
dy = optimized groove depth, de- r = radius of curvature layer in direction y
fined in equation (17) R radius of tube A parameter defined in equa-
¢ = magnitude of gravitational Ry = equivalent capillary radius tion (14)
acceleration defined in equation (10) u = dynamic liquid viscosity
h = height of meniscus above 7. T, = temperatures of solid-liquid 01, p, = densities of liquid and vapor,
flat liquid surface and liquid-vapor bounda- respectively
by by = fully wetted heights at static ries o = surface tension
equilibrium or at steady- v = flow velocity in direction z ¢ = angle between z-axis and
state evaporation w = width of groove horizontal tangent to the
h,, = latent heat of vaporization * coordinates rroove surface
he = maximum rise of a liquid on heights of liquid-vapor inter- Y = parameter defined in equa-
a plane wall face inside a groove, at tion (19)
k = thermal  conductivity  of static equilibrium and at = parameter defined in equa-
liquid steady-state evaporation, tion (15)
Ap = pressure difference respectively B,C,D,E = constants whose values are
0 = total heat transfer rate of a = angle of contaet of liquid at given when used in text
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Fig. 1 Liquid-vapor interface in a capillary groove with square cross-
sectional area
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The differential equation (7) has been used to describe the
liquid-vapor interface, subject to the following boundary condi-
tions:

1 Along the liquid-vapor solid boundary, the contact angle,
«, in a vertical plane normal to the groove surface remains con-
stant. A Neumann boundary condition® is expressed by

0z/dx(sin ¢) — 0z/0y(cos @) = cot (8)

where ¢ is the angle between the w-axis and a horizontal tangent
to the groove surface.

2 The liquid-vapor interface along the lines ¥y = 3d and
x = 3w/2 approaches the contour of the liquid interface given
by equation (5). The distances for x and y were selected be-
cause experimental evidence indicated that these boundaries
were acceptable for the purposes of this analysis.

3 Along the center line of the interface inside a groove, a
symmetric condition yields dz/0x = 0. In addition, for tri-
angular grooves, 0z/0y = —cot «, at the apex (x = 0,y = 0).

Equation (7) has been solved numerically for grooves of
triangular, semicircular, and square cross sections over a wide
range of properties [13]. For the numerical treatment, each
half groove (bilateral geometry) has been subdivided into 150-
200 cells. All equations were written in finite-difference form
and the interfacial surfaces z(z, y) were caleulated with an IBM
7040 computer.

Calculated Static Resuits

It was found that the height, 2;, up to which a groove is fully
wetted can be approximated by a similar relation as given in
equation (3), when R < &,

hy = 2a(cos a)/glor — p, )Ry 9)

where Ry designates an equivalent capillary radius for grooves,
which is defined by

(cross-sectional area)

Ry =2 (10)

(wetted perimeter) — (width)
Hence, Ry is given by d/(ese(8/2) — 1), md/(w — 2) or d for
4 Specification of the normal component of the gradient of a varia-

ble at each point along the boundary.
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Fig. 2 Fully wetted static rise, h;, calculated for capillary grooves

triangular, semicircular, or square grooves, respectively. If,
can be seen from Fig. 2 that most values of %, as determined
from digital computation, are somewhat smaller (about 5 percent)
than those caleulated from equation (9). If grooves of the same
depth are wetted by the same fluid, k, reaches its largest values
in triangular, and its smallest in semicireular grooves. The
free surface area could not be predicted in a similarly simple
way. For h; > 10w, however, the interfacial area approached
approximately a constant value A ~ 0.96(h,w).

Since the weight of the lifted liquid has to be balanced by the
surface-tension forces in static equilibrium, the results of equa-
tion (9) can be.interpreted as follows. If the cross-sectional
area of a capillary groove could be filled completely, but ouly
up to its fully wetted height &, the weight of the lifted liquid is
(h,A(01 — p,)g). This weight has to be equal to the difference
between surface-tension compounents pulling in upward and
downward directions, which gives

hed (o0 — pog = o(cos a)((wetted Perimeter) — (width)) (11)
Since this force balance leads to equation (9), it might be ex-
pected that the volume of liquid which is rising inside a groove in
excess of i, should be approximately equal to the volume which
is actually missing over the height &, since the liquid is not
filling the cross-sectional area completely. The computed re-
sults have been compared with experimental observations of
vapor-liquid interfaces.

Experimental Measurements

Test sections (2-in. OD; 3-in. long) were made of brass (ASTN
B-18) and provided with capillary grooves of different sizes and
shapes. All groove dimensions were measured with a micro-
scope (50 and 100 X magnification). After being most care-
fully cleaned by a series of different solvents, the grooved test
sections were set up inside a small desicecator where the test
liquid was added. The general arrangement of the test pro-
cedure is illustrated in Fig. 3. The wetted grooves were illumi-
nated by the monochromatic light of a sodium-vapor lamp (about
5889-5895 Angstrom) which allowed observation of the inter-
faces. The fully wetted height, h,, the maximum rise, and other
characteristic points were measured by means of a cathetometer.
Benzene, methyl aleohol, and carbon tetrachloride were uxed
as test fluids. The liquid surface tensions were determined by
using the capillary-rise method and applying equation (3). With
the same general test arvangement, the maximum rise, hy, at a
plane test surface (between grooves) was measured in each
case; the results were used in combination with equation (6) to
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fig. 3 Experimental measurement of capillary rise—A Light source;

B Cathetometer; C Desiccator; D Grooved tes tsurface
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Fig. 4 Fully welled static rise, hy, measured in capillary grooves

determine the apparent contact angles, a. The results for
fully wetted heights are presented in Fig. 4, which shows general
agreement with the computed data.

Capillary Rise and Evaporation

As the temperature of the groove surface is increased, evapora-
tion will eventually take place at the liquid-vapor interface.
In the absence of vapor bubble formation or free convection,
the heat liberated by this process is transferred by thermal con-
duction through the liquid which is rising in the capillary grooves.
Considering heat flow in the y-direction only, the temperature
distribution within the liquid layer is linear and the thermal
resistance is proportional to a mean “film” thickness §. Iach
liguid layer has zero film thickness at its upper edge and the
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Fig.5 Calculated mean velocities in terms of dimensionless parameters
A and Q defined in equations {14) and (15)

thickness increases in the downward direction. Under steady-
state conditions, the rate at which the liquid is evaporated is
ecqual to the rate at which the liquid is rising, due to capillary
action.  If the solid-liquid and lquid-vapor interfaces are iso-
thermal at temperatures 7'y and 7', the average veloeity v in
direction z within a cross section element (AzAy) can therefore
be estimated to be

v = k(Ty — T5)A2 Joih; 00y (12)

where k& is the thermal conductivity and h,, the latent heat of
evaporation of the liquid.

When steady-state conditions are reached, the sum of the
gravitational, viscous, and surface-tension forces acting on any
liquid column (dx dy z’) is zevo. 2’ denotes the dynamic height
which is smaller than z, since the height of the liquid-vapor inter-
face at any point (z, y) is decreased from z(z, y) to z'(z, y) be-
cause of the interfacial evaporation. It follows that the differ-
ence between the weight of the liquid column in static equilib-
rium g1 gz(dady) and the liquid column with evaporation gz’
(dedy) is equal to the viscous forces. Thus, for steady-state
conditions and laminar flow, the governing equation can be
written in a simplified form as

O%/dx? + OW/oyt = —(glor — p.)/u)((z — &)/2") (13)
where g is the dynamic viscosity of the liquid phase. Based

on the previously calculated static interfaces z(z, i), the velocity
distribution »(z, y) has been evaluated by solving equation (13)
together with equation (12) numerically.

Considering 2z — 2’ « z, the differential equations were re-
placed by finite-difference approximations [12] and the following
boundary conditions were applied:

1 The velocity » = 0 along the liquud-solid boundary.

2 The normal velocity gradient at the liguid-vapor interface
is zero.

3 The dynamic rise z* = hy at y = d; through this approxi-
mation, the caleulated heat transfer rates account roughly for
the additional heat transferred because of the groove.

4 The derivative 0v/0x = 0 on the center line.

All numerical solutions are presented in Fig. 5 in terms of
two dimensionless numbers A and € which are defined

A = Copklcos a1, — 1)/ (0o — p.)gh, )  (14)

Q = Dui/(oy — p,lgd? (15)

In equations (14) and (13) are included two factors which vary
for different groove geometries. The factor C'is given for grouves
with triangular, semicircular, and square cross sections by (2
ese3(B/2) — 2 ese(B3/2), (8(r — 2)/7%) and (2); while D equals
(ese2(8/2)), (2) and (2), respectively. An inspection of Fig.
5 reveals that the caleulated results can be correlated reasonably
well in terms of A and Q. For a given groove geometry and
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certain fluid properties, the average velocity 5§ may be deter-

mined from the graph, if d and (T — 7) are known. The
total heat flux @ can then be calculated from the relation
Q = oAk, (16)

Heat Transfer Rates

In this way, heat fluxes have been computed from the nu-
merical solutions of the simplified velocity and conduction
equations for three types of groove geometry: triangular, semi-
cireular, and square. The results show that for a given set of
properties and temperature difference between the solid-liquid
and liquid-vapor boundaries (7, — 7,), the heat transfer rates
are different for each individual groove design; they depend
largely on the depth, and for triangular shapes on the vertex
angle, too. A typical relationship between the heat flux per
unit groove width, @/w, and the depth, d, is illustrated in Fig.
6, with one example for a triangular groove. In a similar form,
the heat transfer rates, Q/w, for all grooves exhibit maxima at
some characteristic depths, de. If for given properties and
(1, — 7,), the depth of a triangular groove were kept constant
but the vertex angle, 8, were changed gradually, say, from 0-
180 deg, the flow and hence heat transfer rates, @/w, would
vary gradually too. A smaller angle, for example, leads to in-
creased capillary rise and improved wetting characteristics, but
it also leads to larger dynamic velocity gradients and thus in-
creased viscous forces. Consequently, the heat transfer rates
would rise gradually as the angle changes from zero to a maxi-
mum value and return to zero again; it was found that they
leveled out at a maximum around 8 = 30 deg. That is why
only results for {riangular grooves with a vertex angle of 30 deg
arve reported in this study.

From a curve it of all computed data, the following expression
was obtained for the depth, dy, at which the heat transfer rate
per unit width reaches its maximum value, Qu/w, if all other
parameters are kept unchanged. The relation may be written
in the form

do = Biouk(cos a)(T,, — T /oo — pu)igghw}‘/6 (17)
where the constant B is 5.11, 1.97, and 2.67 for 30-deg triangular,
semicireular, and square grooves, respectively. Thus the opti-
mum depths, do, are different for each geometry, being largest
for triangular and smallest for semicircular grooves. With the
optimum depth, dy, as given by equation (17), the maximum
heat transter rate, Qy/w, is now

Qu/w = EY(T,, — 1) (18)
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where £ is a constant with a value of 0.269, 0.283, and 0.438 for
30-deg triangular, semicireular, and square cross sections. ¥
denotes a function of all properties, which is defined as

Y o= loh,, otk cos® a)/guer — o)} (19)

Hence, the maximum heat transfer rates, Qo /w, in square grooves
are larger than in other geometries.

A typical relationship is shown for one set of physical proper-
ties in Fig. 7. It should be noted that each of the three grooves
which are compared in this graph is designed for its optimunm
depth, dy, which is different for each groove. Therefore, all
three grooves in Tig. 7 have different depths and such a com-

patison might not be realistic. In addition, the optimum
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depth, do, depends on the temperature difference (7', — 7',) too,
which Is shown for one case of semicireular grooves in Tig. 8.
From these results it appears that the heat transfer rates per
unit groove width, @/w, depend in a complex way on the chosen
geometry, depth, temperature difference, and physical proper-
ties. The performance of any capillary groove will vary largely
according to the specific operating conditions. No particular
groove type can give the highest heat flux, @/w, neither for all
temperature differences (7', — T',), if the depth, d, and all proper-
ties remain unchanged; nov for all d’s, if (T, — 7',) and the
properties are constant. The optimum size, shape, and per-
formance of a capillary-groove system must therefore be deter-
mined for each specific case.  As a final illustration of this point,
a plot of Q/w versus d for (7', — 7',) = 9 (deg I} is presented in
Fig. 9 for three selected fluid property groups. In a practical
ase, if the fluid properties and (T, — T',) are known, a similar
plot could be used to select the groove design with the highest
performance per weight or volume. Estimated maximum heat
fluxes per unit area /4 ave plotted versus (7', — T',) in Fig. 10
for the analyzed capillary grooves together with predicted heat
fluxes for interfacial evaporation with free convection [1] and
pool boiling with evaporation [2]. The graph indicates the
magnitude of the heat transfer rates which might be expected
when using capillary grooves in the range of small temperature
differences. The present results cannot be extrapolated to
larger temperature differences because the assumed linearity
in this analysis would be less valid and the onset of nucleate
boiling in the grooves has not been considered here.

Summary and Conclusions

The effects of capillary grooves on surface wetting and evapora-
tion have been examined for three groove types: square, semi-
cireular, and triangular. The total capillary foree has been
determined in static equilibrium experimentally and theoretically.
For the theoretical analysis, the governing differential equation
has been solved numerically. It was found that all data for
static capillary rise could be best represented in terms of a
“fully wetted” height and an “equivalent” capillary radius,
which led to a similar expression as that for capillary tubes.

For the heat transfer analysis, it was assumed that evapora-
tion at the liquid-vapor interface takes place due to thermal
conduction through the liquid layers inside the grooves. As a
consequence of the surface evaporation, supplementary liquid is
lifted by capillary action, and the system finally reaches steady
state. Simplified and linearized equations for velocity and
temperature distributions have been evaluated numerically in
order to study the effects of the principal design parameters for
capillary-grooved surfaces. Besides the relevant properties
and the temperature difference (7', — 7.}, the performance de-
pends on geometrical factors such as the groove type, the depth
(or width), and in triangular shapes, the vertex angle.

The computed heat transfer rates indicate that capillary
grooves seem to offer definite advantages, which ultimately
might lead to a reduction in size of process equipment where
surface wetting is of importance. The selection of an optimum
groove design, however, is a complex problem which requires
knowledge of specific operating conditions. A vertex angle of
approximately 30 deg led to the highest flow rates among tri-
angular grooves. An expression was derived to determine
maximum heat fluxes for each groove based on an optimized
depth, do. Accordingly, square grooves ave characterized by
the highest heat transfer rates per unit groove width. The re-
sults change, however, if all grooves are compared at the same
depth, d, and same temperature difference (7, — T',).

The utilization of capillary forces in the design of heal ex-
changers to control surface wetting seems to offer additional
advantages. Thus capillary systems in general do not require
an additional power input, and capillary grooves may reduce
problems which are commonly associated with the distribution
and stabilization of two-phase mixtures in multiple-tube heat
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exchangers. In addition, surfaces prepared in this way should
be advauntageous in situations where acceleration forces, such
as might be found, e.g., on board an aireraft or ship during
certain operations, would force the liquid away from the heating
surface. When operating at low or zero gravity, grooved sur-
faces also seem to be able to distribute the liquid phase in a de-
sired form. TIn all these cases, a proper application of capillary
grooves might insure the required surface wetting to prevent
disturbances in the heat transfer process or overheating of the
surfaces. Besides the prerequisite of a capillary rise as such,
the only practical limitation seems to be the tendency of a par-
ticular liquid to corrode a selected surface or to develop fouling
and scaling-type deposits.

References

1 Jakob, M., Heat Transfer, Vol. 1, 1st ed., Wiley, New York,
1949.

2 Rohsenow, W. M., and Choi, H. V., Heat Mass and Momentum
Transfer, Prentice-Hall, Englewood Cliff, N. J., 1961,

3 Tong, L. 8., Boiling Heat Transfer and Two-Phase Flow, Wiley,
New York, 1965.

132 / FeBRUARY 1970

4  Bressler, R., “Untersuchung des Waermeueberganges in
einem Duennschichtverdampfer,” Forschungsberichte des Landes
Nordrhein-Westfalen, Nr. 770, Westdeutsch. Verl., Koeln, 1960.

5 Bressler, R. G., “Capillary Grooves in Refrigerant Evapora-
tors,” Carrier Corporation, Syracuse, Report Nr. 1006-12, 1962,

6  Adamson, A. 'W., Physical Chemistry of Surfaces, Wiley, New
York, 1960.

7 Bikerman, J. J., Surface Chemistry, Academic Press, New York,
1958.

8 Schwartz, A. M., and Minor, F. W., “A Simplified Thermo-
dynamic Approach to Capillarity,” Journal of Colloid Science, Vol,
14, 1959, pp. 572-597.

9 Bikerman, J. J., The Science of Adhestve Joints, Academie
Press, New York, 1961, pp. 45-51.

10 Cammerer, W. ¥, “Die Kapillare Fluessigkeits/bewegung in
poroesen Koerpern,” VDI-Forschungsheft, Nr. 500, VDI-Verl.
Duesseldorf, 1963.

11 Parker, E. R., and Smoluchowski, R., “Capillarity of Metuallic
Surfaces,” Transactions of the American Sociely for Metals, Vol. 33,
1944, pp. 362-371.

12 Reddick, H. W., and Miller, F. H., Advanced Mathematics for
Engineers, 3rd ed., Wiley, New York, 1955, p. 110-113.

13 Wyatt, P. W., “The Effects of Capillary Grooves on Surface
Wetting and Evaporation,” MS thesis, The University of Tennessce,
1968.

Transactions of the ASME

Downloaded 04 Jan 2011 to 194.27.225.72. Redistribution subject to ASME license or copyright; see http://www.asme.org/terms/Terms_Use.cfm



T. CEBECI

Senior Engineer/Scientist.

A. M. 0. SMITH

Assistant Chief of Aerodynamics.

G. MOSINSKIS

Engineer/Scientist,

Aerodynamics Research,
McDonnell Douglas Corp.,
Douglas Aircraft Co.,
Long Beach, Calif.

method.

Solution of the Incompressible
Turbulent Boundary-Layer Equations
With Heat Transfer

The boundary-laver equations for laminar and turbulent incompressible flowes aboult
two-dimensional and axisymmetric flows are solved by an implicit finite-difference
An eddy-viscosity concept is used to eliminate the Reynolds shear-stress term,
and an eddy-conductivity concept is used lo eliminate the time mean of the product of
Suctuating velocity and temperature.  Several flows have been computed by this method,

and comparisons with experimental data and wilth the Bradshaw- Ferriss method are
made. In general, the agreement is quile good.

Introduction

Tm: boundary-layer concept, first introduced in
1904 by Prandtl, divides the flow past a body into two regions:
an inviscid region, governed by the Iuler equations of motion,
and a thin viscous region in the neighborhood of the body,
governed by the boundary-layer equations. For laminar How,
the existence of a known relationship between the shear stress
and the velocity gradient completes a set of partial differential
equations, and exact solution of the boundary-layer equations
is mathematically possible. With the advent of high-speed com-
puters, quite satisfactory results have been obtained for skin
fraction and heat transfer in incompressible and compressible
Contributed by the Heat Transfer Division of THE AMpBRICAN
SocieTy oF MECHANICAL ExcINegERs and presented at the ASME-
AIChE Heat Transfer Conference, Minneapolis, Minn.,, August
36, 1969, Manusecript received at ASME Headquarters, January 3,
1969. Paper No. 69-HT-7.

flows.  On the other hand, because of the limited understanding
of the turbulent process, the problem of turbulent flow is phe-
nomenological as well as mathematical, and exact solution of the
boundary-layer equations is not possible. The usual boundary-
layer equations for such flows contain a term involving the time
mean of the produet of two fluctuating velocities (the Reynolds
shear stress) and a term involving the time mean of the product
of a fluctuating velocity and a fluctuating temperature. At pres-
ent, these terms have not been rigorously related to the mean
velocity and mean temperature distributions. In order to pro-
ceed at all, the solutions must depend on some empiricism, which
leads to various approaches and consequently to various methods!
with varying degrees of accuracy in predicting boundary-layer
parameters.

P A summary of the latest prediction methods for incompressible,
two-dimensional, turbulent boundary layers is given by Reynolds in
reference {1},

Nomenclature
¢, = specific heat at constant pressure r = radial distance from axis of 6* = displacement thickness
C = viscosity-density parameter, pu/ revolution e = eddy viscosity
Pold, ro = body radius et = ratio of eddy viscosity to kine-
[ = dimensionless stream function; R, = Reynolds number, U a /v, matic viscosity, €/v
see equation (18) Ry = Reynolds number, U7,0/v, n = transformed y-coordinate
¢ = dimensionless total enthalpy ratio St = Stanton number, —q,./p,U, (H, — 6 = momentum thickness
h = specific enthalpy, or heat transfer H,) A = thermal conductivity
film coeflicient wherever ap- t = transverse curvature term, (¥ ¢ = dynamic viscosity
plicable cos &) /T v = kinematic viscosity
H = total enthalpy, b 4 u2/2 At = temperature difference between & = transformed x-coordinate
k = flow index, = 0 (two-dimeusional wall and free stream, 7, p = density
flow) and = 1 (axisymmetrical T, T = shear stress
flow) T = absolute temperature Y = stream function

ki, k2 = constants in eddy-viscosity for- u = z-component of velocity

mulas

K = variable - grid parameter; see

U, = veloeity at outer edge of bound-
ary layer

Subscripts
¢ = switching point between inner

equation (30) v = y-component of velocity and outer eddy viscosity {or-
! = mixing length x = distance along body surface mea- mulas
L = reference body length sured from leading edge ¢ = outer edge of boundary layer
M = Mach number y = distance normal toz = laminar flow
Nu, = Nusselt number hz/\, « = angle between y and » t = turbulent flow
p = pressure B = velocity - gradient parameter, w = wall
Pr = Prandtl number, pc,/\; 28/U (AU /dE) o = free-stream conditions
q = local heat-transfer rate per unit A = intermittency factor " = differentiation with respect to
area 8 = boundary-layer thickness M
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The present method uses an eddy-viscosity concept to eliminate
the Reynolds shear-stress term and an eddy-conductivity con-
cept to eliminate the time mean of fluctuating velocity and
temperature. The eddy-viscosity formulation used here is the
same as the one used for ncompressible flow in several previous
studies [2, 3]. The formulation worked well for incompressible
flows, and hence it was extended to compressible flows. In the
formulation, the boundary layer is vegarded as a composite layer
characterized by inner and outer regions. In the inner region,
a constant eddy viscosity modified by an intermittency factor is
used. The eddy-conductivity term is lumped into a “turbulent”
Prandtl number that is assumed to be constant and equal to
0.9.

In principle, the present method is similar to the ones used by
Herring and Mellor {4] and Patankar and Spalding [5]. The
main difference between the three methods lies in the eddy-
viscosily expression used for each region. In addition, the trans-
formations used to stretch the coordinate normal to the flow
direction as well as the numerical method used to solve the
boundary-layer equations are considerably different.

Several incompressible turbulent flows with heat transfer are
computed by the present method, and comparisons with ex-
perimental data and with the Bradshaw-TFerriss (BF) method
[6] are made. The latter method differs from the present one
in that it involves a solution of turbulence kinetic energy, mean
momentum equation, continuity equation, and the instantaneous
temperature equation by making certain assumptions to the
turbulence terms appearing in these equations. In general, pre-
diction of both methods is quite good.

Analysis

Boundary-Layer Equations. The boundary-layer equations for
two-dimensional and axisymmetric compressible turbulent flow
are {7]:

Continuity:

9 o] —
5a ew) + o7 [y + p27)] = 0 (1)
Momentum:
ou — ¢ dU,
pu =~ {pv + p'v’) = p,U,
ox dix

Energy:

oH ——. o
pu——+ (pv + p'v') —
ox oy

Lo  Nol  —mm wufi ! bu] 3
= o R e g =l :
™% Qy ¢, Oy pv K Pr lby >

7

In these equations, the transverse curvature effect is retained
because of its importance in predicting boundary-layer growth
on slender bodies, such as certain missiles or at the tail of a stream-
lined body of revolution. In such cases the radius of the body
may be the same order of magnitude as the thickuess of the
boundary layer, and neglect of this effect could be quite important.

The boundary conditions are
Momentum:
w(x,0) = 0, »(z,0) = 0 or v(x,0) = v, (mass transfer)

lim w(a,y) = Ulz) 4)

Y -

Energy:
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0= (2
<~T7 ) - by w:

lim H{z,y) = HJ(z) ()

3 =0

oH
H(z,0) = H, or or —
oy

Formulation of Eddy Viscosity and Turbulent Prandtl Number,
In order to solve equations (1)-(3), it is necessary to relate
—u'v’, the Reynolds shear-stress term, and the —¢'H' term to
the dependent variables v (or v), and H, rvespectively. Here we
use eddy viscosity (e) and eddy-conductivity (A,) concepts, and
set

7 ou
. - — \
u'y >y (6)
and
— oH
— ' H' = Ny — 3
v ‘ oy )
Equation (7) can also be written as
e o |
v - Pr, oy (N

by defining the turbulent Prandtl number as Pr, = ¢,e/A,.
The expression for € in the inner region is based on Prandtl's
mixing-length theory; that is,
H
ou

€ = 17

i 9)
: oy Q)

where [, the mixing length, is given by [ = ky. A modified ex-
pression for [ is used in equation (9) to account for the viscous
sublayer close to the wall. This modification, suggested hy Van

Driest [8], is
l = hkwy I:l — exp <— %—)]

where 4 is a constant for a given streamwise location in the
boundary layer, and is defined as 26v(r,/p)~"/% with w denoting
values at the wall. Equation (10) was developed for a flat plate.
Here, we modify the constant A to account for pressure gradient.
From the momentum equation it follows that the shear stress
close to the wall may be written as

(1

dj
r=1,+ 2y

dx ()
If A is defined as 26v(7/p) /% the constant becomes
dp y\~'
26y <T—w + o —‘/—> (12)
p dx p

Then the expression for inner eddy viscosity becomes

y (1o dp v \/7]\2|ou]
c=htyr il —exp ) — o | 4 oy 1°
3 ‘y{ er[ 26u<p+dx p> !0?/1 )

The expression for € in the outer region is based on a constant.
eddy viscosity, €,

€ = kol 0% (14)

modified by Klebanoff’s [9] intermittency factor 7, approximated
by the following formula

e ()T

which is a rough but very convenient approximation to the error
function.

(15)
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The choice of constants k; and ke in the eddy-viscosity for-
mulas depends slightly on the definition of the boundary-layer
thickness 8. As in several previous studies, for example, refer-
ences [2, 3], the values of the constants & and ks ave taken to be
0.40 and 0.0168, respectively, and 6 is defined as the y-distance
for which f' = 0.995.

The constraint used to define the inner and outer regions is
the continuity of the eddy viscosity; from the wall outward,
the expression for inner eddy viscosity applies until e; = e
The dividing point is .. Fig. 1 shows a typical eddy-viscosity
variation across the boundary layer for a flat-plate low.

Transformation of Boundary-Layer and Eddy-Viscosity Equations.
Fquations (1)-(3), which are expressed in the coordinates of the
physical plane, require starting profiles, but these equations are
singular at ¢ = 0. For this reason, we first transform them as in
the previous study [2], to a coordinate system that removes the
singularity at = 0, stretches the coordinate normal to the flow
direction, and places the equations in an almost two-dimensional
form. We use a combination of the Probstein-Elliot [10] and
Levy-Lees [11] transformations.

ST % p{:]e 7 \F X
(]E == ps,uel,'f<z> d. (Z‘(] = &5)1/2 <Z> (Z?/ (l())
If a stream function ¥ is introduced such that

o (1Y oy _(rY e
Oy~<[/> pu, o <>(pv+pv) (17)

L
and if ¢ is related to a dimensionless stream funetion f as

Yy = 282 f(Ey)

(18)

then the momentum equation, equation (2), and the energy
equation, equation (3}, become

Momentum:

[(L+ O¥CU + e )" + 17

p. . of of
— —(f {Iz 2 |:f"4 — f _] 19
+ B[p (" JE: 0t U9
Energy:

Pr\ ¢ U2 1 ’
2k (7 F zo. L 140
{(1 4+ 0% C [(1 4 € Pr,) b + i <1 — Pr)ff ]}

oo ¥ ‘/%M /a;f, 5
+fy = 2¢ <J of g ag) (20)

after the terms —u'v’ and —v'H' are replaced by the relations
given by equations (6) and (8). In equations (19) and (20), ¢ is
the transverse-curvature term, {3 is the pressure-gradient term,
(' is the viscosity-density term, and €™ is the ratio of eddy vis-
cosity to kinematic viscosity. They are defined as follows

2L cos o (26)/2 [ e
t = —-1+[1+“—2“£—@;~ &’dn]
To” pel’ﬂ 0 P
2£ dU, oL €
= : R et et = —
U, d& Pelt, v

The dependent variables f' and ¢ in equations (19) and (20) are
ditnensionless velocity and total-enthalpy ratios, respectively,
defined as f* = w/U,and g = H/H,. It can be seen from equa-
tions (19) and (20) that setting & = 0 reduces the boundary-
layer equations to two-dimensional form. For axisymmetric
flow with no transverse-curvature effect, & = 1 and ¢ = 0, which
indicates that the ratio of » to 7 is unity, since
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¥

€

Fig. 1 Eddy-viscosity distribution across a boundary layer

r o= 7o + Y cos &

and ¢ in the physical plane is defined as ¢ = (y cos «)/ro. Further-
more, if € is zero, equations (19) and (20) reduce to a classical
form of the compressible laminar boundary-layer equations.

The boundary conditions given by equations (4) and (3)
become

Momentum:

f(§0) =f, = 0orf, =

1 £ LLNY p

_— =) 5 dE (mass transfer)  (21a)

<25)1/Ej; <7‘o> ot § (mass
TED) =0 im (&) =1 (21b)

7> @
Energy:
g(£,0) = g = e O G (£0) =g, (22a)
lim g(&n) =1 (22b)
y‘—')GD

Similarly, we can transform the eddy-viscosity expressions by
using the transformation given by equations (16) and (18). In
dimensionless form, the expression for eddy viscosity for the inner
region becomes

ar=we(2) A () avortrd
i 0, u 7o *
) o : (26)7 p
X [f (1 + 0 <~> dn:| X {1 - GXP[' Tu p
. o BooPe
A I P
L A+ ¢ ~r 2 g ll/
X <,.0> 2 j; 40 p (fu
_ Pe Me

Pe ! — Pe 1/2]}2 23
p@g)l/zﬂﬁ (1+t)‘pdn> (23)

For two-dimensional and axisymmetric flows, the definition of
A )

Pu M
p (28)'/:
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e (n, i-1)
¢ (n, i-2)

|}

3

Fig. 2 Finite-difference molecule for the momentum equation at (n,i)

displacement thickness, 8* used in the outer eddy-viscosity
expression is?

(24)

which, in terms of the transformation defined by equations (16)
and (18), becomes

26V/2 fINE [
g = BT <5> (1 + 0P = pan
0

pU. \ro o =)

In dimensionless form, the expression for the outer eddy
viscosity then becomes

2Tt is to be noted that the definition of §* for axisymmetric flows
with transverse-curvature effect is not the same as the definition of
&% for two-dimensional flows. In the former case, the displacement
thickness is defined as

. 5% s u
{14+ —) = M1 - g
< + 27'0) j(; (N)( Ue> &

which can be related to two-dimensional §* as follows:

5% T
— = —1 \/1 4 gﬁ:‘htwo dimensional

T4 rs

In the outer eddy-viscosity expression, however, the §% is used as a
characteristic length, and its definition remains unchanged from that
given by equation (24) for either incompressible, compressible, or
axisymmetric flows with transverse-curvature effects.

25

E YA ]
ot = ks <9> o (287 U““ L+ 0+ a -mdn]
o) Pe M 0 o

7
f (1 + t)yk pe/p (171
Jo (26)

T+ O p/pdy
0

Fluid Properties. Tluid properties that appear in the momentum
and energy equations are density (p), viscosity (u), specific
heat at constant pressure {(¢,), and thermal conductivity ().
The latter appears in the energy equation through the laminar
Prandtl number, Pr, defined as Pr = pe, /N

The present method is developed so that arbitrary fluid proper-
ties may be used. In other words, the fluid properties are inputx
in the computer program in the form of formulas or tables as
functions of temperature. In this study, air is treated as a per-
fect gas, and the fluid properties u and p are assumed to be func-
tions of specific enthalpy only; the specific heat of air at con-
stant pressure, ¢,, is assumed to be constant and equal to 6035
ft2/sec? deg R. The viscosity g is obtained from Sutherland’s
law expressed as

© h\Y® he + 119493 X 10°
) B+ 1.19498 X 10°

(27)
heo
The density-enthalpy relation is obtained from the equation of
state and from the assumption that static pressure remaing con-
stant within the houndary layer. Prandtl number is an input
to the computer program.

Method of Solution

Solution of Momentum Equation. Before we solve equations (19)
and (20) by an implicit finite-difference method, we first linearize
equation (19). Introducing a translated stream function ¢ de-
fined by ¢ = f — 7 and replacing the streamwise derivatives by

three-point finite-difference formulas at £ = £,, we get
L+ 0% C+ €Nl + (o + 9" + Bllp./p) — (¢')?
~ 20" — 1] = 2[(¢" + DA’ + Asona’ + Aspna’)
— " (4, ¢ + Asny 4+ .‘13(,0,,_1)] (28)

where for simplicity, the subseript n is dropped. At & = §,,
the quantities A,, As, and ;3 are known, and the quantities hav-

20

¢

Fig. 3 Finite-difference variable-grid system in the 5-direction

136 / FeBrUARY 1970

Transactions of the ASME

Downloaded 04 Jan 2011 to 194.27.225.72. Redistribution subject to ASME license or copyright; see http://www.asme.org/terms/Terms_Use.cfm



© DATA OF REYNOLDS ET AL
—— PRESENT METHOD

40 ——
- e | at
3.0
St
x10°
2.0
o TR NSRS SO SN TR SN T SO S A | T WY S S S
Al 2 4 6 8 L 2. 4,
6
Ry X 10

Fig. 4 Comparison of calculated and experimental Stanton numbers for
the flat-plate boundary layer measured by Reynolds, Kays, and Kline
[13]

ing the subscripts n-1 and 2-2 are known functions of % from
solutions obtained at the two previous stations. Thus, at § =
£, equation (28) is an ordinary differential equation in 5. There
is no problem of starting the solution, because the terms with
streamwise derivatives disappear, since £ = 0. At the next
station, &, the three-point formulas ave replaced by two-point
formulas; at all stations farther downstream the three-point
formulas ave used.

To linearize equation (28), we assume that certain terms that
make the equation nonlinear are known from the previous itera-
tion; that is,

[+ 0% Co (1 + < ng”V + oo+ 1"+ Blp, /oo
- ¢o/¢/ - 28—‘/ — 1] = 25[(&70/ + 1) (i"ﬂ?’ -+ :129”7“71' -+ fl:sl{/”n_‘z’)
— @’ (e + Asonr + Aseed) (29)

The subseript 0 indicates that the function is obtained from a
previous iteration.

The solution of equation (29) is obtained by an implicit finite-
difference method after the dependent variable ¢ has been re-

placed by the perturbation terms A¢ = ¢ — ¢y, Ap’ = ¢’ —

@, ete. The reason for choosing ¢ rather than f, and A rather
than ¢, is that the round-off errors arve reduced. Fig. 2 shows the
finite-difference molecule used.

Solution of Energy Equation. 'The method of solution of the energy
equation is similar to that of the momentum equation. Again the
E-derivatives are veplaced by finite-difference formulas that arve
identical to those in the momentum equation.  As for the mo-
mentum equation, an implicit finite-difference method is used to
solve the energy equation. However, this time the five-point
finite-difference molecule is replaced by a three-point finite-
difference molecule.

For details of solution of both momentum and energy equations,
see reference [12].

Variable-Grid Spacing in 7-Direction. The finite-dilference formulas
used both in momentum and energy equations contain a variable
grid in the p-direction, which permits shorter steps close to the
wall and longer steps away from the wall. The grid has the
property that the ratio of lengths of any two adjacent intervals
is a constant; that is, Ay, = K An.. The distance to the ith
grid line is given by the following formula

o=} LS
TR

(30)

)

where Ay is the length of the first step. Fig. 3 accurately repre-
sents the n-spacing for 7, = 100, by = 0.01, and K = 1.07. In
general, about 200 n-points are used in a typical turbulent flow
caleulation.

Starting the Solution. The calculations begin at the leading edge
or at the stagnation point, where £ = 0, and proceed downstream

Journal of Heat Transfer
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Fig. 5 Comparison of calculated and experimental velocity profiles for
the flat-plate boundary layer measured by Reynolds, Kays, and Kline
[r3]

with arbitrary Af-increments. At station £ = 0, the flow is
laminar, and it becomes turbulent at any specified station where
£> 0. A caleulation can be started at any E-location, provided
that initial veloeity and enthalpy profiles (ows with heat trans-
fer) are specified. Of course, for flows without heat transfer, it
is only necessary to specify the initial velocity profile.

Gomparisons of Galculated and Experimental Results

The method discussed in previous sections has been used to
compute several incompressible turbulent flows with heat trans-
fer. These flows consist of flat-plate flows with heating and
cooling as well as flows in both favorable and adverse pressure
gradients with cooling.

Flat-Plate Flows. For constant-velocity flows with different
distributions of wall temperatures, we have cousidered three
separate sets of experimental data and have made comparisons
of velocity profiles (when they were reported) and comparisons
of local Stanton numbers.

The local Stanton number is defined as

St = _,_,_,___'— 3
VS UL L — ) 3L

which, in terms of transformed variables, ean be written as

) o O Me gw’
st = (2)(5) o (2
L Pr w (25) AL — G

Figs. 4 and 5 show comparisons of local Stanton numbers and
velocity profiles, respectively, on an isothermal, heated plate
measured by Reynolds, Kays, and Kline [13]. In the calcula-
tions the laminar Prandtl number was assumed to be 0.70.
Figs. 6 and 7 show the same types of comparisons for a flow
measured by Seban and Doughty [14]. Here the calculations
were performed for an isothermal heated plate for the same
Prandtl number.

Seban and Doughty note that if their experimental results
are expressed as

(32)

+ , 1
Nu, = (\R,"

then the constant €, for thewr results is 0.0236. They further
note that this constant is 0.024, according to Jakob’s measure-
ments, and is 0.023 according to Sugawara’s measurements; it
is 0.0255 according to Scesa’s experiments, a value which is
thought to be somewhat high. It is interesting to note that an
average value for this constant obtained by the present method is
0.0235, a value that agrees quite well with these results.
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Fig. 6 Comparison of calcuiated and experimental Stanton numbers for
the flat-plate boundary layer measured by Seban and Doughty [14]
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Fig. 7 Comparison of calculated and experimenial velocity profiles for
the flat-plate boundary layer measured by Seban and Doughty [14]
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Fig. 8 Comparison of calculated and experimental Stanton numbers for
the flat-plate boundary layer measured by Moretti and Kays [15]

Fig. 8§ shows a comparison of caleulated and experimental local
Stanton numbers for an isothermal, cooled plate measured by
Moretti and Kays [15]. The solid lines are those calculated by
the present method and the dashed lines are those computed by
the BF method [6]. Both methods predict the Stanton number
very well, and the slight difference at the beginning of the flow
can probably be attributed to different matching or starting
conditions.

Fig. 9 shows the computed local Stanton numbers, together
with the experimental values obtained by Reynolds, Kays, and
Kline [16], for a step variation of wall temperature. Figs. 10

“and 11 show comparisons of computed values with experimental
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Fig. 9 Comparison of calculated and experimental Stanton numbers for
the flat-plate boundary layer measured by Reynolds, Kays, and Kline
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Fig. 11 Comparison of calculated and experimental Stanton numbers

for the flat-plate boundary layer measured by Reynolds, Kays, and
Kline [17]

values obtained by Reynolds, Kays, and Kline [17] for a double-
step wall temperature and step-ramp temperature distribution,
respectively. In all cases the agreement is quite good.

Accelerating Flows. Figs. 12-15 show the results obtained for
four accelerating flows. The first three of these flows, labeled as
Runs 12, 13, and 24, were measured by Moretti and Kays [15].
In the calculations, the experimental temperature difference
between wall and free stream, A#(z), and velocity distribution,
U (), were used as reported in reference [15]. This is the reason
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Fig. 12 Comparison of calculated and experimental Stanton numbers for
the accelerating boundary layer measured by Moretti and Kays [15]

for the small oscillations that show up in the ealculated values
of Stanton number.

Fig. 12 also shows a comparison of the results obtained by the
present method, together with those obtained by the BF method.
In general, the results are in good agreement with each other.
However, the present method shows the experimental trend in
Stanton number better toward the end of the run.

Fig. 15 shows a comparison of caleulated and experimental
local Stanton numbers for the accelerating flow imeasured by
Back and Seban [18], together with the experimental velocity
distribution. The present results were obtained for a constant
heat flux (data kindly supplied by Dr. Back) for a free-stream
velocity of 110 fps. In this figure, the results obtained by the
BF method are also included.

In general, both predictions have the same trend. Toward the
end, both computed values agree well with each other. The
disagreement between the results obtained by the present
method and the BF method is probably due to the uncertainty
in matching mitial experimental conditions, since the BF method
starts the computations with a lower Stanton number than the
present, method. —

Decelerating Flows., Figs. 16 and 17 show comparisons of com-
puted local Stanton numbers and experimental values for two
decelerating flows measured by Moretti and Kays [15], together
with the experimental streamwise At{z) and U.(x) variations.
In reference [6], Bradshaw and Ferriss also report their predic-
tions for the flow shown in Fig. 17. For all practical purposes,
their predictions agree quite well with the predictions of the pres-
ent method and with experiment. It is interesting to note that
Bradshaw and Ferriss report flow separation at x ~ 8 ft, on the
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Fig. 13 Comparison of calculated and experimental Stanton numbers
for the accelerating boundary layer measured by Moretti and Kays [15]

basis of the linear extrapolation of the experimental velocity and
temperature distributions. The same result was obtained by the
present method.

Concluding Remarks

A numerical solution of the turbulent-boundary-layer equa-
tions based on a particular eddy-viscosity formulation and the
assumption of a constant-turbulent Prandt]l number is presented
for incompressible flows with heat transfer. Several flows com-
puted by this method show that the method is quite accurate,
as it was in flows without heat transfer. It is remarkable that a
simple eddy-viscosity formulation based on flat-plate data can
give such satisfactory results.

The computation time of the present method is quite small.
A typical flow consists of about 20 stations and can be calculated
approximately in 1 min, on the IBM 360/65 digital computer.
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DISCUSSION
B. E. Launder®

The writer agrees with the authors that it is now computa-
tionally feasible and economically desirable to employ finite-
difference procedures to predict heat transfer rates in boundary-
laver flows.

Morveover, because the partial-differential equations can, with
care, be solved to a high degree of accuracy, one can focus atten-
tion on the model of turbulence which is emploved. It thus
seems unfortunate that, by the use of equation (11), the authors
have managed to get mathematical approximation entangled
with physical hypothesis.  The point is that, having chosen the
Spalding-Patankar version of the van Driest function, i.e.:

A = 20w(r/p)~

they then approximate the shear stress appearing in the foregoing
expression by

dp
Tw + I"z

’r =
dx

{which is the authors’ equation (11)). Equation (11) is correct
only when convection is absent such as in fully developed flow
between parallel planes. In many external boundary-layer
flows the consequences of using equation (11) (rather than the
exact value of 7) will not be important because the exponential
ferm in equation (10) is negligible outside the sublayer—and
across the sublayer itself equation (11) is often an adequate

# Department of Mechanical Engineering, City and Guilds College,

Imperial College of Science and Technology, London, IEngland.
Mem, ASME.
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approximation. In strong accelerations, however, convective
terms are known to be substantial even within the region where
viscous stresses are important (e.g., Patel and Head [19]4) and,
consequently, the shear stress implied by equation (11) will be
significantly too small. Indeed, it would seem likely that, for
Moretti and Kays’ run 12 (displayed in Fig. 12), the shear stress
mmplied by equation (11) would fall to zero—or worse, become
negative—within that region of the boundary layer where equa-
tion (10) was used.

The writer has made extensive boundary-layer calculations of
strongly accelerated flows [20] with the same inner law as the
authors except that the shear stress used in the caleulation of A
was that obtained from the finite-difference procedure itself.
When this exact value of 7 is used, the model does not give rise to
the substantial drop in Stanton number shown by the authors in
Fig. 12,

Superficially, the foregoing finding might suggest that it is
preferable to use the authors’ equation (11) rather than 7 itself.
However, to predict with confidence the complex structural
changes which oceur in strongly accelerated boundary layer is
not an easy task.  Some progress has been made (e.g., refevences
[20-22]) but much remains to be done.  To develop an adequate
model of turbulence for such flows, it is imperative that any pre-
dictions should display the implications of the model alone and
not those associated with mathematical approximation.
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Ghang-Keng Liv®

The authors are to be congratulated in providing still one morve
prediction method of the heat transfer in turbulent bhoundary
layer. The usual boundary-layer approximations and assump-
tions were used and good agreement with experimental data was
obtained w'th quite small computation time. These good results
were obtained even in the pressure-gradient case in spite of the
use of simple eddy-viscosity formulation based on flat-plate data.

One question from this discusser arises rom the approximated
formula of the intermittency factor g'ven in equation (15). In
Fig. 18, which is reproduced from Fig. 11 of reference [23],°
equation (15) as plotted in the dotted line and added therein is
seen to be much lower than the Gaussian distribution plotted
in the solid line. Obviously, the modified value of the eddy vis-
cosity in the outer region will be too low.

This brings up another question, i.e., the value of ks in equation
(14). By dimensional arguments and based on test data of pre-
vious invest'gators, the value of ks was estimated by Clauser
[24] to be 0.018 but by Rotta {25] to be 0.022.  Recent investiga-
tion [26] showed that & in the smooth wall case is approximately
0.024 == 0.002. The value of 0.0168 used by the authors made
the value of eddy viseosity in the outer layer much lower, after
being modified by the already lower distribution of the in-
termittency factor.

Towever, the agreement between the proposed prediction
method and most of the experimental data is surprisingly good
in turbulent boundary-layer flows with and without longitudinal

s Numbers in brackets designate Additional References at end of
Discussion.

> Member, Aerospace Sciences Laboratory, Lockheed Palo Alte
Research Laboratory, Palo Alto, Calif.

s Numbers in brackets designate Additional References at end of
Discussion,
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Fig. 18 Intermittency distribution by the bubble technique

pressure gradient. It will be interesting to know what effect
some higher values of eddy viscosity and the intermittency factor
distribution in the outer region of the boundary layer will have
on the results of the present prediction method, particularly on
the disagreement shown in Figs. 12 and 13.
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Authors’ Closure

Comments to Dr. B, E. Launder's Discussion

With respect to entangling mathematical approximation and
physical hypothesis, we are not sure what Dr. Launder means.
In the obscure field of turbulent boundary layers it seems to us
that mathematical approximation and physical hypothesis
should work hand in hand.  One is desperately trying to penetrate
the problem and any lead not obviously in violation of physical
knowledge should receive serious consideration. No theory is
much weaker than Prandtl’s original derivation of the log law,
but 1t works. That is our main defense. Owr proof lies not in a
few test cases but in many, as reported in this paper as well as in
reference [3].

[ interpreting the constant A appearing in Van Driest’s ex-

pression
1)y
, Tw
A = 26y <~l-)~> (33)

for flows with pressure gradient, we have several possibilities.
One possibility is to use the local value of 7 rather than its wall
value (as it was first suggested by Spalding and Patankar and
later adopted by several investigators) and write equation (33) as

ANEA
4 = 26p <—> (34)
P

Another possibility is to replace the value of 7 appearing in equa-
tion (34) by the expression given by equation (12) which is ob-
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Fig. 19 Comparison of calculated and experimental results for Back
and Seban’s data [18]. Calculations were made with and without the
pressure-gradient term in the damping constant

tained from the momentum equation applied very close to the
wall, namely,

T dp T .
A =200 — + — = (35)
p dr p
Obviously, equations (34) and (35) are not the same.  Iquation

(34) is written in a form that removes the singularity at separa-
tion that equation (33) has. If it does not give good agreemeut,
as our expression does, this is not because equation (34) has
“physical” hypothesis but bad assumptions! In writing the ex-
pression given by equation (35), we have assumed that the charac-
teristic velocity which Van Driest assumed to be the friction
velocity is affected by a “presswre’”’ velocity which is given by
\/(dp/da;)(y/p). Calculations, including the pressure gradient
term in the exponential term of Van Driest’s formula, so far give
good agreement for a large number of flows.  As an example we
have caleulated the accelerating flow measured by Back and
Seban [18] with and without the pressure-gradient term in the
damping constant. Results shown in Fig. 19 indicate the marked
effect of the pressure-gradient term.

We also would like to point out that the approach used to
modify the damping constant by using the momentum equation
has also worked very well for turbulent Hows with mass transfer.
See references [27 and 28].  In this case the momentum equation
was again written very close to the wall as
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dr v, dp

A - 36
dy v dx (36)
which led to a damping constant given by
. pt A
AT =26 {— | exp(ll.8v,") — 11+ exp(1l.8v,*)
(37)
where
. dp v . Uy (38)
T —— —— . v AP ’)“)
da p(u*)“, v w* i

Fig. 20 shows our derived deviation of damping constant 4 * with
blowing parameter '\/27071)[0*. The experimental values of A+
were obtained from the data of Simpson, et al. [29], and Kendall
[30], and were reported in reference [31] by Bushuell and Beck-
with. The figure also shows the cwrve faired to the experi-
mental data used by Bushnell and Beckwith, together with the
results obtained from equation (37) for zero pressure gradient.
The skin-friction values for equation (37) were obtained from
Simpson’s data [29] for blowing and from Tennekes’ data [32]
for suetion. The agreement between equation (37), the experi-
mental data, and the faired curve is very good for blowing
parameter up to 14. For larger blowing parameters, the calou-
lated 4 * values deviate from the faired curve used by Bushnell
and Beckwith, but seem to agree reasonably well with experi-
mental data except for one value.

Finally, should one include the convective terms in the damp-
ing constant? This is a good question and may be worth study-
ing.  On the other hand, according to the data of Back [33], the
conveetive terms are quite small in comparison with the pressure-
gradient term. If we write the incompressible momentum equa-
tion for two-dimensional flows in the form

ou ou
ua;l‘, Y

3¢
oy pdr Oy 39

it can be shown by direct integration that equation (39) can be
written as

T u (dw,/dx) 1 «

el
— P 2'[,
PF S de j; B

w d o I+ 1 [ w\®dy
- —— = udy + — { — ] —
(u*) dz J, YT\ e

Taking y; as the distance from the wall where y+ = 30 and using
the experimental velocity profile to evaluate the integrals, Back
found the result corresponding to the terms in equation (40) that

T6 (u*)?

(40)

7,7 =30
e T 1 — 0.17 — 0.004 + 0.025 — 0.034 = 0.82
To

(41)

which indicates that the last three terms on the right side of equa-
tion (40) ave negligibly small, with the only significant term heing
the one involving the pressure gradient.

Comments to Dr. Chang-Keng Liu’s Discussion

The intermittency factor we use in the outer eddy viscosity
formula has very little effect on the calculated results. For this
reason, if the outer eddy viscosity becomes a little low, this will
barely affect the results. As a matter of fact, calculations with
and without equation (15) give almost identical results.
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Fig. 20 Comparison of calculated and experimenial damping constants
for a flat-plate flow with mass transfer

The value of k. in the outer eddy viscosity expression varies with
pressure gradient, although we assume it to be constant and equal
to 0.0168. A better expression for the outer eddy viscosity
should be

€ = au (2)8*() (42a)

where

o = a(zr, dp/dx) (426)
This is not surprising because, as the flow approaches separation
conditions, the outer region becomes larger, which means that the
switching point between the eddy viscosity formulas, which occurs
about 20 percent of the boundary layer for flat-plate flows, should
become smaller. This would mean a higher «, or a variable «.
The facts of the matter are that the subject constants were
selected in 1963 and results agree so well with experiment that
there has been no inclination to change them.
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Introduction

WITH TR advent of space-age technology eon-
<iderable interest has been shown in the effect of accelerations
other than that of gravity on heat transfer systems.  In this paper
high heat transfer coefficients have been obtained by condensing
team on a vertical cyelinder rotating on its axis, and the in-
erease in heat transfer is attributed to the film being thrown off
due to the centrifugal force acting on it.

Birt, et al. [1], obtained heat transfer coefficients for steam con-
densing on the outside of a vertical 848-in-dia rotor. Their
main interest, however, was in the overall heat transfer from steam
o cooling water, and the steam side heat transfer coeflicients were
abtained from one thermocouple embedded at an unspecified
location in the wall. They reported high condensation heat
transfer coeflicients ranging from 3000-9000 Btu/hr ft deg F.
for centrifugal accelerations up to 70 g’s. Yeh [2] carried out
work on a horizontally rotating cylinder cooled on the inside by
water and enclosed in a steam chamber.  He discovered that the
{flow and heat transfer characteristics of the system went through
three phases. At low rotational speeds the centrifugal force and
the friction foree between the shaft and the condensate film tended
to counteract the force of gravity, causing in gome instances carry-
over of the condensate and a reduction in heat transfer. The
~ccond phase occurred at higher rotational speeds when the
liquid was sprayed off the eylinder making the liquid film thinner
and giving an inerease in the heat transfer vate. At high vota-
tional speeds the film became very thin and droplets appeared

! Numbers in brackets designate References at end of paper.

Contributed by the Heat Transfer Division of THE AMERICAN
SaCIETY oF MecHANICAL ENGINEERS and presented at the ASNIE-
AIChE Heat Transfer Conferance, Minneapolis, Minn., August 3-6,

were found to be four or five times the stationary value.
in terms of the pertinent parameters of Nusselt number and Weber number, the Nussell
number was found to be constani for Weber numbers below 500, and above this the cor-
relating equation was Nxu, = 6.13 Nw,*-*%.

When the vesulls were plotled

which elongated and eventually became streaks. During this
last phase the heat transfer rate became progressivel

Singer and Preekshot [3] carried out heat transfer measure-
metts on an apparatus similar to Yeh’s but with some modifica-
tions.  An interesting point in their technique was the fact that
they did not measure the temperature on the rotating shaft,
thereby obviating any problems which might have been encoun-
tered using slip rings.  They measured the overall temperature
drop between the cooling water and the steam atmosphere by
means of stationary probes and knowing the heat flux from the
water flow and temperature rise measurement, they caleulated
the overall heat traunsfer coeflicient. By determining the water
side heat transfer coefficient using the results of Kuo, et al. [],
they were then able to estimate the steam side coeflicient. They
also reported the presence of the three regimes deseribed by Yeh
and gave physical models and theoretical estimates of the heat
transfer for two of the regions. At high rotational speeds theyv
predicted that Ny, = f Nwe"?, a result of intevest to this paper
which will be referred to in the discussion section.

tecently, Hoyle and Matthews [3, 6] investigated the effect of
diameter size as well as the speed of rotation on the transfer of
heat from steam to hovizontally mounted, water-cooled cylinders.
The eylinders used in their study were 4, 8, and 10-in. outside
diameters and provision was made for measuring the cylinder sur-
face temperatures. Based on photographic studies they con-
tended that the condensate layer was in laminar flow throughout.
When their results were compared with those of Yeh, and Singer
and Preckshot they differed in the respect that no decrease in
heat transfer over the high range of Weber number was obtained.

In the present paper steam was condensed on the outside of a
1-in-dia tube and provision was made for measuring wall temper-
atures at a number of locations on the tube surface. The vertical
geometry was chosen to make the problem more symmetrical
in the lower regions of Weber number than is the case with the

y smaller.

1969,  Manuseript received by the Heat Transfer Division, . . . o
May 13, 1968; revised manuseript received, April 8, 1969. Paper horizontal tube, and rotational speeds of up to 2700 rpm, cor-
No. 69-HT-36. responding to a Weber number of 5000, were investigated.
Nomenclature
d = distance from root of test sec- k; = thermal conductivity of con- Ty = condenser surface temperature
tion, ft densate, Btu/hr ft deg I’ deg ¥
et i g . L = length of test section, {t
D = Oxtu][ldlfFllclll]b(bl of condenser ) h D’O p; = specific weight of condensate,
tube, ft Nxu = Nusselt number, Ih /ft?
= gravitational consts it /hr? . : ;
q gravitational constant, ft/hr N N 1 h, Do o = surface tension, lh/ft
h, = mean heat transfer coefficient, Nxzua = Nusselt number, ok i
) ; <R 4 w = angular veloeity, 1/hr
Btu/hr ft? deg F WDy’
.. Nwe = Weber number, ~* ~ = . b aporization
k4 = thermal conductivity of water at ¢ " 4ag A latgft,/l‘heat of - vaporization,
. . a/lb
atmospheric pressure, Btu/hr A1 temperature difference across h
ft deg F condensate film, deg F vy = kinematic viscosity, {t?/hr
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Apparatus and Instrumentation

Since the investigation was primarily experimental in nature
the important aspeets of the apparatus, namely, the steam cham-
ber and the condenser tube will be deseribed in some detail. The
ancillary equipment such as the steam supply, cooling water
mixer, etc., will be deseribed more briefly with reference to Fig, 1.

The steam was supplied by an automatie boiler (A) which had
a pressure range of 0-125 psig and was led to the steam chamber
(E), through a flow control valve (C) and a pressure regulating
valve (ID). A condensate trap (B) was installed at the low point
in the pipework to drain off any condensate in the system.

The cooling water leaving the three-way mixing valve (F) was
mixed further by means of baflles in the receiving tank (G). The
receiving tank also served as the anchoring base for the packing
housing (K), a bearing (L), and the housing for the cold water
temperature probe (P). From the receiving tank the cooling
water entered the condenser tube from which it was ejected
through three radial holes into the emptying tank (N). The
temperature of the cooling water at any position inside the con-
denser tube could be measured with the probe (H) which con-
tained a copper constantan thermocouple.

The position of the steam chamber with respect to the other
equipment is shown in Fig. 1, and the details of it are shown in
Fig. 2. The chamber counsisted of two concentric boxes; each
box was made in two halves and put together by means of vertical
flanges with the inner box secured to the outer. Steam entered
the outer box through the opening in one side and was deflected
by a baflle so that it diffused evenly through all four sides of the
mner box. Louvres covering the slots were installed to prevent
droplets of condensate from being thrown from the tube and out
through the slots. Steam that condensed on the walls of the
outer box was drained through the secondary condensate outlet
and discarded, and the condensate which formed on the condenser
tube was collected and weighed at the primary condensate outlet.

A section of the condenser tube is shown in detail in Fig. 3.
The aluminium tube was 1-in. OD X 1/¢in. wall X 4 ft. long,
and three grooves /s in. X /s in. were milled on the out-
side at 120-deg intervals. At the test section part of the tube, 10
circumferential slots were ground, perpendicular to each groove,
approximately !/ in. wide and such that the bottom of the slot
was the same depth as the groove at the point of intersection.
Holes 0.40-in. dia were drilled at the end of the slots and emerged
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from the surface #/p in. beyond the slot.  Copper-constantan
thermocouples were then placed in the slots and holes, with the
junction as close to the surface as possible.  The grooves were
then filled with an aluminium filler and the surface was rubbed
smooth.,  When this had hardened, two aluminium disks were
then fitted to the tube, one at either end of the test section and
10-in. apart. These disks elfectively defined the test section and
also prevented leakage of condensate into or out of the inner box.
The disks were insulated from the tube by means of Teflon sleeves
to minimize errors due to condensation on the disks themselves and
the tube was then installed in the steam chamber.

Since the slip ring unit available had only 10 rings, the leads
from 9 representative thermocouples were attached to it.  All the
copper leads were soldered together and attached to a single lead
on the ring side of the slip ring unit. The nine constantan leads
were attached singly to the remaining 9 positions on the unit.
The outputs from the slip ring assembly and from the other
stationary thermocouples were measured to an accuracy of
LV using a potentiometer.

Experimental Procedure

During assembly of the apparatus, the outside surface of the
condenser tube was thoroughly cleaned using steel wool, then
polished using abrasive powder and finally washed with alcohol.
At the beginning of each experiment the equipment was operated
under test conditions for some time before readings were taken to
insure that a steady state existed. The steam pressure at the
bhoiler was adjusted so that when the steam was throttled to the
test conditions of 6.3 1b/in.? g it was superheated by 2 deg F.

The cooling water temperature was measured at a number of
points along the test section by means of a copper-constantan
thermocouple inserted in a 0.0625-in-0D X 0.048-in-1D stain-
less-steel tube. This traveling thermocouple arrangement was
installed in the condenser tube as shown in Fig. 1.

A small propeller, 1 in. from the thermocouple junction, was
attached to the stainless-steel tube to insure thorough mixing of
the cooling water as it passed over the thermocouple. A number
of vane devices were tried before satisfactory results were ob-
tained with the propeller.

The cooling water and condensate flow rates were measured by
collecting the quantities involved, Seventy-six experiments
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‘ were performed, varying the rotational speed from 0-2700 rpm
and the cooling water temperature and flow from 45 deg F to
E 120 deg F and 3600 Ib/hr to 7200 Ib/hr, respectively.

m Results and Discussion

Condenser surface temperatures for three rotational speeds
are shown in Fig. 4. In these runs the coolant flow rate and in-
let temperature were maintained at approximately 3600 1b/hr
and 43 deg I, respectively. As the speed of rotation increases a
definite inerease i surface temperature occurs which can be
taken as a good qualitative measure of the change in the con-
densing heat transfer coefficient since the heat load increases only
slightly over this speed range.

Originally, it was intended to obtain local as well as overall
heat transfer coefficients from the apparatus. But although
Fig. 4 shows a marked inecrease in the surface temperature with
speed, the end effects, shown by the falling end temperatures in
the static case, were thought to be too severe to permit the cal-
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enlation of meaningful local coefficients. However, over the
major part of the condenser surface, the suiface temperature was
consistent and the heat transfer coefficient and Nusselt number
were based on the average surface temperature.

All the data are shown in Figs. 5-7, where each diagram repre-
sents one series of tests in which the cooling water inlet conditions
were maintained essentially constant. The steam and coolant
inlet temperatures are also shown. The exact flow rates, sur-
face, and cooling water temperatures were reported in the work
by Gacesa [7].

As in the discussion of the previous figure the increase in surface
temperature with inereasing rotational speed can only be used as
a qualitative indication of the condensing heat transfer coeffi-
clent, since the cooling water outlet temperature changes slightly
with increasing rotational speed. The shape of the curve drawn
through the average temperature of the groups of points is seen
148
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200 1400

1600 1800 2000 2200 2400 2600 2800

ROM.

surface temperature with rofational speed for a coolant

to be essentially the same in all cases.  Initially the temperature
falls very slightly until some critical speed is reached where the
temperature rises quite markedly, especially in Fig. 7, where the
cooling water inlet temperature is lowest. This critical speed i
dependent on the swrface tension forces holding the film to the
wall and the centrifugal forces which cause its detachment from
the wall.

The basic data in the form of mean heat traunsfer coefficients
against speed of rotation are shown in Figs. 8-10. IHere the
true magnitude of the increase in heat transfer with speed iz
shown and all three figures show significant inereases in heat
transfer coefficient, after an initial region at low speeds where
h,, is affected only slightly.

Finally, the results were plotted as in Figs. 11 and 12 where in
each case a Nusselt number has been plotted against the Weber
number, which characterizes the effects of the surface teusion and
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centrifugal forces on the film. In Fig. 11, the influence of AT
has been allowed for by dividing the Nusselt number by

gLip\ /¢ ‘ : r
AT ) This enables the stationary and low Weber
P

number results to be compared with the theoretical value for
condensation on a vertical cylinder. The Nusselt number is
based on the diameter, this being the important dimension for
condensation at high rotational speeds and the stationary value
< ngpk) i : . .
of Nu caleulated from Nusselt’s theory is 0.0943.
vEAT

It can be seen that the best line through the low Weber
number points lies slightly below 0.0943 and this can be attrib-
uted to the heat loss along the tube at the ends of the test sec-
tion, which can be calculated as 4-5 percent of the total heat
transferred in the section. Above a Weber number of about
250 the relationship is

Journal of Heat Transfer

—Yfy
N x gL*\p = Z :
Nixu < JEAT = (.00923 N’

The correlation coeflicient for this set of results is 0.886.
. . . Lanp\ ~ /4
For the high-speed runs the inclusion of the <~g~-—/£> term
vk

did not affect the correlation to any significant extent and
the results were recaleulated with the Nusselt number based on
D/2 so that they could be compared with those of other workers.
The relationship for high Weber numbers in Fig. 12 is

Nyua = 6.13 Nyyel 4%
with a correlation coefficient of 0.87. Comparison of these re-

sults with those of other workers is shown in Fig. 13. The
curves of Yeh, and Singer and Preckshot represent data for 1-in.

FEBRUARY 1970 / 148

Downloaded 04 Jan 2011 to 194.27.225.72. Redistribution subject to ASME license or copyright; see http://www.asme.org/terms/Terms_Use.cfm


file:///vkAT
file:///vkAT

4,600 | I I |
4,200
3,800
3,400
3,000
-

2,600

BTy 2,200

hr fL2°F
1,800

1,400

1,000

©00 1 | ! | i

Q 200 400 0O 800

1000

1200 1,400

RPM

1600 1800 2000 2200 2400 2600 2800

Fig. 10 Variation of heat transfer coefficient with rotational speed for a coolant low rate of 7200 Ib/hr

{- T 1 1T TV TTd T T T T 10T T ] P T
C @ ~TesT SERIES T N
B © ~TEST SERIES IT N
- [0 - TEST SERIES I .
- N _
NU 039
- W{ 000923N
B DKAT Q
Nnu \
9.3 APJ!:; g g
T - O] Q ya 3
[D Kar 5 —-@§p—————%—- v £20 0N ON Y :
-0l 1 | I O I A I | [ | Sk L L) 1 1 [ |
10 30 60 100 300 1000 2000 5000

Fig. 11 Relationship between NNu/I:

cylinders, and that of Hoyle and Matthews for a 4-in. eylinder.
Initially, at low values of Weber number the present results
predict lower Nusselt numbers than the others, as might be
expected from a comparison of condensation on stationary hori-
zontal and vertical cylinders: Garrett and Wighton [8] and
Hassan and Jakob [9] report values of h, to be almost twice as
high for horizontal tubes as for vertical tubes. For high Weber
numbers the trend is seen to be in agreement with the results of
Hoyle and Matthews and the correlation equation for Weber
numbers greater than 500 is

NNm\ = 6.13 N’\Veo‘496

The converging curves for the horizontal and vertical geo-
metrics at high Weber numbers would seem reasonable since the
centrifugal forces would dominate in this range and the effect of
gravity on the film would become of decreasing importance.

It is also interesting to note that the power of the Weber num-
ber is almost the value of 0.5 predicted by Singer and Preckshot

150 / FeBRUARY 1970

Nwe

gl®\p

!/4
ukAT] and Weber number

for this region. For high rotational speeds they proposed a model
in which the swrface was covered with hemispherical drops,
which formed the controlling heat transfer resistance, and showed
that the Ny « Nwe?5, That they were unable to demonstrate
this behavior at high speeds with their own apparatus, might
possibly be due, as they suggested, to starving the surface of
fresh vapor or to some inherent difficulty in their experimental
technique. 1In this respect it is noticeable that the results hased
on actual temperature measurements (Hoyle and Matthews, and
the author’s) show the expected trend, while those of Singer and
Preckshot, dependent on the results of Kuo, et al., for the caleula-
tion of the heat transfer coefficients, show a decreasing character-
istic.
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DISCUSSION
B. T. Nijaguna®

I would like to comment on the swrface temperature and on the
use and validity of &, (generally used in steady-state processes)
in the case of an unsteady convection process at a solid surface—
condensation of steam on a rotating vertical cylinder.

The boundary condition at the solid boundary of the cylinder
could he written as (approximating to one-dimensional case)

2 Department of Mechanical Engineering, University of Toronto,
Toronto, Ontario, Canada.
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o7 .
hAT =k D—O = () (heat transferred) at any instant,
T

If Q is negligibly different from one speed to another, as is men-
tioned in the body of the paper, then the temperature gradient in
the solid

AT

TO - ’[,coohmt

ox ox

should be nearly the same for different speeds. Tesotane and wall
thickness being constant, 7%, the surface temperature would be
the same for all speeds. How could this discrepancy be ac-
counted?

Fig. 1 is a combined graph, obtained by the superposition of
Figs. 6, 7, 9, and 10 of the paper. A7, the difference between
steam temperature and surface temperature, is indicated by AB
for a coolant flow rate of 3600 b /hr, while it is AC for a coolant
flow rate of 7200 Ib/hr. It is seen that the values of h,, are al-
most the same for the two coolant flow rates at all speeds. At
any speed, the heat flux @ is given by DE X AB in the case of
3600 Ib/hr case and DE X AC in the case of 7200 Ib/hr case.
In other words, the ratio of heat fluxes would be in the ratio of

P
AT, e,

i(l _ (heat flux at 7200 1b /hr)
AB  (heat flux at 3600 Ib/hr)

This shows that heat flux in the case of 7200 lb/hr is about 30
to 35 percent more than the value of heat flux in the case of
3600 b /hr, and is significantly different. I the heat fluxes were
not significantly diffevent, then the surface temperature would be
the same. A heat flux versus speed plot would give a better
picture.

As the condensate film forms and is torn off at a certain thick-
ness, the process becomes an unsteady and a nearly cyclic process,
and as such the accurate measurement of 7' would be difficult.
The main question would be, can one use the steady-state concept
of ,, in an unsteady case such as this?

G. B. Wallis®

Condensation on a eylinder rotating at high speed, so that the
centrifugal effects dominate gravity, should be dynamically
similar to both condensation on a flat surface facing downward
and film boiling on a flat surface facing upward. For the latter
problem, Berensontfound that

kNglp, — p,) /s
g rr v’ (1)

T
! glps — p,)

If we replace the vapor transport properties by those of the
liquid, replace ¢ by the centrifugal acceleration w?D/2, and
neglect the vapor density compared with the liquid density, some
rearrangement allows equation (1) to be written as

hD NLgp 1/ ( D\
Nu = == = 0425 [i] <—> (N, )"/s

ky kAT L
D2\ — 1
« <gp ) @
ag

$ Associate Professor of Engineering, Thayer School of Engineering,
Dartmouth College, Hanover, N. H. Assoc. Mem. ASME.

4 Berenson, P. J., “Film-Boiling Heat Transfer From a Horizontal
Surface,” Jourxar or Heat Transrer, Trans. ASME, Vol. 83,
Series C, No. 3, Aug. 1961, pp. 351--358.

h = 0.425
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where

B g’ D?
Nye = P (3)
20

is the Weber number used by the authovs. (The symbol ¢ iy
their expression is really a unit conversion constant gq.)

For the authors’ experiments we have L/D = 48, gpD?/a = 108
and equation (2) becomes

Nu o T o
InLigp\ 0.0004 N7 (4)
lcuAT)

This is almost indistinguishable from the authors’ correlation
in Fig. 11. Since equations (1) and (2) are theoretical, being
based on analysis of the flow dynamies, we can use them with
confidence under conditions which differ from those in the authors’
experiments. Equation (4) merely confirms the general equa-
tion for a particular set of conditions and should not be used for
other fluids or for water at other pressures. I suspect that the
same applies to the correlation shown in Fig. 12,

Authors’ CGlosure

The eriticism of B. T. Nijaguna is based primarily on his state-
ment that “@Q is negligibly different from one speed to another, as
is mentioned somewhere in the body of the paper.””  What is ac-
tually written at the beginuning of the Results and Discusston
Section is; “the heat load increases only slightly over this speed
range.””  Three paragraphs later it is mentioned that the cooling
water outlet temperature varies slightly with rotational speed.
The anomaly posed by the critic is therefore self made, since @
does and must vary, and in the case of Fig. 4 the variation is about
30 percent. TFurthermore, the reason for choosing the AT values
to illustrate the results is evident when it is realized that in Fig. £
AT varies by 300 percent while, as already mentioned, @ varies by
30 percent. The heat transfer coeflicient A will be affected to a
much greater extent by the AT variation and so the plots of T'
versus rpm are move representative of the trend of & than plots of
@Q versus rpm.

The use of the accepted heat transfer coefficients for this system
seems reasonable since a dynamic equilibrium would exist and time
average surface temperatures would be recorded. Perhaps on a
microscopic scale some variation in surface temperature might be
noticed, but in this case the thermal capacity of the tube wall pre-
vented the observation of any such variation.

The comments of G. B. Wallis on the dynamic similarity be-
tween the rotating system and film boiling are valid and one would
expect that such an analysis would produce similar dimensionless
groups. However, the L/D ratio for the experiments was not 48
but 10, and so the constant in the new expression would be con-
siderably different from 0.0094, thus easting doubt on whether
Berenson’s correlation can be used in its entirety in this cuse.
Considering the different mechanisms involved in the hoiling and
condensing processes, it is not surprising that the constant is
different even though the vemainder of the correlation gives
similar dimensionless groups on rearrangement.

Moreover, the correlation given in the paper is for the higher

gpD\ 71 L
values of N, ouly and the term <T> in equation (2)
would seem to be of doubtful physical significance under these
circumstances.
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Introduction

PREV[()US heat transfer investigations of the effects
of gas bubbling from a swface into a liquid have focused largely
on conditions where vaporization of the liguid was minimal.
The object in some cases was to study convective mixing pro-
duced by the bubbles in the absence of vaporization effects and
relate the results to nucleate boiling. However, in boiling, heat
transfer is influenced both by bubble-induced convection and by
latent heat transport. In the work reported on in this paper,
gas-injection rates, liquid temperatures, and heat fluxes were
varied such that liquid vaporization was a significant factor in
the heat transfer process. The tests were conducted primarily
to obtain more information on the capability of vaporization with
bubbling to promote heat transfer.

Background

Studies with gas injection producing evaporative cooling have
been made by Lavsen, et al. [1],! and Schmidt [2]. The cooling
effect on the bulk liquid for eryogenie liquids, produced by the
injection of a noncondeusible gas, was investigated analytically
and experimentally. Heat transfer rates considered were much
lower than those of the present study.

Sims, Akturk, and Evans-Lutterodt [3] correlated earlier air
hubbling results of Gose, et al. [13], as did Kudirka, Grosh, and
McFadden [4] for their own data, considering convection only
and using Kutateladze’s [5] pool-boiling relationship. Good

! Numbers in brackets designate References at end of paper.

Contributed by the Heat Transfer Division of THE AMERICAN
SocieTy oF MECHANICAL ENcINEERg and presented at the 10th
National Heat Transfer Conference, Philadelphia, Pa., August 11-14,
1968.  Manuscript received by the Heat Transfer Division, February
29, 1968; revised manuscript received, February 19, 1969; final
revised manuscript received, June 23, 1969. Paper No. 68-HT-46.

Heat Transfer From the Wall of a Porous
Solid Involving Gas Injection and Vaporization

An experimental study was made of heat transfer wilh gas injection through a porous
wall into @ pool of liquid, including vaporization effects.
of a graphite cylinder into water at atwmospheric pressure was used.
ne limits on energy transfer due to convection and to latent heat transport.
1t was found that under some conditions it was possible to operate the system with the
surface rejecting heat while at temperatures less than that of the bulk pool liguid.

Aidr bubbling from the surface
It was possible

agreement was found for some test conditions, but not at the
high and low ends of the Reynolds number ranges considered.
Based on visual comparison of bubble geometries, gas injection
appeared to closely simulate boiling.

In a recent investigation, Bard and Leonard [6] studied varia~
tions in the convective heat transfer coefficient produced by air
bubbling through an orifice into a pool of hexane. Tt was pro-
posed that during the bubble detachment phase the convective
heat transfer coeflicient reaches a very high value due to the
liquid being drawn suddenly toward the orifice. Relating this
mechanism to boiling, they concluded that correlations based on
only bubble growth or rising phases alone might not be reliable.

Mixon, Chon, and Beatty [7] produced bubbles electrolytically
and found that electrolytic bubbles, although much smaller than
the usual boiling bubbles, are more effective for the enhancement
of heat transfer than are surface boiling bubbles on a per unit
bubble volume basis. In their work and in the later work of
Bhand, Patgaonkar, and Gogate [8], effects on the heat transfer
coefficient, on bubble size, and on number of bubbles, attributable
to vaporization into the bubbles were noted.

In pool boiling from a nickel wire, Rallis and Jawurek [9] ob-
tained measurements from which it was indicated that at high
heat fluxes latent heat transport by vapor formation near the
heating surface may represent the major portion of the total heat
flux. Graham and Hendricks [10] concluded that for nucleate
pool-boiling heat fluxes greater than 20 percent of the critical,
vaporization becomes the chief contributor. The ability of an
evaporating microlayer of liquid to produce high local heat fluxes
and at the same time reduce the heat transfer surface tempera-
ture has been investigated analytically by Dzakowie and Frost
[11].

Experimental Apparatus and Instrumentation

Arrangement of the apparatus used in these experiments is

Nomenclature
¢, = average specific heat at constant P = partial pressure, Ib,/ft? Subscripts
I)liesslll'e’ Btu/lb,, deg F Pr = total pressure, Ib/ft? ¢ convection
g acceleratic ravity, ft/hr? . = injected gas
v cele N m‘due to gm:nt‘\, “'/ln q heat flux referred to heater surface g in,]et(t‘e(‘ g;\
o conversion factor, 4,17 X 108 ft area, Btu/hr ft2 = .1ea er suriace
1b,, /1b hr2 . heat fl lte fo fouli heati 7 = into control volume
. - ; 1eat flux due to joulian heating o tarfacn hetfwenn e . ‘e
h heat transfer coeficient, Btu/hr {2 ]J Btu/hr £ ! = I' = interface between liquid and mix-
dog I stant, £t 1h,/1b,, deg B i
. ) ¢ ras consta ;b /1b,, deg R = liqui
P enthalpy, Btu/lb,, . gas constant, 1t 1b,/Ib,, deg 1 ‘L h(!md / \
k thermal conduetivity, Btu/hr ft ! temperature, deg R M= mh\t,l}leo g(b d,l{( vape!
deg F V' = volume flux referred to heater sur- 0 = out lOt control volume
- - nee area. 143 /hy £62 P = poo
Ny mass transfer coefficient b, ,-mole/ face area, {t3/hr {2 ! o o :
" . . S = refers to saturation temperature
hrlb, u viscosity, Ib,, /ft hr 1t vapor partial |
at vapor partial pressure
" mass flux ILVK“‘C;I to heater swrface p density, Ib,, /ft vh = refers to upperbound vaporization
area, lb,, /hr ft T surface tension for gas-liquid inter- heat flux
M molecular weight, 1b,, /1b,-mole face, Ib, /Tt V= vapor, or vaporization
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Fig. 1 Apparatus used in the experiments

shown in Fig. 1. The porous test section was a hollow cylinder
with its axis horizontal and it was heated by passing electrie
current through it. A glass tank 8 in. X 8 in. X 14 in. deep,
heated by an electric hot plate and open to the atmosphere was
used {o contain the pool liquid.

The test section was a 0.379-in. OD normally porous graphite
eylinder, having a wall thickness of 0.033 in. Pore diameter
ranges from 0.001-0.008 in. and porosity is about 50 percent with
this material. The active length of the graphite test section was
1.1 in., and the overall length of the 0.379-in-dia portion was 2 in.
Alr was supplied to the inside of the test cylinder; flow rate of the
air was found from the pressure drop across a calibrated restric-
tion in the air supply line. Measurement accuracy of the air
mass flow rate here is estimated as 25 percent.

Test section temperature was measured by mounting a chro-
mel-alumel thermocouple in the graphite cylinder wall as shown
in Tig. 2. The thermocouple being mounted in this way pro-
duced a small region of the cylinder wall where no heat was gen-
erated. Analysis of the thermocouple region of the cylinder wall
was made by numerical solution to the conduction heat transfer
equation. It was concluded that the thermocouple should read
the wall temperature correctly within less than =2 deg T under
the conditions of these tests. At low values of 7'y, — T the
possible error is reduced to an estimated #=0.4 deg F, dictated by
the precision of the strip chart recorder that was used.

Using the bakelite cap shown in Figs. 1 and 2 produced ap-
proximately 30 percent reduction in cross-sectional area for elec-
tric-current flow and hence a greater heat-generation rate existed
over the active length compared to the rest of the 0.379-in-dia
portion. Therefore some heat conduction in directions along the
test section axis was present. Calculation of a conservative esti-
mate for the temperature decrease at the center of the active
length (the thermocouple junction location) due to axial heat
conduction showed it to be always less than 1 deg T for the tests
reported on here.

An upper limit on the temperature drop through the graphite
cylinder wall was computed and it was found that the maximum
possible temperature drop from inner to outer wall was less than
2 deg ¥ over the range of heat generation and air-injection rates
studied. Therefore, the graphite eylinder was treated as having
a uniform temperature through its wall.

Pool temperatire was measured by a thermocouple located in
the liquid, 1.5 in. from the test section surface and at the same
elevation as the test section.

Measurement of the d-c¢ heating voltage drop along the active
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Fig. 2 Thermocouple arrangement for measuring wall temperature

length of the test section was obtained by two voltage taps, and
current was measured by the voltage drop across a calibrated
shunt. Calibrated voltmeters were used; the overall measure-

ment acceuracy of the heat-generation rate is estimated as 43
percent.

Experimental Procedure

A test was begun with the pool liquid at room temperature.
The external pool heater was then turned on and readings of pool
temperature and temperature difference between test section and
pool were recorded as the pool slowly increased in temperature.
Data at various heat generation and airflow rate settings were
taken until the pool reached its maximum attainable tempera-
ture, several degrees below saturation. The time interval at
each heat generation and airflow rate setting was minimum of 5
min.  Over a typical 5-min interval the pool temperature ro=e
about 4 deg F.

It would be aunticipated, due to the high degree of agitation
produced by bubbling, that the pool temperature would be rela-
tively uniform throughout at any instant (Mixon, Chon, and
Beatty [5] found that when bubbles were being rapidly generated
on the heating surface, no significant effects were produced by
supplemental stirring of the pool liquid), and this factor would
reduce the transient aspect of the tests conducted with varying
pool temperature. To ascertain the presence of any transient
effects, individual tests were conducted at steady pool tempera-
ture. Comparison with the results obtained under varying pool
temperature showed np appreciable difference. Thus the results
given here should closely represent values that would be obtained
under steady pool temperature tests.

Experimental Results
In Fig. 3 is shown a plot of the (T, ~ T'p) versus Tp at several
heat generation and airflow rates. The points are specific
L)
values taken from continuous strip chart recordings.  Some of the
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Fig. 3 Effect of pool temperature on heat transfer surface temperature
difference with gas injection

points have been numbered so that their location on succeeding
plots may be easily determined.

Tt is seen that the test section temperature is less than the pool
temperature in some instances. Under counditions where (T
— T'p) is negative, the effect of convective heat transfer must be
10 add heat from the pool liquid to the test section.  As calcula-
tions in later sections of this paper will show, under these negative
temperature difference conditions the heat generated in the test
<cetion and the heat added from the pool by convection are able
to be transferred away from the test section essentially only by
vaporization of liquid.

Analysis of Results

A control volume is shown in Fig. 4 for which conservation of
miss and of energy on a time average basis gives

q; = mpliee — 1) + myolive — 1) + my(ipy — 250) (1)

Kinetic and potential energies are neglected and none of the
vapor produced by evaporation is considered to reenter the con-
trol volume.  BEquation (1) will be rewritten as

9 = ¢+ qr + q, (2)

Measurements of the inlet gas temperature within the test
section showed that it is approximately equal to the pool tem-
perature. It will be assumed heve that the injected gas is ideal
and that it enters the control volume at the pool temperature
wud leaves at the vapor outlet temperature so

qy = mp(Ty — Tp) 3)

The injected gas initially contained negligible vapor, however,
any initial vapor present can be treated as an integral com-
ponent of the injected gas by using an appropriate value for
specific heat.

By treating the injected gas as ideal, ¢, and 7'y ean be velated
as follows.  For the gas vapor mixture leaving the heating swr-
face

Vy=V, and Ty =1, (4)

g
The vaporization heat flux is

(5)

gy = pvVv(ive — tro)

Journal of Heat Transfer

Making use of the relations

RT
Pp =Py + P, and V,6 = [']}-mm] (6)
P 4
along with (4) and (5) gives
ay o om R ypy 7

(ive — 110) h (Pp — Py)

The resistance to heat transfer by vaporization (1/hy) is
visnalized as that due to heat conduection aecross a vaporizing
liquid layer attached to the heating surface and having some time
average thickness and heater surface area fraction. Tempera-
ture at the surface of this hypothetical layer should not be much
higher than the saturation temperature corresponding to Py in
the mixture, as will be discussed in what follows. The definition
of the relationship for vaporization heat flux that will be used
here is

qr = Ty — T) (3)

There will be a resistance to vaporization of liquid into the gas
vapor mixture; this resistance to mass transfer will lie only in the
mixture, the liquid being a pure phase. The mass transfer rate
in turbulent flow for constant temperature through a stationary
gas can be written as

my = KeM(P; — Py) )

The temperature at an interface between the liquid and the mix-
ture will be nearly equal to the saturation temperature of the
Liquid at P; if thermodynamic equilibrium is nearly satisfied
there. However, the value of P, is unknown; assuming P, equals
Py is the same as assuming an infinite K, Intensive convee-
tive mixing must oceur between the injected gas and the vapor
and Kg would be expected to be relatively large. If K, is as-
sumed infinite, the temperature at a liquid-mixture interface will
nearly equal the saturation temperature at .

Tt is seen that Kg could affect hy, since K being less than in-
finity will tend to increase 7', thus decreasing conduction through
the liquid layer and giving a lower Ay at a pavticular (7, — 7).

An upperbound on the vaporization heat flux at any test
condition {(other than m, = 0) can be computed with equation (7)
for given Ty, m,, and Py by assuming saturated vapor in the mix-
ture and that (T'y — Tg) = 0. Saturation values for iyvo, 700,
py, and Py in (7) can be employed. The use of these assump-
tions implies that ky and K, are infinite.

At given ¢; and m,, the terms in equation (2) will all have
particular time average values for a particular 75, If T, is in-
creased, 7', will inerease in order to satisfy the requirement of
constant ¢, However, with Py counstant the upperbound va-
porization heat flux increases with increased 7'y (because Py —
Py in equation (7) decreases) and thus the convection flux needed
to satisfy equation (2) is reduced. FHence less temperature dif-
ference between heater and pool is required as pool temperature

Iiven negative temperature differences can oceur as
shown in Fig. 3, indicating that the vaporization heat flux is
greater than ¢; and that the convective flux must be directed
toward the test section.

It should be emphasized that the true vaporization heat flux
is always less than the upperbound vaporization heat flux, since
hy and K are not infinite.

increases.

Gonvection Coefficient

Under test conditions where ¢y and g, are relatively small, the
convective heat flux can be acceurately computed using equations
(2), (3), and (7). With a definition of the convection coeflicient
taken as

(10)
1970 / 135

7, = h(Tyr — Th),
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Fig. 6 Convection coefficient variation with parameters used in Rohse-
now's method

the convection coefficient is plotted versus the Reynolds? number
of the mixture volume flow rate in Fig. 5. Here it was assumed
(Ty — Tg) = 0, so only data points from Fig. 3 were used for
which the upperbound on ¢y by equation (7) was less than 15
percent ¢; and therefore error in computing ¢y would not seriously
effect the value obtained for 2. The calculation of g, with equa-
tion (3) for these same points showed it to be always less than 1
percent ¢; so that energy absorbed by the change in enthalpy of
the injected gas is very small.

The points plotted in Fig. 5 are also plotted in terms of the di-
mensionless parameters and exponents of Rohsenow’s [12] corre-
lation in Fig. 6. TFluid properties were evaluated at the heater
surface temperature.

Simifar to what has been found previously with electroly tically
produced gas bubbles (7, 8), k, at a given Re is seen in Fig. 5 to
he greater at higher heat fluxes or more fundamentally, with the
higher (T — T'p) values that accompany the higher heat fluxes.
Lffect of (T'y; — T'p) i3 not evident in Fig. 6. However, an effect
due to T, with this correlation may be indicated since the two
points in Fig. 6 having the lowest ordinates have the highest pool
temperatures, approximately 145 deg I'; the rest of the points are
at pool temperatures ranging from 110 deg I down to 72 deg T.

eV [ o :")0
by Lgler — o)

2 Reynolds number =
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Fig. 7 Effect of Reynolds number on vaporization coefficient

Vaporization Goefficient and Vaporization Heat Flux

Determination of the vaporization coefficient and the vaporiza-
tion heat flux can be made accurately from data where heater and
pool temperatures are equal, because convective heat flux should
be nearly zero then. The values of Ay and ¢p can also be found
for data where the convective heat flux is not too large, by uxing
an estimated value for k, obtained based on the results shown in
Figs. 5 and 6.

Results obtained for hy taking the mixture as being saturated
and using equations (2), (3), (7), (8), and (10), ave plotted in Vig.
7. In caleulating hy, an estimation for k, was used as obtained
from the dashed line in Fig. 6. In order to restrict the effect of
h, estimation accuracy on hy results, only data points from Fig. 4
were used for which g, was less than 50 percent ¢, All of the
poiuts in Fig. 7 had ¢, less than 1 percent ¢;.

It should be pointed out that with respect to calculation of
¢y, inacecuracy in the estimation of A, is more hikely to be sig-
nificant than are the uncertainties in any of the experimental
measurements. However, the value obtained for Ay is sensitive
to the measurements of temperatures and of the air mass flow
rate and is therefore more uncertain than gy.

Two prominent effects shown in Fig. 7 are, first, that iy reaches
values several times higher than &, and, second, that Ay is found
to be greater at a given Reynolds number with decreased m,. An
increased rate of vapor generated is required in order to produce
a given Reynolds number as m, is decreased. The increased
vapor generation may cause increased hy by producing a thinner
time average liquid layer thickness or increased heater surface
arvea fraction, or the increase in 2, may come about due to an in-
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creased mass transfer coeflicient accompanying a larger vapor
seneration rate.

fagnitude and Influence of Vaporization Effect

[n Fig. 8 are plotted curves which show the relative magni-
tudes of ¢ and ¢, over the pool temperature range studied. The
selection of ¢; equal to 20,000 Btu/hr £t2 as the value to be plotted
was made because data at (T, — Tp) equal or nearly equal to
zevo ab both gas-injection rates tested was available.  Values
for ¢, were small, <o ¢, was not plotted.

Also shown are curves for the upper-bound vaporization heat
flux g, at the two gas-injection rates, as computed from equa-
tion (7) with the observed values of 7'

1t is evident that gy is substantially lower than ¢, at least in
the range where g was able to be accurately caleulated. This
was to he expected, since as shown previously Ay was never in-
finite.

Gomparison With Boiling

An attempt to relate the results found here involving vaporiza-
{ion to the case of heat transfer in boiling with no gas injection
will be made in what follows.

Saturated pool boiling of water at atmospheric pressure will be
considered. Heat flux versus temperature difference for a
cylindrical electrically heated graphite test section, 0.373-in. dia,
mounted horizontally, is shown in Fig. 9. These results are
similar to what is exhibited with a “clean’ stainless-steel surface
under the same test conditions.

Only one point on the nucleate-boiling curve will be cousidered
since the conclusion reached would be the same for any of the
points in the high heat-flux region. At ¢; = 300,000 Btu/hr {2
the temperature difference is seen in Iig. 9 to be approximately
26 deg F.  This heat flux and temperature difference will be com-
pared with the results of the air-injection tests by imagining two
extreme cases. First, if no conveection were present, then g
= 300,000 Btu/hr ft2.  The Reynolds number for this heat flux
ut a wall temperature 26 deg F above saturatiou is 4.3, Fig. 7
sives hy for this Reynolds number of at least 20,000 Btu/hr ft2
deg T, which is too high since gy = 520,000 Btu/hr ft? would be
predicted at (T, — T's) = 26 deg F.

As the second case, a lower bound for ¢, will be calculated.
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Fig. 9 Saturated nucleate pool hoiling of water from a graphite surface

From Fig. 8, using an upper-bound Reynolds number of 4.3 and
wall temperature 26 deg above saturation, h, is 4600 Btu/hr ft*
deg I'. This gives an upper bound for g, of 120,000 Btu/hr {12,
and a lower bound for ¢, would then be 180,000 Btu/hr ft* for
which the Reynolds number is 2.6.  Again, &y, from Fig. 7 is at.
least 20,000 Btu,/hr {12 deg F and too high.

At a heat flux ¢; of 300,000 Btu/hr ft? in saturated nucleale
pool boiling of water at atmospheric pressure, a value for g, equal
to 260,000 Btu/hr ft2 has been assigned (9) with an error bound
of approximately =13 percent. To within the error bound, the
same value for g, is indicated by the results of a later study [10].
This leaves ¢, equal to 40,000 == 34,000 Btu/hr £t2, which does not.
conflict with the upper bound on ¢, of 120,000 Btu/hr £t* found in
the present investigation.

From the aforementioned, it is shown that the results in Fig. 7
cannot be directly extrapolated to the prediction of ky in boiling.
However, all of the results shown in Fig. 7 were at (T'y — 1'p)
equal to 3 deg I or less, except point 23 which had (T, — T,)
equal to 11 deg F. The pool boiling result used for comparison
wasat (T, —T,) = 26 deg F. TMence, an effect may be indicated
that increased (7'y — 7'p) decreases hy, at a given Reynolds number
to below what is shown in Fig. 9. This is opposite to the effect.
(T'y ~ Tp) has on h,, as was found for the data shown in Fig. 5.

Summary and Conclusions

For gas injection through the wall of a porous heater into water,
at moderate to high heat fluzes and gas-injection rates, the following
statements can be made based on the experimental evideunce
found here:

1 Gas injection can promote heat transfer from the surface
to an extent such that, in some cases, the heating surface operates
at a lower temperature than that of the bulk liquid

2 Heat transfer from the surface of the heater takes place
through the action of two primary mechanisms, bubble-induced
convection, and vaporization into the bubbles, Under conditions
of low or negative temperature differences between heater and
pool, the vaporization mechanism produces the major component
of heat flux directed away from the heater,

3 Coefficients for the bubble-induced convection component

FEBRUARY 1970 / 18]

Downloaded 04 Jan 2011 to 194.27.225.72. Redistribution subject to ASME license or copyright; see http://www.asme.org/terms/Terms_Use.cfm



of the heat Hux obtained when the vaporization component wus
low were found to increase with inereased wall temperature dif-
ference at a given Reynolds number.

4 At low wall temperature differences where the convection
component was small, the vaporization coefficient was found to be
a strong function of Reynolds number, increasing with increasing
Revoolds number.  Decreased air-injection rate at a given
Reynolds number inereased the vaporization coefficient.

5 Vaporization coefficients with aiv injection at wall tem-
perature differences in the range of 3 deg F were found to be
higher than those in nucleate pool boiling at a wall temperature
dillerence of 26 deg I when the nucleate-boiling heat flux is
300,000 Biu/hr 12, It is conjectured that increased wall tem-
perature difference suppresses the vaporization coeflicient at a
given Reynolds number,
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Heat Transfer by Laminar Natural Convection
Within Rectangular Enclosures

Two-dimensional leminar naturel convection in «ir conlwined in a long horizontal
rectangular enclosure with isothermal walls at different temperatures has been investi-
gated ustng numerical techniques.  The time-dependent governing differential equations
were solved using a method based on that of Crank and Nicholson. Steady-state solu-
tions were obtained for height to width ratios of 1, 2.5, 10, and 20, and for values of the
Grashof number, Gry,', covering the range 4 X 10% to 1.4 X 105, The bounds on the
Grashof number for H/L = 204s 8 X 108 < Gr.' < 4 X 104 The results were cor-
related with o three-dimensional power law which yielded

H/L =1  Nu,' = 0.0547 (Gr,/)
25 < H/L <20 Nuy' = 0.155 (Gry')-95(/ L) ~0-2

The vesults compare favorably with available experimental resulls.

M. E. NEWELL
F. W. SCHMIDT

Mechanical Engineering Department,
The Pennsylvonia State University,
University Park, Pa.

its effect may be considered to be independent of the convective
effect. Tt is considered that the length of the enclosure is suf-
ficiently large for two-dimensional motion to be assumed in the
section considered.

A number of experimental investigations of convective flow
within enclosed fluids have been earried out since the turn of the
century. An excellent review of these is given by Carlson [5]*
and Elder [7]. In 1946, Jakob [11] analyzed the experimental
results of Mull and Reiher [13] and proposed the following corre-
lations:

Introduction

THE STEADY convective motion of a Huid contained
within a long horizontal rectangular enclosure is investigated
using numerical techniques. The two vertical walls of the en-
closure are held at different temperatures, and the top and bottom
are considered perfect insulators. The objective of this investiga-
1ion is to obtain relationships between the convective heat trans-
fer coefficients and the imposed conditions. Heat transfer by
radiation is not included sinee, for most fluids of practical interest,

Contributed by the Heat Transfer Division of THE AMERICAN
NoctETY OF MECHANICAL ENGINEERS and presented at the ASMIE-
AIChE Heat TransferConference, Minneapolis, Minn., August 3-6,
1969. Manuscript received by the Heat Transfer Division, July 9,
1968; revised manuscript received, February 25, 1969, Paper No. 69-

Nu,' = 0.18(Cr )/l /L)y~
(1)

2 X 104 < Gr,’ <2 X 109

HT-42, t Numbers in brackets designate References at end of paper.
Nomenclature
A = coefficient in least-squares fit, Nuy' = mean Nusselt number, equation U7 = nondimensional velocity in x-di-
equation (40) (35) rection, ul./v
B = coefficient in least-squares fit, Nu; = local Nusselt number, equation w = velocity in z-direction
equation (40) (32) V = nondimensional velocity in y-di-
C = coeflicient of least-squares fit, Nu; = mean Nusselt number, equation rection, vL/v
equation (40) (33) v = velocity in y-direction
¢ = coefficient in general form, equa- Nuy’ = mean Nusselt number, equation X = transformed coordinate in z-di-
tion (25) (34) rection
f = dependent variable in general Pr = Prandtl number z = Independent coordinate in verti-
form, equation (25) p’ = fluid pressure above hydrostatic cal direction
Gry = Grashof number, ¢8 H¥ Ty — q = coeflicient in general form, equa- Y = transformed coordinate in y-di-
T.)/v? tion (23) rection
Gry, = Grashof number, ¢8L3(T, - q.” = local heat transfer rate y = independent coordinate in hori-
T,.)/v? q" = mean heat transfer rate zontal direction
Gry’ = Grashof number, ¢8L3 T, - ? = ratio of grid spacings, h/k 2z = coeflicient in general form, equa-
T.)/v? Ra = Rayleigh number, GrPr tion (25)
g = gravitational acceleration R’ = Rayleigh number, Gr,'Pr a = thermal diffusivity of fluid
H = height of enclosure ro= coe‘fﬁcien’g in general form, equa- B = coefficient of thermal expansion
h = grid spacing in X-direction tl(m. (2:)). § = nondimensional temperature,
K = thermal conductivity of fluid 8= co?ﬁme;t in general form, equa- (T = T,)/(Ty — 71,)
k = grid spacing in Y-direction P ten:glelrz(ltzf'e v = kinel.navtvic vigcosity of fluid
L = width of enclosure T. = temperature at cold wall p= densl.ty of ,ﬁmd . ‘
{ = coeflicient in general form, equa- Ty = temperature at hot wall T o= uondlmensun'ml time, ﬂ.V/[/l -
tion (25) P, = mean temperature of fluid. In Y = stream function, equation (15)
M = coordinate tangential to wall all cases here T,, = (T'y + V¥ = nondimensional stream function,
being considered 7.)/2 ¥/
N = coordinate normal to wall being { = time rvelative to beginning of w = vorticity, equation (16)
considered solution = nondimensional vorticity, L%»/v
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Nuy' = 0.065(CGr, ) /3(H/L)~ /.
2)

Equation (2) is intended to describe turbulent flow conditions.
Jakob proposed that equations (1) and (2) would be valid for
values of H/L as small as 3, although this conclusion appears to
be the subject of some question.

In 1961 Eckert and Carlson {3] published the results of their
experimental work on this subject. They used a Mach-Zehnder
interferometer to determine the temperature distribution in
enclosures with several aspeect ratios. The empirical equations
they derived were as follows:

2 X 108 < Gry” < 108

Nuy' = 0.119(Cury’ 0 (3)

from which the following relationship is obtained

Nug' = 0.119(Gr,/)0-3(H /L)1, ()

Equation (3) implies that Nuy’ is independent of L. The reason
for this is that the relationship given is only intended to apply in
cases where the flow may be counsidered to consist of two inde-
pendent boundary layers, one on each wall.

An experimental study of natural convection in a rectangular
enclosure using particle suspension techniques was reported by
Eider {7]. High Prandtl number Huids were used and the Ray-
leigh number was varied up to 108, An excellent discussion of the
flow patterns and temperature profiles was presented although no
relationships for the Nusselt number were given.

Ounly a few analytical investigations of the current problem
have been published, and those which have did not come to any
conclusive agreement, or otherwise, with experimental results.
In 1954, Batchelor [3] published the results of his analytical ap-
proach to the problem. He was unable to obtain any generalized
solution to the governing differential equations, although certain

limiting cases were solved. TFor small values of the Rayleigh
number, Ra’, he obtained the solution in the form of a power

series in Ra’. For cases where conditions near the center of the
enclosure may be approximated by the solution for infinite H /L,
Batchelor obtained the approximation

Nuy’ = H/L + (2v — 1)Ra’/720 (3)

) For high values of
Ra', when the low may be approximated by a continuous bound-
ary layer surrounding a core of uniform temperature and vortie-
ity, he derived the expression

where 1/; <y < landvy — 1 as Ra’ — o,

Nuy’ = yu(Ra)V(H /LYy (6)

which gives fairly good agreement with the results of Mull and
Rether when v, = 0.3. Notice the high value of exponent on
H/L compared with that of Jakob’s correlation.

An analytical solution to this problem was presented by Poots
[14] in 1958. He derived solutions in the form of doubly infinite
series. No convergence analysis was given, and it was found to
be very difficult to evaluate the solution to a reliable degree of
accuracy. Apart from this, the main objection to the analytical
solution is that it is restricted to idealized boundary coundition and
simple geometry, whereas a solution by finite differences can be
rasily modified to handle arbitrary temperature boundary con-
ditions and irregular geometries.

An analysis of natural convection in an enclosure using integral
techniques was reported by Emery and Chu [9]. The velocity
and temperature profiles were considered to correspond to those
for natural convection from a vertical plate in an infinite medium.

In 1966, Wilkes and Churchill [15] published one of the first
successful attempts at solving the full two-dimensional, time-
dependent differential equations desecribing the flow. They used
an implicit alternating-direction finite-difference method and
were able to obtain steady-state solutions for values of H/L of
1, 2, and 3, although solutions for only one value of Gr,” were
reported for H/L of 2 and 3. Values of Nu’ reported were up
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to 70 percent in excess of those given by Jakob’s empirical equa-
tion. This was partly due to the low values of H/L used, com-
pared with those for which Jakob’s correlation is considered
valid. Insufficient results prevented a correlation in the form of
a power law from being made.

An analytical and experimental study of transient laminar
natural convection in partially filled liquid containers was pre-
sented by Barakat and Clark [2]. An explicit finite-difference
method was used to obtain the solutions and no results compar-
able with this study were presented.

Two papers were published on the numerical solution of steady
natural convection in a square duct. Elder [8] replaced the dif-
ferential equations at each mesh point by finite-difference expres-
sions and then employed a Liebmann-type extrapolation method
with alternate row and column scauning for the solution of the
resulting set of difference equations. His results were compared
with those obtained in his previous experimental investigation.
The following expression was given for the Nusselt number:

Nuy' = 0.25(Pr Gr," 0% for H/L = 1 and Gry’ Pr > 4000. (7)

a6y

For a Prandtl number of 0.733 this reduces to
Ny, = 0.231 (Gr')p-5. (8)

A similar study was conducted by Han [10]. His correlations in-

dicated a relationship of the form
Nu,' = 0.0782(Gr -5,

Aziz and Hellums [1] presented a finite-difference technique
for the numerical solution of three-dimensional natural convec-
tion in an enclosure. An alternating-direction method was used
for the solution of the transient parabolic equations, energy and
vortieity transport, while a successive overrelaxation method
was used for the determination of the vorticity. Although some
results are given, this paper principally presents a discussion ol
the various methods available.

An experimental and analytical study of moderate and high
Prandtl number fluids was presented by MacGregor and Emery
[12]. An explicit finite-difference technique was used in conjunc-
tion with a Gauss-Seidel iterative method for the solution of the
time-dependent equations. Comparisons were presented of their
computed and experimental results.

The objective of the present study is to investigate, using finite-
difference techniques, the effect on the Nusselt number of the
Grashof number, and the height to width ratio of the enclosure
over sufficient ranges to enable correlations to be made and to
compare these with existing experimental results. Although the
ouly results reported here are for constant wall temperatures, the
computer program used was set up to handle arbitrary tempera-
ture profiles and, through the use of transformations of the inde-
pendent variables, any height to width ratio can be studied. One
of the more unusual features of the method of solution is the u=e
of a direct method to solve the sets of linearized difference equa-
tions, rather than an iterative method as is usually employed.

Theory

Governing Differential Equations

The physical model is shown in Fig. 1. In formulating the
governing differential equations, the following assumptions were
made:

1 Constant properties except in the formulation of the buoy-
ancy term.

2 Compressibility effects and viscous dissipation can be
neglected.

3 The fluid is Newtonian,

4 The flow is laminar and two-dimensional.

Under these conditions the differential equations deseribing the
flow are given by Batchelor {3].
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Fig. 1 Physical model
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Conservation of Energy Equation
orT N T . oT o n oM (12)
— w4 v = — ). )
ot ox oy ox? oy?

The solution to the foregoing set of equations must satisfy the
following conditions: on the walls,

g = v = 0
T =T, (given)
or on an adiabatic wall

orT

Since the primary interest was in the steady-state solutions, the
initial conditions used were chosen to be self-consistent and as
near as possible to the expected steady-state solution,

The pressure term, P, may be eliminated from the system of
equations by differentiating equations (10) and (11) with respect
to v and z, respectively, and subtracting one from the other. After
simplification, which involves the use of equation (9), the follow-
ing is obtained:

W= — (14)

Journal of Heat Transter

It is convenient to introduce the stream function, V¥, defined
by

(15)

The continuity equation (9) is thus satisfied. Equation (14)

may now be written:
oY
oy?

RY2
w = ~—<5§+

The system to be solved now consists of equations (12), (13), (13),
and (16).

(16)

Nondimensional Variables

In order that changes in the duct geometry could be conve-
niently investigated, the independent variables were transformed
such that in the transformed system of coordinates, the duct
geometry was always square. In some cases it was found desir-
able to compress certain areas of the duct more than others. In
view of this, the equations were set up to accommodate nonlinear
transformations.

Let the transformations be of the form

X(z/L)
Y(y/L)

where X and Y, the coordinates in the transformed system, are
single-valued functions with continuous derivatives up to the
second in the region of interest. The remaining variables are
arranged in nondimensional groups 8, ¥, U, V, 7, and { as defined
in the Nomenclature. The following nondimensional equations
are thus obtained:

X
b

i

228 d20 of
= (X')2 sy X" —Pr XU
0 ( )OXQ—%—())aYZ-f-(X 1\C>0X
of of
" Pr V'V) — — Pr— 17
+ (¥ III)OY T (7
Y, 220 0 ol
Ve = (X2 e Ve — = X" - XU
CIL) % (X") NG + (¥ QY2 + ( >D/
o2 oN2
ol VIV) o— — — 18
-+ (X ¥ I)OY o7 (18)
o)/ onp o o
- = (X2 Ve X Y — 19
(0 O o (P 2 XSS (1)
b
U =Y’ ok
oY
(20)
V=X O‘I"
oX
where
- i a4 a2 X

nd X7 =

= d@/n) " ~ d(z/Ly

with similar expressions for ¥ and Y.

Equations (17) to (20) arve in a form suitable for solution using
finite-difference techniques. The solution must satisfy the follow-
ing boundary conditions:

Uy = Vy =0, (21)
Using equations (20}, equation (21) may be written as
o¥|  ov
—| = ] = (22)
oMo ONYo
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provided

Y =0
and

X' =0

where M and N are in the directions of the tangent and normal to
the wall being considered. Thus W, must be a constant on all
walls. For convenience, ¥y = 0 was chosen.

The boundary conditions for 8 are as follows when 7' is
Y
specified,

Ty — 1,)

R 23)
Ty — T,
and on an adiabatic wall,
o0 | .
ovly = % &

No explicit boundary conditions can be written for £, since the
distribution of {2 must be such that both of the conditions on
*l = (), are satisfied and only one of

N'o )
these conditions can be directly imposed on the solution.

Various initial conditions were used. In some cases they had
{o be chosen carefully in order to obtain stable solutions. How-
ever, for most cases uniform temperature and zero velocity were
used. In cases where steady-state solutions were being sought
for various values of Grashof number, Gry, with a fixed geometry,
the initial condition for a new Grashof number were taken as the
steady-state solutions obtained with the previous Grashof number.

oW
W, namely, Wy = 0 and 5

Finite-Difference Representations of the Differential Equations

It is desired to write finite-difference approximations to equa-
tions (17) to (20) at selected points in the field, and then to solve
the resulting sets of equations for the unknowns at these points.
For the time-dependent relationships, equations (17) and (18),
a scheme based on the method of Crank and Nicholson was used.
Equations (19) and (20) were approximated using central dif-
ferences.

Equations (17), (18), and (19) are of the general form

oY oY of of of

ot Tloe T oy Ty T A T

(25)

where f represents either 8, 2, or ¥ depending upon which equa-
tion is being considered, and {, ¢, r, s, 2, and ¢ represent the corre-
sponding coefficients. For the purpose of establishing the dif-
ference equations the nodes were numbered as in Fig. 2. For
interior nodes equations (17) and (18) were approximated using
central differences by

1] & qs 73
3 h”“z (,fl i 2f3 +fa) + }\‘2 (f2 - 2f3 +f4) + 2? (fl - f\))

2y [»
o o= ) 3 s = 2+ o)+ 1 G = 2+ )

S,

rs b — S = fo) = e
+ o (fo — f) + " (Jo fﬂ:l + 4 (s — fa) = 2 (es + c3)
(26)

where f represents € or {2, respectively. The representation of
equation (19) was obtained using central differences, and is

[\
o (U = 205 + W) + 7 (= 2, + W)
F DW= W) + D (W — W) = (27)
oh " W o 1Y d s
162
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Fig. 3 Numbering system for nodes adjacent to walls

Equation (20) may be approximated using central differences hy
Y/ (Ve — W7)/2k
*Xsl(‘l’e - ‘I’lo)/%-

Us =
(23)
I/‘g =

The representations for nodes adjacent to walls where the condi-
) 4 o8 _ ,
tions —| and —| = 0 hold will now be considered.
oN ON o
numbering indicated in Fig. 3, three-point representations of
of 0% | . - . .
j% and — | were obtained by fitting a cubic polynomial
aA‘Yu oN?|;
through the values of f at points 0, 1, and 2, and satisfying the

Using the

o) . . . . .
condition a—{f% = (. This yields the following approximations at
Y o

node 1:
vk~ aan) (TR AR ) 29)
oY | 1 .
W’QL o~ (AN (fo — 2fL + f2) (30)

which were used when appropriate in place of the central dilfer-
ence representations in equation (26).

The only remaining nodes requiring special attention are those
on the adiabatic walls. Using the numbering indicated in Fig. 3,
a two-point representation may be obtained by fitting a parabolic
polynomial through the values of f at points 0 and 1, and satisfy-

o) . .
ing the condition 5{—% = 0. The following representation of the

LY g
second derivative is obtained:

O | 2

e 31
oNZly (AN 31)

(fr = fo)-

This completes the finite-difference representations of the
governing differential equations (17) to (20) for cases where
the complete duct was considered. However, in cases where the
temperature boundary conditions exhibit certain symmetries,
the complete duct need not be considered, thus reducing the num-
ber of nodes needed for a given grid spacing.

By writing the appropriate difference representations of equa-
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tions (17), (18), and (19) for all the nodes in the field, three sets of
implicit nonlinear simultaneous difference equations were ob-
tained. Also, by writing the appropriate difference representa-
tions of equations (20), two sets of explicit equations resulted.
The solution sought had to satisfy, simultaneously, these five sets
of equations.

Computation of Nusselt Numbers
In the analysis and presentation of the results by previous in-
vestigators, four types of Nusselt numbers have been utilized:

L or ()0
Nu, = — 77— — ‘ - Y, < > (32)
(Ty — T..) a’/ y=0 oY
L Tor| L ('N
Nug = — 57— —1 dy = *l¥ dX
(Ty m )I[ 0 QY y=0 ]1 0 Ry
(33)
\f ’ 14 H ()T [ ? 5 . _L
N = e — dv = Nu./2 (3
iy, (T[[ - yvc>[,[ 1] a{/ y=0 i (O )
N i O’[’ J 1 1Ny, Iy
N = de = - — dX.
Uy (T 1 ) Ol/ y=0 2 )y X'

(35)

,l was needed.

. o0
In order to evaluate these, a representation of or
0

For constant wall temperature and steady-state solution,

of
= V= — =0
or
and for a linear transformation in the V-divection, ¥’ = 0. Thus
irom equation (17)
Qﬁ\ = 0 (36
vy 36)

Using the numbering indicated in Fig. 3, where N represents Y,

|

. . . of .
a three-point representation of ;l may be obtained by fitting
HY

a cubic polynomial through the values of § at points 0, 1, and 2
and satisfying equation (36). We obtain

06! —700 + 86, — 0. 57
HEE > . b5l

oY 6k

The integrations required to evaluate the mean Nusselt numbers

were carried out using Simpson’s rule.

Method of Solution of the Difference Equations

It was assumed that the distributions of the five variables §, (,
W, U, and V7 were known at time 7. In ovder to advance the solu-
tion through a step in time, an iterative solution was used. In
this procedure, the representations of each of equations (17),
(18), (19), and (20) were considered, in turn, to be linear in these
variables and, while the representation of any one of these equa-
tions was being solved, the other variables appearing were treated
as known funetions.

First, the representation of equation (17) was solved for 0,
treating U and V as known functions. For the first iteration,
therefore, approximations to U and V at the new time step had
to be made. Some past workers have used the distributions from
the previous time step. Here, however, since the accuracy of the
solution obtained at the first iteration depends solely on the ac-
curacy of U and V, apart from rounding and truncation errvors,
an attempt was made to obtain a better initial estimate of the
functions U and V at the new time step. This was done by
Iinearly extrapolating from the previous two time steps.

Next, the representation for equation (18) was solved for €,
treating U, V, and 8 as known functions. Here, however, no
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boundary conditions for € were known. One way to get around
this problem, which has proved successful, is to compute estimates
of £ on the boundaries from the most recent estimates of either
W using equation (19), or from U and V, using equation (20).
The method used here will he described in the next section.
Having established estimates of € on the boundaries, the solution
of the representation of equation (18) was carried out in a manner
similar to that used for equation (17).

The thivd step of the iteration involved solving the representa-
tion of equation (19) for ¥ treating  as a known function. The
boundary condition ¥ = 0 was used.

Finally, the explicit representations of equation (20) were
solved, using the most recently obtained distribution of W.

The preceding four steps were repeated until the required ac-
curacy was obtained. However, since the transient solutions
were of secondary interest, the main objective being the steady-
state solutions, the accuracy obtained at each time step did not
need to be as good as that required for the steady-state solutions.

Estimation of ) on the Boundaries

As was mentioned in the previous section, two methods are
available for the determination of the distribution of £ on the
boundaries at any step in the iteration. The first method, where
Q was found using the most recent estimates of W using equation
(19), was utilized by both Wilkes and Churchill and Barakat and
Clark, while Aziz and Hellums use the second where the values of
U and V and equation (20) allowed € to be determined. From
our experiences it was determined that the latter method yielded
more stable results.  Any instabilities which did oceur could, in

nearly all cases, be eliminated by using the mean of the distribu-
tion of € at the wall determined by this method and the dis-
tribution from the previous iteration. In terms of nondimen-

sional variables, equation (14) becomes
oV oll
Q=X — -V . (38)
oX oY

On the walls the tangential derivatives of velocity are zevo, so
one or the other of the two terms on the right-hand side of equa-
tion (38) drops out. In either case, the representation of a normal
derivative Is required. Using the numbering indicated in Fig. 3,
a three-point representation was obtained by fitting a parabolic
polynomial through the values of independent variable at points
0, 1, and 2, which yields

ofl 1

50 ,,,,,

39
2(AN) (39)

(4fy — fo)
The truncation error in equation (3()) is of one order less than that
which is obtained by estimating {, from W¥. However, the im-
proved stability was considered to be of more importance.

Method of Solution of Each Set
of Linearized Difference Equations

In cases where the whole duct was considered, each difference
equation includes, at most, unknowns at the node and the four
surrounding nodes. The nodes were numbered using an ordered
system, and so the coefficient matrices of the resulting sets of
simultaneous equations have all their nonzero elements contained
in five diagonals grouped around the main diagonal. The use of
conventional techniques for the solution of each set of equations
is prohibitively wasteful because of the predominance of zero
elements in the coefficient matrices. An iterative solution was
not considered desirable since central difference representations
of the first derivatives were used and the main diagonals of the
coefficient matrices could become very weak. This can create
formidable problems in devising an iterative scheme to give
reliable results—indeed, to give results at all. The success of the
iterative scheme appears to be greatly dependent upon the scan-
ning procedure employed. Second, although iterative methods
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Fig. 4 Isotherms for H/L = 10

virtually eliminate storage problems, computation time considera-
tions limit the number of nodes which may be considered to
about the same as can be used when direct solution is employed,
provided economic storage techuniques are used which do not
store all the zero elements in the coeflicient matrix.

For the foregoing reasons, a direct solution method was used,
which gives reliable, accurate solutions, and only requires the
storage of those elements contained between the two outermost
nonzero diagonals of the coeflicient matrix. The method used
involves the triangular decomposition of the coefficient matrix
followed by the solution of two triangular systems. Rounding
errors present in the first solution are then reduced to negligible
porportions by an iterative method. The theory is based on the
method described by Bowdler, et al. [4], and is discussed in more
detail in the Appendix.

Discussion of Results

Results are presented for values of Gry covering the range
2 X 10% to 7 X 104 for values of H/L of 1, 2.5, 10, and 20. All
the- results presented are for Pr = 0.733. In all cases, 13 nodes
were used in the Y-direction, and 23 nodes in the X-direction
except for the case H/L = 20 where 49 nodes were used in the X-
direction. These grid systems were determined to be the most
practical after running test cases with various numbers of nodes.
The reasons for using more nodes when H/L = 20 were partly
because of the relatively large distance to be covered in the X-
divection, and partly because it was found that the various func-
tions depended very little on X over most of the height but
changed quite rapidly near the top and bottom, thus warranting
a finer mesh size. In view of this finding a nonlinear coordinate
transformation in the X-direction was used in the cases H/L = 10
and 20. The nonlinear transformatious chosen were cubie, with
symmetry about X' = H/2 and were arranged to compress nodes
into the regions near the top and hottom of the enclosure. For
the cases H/L, = 1 and 2.5, linear transformations were used in
the X-direction, and for all cases linear transformations were
used in the Y-dirvection.

An example of the effect of the Grashof number, Gr;, on the
steady-state nondimensional temperature distribution, 8, is
shown in Fig. 4. Isotherms in the upper half of a duct for which
H/L = 10 are shown for three values of Grashof number, Gr,.
For the relatively low Grashof number of 5000, the isotherms are
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Fig. 5 Temperature profiles at X = H/2 for H/L = 10

x
Fig. 6 Local Nusselt number versus (i) for H/L = 10

not greatly affected by convection and are roughly parallel and
equispaced over most of the enclosure. This is similar to the
results in a case of pure conduction. The effect of the top and
bottom walls only extends a short distance into the enclosure.
When the Grashof number is raised to the intermediate value of
12,000, the effect of the top and bottom walls spreads further
into the enclosure, and the isotherms in the central region tend
toward the horizontal. TFor the relatively high Grashof number
of 35,000, the effect of the top and bottom walls is apparent
throughout the entire enclosure, and the structure of the tempera-
ture field resembles that of two boundary layers, one growing
up the hot wall and the other growing down the cold wall. How-
ever, in the central region, the isotherms have gone past the
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Fig. 7 Mean Nusselt number versus Grashof number

horizontal, indicating that the transport of energy there must be
purely by convection. Also, this indicates that the two boundary
layers do not become independent of each other as the Grashof
number is increased, and so analyses based upon this assumption,
as have sometimes been carried out, are open to some questions.
A further increase in the Grashol number caused the distortion
of the isothermals in the central region to become more severe.
A transition to the secondary flow patterns similar to those ve-
ported by Elder [7] appears to be occurring although computa-
tional instabilities were encountered before these patterns could
be established. Fig. 5 shows the nondimensional temperature
profiles at X = H/2 for the same three cases as in Fig. 4.

An example of the variation of the local Nusselt number on
the hot wall, Nu,, with X/ is shown in Fig. 6. The value of
Nuy, for pure conduction, Gr, = 0, is 2. For nonzero Gry, con-
vection increases Nuy over most of the height of the enclosure;
the maximum occurring very near the bottom of the wall. This
is to be expected since the fluid there has just passed over the
cold wall, so the temperature gradients are greatest. As the fluid
rises up the hot wall, its temperature rises and the heat transfer
rate decreases. As Gry is increased, the conveetive effect pro-
motes greater heat transfer rates over the entire height of the
enclosure wall.

The variation of the mean Nusselt number Nug, with Gry, and
H/L is shown in Figs. 7 and 8. The temperature difference as-
sociated with this Nusselt number is (7', T.). The solid
lines shown are the results of least-squares fits through the data
points. Referring to Fig. 7, it can be seen that Nu, increases
with Gry, for all values of H/L. This is due to the increasing
contribution to the heat transfer made by convection. This
means that for a given set of conditions, an increase in tempera-
ture difference will bring about more than a proportional increase
in heat transfer. For small values of Gry, Nuy approaches the

value 2 for all values of H/L, although this effect can only be
seen here for H/L = 20. When this transition occurs, the flow
has been classified by Carlson and Eckert as asymptotic flow.
This effect oceurs beeause for small Gry, the heat transfer is pre-
dominantly by conduction for which Nu, = 2. Solution in-
stabilities were encountered at high values of Gr,. For H/L =
20, the limits were 4 X 10¢ < QGr;, < 2 X 10* while for H/L =
1, 2.5, and 10 the limits were 2 X 10% < Gr, < 7 X 104
An inspection of the data points in Fig. 7 shows that for nearly
all the points plotted, the logarithm of Nu, bears a relation to
the logarithm of Gry, which is very close to linear. The results
for H/L = 2.5, 10, and 20 lie close to straight lines which are
very nearly parallel, whereas the slope of the line through the
points for H/L, = 1 is noticeably steeper. As a vesult of having
these two distinet trends, two different least-squares fits were
employed, one for H/L = 1 and the other for H/L = 2.5, 10, and
20.
eferring to Fig. 8, it can be seen that two different regions
exist and that for H/L greater than about 2, Nu, decreases as
H/L is increased. This is because most of the heat transfer into
the fluid occurs near the bottom of the hot wall, and so adding
mare height to the enclosure does little to increase the total heat
transfer and so the mean Nusselt number decreases. When H/L
is less than 2, an increase in the height of the chamber will result
in n move effective flow pattern for heat transfer. As a result,
the mean Nusselt number will be increased. The results of
Wilkes and Churchill also indicate this trend. It appears that
the logarithms of Nu, and H/L bear a linear relation to each
other for H/L = 2.5, 10, and 20, and so an expression of the form
Nug = A(Grp)BH/L)® (40)

was fitted through the data points for these cases, using a three-
dimensional least-squares technique. The resulting expression is

(41)

For the case H/L = 1, a two-dimensional least-squares fit was
used, the resulting expression being

Nuy = 0.386(Grp -39 (H /1) ~0-45.

Nuy = 0.145(Cr )09, (42)
Equations (41) and (42) are indicated by the solid lines in Figs. 7
and 8.

For the purpose of comparing these results with those of pre-
vious workers, mean Nusselt numbers, Nuy/, and Grashof num-
bers, Gry', based on the total temperature difference across the
enclosure were computed. In terms of Nu,' and Gry’, equations

(41) and (42) become
gubl - 0_1;’)5((}1‘,/)"'Z“15(H/L)‘0'265 (43)

and
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Fig. 8 Mean Nusselt number versus H/L
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Nuy/ = 0.0547(CGrp’ 049 (44)

respectively.

A listing of the various expressions for Nuy’ which have been
previously reported is presented in Fig. 9. The exponent on Gry’
for the present study is higher than those given by all previous
investigators but follows the trend indicated by Landis in his dis-
cussion of the work of Emery and Chu. This higher exponent
may be due in part to the inclusion in the least-squares fit of the
results for H/L = 2.5, since a least-squares fit through these
points alone indicates a slightly higher exponent than that ob-
tained for H/L = 10.

The exponent on H /L derived here is —0.265 which is consider-
ably higher than the values obtained by either Jakob or Eckert
and Carlson (—0.111 and —0.1, respectively) and of the same
order as that of MacGregor, et al. One reason for this difference
may possibly be explained by the way in which Eckert and Carl-
son derived their value for the exponent. As was pointed out in
the Introduction, they stated that their result was derived only
for cases where the flow may be considered to consist of two inde-
pendent boundary layers, one on each wall, the structures of
which would not be influenced by the spacing L. They then
carried out a two-dimensional fit to correlate Nuy’ with Gry/,
and by converting the resulting expression to a relation between
Nu,’ and Gr;, they derived the exponent on H/L. Thus the
exponent, C, on H/L was calculated from the expression

’

7

C =3B ~—1

where B is the exponent on Gry’. The value of €' computed by
this method is eritically dependent on the value used for B.
For example, had Jakob used this method, he would have ob-
tained a value of —0.25 and, if it had been used here, a value of
—0.055 would have resulted.

A comparison of equation (44) with those of Han and Elder
indicates similar trends for the Grashof number. MacGregor
and Emery have used their expression setting H/L = 1 for pur-
poses of comparing experimental and analytical results (Fig. 10
in reference [12]). The experimental values are all at a Gry’
greater than 1.4 X 10° but a superposition of equation (42) upon
this figure indicates good agreement within the Grashof number
limitation of the equation. The validity of MacGregor and
Emery’s expression for H/L = 1 is seriously questioned.

In order to more easily compare the results, the data points are
plotted in terms of Gr,' and Nuy’ for H/L = 1, 10, and 20 in
Fig. 9. The lines shown vepresent the results of Lickert and
Carlson, Jakob, and Han. It can be seen that the agreement
between the present results and those of Han is quite good. The
results of Eckert and Carlson lie below the present results for
H/L = 10, and above them for H/L = 20. Thus it is o be
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expected that good agreement would be obtained for a value of
H/L about midway between 10 and 20, which is roughly the
middle of the range over which the results of Eckert and Carlson
are intended to apply. The lesser influence attributed to the
parameter H /L has alveady been discussed. The results of Jakob
are lower than hoth the present results and those of Eckert and
Carlson. No explanation to account for this has been found.

Gonclusions

Results have been presented from which heat transfer rates
through air enclosed in a rectangular enclosure can be calculated
for various temperature differences and enclosure shapes. The
results are in a close agreement with those of previous analytical
studies and are in tolerable agreement with available experimental
results.
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APPENDIX

A direct solution method was used, for the solution of the set
of difference equations, requiring only the storage of those ele-
ments contained between the two outermost nonzero diagonals
of the coefficient matrix. The method used involves the tri-
angular decomposition of the coefficient matrix followed by the
solution of two triangular systems. Rounding errors present in
the first solution are then reduced to negligible proportions by an
iterative method. The theory is as follows.

Each set of equations may be written in the form

AX =B (45)
wheve
4 = coeflicient matrix
B = constant vector
X = solution vector
Provided A is nonsingular, it may be factorized in the form
b} 0
o N )
A = LU (46)
where
L = lower triangular matrix
{/ = upper triangular matrix with unity elements on main

diagonal
In the case where the nonzero elements of 4 are all contained
within a band around the main diagonal, it may be shown that
the nonzero elements of [, and { all lie within corresponding
bands.
Substituting equation (43} into (46), we obtains

LOUX =B

which may be written as the two equations

LY = B (47)
and
0% = ¢ (48)
where
¥ = auxiliary vector.

These two triangular systems may be solved very simply by a
hack substitution type of approach, first solving equation (47)
for ¥, then equation (48) for £, In general, the solution thus ob-
tained will contain rounding errors, but in most cases these may
be reduced to negligible size by the following iterative method.
Let the first-obtained solution be X®, and let the difference
between this and the true solution, X, be the vector £© such that

Fo - % — %o,
Form the vector D© such that
D® = B - 4o

which, by the definition of E©@, may be written

D® = B — AX + E4®
= AFO,
Thus
AF® = po

which must be solved for E©®, However, since the coefficient
N N A

matrix, 4, is unchanged, the factors [ and U are unchanged, and

so only the solution of the two triangular systems is needed. Let

Journal of Heat Transfer

the solution obtained from this system be £,©, which will differ
in general from E® due to rounding errors. Then a second ap-
proximation to X is obtained from

o = T 4 Fo

where X0 is the new approximation to the solution. The pre-
ceding procedure may be repeated until the required accuracy is
obtained.

This method fails if the matrix, 4, is so ill-conditioned that the
rounding errors in [, and {7 ave prohibitive. However, even in
systems of several hundred equations, and where 4 has a rela-
tively weak main diagonal, it has been found that only rarely
have more than three iterations been needed for full-work
(seven-place) accuracy in the largest element of the solution
vector. It may be noted that higher than single-precision accu-
racy is not possible, since the computation of the vector D must
be carried out in a higher precision avithmetic than the storage
precision being used, although double-precision accumulation of
inner products of the single-precision components should be used
throughout.

As was pointed out, in cases where symmetry is present, which
means that only half the duct need be considered, the difference
equations for nodes on the line of symmetry involve not ouly the
unknowns at a node and its immediate neighbors, but also the
unknown at the node symmetrically opposite. This gives rise
to an extra diagonal in the coefficient matrix. However, by
suitable numbering of the nodes, this can be made into two extra
diagonals which are totally contained within the original
five diagonals, and s0 no extra storage is needed.
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and
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hack substitution type of approach, first solving equation (47)
for ¥, then equation (48) for £, In general, the solution thus ob-
tained will contain rounding errors, but in most cases these may
be reduced to negligible size by the following iterative method.
Let the first-obtained solution be X®, and let the difference
between this and the true solution, X, be the vector £© such that
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Form the vector D© such that
D® = B - 4o

which, by the definition of E©@, may be written
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the solution obtained from this system be £,©, which will differ
in general from E® due to rounding errors. Then a second ap-
proximation to X is obtained from

o = T 4 Fo

where X0 is the new approximation to the solution. The pre-
ceding procedure may be repeated until the required accuracy is
obtained.

This method fails if the matrix, 4, is so ill-conditioned that the
rounding errors in [, and {7 ave prohibitive. However, even in
systems of several hundred equations, and where 4 has a rela-
tively weak main diagonal, it has been found that only rarely
have more than three iterations been needed for full-work
(seven-place) accuracy in the largest element of the solution
vector. It may be noted that higher than single-precision accu-
racy is not possible, since the computation of the vector D must
be carried out in a higher precision avithmetic than the storage
precision being used, although double-precision accumulation of
inner products of the single-precision components should be used
throughout.

As was pointed out, in cases where symmetry is present, which
means that only half the duct need be considered, the difference
equations for nodes on the line of symmetry involve not ouly the
unknowns at a node and its immediate neighbors, but also the
unknown at the node symmetrically opposite. This gives rise
to an extra diagonal in the coefficient matrix. However, by
suitable numbering of the nodes, this can be made into two extra
diagonals which are totally contained within the original
five diagonals, and s0 no extra storage is needed.

DISCUSSION
F. Landis® and A. Rubel®

The authors have added to the growing literature on the com-
putational analysis of natural convection flows in rectangular en-
closures by presenting an additional computational scheme and
by illustrating it over a large range of Grashof numbers and H/L
ratios, although unfortunately only for one Prandtl number.

Although the paper discussed much of the previous literature,
especially the work of MacGregor and Emery [12], which covers
the same range of calculations, several recent investigations into
numerical schemes and into the structure of natural convection
have been omitted. This becomes especially important as
Grashof numbers and aspect ratios are increased to the point
where either stability problems may become severe or where
cellular motions will arise.

An extensive study of numerical techniques for the solution of
the transient equation system has been performed by Torrance
[16]* which fully discusses the errors inherent in various tech-
niques.

Reference should also have been made to the work of deVahl
Davis and his co-workers [17-19}] who have analyzed both the
transient and the steady flow behavior in vertical concentric
cylinders and rectangular cavities.

In discussing the flow structure, deVahl Davis and Thomas as
well as Rubel and Landis [20] and Polezhaev [21] have found
secondary flows not unlike those observed by Elder [7]. Tt should
be noted, however, that a mesh width which is too coarse can
lead to spurious secondary flows even in a regime where computa-
tional stability is not a problem [22]. With a coarse mesh in
either direction it is also difficult to gain an accurate representa-
tion of the flow near the hot and cold corners where the stream

2 Department of Mechanical Engineering, New York University,
Bronx, N.Y. Mem. ASME.

3 Advanced Technology Laboratories, Inc., Jericho, N. Y.

+ Numbers in brackets designate Additional References at end of
Discussion.
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function gradients show the sharpest change. As a result the
difference equations tend to fail in representing the differential
equations accurately unless the mesh size is very small.  For the
type of problem selected this frequently results in a local mini-
mum temperature near the x = 0, y = 0 corner (especially at
high Grashof numbers) which is likely to lead to instabilities.
By using a finer mesh deVahl Davis and Thomas as well as Rubel
and Landis were able to go to higher Grashof numbers than the
authors without running into stability problems.

Too coarse a mesh can also lead to erroneous predictions of the
Nusselt number. In reference [22] it is demonstrated that at
Gr,’' = 100,000, H/L = 1.0, the Nusselt number decreases by
about 15 percent in going from an 11 X 11 to a 21 X 21 grid.
This mesh effect appears to be most severe at the lower aspect
ratios and an evaluation of the authors’ results suggests that
their Nusselt number predictions for H/L = 1.0 and 2.5 may be
slightly too high.

Work by deVahl Davis over a large range of the Rayleigh
numbers and aspect ratios for both concentric eylinders and
rectangular enclosures [23] led to a suggested correlation of the
form

Nuy’ = 0.149 (Ray")0-3% Pro027([ /[)—0-204( Ry /]2 0-49 (49}
where (Ro/R;)is the radius ratio for concentric eylinders,
For the case discussed by the authors, this reduces to
Nuy’ = 0.185(Gr,/)0-31(H /[,)~0-204 (50)

and is valid for a range of about 2.5 < H/L <€ 35 and 10* < Gry’
< 3 X 105 Although over the range given by Newell and
Schmidt’s equation (43 ) the results agree to within 10 percent, the
discussers prefer to use the deVahl Davis correlation because of
its wider applicability and because it appears to represent the
aspect ratio trends slightly more accurately.

Based on a 21 X 21 grid for H/L = 1.0, the discussers obtained
an approximate correlation of the form

Nuy’ = 0.082 (Grp/ )03 2 X 104 < Gry €1 X 108 (51)
which is closest to the results of Han [10]. The higher Grashof
number exponent proposed by the authors may have been in-
fluenced by their coarse mesh. The apparent inconsistency in
the MacGregor and Emery data for H/L = 1.0 results was also
confirmed by the discussers.
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The authors wish to thank Dr. Landis and Dr. Rubel for
their comments. The increase in the list of references to ineclude
those which have been recently published or will be published
shortly is appreciated and will be most helpful to persons inter-
ested in this avea.

The effect of grid size on the stability and accuracy of the
solution was of great concern to the authors. Aris and Hellums
[1] reported that for a particular set of conditions, a refinement
of the grid size from 11 X 11 to 41 X 41 caused a change in the
Nusselt number of 40 percent. Preliminary caleulations by ws
and, as noted in the discussion, Rubel [22] have confirmed thexe
facts, although de Vahl Davis [18] noted that his calculations
were performed with an 11 X 11 grid since previous investigators
had indicated that finer mesh points made relatively little sig-
nificant difference in the final results. The caleulation of the
Nusselt number requires that the first derivative of the tempera-
ture normal to the walls be evaluated. The mesh size and the
order of the finite difference approximation of the derivative
thus significantly influences the accuracy of the caleulation of
the Nusselt numbers.

As noted in the paper, a nonlinear coordinate transformation
was used in the X-direction for H/L = 10 and 20. The non-
linear transformations used were

3 z\? 9 x \? 7 (=
X o= =) - 2 (F L) @
2000<L) 400<L> +40(L> (52)
3 z \? 9 z \? 7 [z
L =20 X = — Iy - (£ (=)
H/L 16,0()0<L> 1600 <L> +80(L>

[GRA)

H/L = 10

An analysis of this transformation indicates that nodes ave
compressed near the top and the bottom of the enclosures where
the gradients are most severe and where the largest truncation
errors will occur. In fact, the mesh in the immediate vicinity
of the corners is of the order of one half that for a 21 X 21 grid
with H/L = 10 and of the order of one fourth that for a 21 X 21
grid with H/L = 20. It is felt that the coarse grid in the center
position of the enclosure does not introduce significant errors.
A discussion of the effect of grid size on the calculated Nusselt
number has been presented by Newell.?

In conclusion the authors have not been able to precisely
define the cause of the computational instabilities which were
encountered at high Grashof number. It is felt that the solutions
present are as accurate as possible within the limits of the com-
putational equipment available.

5 Newell, M. E., “‘Heat Transfer by Laminar Natural Convection
Within Rectangular Enclosures,” MS Thesis, Pennsylvania State
University, 1968,
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On the Deposition of Small Particles From
Turbulent Streams

1t is shown in the paper that the two fundamental assumptions (that of equality of
particle and fluid diffusivity and that of purely inertial coasting within the viscous siub-
layer) on which existing deposition models wre based, are untenable under most actual
conditions. The concept of Stokes stopping distance, in particular, is shown to be in-
valid, since the effect of shear-flow-induced transverse lift force, which heretofore has
been disregarded, is not negligible when considering the passage of a dense purticle
through the viscous sublayer. Due to the action of this lift force much lower radial
veloctties are required ai the edge of the sublayer to insure particle deposition on the wall
than would be the case if Stokes drag were the only force present. This explains why
deposition models based on Stokes stopping distance concept must resort to the use of un-
realistically high radial velocities within the sublayer to insure agreement with experi-
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mental data.

Existing Deposition Models

Tﬂlc transfer of solid particles or liquid droplets from
turbulent streams to channel walls has been studied by a number
of investigators both theoretically and experimentally. The
theoretical treatment has generally been based on the diffusion
model, in which particle flux is expressed in terms of particle dif-
fusivity and concentration gradient.

Thus

~ de
N=D+e¢) (1
dy

For very small particle sizes (in the submicron range) both the
molecular diffusivity D and the turbulent eddy diffusivity e, must
be considered, such as in the work of Lin, Moulton, and Putnam
[1]t and Beal [2]. For larger particle sizes, D is much smaller
than €, and can be neglected. This is the model employed by
Friedlander and Johnstone [3, 4] and Davies [5].

The first difficulty that must be overcome in order to solve this
equation is the determination of the twrbulent diffusivity of
particles. Here all the authors use the same basic assumption
that the diffusivities of the particles and of the fluid are identieal.
This assumption is reasonable for submicron particles (as in
reference [1]) but becomes questionable for particle sizes of
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about 1lp and is shown to be completely untenable for 30u
particles (such as those used in reference [3]) as will be demon-
strated in detail in the present paper.

Once particle diffusivities (¢,) are equated to fluid diffusivities
(€;), expressions for the latter must be found before equation (1)
can be integrated.

If the classieal approach of subdividing the boundary layer into
three zones (laminar, buffer, and turbulent) is followed, €; in the
laminar sublayer should be set to zero.

Lin, et al., found, however, that when this was done, and equa-
tion (1) was integrated to obtain the deposition velocity coef-
ficient K, the theoretical results fell considerably below the ex-
perimental ones.

In order to overcome this discrepancy they proposed the fol-
lowing variation of €, in the laminar sublayer

€ y+ e
AR - 2
v [14.5:‘ @)

This is a purely emipirical relation used for the very pragmatic
reason that “it produces the hest correlation” between their
model and the experimental results.

Davies [5], who did not assume a laminated structure for the
boundary layer, also derived an empirical equation for €; based
on his experimental results.  This equation holds for values of y*
up to 500 (at pipe Re = 10%) and gives the same order of magni-
tude of €,/r in the laminar sublayer as equation (2). (Aty* =5
equation (2) gives 0.041 while Davies’ equation gives 0.08.)

The model of Friedlander and Johnstone [4] is similar to Lin,
et al., except that the molecular diffusivity D was assumed zero
not only in the turbulent core but also in the laminar and buffer
layers, which is reasonable for particles of more than 1u dia.
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According to Friedlander’s model, eddies carrying the particles
diffuse from the turbulent core to within the stopping distance of
the wall, from where the particles coast to the wall by virtue of
their inertia. This stopping distance depends of course on the
initial velocity of the particle and is caleulated by assuming Stokes
drag relation for a sphere moving in a stagnant fluid.

The initial velocity is imparted to the particle by the trans-
verse velocity fluctuations of the gas which carrvies it. The
higher this fluctuating velocity, the larger the stopping distance.
Unfortunately, unreasonably high initial velocities are required
for the stopping distance to exceed the thickness of the laminar
sublayer. Friedlander used a figure of 0.9u* which, according to
Laufer, exists at a distance of y* = 80 from the wall, or well into
the turbulent core of the boundary layer. Even then the stopping
distance was in most cases smaller than the thickness of the
laminar layer.

If there were no eddies in the laminar layer no deposition
should thus occur sinee no particles could diffuse to within one
stopping distance of the wall.  This conclusion leads Friedlander
to employ in his analysis Lin's, et al, expression fov €; in the sub-
layer [equation (2)].

Thus, according to this model, eddies from the tuwrbulent core
(y* = 80) penetrate the boundary layer and relain their momen-
twm until they reach to within the Stokes stopping distance (S+)
of the wall (which could be as low as y ™ = 1 for 2u particles.) In
addition, a finite eddy diffusivity within the laminar layer must
be assumed. If ST is calculated by using the actual value of v’ at
y* = S¥ transport coefficients are obtained which are some four
orders of magnitude lower than those found experimentally by
Friedlander and Johnstone.

In a more recent analysis Beal [2] discusses in detail the stop-
ping distance assumption and notes that “while containing certain
incousistencies, (it) is the only one of several investigated whose
results agree reasonably with the experimental data.”” He uses
the same assumption himself. In addition, in order to caleulate
the deposition flux, he assumes that the radial velocity of the
particles within the laminar and buffer layer is equal to half the
axial velocity of the fluid at a given point y* from the wall. He
admits this to be a somewhat unrealistic assumption and agrees
that the radial velocity is probably much lower than the axial but,
unless such an assumption is made, analytical results again fall
short of experimental data.

Relationship Between Eddy Diffusivity
of Particle and Fluid

The subjeet has received considerable attention in the past and
Soo [6] presents an extensive discussion of it in Chapter 2 of his
text, where an equation for e,/e,; in terms of Lagrangian and
Eulerian microscales of turbulence and of particle Reynoldsx
number is given.

In trying to obtain a quantitative evaluation of €,/¢, we found
it more convenient to use the concept of frequency response de-
veloped by Hjelmfelt and Mockros [7].

The Basset, Boussinesq, Oseen equation for motion of a particle
in a turbulent fluid as extended by Techen [8] to the case of a
moving fuid is

by i,
J— ll ‘3 y T
6 P dt

T du o duy, du
B Y 138 s v
g P 2 6 <(zz dt

i v
- = 3wpd,(u, — u,)

6 dt

3 - t
+ S d T == ' &)
2 ta \/t -
This equation is not exact but is valid when the following rela-
tions hold [9]

d,? ou u

<1, (3a)
v Ox -

Following Hinze’s approach [10], we write the equation in a
simplified form, neglecting the external foree V',

du, duy
+ a'w, = a'u, + b —
dt ! / dt

Loy t%&M)d
0 V=

Tixpressing u, and u, by their Fourier integrals, we have

(4

;= f (& cos wt + N sin wl)dw
0

We are thus faced with the situation that, in the best deposition (5)
models available today, assumptions, which cannot be defended ® .
on theoretical grounds and with which the authors themselves Up = f (@ cos wl + @ sin wl)dw
are somewhat unhappy, must be made in order to make the Y
models agree with experimental data. Substituting equations (5) into (4) yields
These assumptions will now be discussed in more detail and it
will be demonstrated that the concept of Stokes stopping dis- o = [L — fi]§ 4 foh .
tance loses much of its significance when all the forces acting on a 0 = —ff + 1+ AN )
particle traversing a laminar boundary layer are taken into - .
account. where
Nomenclature
@ = particle radius, ft y = distance from wall, ft
Doy = equivalent diameter = 4 flow area/wetted perimeter, ft y* = dimensionless distance = yu*/»
d, = particle diameter, ft = turbulent diffusivity, {t2/hr
E"‘Y = Lagrangian energy spectrum of velocity fluctuations = ratio between amplitudes of oscillation of particle and
¥, = e:\:tef'nal force, Ib ) 3 Auid
[ = friction factor (0.079 Re““-m”m turbulent flow) k = magnitude of velocity gradient du/dy, sec~!
n = wave number, or frequency in ¢ps .
N N ) u = absolute viscosity, Ib/ft-hr
Re = Reynolds number = UqveDeq/v ; o ? R
S = Stokes stopping distance = p d%/18u, ft = kmel‘natlc viscosity, ft?/hr
S* = Stokes stopping distance = Su* /v, dimensionless p = density, Ib/ft?
U.ve = average stream velocity, fps w = angular frequency, rad/sec
u* = friction velocity = Unvev/f/2 .
ut = dimensionless velocity u/u* Subscripts
v = velocity in transverse direction, fps [ = fluid
v’ = rms turbulent fluctuating velocity in y-direction, fps p = particle
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At this point, following Hjelmfelt and Mockros [7] we introduce
the concept of amplitude ratio and phase angle between particle
and fluid motion and express the velocity as follows:

u, = f 170€ cos (wt + B) + Nsin (@l + B)]}dw  (8)
Q0

where the amplitude ratio
n = V4 (71 + f 1")73"_{_‘.;275

and the phase angle

B = tan~t ':rjj“;;} (9

The amplitude ratio between particle and fluid fluctuations is
thus seen to be primarily a function of the angular frequency w of
fluid fluctuations, as well as being a function of fluid and particle
properties.  Fig. 1 shows a plot of the amplitude ratio n against
w for the three types of particles investigated in this work.? Tt
is evident that particle frequency response decreases from unity
to zero within about two decades of w.

To determine actual particle eddy diffusivity as a function of
Reynolds number we must obtain relations between eddy dif-
fusivity and amplitude ratio and between angular frequency and
Reynolds number.

In terms of the Lagrangian euergy spectra (£ (n} for fluid and
E,(n) for particles), the ratio of eddy diffusivities is [10, p. 359]

2 These particular types were chosen because they were readily
available for experimental work, and were in the right size range.
Information on them is given in Appendix A.
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f E (n)dn
£ 0

- (10)
€ f Ey(n)dn
0
where n is the wave number, or frequency in eps.
Using the result obtained by Tchen [8]
E,(n) )
P = (L 1) S (11)
B(n)
it follows from equation (9) that
E,(n) = 7*l;(n) (12)
from which we obtain
f 72E (n)dn
e _J0 (13)

€1 f E(n)dn
0

To caleulate €,/€, as a function of Reynolds number we need
information on the Lagrangian spectral energy distribution
E;(n). Unfortunately this information is not directly obtainable
from anemometer measurements which yield Eulerian spectra only.
Basing his results on measurements obtained in the core region of
turbulent pipe flow, Mickelsen [20] has shown that the curves of
Eulerian and Lagrangian correlation coeflicients have similar
shapes, which suggests that the shapes of the energy spectra
should also be similar. Although in the case under discussion
flow is essentially two-dimensional and the application of Mickel-
sen's results represents a gross oversimplification, it is a simplifica~
tion that must be made if any practical results are to be obtained.
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Iiven then, information on Eulerian energy spectra is extremely
sparse. The most reliable measurements are probably those of
Comte-Bellot [11] who (Fig. IV-49, 51, 52,) gives plots of energy
spectra of the o’ component in two-dimensional flow at three dif-
ferent Reynolds numbers and at a distance y/h = 0.45 from the
wall (where 24 is the height of the two-dimensional channel),

Using these figures and our Fig. 1 the product 72,(n) can be
obtained as a function of n and heuce, by a numerical integration,
equation (13) can be solved to yield €,/¢€, for the particles under
consideration.

The results are plotted in Fig. 2 for 30u lycopodium spoves.
The curve is admittedly not very accurate, being based on only
three points measwred at locations which differed somewhat in
each of the three tests, but it does indicate that a fourfold increase
in Reynolds number, which causes a more than fourfold increase
in €, vesults in less than a twofold increase in particle diffusivity,
€,

These results are based on measuwrements taken at a large dis-
tance from the wall (1000 <y -+ <4000). Near the wall, higher
frequency oscillations contribute more to the value of E (n)dn
(Fig. TV-33 of reference [11]) and heuce the amplitude ratio  and
consequently €, /€, will be even smaller than calculated here.

With 1.7u from particles, 7 is near unity for frequencies as high
as L% rad/sec.  Fig. IV-33 of veference [11] shows that the whole
encrgy spectrum of v’ oscillations lies within these frequencies
(even near the wall) and in this case in the assumnption of €,/¢, =
1.0 will not cause serious errors.

Particle Motion Within the Laminar Sublayer

Friedlander and Johnstone [3, 4] as well as Beal (2] had (o re-
sort to the use of unreasonably high radial velocities within the
boundary layer when they caleulated the stopping distance, in
order to get their model to agree with experimental data. This
suggests that pure inertial coasting may not be the ouly means
by which particles are transported across the laminar sublayer.

In viseous motion through a stagnant fluid in the absence of
external forees, the Stokes drag is indeed the only force acting on
the particle and this forms the basis for the caleulation of Stokes
stopping distance.

The laminar sublayer, however, is anything but stagnant. On
the contrary, it is characterized by very steep velocity gradients.
Now while it is a well-known fact that a spinning sphere (ov eylin-
der) in a moving fluid experiences a lateral lift force due to its rota-
tion (Magnus effect) it 1s perhaps not so generally appreciated
that a similar effect is present when a sphere moves through a
viscous fluid in shear flow. Such effects were clearly demon-
strated, however, by a number of investigators. Segre and
Silberberg [12] observed that small, neutrally bouyant spheres in
Poiseuille flow through a tube slowly migrated laterally away
from the wall to a position 0.6 tube radii from the axis.

Karnis, Goldsmith, and Mason [13], Denson, Christiansen, and
Salt [14], and Jeffrey and Pearson [15], all report a radial migra-
tion of particles, the latter stating that particles denser than the
fluid migrate toward the wall in downward flow, and toward
the center of the tube in upward flow.

Most researchers who considered the possibility of the shear-
flow lift causing radial migration were reluctant to accept it on the
grounds that the magnitude of the lift foree was too small to pro-
duce such an effect.

Let us examine in more detail the magnitude of the forces in-
volved. We shall nse for this purpose the expression derived by
Saffman [16] for the lift force experienced by a small sphere
moving in an unbounded viscous shear flow

3 KuUa? [du ]1/2
Frp=——|—

14
2 Ly (14)

where U is the difference between the velocity of the particle and
the fluid, du/dy is the veloeity gradient in the infinite shear flow,

172 / eeBRUARY 1970

and K = 81.2 is a constant obtained from a numerical evaluation
of an integral.

As a sufficient condition for validity of equation (14), Saffman
stipulates

Re, < Re,‘.l/'l, te, L 1, Reo « 1

where the three Reynolds numbers arve defined as follows:

Ua a du Qu?

Rey = — , Rey, = —— — Reg = —

3
v v dy v

(€ is the rotational speed of the particle which, for free rotation, is
equal to Vudw/dy).3

If we compare the magnitude of the shear How 1ift force [equa-
tion (14)] to Stokes drag force (F, = 6rual) we obtain

K Ta du2 U
[o:8 v dy V
Both U and V represent particle velocities relative to mean

stream velocity and, if their ratio is taken as unity, equation
(13) veduces to

(15)

17, B
Rep 7 = 4.3 Re,

F) K

Fl 6

For Re, < 1 which is one of the conditions of validity of equation
(14), the Lift foree is indeed negligible compared to frictional drag,
which is the conclusion reached by Soo, reference [6, p. 28].

If we apply the argument to the passage of the particle through
the laminar sublayer, however, ¥ will vepresent the transverse
(radial) veloeity which, very near the wall, must necessarily be
very small and thus, even though the relative axial velocity U ix
not large in that region, the ratio U/V may bhe significant.
Thus the lift force may have a measurable effect on particle
motion.

To verify this contention, we write the equations of motion for
a dense particle moving in the laminar sublayer wheun the main
flow is directed vertically upward:

du,,

dt

—Orua(u, — ) — Yawad(p, — pylg = 1swpad (16a)

» s dv,, .
= e o (168)

~b6ruav, — Ku(u, —

Equation (16a) is a force balance on the particle in the direction
of flow (a-direction), z being taken as positive upward. Equa-
tion (16b) is the force balance in the y-direction, y being taken ax
zero at the wall, inereasing positively toward the center line of
the ehanuel.

Subscripts p and f refer to particle and fluid, vespectively. The
first terms in both equations are Stokes friction force terms.  The

second term in equation (16a) s the gravitational term, negative
for upward flow which was assumed heve,

The second term in equation (16b) is Salfman’s shear-flow
lift term, which is negative (toward the wall) when the par-
ticle velocity in the z-direction (u,) is greater than the loeal
stream velocity u,.

In the sublayer u™ = y*, so that

du s Usve?
dy v

RN
il
=

where k is the magnitude of the velocity gradient.

Equations (16) were solved numerically using a predictor cor-
rector method described in reference {17]. Details of the pro-
gram ave given in reference [18].

It was assumed that the value of u, at the edge of the sublayer

3 Validity of application of equation (14) to the present case is dis-
cussed in Appendix B.
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19] 1 Threshold velocity, vp,:  The minimum velocity toward the

i LYCOPODIUM SPORES wall which the particle must possess at the edge of the sublayer so

j dp =32 , P, = 0821 g/fcc. that it will be deposited on the wall when the effect of the lift
Re = 8,750 , £ "Fk = 57 . force is included.

B ' . P/ . —d 2  Stokes-drag velocity, vp,:  The minimum velocity toward

the wall which the particle must possess at the edge of the sub-
layer so that it will be deposited on the wall when the effect of

i
\/ i \ E EDGE OF | Stokes drag only is considered.
- X | susLaver> -
V/ Effect of Particle Size

Fig. 4 shows a plot of both vp, and vy, for various particle sizes
as a function of Reynolds numbers.
. At low Reynolds numbers (Re < 4000) the threshold velocity is
i the same as the Stokes drag velocity for small particles, indicating
that the effect of the lift force on the particles is indeed negligible.
- i E This is as expected since both the particle radius “a” and the
velocity gradient du/dy are small so that F is very small (equa~
-0l tion (14)). As the size of the particle increases, the lift force
- 4 which varies as the radius squared, increases move rapidly than
L 4 the drag which vavies linearly with radius. The inertia of the
particle increases even more rapidly, however (varying with the
1 cube of the radius), so that the particle is able to penetrate suf-
ficiently far into the boundary layer for the lift force to reverse its

'OO!O o ‘ 4 ' 5 l 8 : 0 di}.'ection {Ll.l(l to start zt(f(’,()l(ﬂ'alil.lg the pzu:ti(:.l(» l,ow.m:d the wall.
Y% 10%: \\fxth‘ th«? lift force now ‘opcl'zmtvmg to assist deposlt,l‘on a lm‘\'er
e velocity is needed than if Stokes drag was the only foree acting
DISTANCE FROM WALL on the particle and this is evident in Fig. 4 for particles greater
Fig. 3 Particle velocity in viscous sublayer than 8u in diameter,

As the Reynolds number increases, du/dy becomes steeper and

the particle reaches much more quickly the region where the divec-

(y* = 5) was equal to the local mean fluid velocity minus the
velocity of gravitational settling, and different negative values of
vp, were tried at y © = 5. 100 T T T T T T

Since the flow is upward, u, is lower than u, and the lift foree is l
directed toward the center line. Thus the particle, whose initial 2p Pp/p = 2,080
transverse velocity vp, causes it to start moving toward the wall, f
will decelerate because of the additive elfect of lift and Stokes (p= 2.5 gfce )
drag,. \
If the initial velocity vp, is low, the particle will soon reverse N
directions and start moving away from the wall.

If v,, is high enough, however, the particle will be carried suf-
ficiently close to the wall, so that it enters the region in which its
velocity in the direction of flow (u,) becomes greater than the local
fluid veloecity u,.

Under these conditions the lift force is directed toward the wall
and the particle will start accelerating in that direction. This is
vividly demonstrated in Fig. 3 where the transverse velocity v is
plotted against the distance from the wall for the 32y lycopodium
particle.

For this particular flow condition, an initial velocity vy, =
—0.0227 fps was suflicient to cause the particle to travel to the
wall. This is a threshold value; a very small decrease in it would
cause the particle to reverse directions and to return to the main
stream.

By contrast, an initial velocity vp, = —0.344 {ps (or about
15 times the previous value) would be required for the particle
to reach the surface if Stokes drag was the only force acting on it
in the sublayer.

With the initial velocity of vy, = —0.0227 fps, the Stokes
stopping distance 1s 0.435 X 107! ft, so that the particle would be
able to penetrate only about 7 percent of the laminar sublayer
thickness if Stokes drag was the only force acting on it.

Thus it appears that in the laminar sublayer the assumption of
negligible shear flow lift is not valid and therefore the whole con-

cept of the Stokes stopping distance becomes questionable .00| : el ! el d ! L

The effect of the lift force was examined in some detail to deter- 10° ToM 10° 108
mine its dependence on such factors as particle size and density FLOW REYNOLDS NUMBER
and the flow Reynolds number. Resulls are presented for up-  Fig, 4 Variation of threshold velocity and Stokes drag velocity with
flow of dense particles in terms of the following parameters: flow Reynolds number
Journal of Heat Transfer FEBRUARY 1970 / 113
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Fig. 5 Variation of ratio of threshold velocity to Stokes drag velocity
with Reynolds number

tion of the lift force is veversed. This helps deposition and thus
the threshold velocity of small particles drops several orders of
magnitude within a relatively narvow Reynolds number range.
This effect is much less pronounced with larger particles and the
curve for the 32u particles suggests that it may disappear com-
pletely with larger sizes. This again is reasonable because with
large particles their inertia becomes the dominant factor and al-
though the lift force is operating its effect is relatively small so
that there is not much difference batween vp, and vs,.

At high Reynolds numbers the small particles benefit most from
the effect of the lift force. Since the boundary layer is very thin,
the distance that the particle must travel into the sublayer for the
lift. force to reverse directions is very small and although that
force is not very large (a? being very small though dujdy'’* is
large), the particle begins to accelerate toward the wall at a very
early stage of its travel through the sublayer. Thus a very low
threshold velocity is required for deposition, while a relatively
high Stokes drag velocity would be needed because of the small
inertia of the particle.

This most vividly demonstrated in Fig. 5 where the ratio of the
threshold velocity to Stokes drag velocity is plotted. At high
Reynolds numbers small pavticles need less than 1 percent of
Stokes drag velocity in order to traverse the sublayer. Large
particles, however, whose large inertia enables them to reach the
wall without difficulty even without the assistance of the lift
force, benefit but little from its presence. As a matter of fact,
the ratio vs,/vp, exceeds unity for the 32u particle at large Reyn-
olds numbers. This again is logical, for both “a”” and du/dy ave
now very large and the lift force acts so effectively that it tends
to return the particle to the main stream, so that the threshold
velocity must be increased considerably to prevent this from
happening.
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Fig. 6 Effect of particle size on ratio of threshold velocity to Stokes drag
velocity

An interesting result is obtained when data of Fig. 5 are cross-
plotted to show the dependeunce of vp,/vp, on particle diameter at
constant Reynolds number. There appears to exist a definite
particle size which is most affected by the action of the lift foree
at any given Reynolds number.  (See Fig. 6.)

At low Reynolds numbers, this optimum size is fairly large
(~16u) because the large particle diameter produces a large lift
foree and the large inertia helps to overcome the initial deleterious
effect of the lift.

At high Reynolds numbers, on the other haud, small particles
benefit most from the action of the lift force because with their
low inertia they would be stopped very quickly if drag force alone
acted on them.

Effect of Particle Density

Fig. 7 shows the effect of particle density on the vatio vy, /va..
It can be seen that, except at low Reynolds numbers, the light
particles benefit most from the lift force.

This is understandable since, without the help of the lift foree,
the low inertia of these light particles prevents them from penc-
trating the sublayer to any great depth. This effect i3 not so
pronounced at low Reynolds numbers, because here again, the
magnitude of the lift force becomes small (because of small
du/dy) and viscous drag predominates so that vy, /vp, will tend to
approach unity.

Wall Impact

There is another conclusion which can be drawn from this
analysis which is highly pertinent to the study of particle deposi-
tion from turbulent streams.
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According to the Stokes stopping distance concept the particles
approach the wall with an exponentially decaying transverse
velocity, so that many of them would just barely reach the sur-
face and might tend to skip or roll along it without being firmly
deposited on it even at low stream velocities

Thus the efficiency of collection would become a problematic
quantity. Most researchers, however, have not found this to be
the case except at high Reynolds numbers, and not even then if
the surface was coated with an adhesive substance. To verify
this point, we observed under a microscope the surface on which
particles were being deposited. The particles seemed to land
with a definite impact and to embed themselves to a considerable
depth in the adhesive with which the surface was coated. This
behavior would not be likely with an exponentially decaying
approach veloeity.

A somewhat similar phenomenon was observed by Cousins and
Hewitt [19] who report photographic studies in two-phase upflow
which indicate that droplets “reach the surface with high veloci-
ties” without being “appreciably slowed as they enter the region
of low gas velocity adjacent to the surface.” They ascribe this
to the fact that the stopping distance for the large droplet sizes
they investigated is very large and therefore “the boundary sub-
layer is irrvelevant in the type of mass transfer considered” by
them. In many of their tests, however, the mean droplet
diameter was no greater than 50y, with 70 to 80 percent of the
total number of droplets being less than 25u in diameter. Since
their photographic tests were made with water droplets sus-
pended in air flowing at room temperature and pressure, the
latter being also the conditions assumed for caleulation of Fig. 7,
the 1.0 gm/ce density curve in Fig. 7 (calculated for 20u par-
ticles) can be used to obtain an estimate of the effect of lift on
the particles photographed by Cousing and Hewitt. This effect
is seen to be substantial, the threshold velocity being about an
order of magnitude lower than the Stokes drag velocity for all
Reynolds numbers, thus indicating that the lift force effect may
well be responsible for the observed large velocities of at least the
smaller droplets.

It is, of course, realized that the presence of a wavy liquid sur-
face in this case renders the whole concept of a laminar sublayer
even more questionable than it already is; it is remarkable
nevertheless that in a study of deposition on solid wavy surfaces
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(to be published shortly) the authors have found that many of the
observed deposition phenomena can be explained in terms of the
effects of the Satfman lift force.

Conclusions

The foregoing discussion indicates clearly that the two funda-
mental assumptions (that of equality of particle and fluid dif-
fusivity and that of purely inertial coasting within the viscous
sublayer) on which existing deposition models are based can be
completely invalid under most actual conditions.

A simple method of caleulating the dependence of the ratio of
particle to fluid diffusivity on Reynolds number is outlined,
based on the integration of turbulent energy spectra.

The concept of Stokes stopping distance is shown to be invalid
under most flow conditions, since the effect of shear flow induced
transverse lift force, which heretofore has been disregarded, is
not negligible when considering the passage of a dense particle
through the viscous sublayer. Due to the action of this force
much lower radial velocities are required at the edge of the sub-
layer to insure particle deposition on the wall than would be the
case if Stokes drag were the only force present. This explains
why deposition models based on Stokes stopping distance concept
must resort to the use of unrealistically high radial velocities
within the sublayer to insure agreement with experimental data.

The question that must be answered now is how to predict
particle deposition, taking into account the presence of the lift
force. Since the effect of lift force varies with the location of
particle in the flow field it appears that in order to obtain the mass
flux to the wall, trajectories of particles would have to be deter-
mined by solving the force-balance equations at incremental in-
tervals in a manner similar to that employed by the authors.

As long as this procedure is restricted to the viscous (and
possibly the buffer) layer, in which the motion of the fluid is as-
sumed quasi-laminar, this presents no problem. As soon, how-
ever, as we move out into the turbulent cove, velocity fluctuations
of the main fluid cannot be neglected. Indeed, it is these fluctua-
tions which cause the diffusion of particles toward the wall and
it is these fluctuations which propel the particles sufficiently close
to the wall to cause the reversal of the lift force (in upward flow)
and eventual deposition.
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Thus any realistic trajectory caleulation would have to be
based on a mathematical description of the turbulent motion of
the fluid and in addition it should also include a proper assess-
ment of the response of the particle to this motion. This is a
formidable problem indeed but is one that must be solved before
we can make realistic predictions of deposition of particles from
turbulent streams.
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APPENDIX A
Properties of Particle Used in Computation

Lycopodium Glass Iron
spores beads particles
Shape Spherical Spherical Spherical
Size, microns 3¢ 3 1.7
Specific gravity 0.621 2.5 7.8
Configuration of Channel Used in Computation
« Deposition on these surfaces
¥
- - - -t 475"
\

’<_‘ 6.00"

Equivalent diameter =0.0734 ft.

APPENDIX B

(¢} Proximity of Wall.  Saffman derived this equation for a par-
ticle in an unbounded flow. Therefore the particle must be far
enough from the wall if the equation is to hold.  Fig. 3 shows the
comparative thickness of the sublayer and of a 32u particle. It
also shows that the most erucial effects of the lift force oceur near
the edge of the laminar sublayer, or sulliciently far away from
the wall, so that its effect may be neglected.

(b) Magnitude of Reynolds Number. As mentioned in the main

text, the first condition is Re, << Re,/? or in another form
?—‘1‘%%/— <1
(vk)

This quantity was caleulated for the case of lycopodium spores
and for a mean air velocity of 20 fps at every step of the in-
tegration of equation (16).

1t was found to have a maximum value of 0.05 at the edge of the
sublayer, when vy, is near its threshold value. As the Reynolds
number increases k increases also, reducing the value (u,
1z,f)/(1/k)‘//"’ even further. Thus the requirement of Re, < Re, "/
is well satisfied.

The second requirement was that Re, < 1 and Req < 1.
Since for a freely rvotating particle Reg = 1/3Re, we shall ex-
amine the behavior of Reg only.

e, was caleulated for all types of particles used in this study.
In Fig. 8 Rey, for 32u and 1.74 particles is plotted as a funetion of
the duct Reynolds number.  For the smaller particles, the Re,
requirement 1s well satisfied—for the larger ones, it holds reason-
ably well at lower Reynolds numbers.

(c) Constancy of Velocity Gradient. This assumption holds in
the sublayer as far as mean flow velocity is concerned. Any
velocity fluctuations which may be present there would tend to
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make the quantitative results inaceurate, but qualitative conclu-
sions would remain the same.
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A Note on the Radiative Interchange
Among Nongray Surfaces

B. F. ARMALY! and C. L. TIEN®

Introduction

Tue caleulation of the radiative interchange among nongray
surfaces is complicated due to the dependence of the suface
radiation properties on the wavelength. As a result, the gray-
surface assumption is commonly employed to simplify the ealeu-
lations.  Several approximate methods, however, have been de-
veloped in order to take into account the nongray effect [1-4].3
All these methods are common in their basic nature and are based
on the band approximation, in which the important energy-con-
taining wavelength region is subdivided into finite baunds of
wavelength-independent rvadiation properties. Mathematically,
this approximation is equivalent to replacing the integration
over wavelength by the summation over various bands. The
purpose of the present Note is to present a basically different
method for caleulation of the radiative interchange among non-
gray surfaces. The primary advantage of this method is to
have the formulation and solution procedure the same as that for
gray surfaces. In this sense, the present approach is similar to
the study of radiative transfer in nongray gases by use of ap-
propriately defined mean absorption coefficients [5].

Analysis

The general formulation of the radiative interchange among
nongray surfaces can be found in standard texts. For the case
where each of the participating surfaces has uniform tempera-
ture and radiosity while emitting and reflecting diffusely at each
wavelength, the governing equations can be expressed [1] as
follows:

A= N
¢ = f I\ = 3 (B, — BF, (1)
A

=0 i=1

and

A= A=
B, = f Bg)\rl/\ = [ €ieidA
A=0 Ja=0

N A=
+ Z F"ff (1 — e,-)\)]fj)\d/\ (2)

J=1 A=0
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where ¢ is the heat flux, B the rvadiosity, I the angle factor, e the

black-body emissive power, € the emissivity, and N the total

number of the participating surfaces. The subscripts ¢ and j

refer to swface 7 and 7, while N refers to spectral quantities,
Equation (2) can be restated as
N

Bi=¢e;+ 3 (1

J=1

A=
€ = f enendh/e; (47
A=0

is the total emissivity and

A= o
Qo= f Ei)\]))j)\d/\/f))j (D)
A=0

— a,)B;F; )

where

is the total absorptivity.
Equation (3) reduces directly to the gray-surface equations [6]
under the assumption that

€;

D= ay (6)
This assumaption is usually designated as the gray-surface asswmp-
tion which is valid only when surface properties are independent
of wavelength or when the surface is exchanging energy with a
source having the same spectrally dependent emissive power;
for example, another surface at the same temperature. Thix
assumption is rarvely valid and could result in a significant error
when applied to actual situations.

For the development of the present method the spectral
radiosity is expressed as:

N
By, = enen + (L =€) | > enen
k=1
N N
-+ Z (1 - Ek)x)ij Z Em)\em)\["km
k=1 me=1
N N N
+ 3 =) Yy (U= el Y enen =+ ... | (T)
k=1 mo=1 l=1

which represents the emitted and the reflected energy from the
swrface. The terms in the square brackets represent the energy
incident on the surface due to emission and reflection of other
surfaces. Iach of the terms in the square brackets is equal to
that portion of energy which arrives to the surface directly or
after one or more reflections. This line of thought is similar to
the one usually used for specular surfaces. The same equation
can also be obtained by successively substituting the spectral
radiosities of the participating surfaces in the expression for the
spectral radiosity of surface j.

From the definition of the absorptivity, equation (3), and the
use of equation (7) it is possible to express a;; as a ratio of two
infinite series. The resulting expression, however, is too complex
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Table 1
gray, respectively)
Case 1

Plate 1 at 800 deg K equation (16)

Plate 2 at 100 deg K equation (17)
g2/qs 0.876

to be of any practical value. For actual caleulations, an ap-
proximate expression for the absorptivity can be obtained by ter-
minating the infinite series after the second term. This can then
be used to calculate the radiosity and the heat flux from equa-

tions (3) and (1), respectively. Thus
sye; -+ Z (s — sijplenf s,
oy = ;\' - <8)
€+ Y (e — sjpled
k=1
where
A=
8y = f ei€nendN/e; )
A=0
A= o
i = f e‘)\efxekxe"A‘IA"/e“ (l())
A=(

The foregoing expression should be a good approximation when
each of the participating surfaces sees all the others, since under
this condition the absorptivity depends strongly on the spectral
emittances of all the participating surfaces.
This method can be extended to include
of the participating swrfaces have specified h
temperatures.

the ease when some
sat fluxes instead of
For such a case it is more convenient to write

N
Bi=q+ S BF; Ne+1<i<N (11)
J=1
N
Bi=eei+ S (1 — a)BFy; 1<i<Ny (12)

J=1

where Ny is the number of surfaces for which the temperature is
specified.  Following the same argument developed previously,
there results when j is a member of Ny

Ny N
s,;€; + Z (s — Simled s + Z Caqill i
k=1 k= A\YT 51
Xy = Nt (13)
€0+ Y (e — suledy + Z Ol 1
k=1 k=Nra
and when 7 is not a member of N,
N N
€y + Z syl i + Z Cadid” i
A L=Nru ,
Qi = N1 N (14)
q; + Z el + Z i
k=1 k=Nr1a
where
A=
c; = f €ndiydN/q; (15)
A=0

Onece the radiosities of the surfaces are determined the heat fluxes
and the unknown surface temperatures can be caleulated, respec-
tively, from equations (1) and (12).

Example

In order to illustrate the proposed approximate method the
radiative interchange between two nongray, infinite, parallel
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Comparison of heat fluxes {subscripts 1, 2, and 3 refer to gray, approximate nongray, and exact non-

Case 2
equation (16)

Case 3
equation (17)

Case 4
equation (17)

equation (16) equation (16) equation (17)
1.014 1.011 05
1.326 1.055 0.408

plates was analyzed. One plate was maintained at 800 deg K
while the other was at 100 deg K. The heat flux was obtained on
the basis of three different calculations: gray through equations
(6), (3), and (1); approximate nongray through equations (8), (3),

and (1); exact nongray through equations (2) and (1). The
emissivities of the swifaces were taken as
ex = 0.05 4 0.95¢~ GX107/N) (16)
or
= 0.485(r/\)"* (17)

where A is the wavelength in em and » is the resistivity in ohm-
em.  Equation (16) approximates the emission characteristies
of a high emittance material such as electrical nonconductors [7],
while equation (17) is the Hagen-Rubens relation approximating
the behavior of low emittance materials such as metals. The re-
sults, as presented in Table 1, clearly demonstrate the good agree-
ment between the approximate nongray and the exact nongray
results, while the gray caleulation could vield substantial errovs.
The surprisingly large errors involved in the gray solution for
Case 1 and 4 are due to the fact that the larger rveflectivity (or
smaller emissivity) of Plate 2 (metal) at low temperature results
in more bounces or rays and consequently more multiple errors.

In conclusion, an approximate method has been proposed
which uses the model of the gray-surface analysis to prediet with
a reasonable accuracy the radiative interchange among nongray
surfaces. The use of the gray assumption in the solution of a
nongray problem could result in a large error.
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Table 1
gray, respectively)
Case 1

Plate 1 at 800 deg K equation (16)

Plate 2 at 100 deg K equation (17)
g2/qs 0.876

to be of any practical value. For actual caleulations, an ap-
proximate expression for the absorptivity can be obtained by ter-
minating the infinite series after the second term. This can then
be used to calculate the radiosity and the heat flux from equa-

tions (3) and (1), respectively. Thus
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€+ Y (e — sjpled
k=1
where
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The foregoing expression should be a good approximation when
each of the participating surfaces sees all the others, since under
this condition the absorptivity depends strongly on the spectral
emittances of all the participating surfaces.
This method can be extended to include
of the participating swrfaces have specified h
temperatures.

the ease when some
sat fluxes instead of
For such a case it is more convenient to write

N
Bi=q+ S BF; Ne+1<i<N (11)
J=1
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Bi=eei+ S (1 — a)BFy; 1<i<Ny (12)
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where Ny is the number of surfaces for which the temperature is
specified.  Following the same argument developed previously,
there results when j is a member of Ny
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Onece the radiosities of the surfaces are determined the heat fluxes
and the unknown surface temperatures can be caleulated, respec-
tively, from equations (1) and (12).

Example

In order to illustrate the proposed approximate method the
radiative interchange between two nongray, infinite, parallel
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while the other was at 100 deg K. The heat flux was obtained on
the basis of three different calculations: gray through equations
(6), (3), and (1); approximate nongray through equations (8), (3),

and (1); exact nongray through equations (2) and (1). The
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or
= 0.485(r/\)"* (17)

where A is the wavelength in em and » is the resistivity in ohm-
em.  Equation (16) approximates the emission characteristies
of a high emittance material such as electrical nonconductors [7],
while equation (17) is the Hagen-Rubens relation approximating
the behavior of low emittance materials such as metals. The re-
sults, as presented in Table 1, clearly demonstrate the good agree-
ment between the approximate nongray and the exact nongray
results, while the gray caleulation could vield substantial errovs.
The surprisingly large errors involved in the gray solution for
Case 1 and 4 are due to the fact that the larger rveflectivity (or
smaller emissivity) of Plate 2 (metal) at low temperature results
in more bounces or rays and consequently more multiple errors.

In conclusion, an approximate method has been proposed
which uses the model of the gray-surface analysis to prediet with
a reasonable accuracy the radiative interchange among nongray
surfaces. The use of the gray assumption in the solution of a
nongray problem could result in a large error.
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Fig. 1 Thermal conductivity of types 416 and 440c stainless steels
Introduction

A row heat-loss method developed by Williams and Blum [1]3
which employed an almost identical apparatus to that developed
at the National Bureau of Standavds [2] was used to obtain
needed, but not available, thermal conductivities as a function of
temperature of AISI types 416 and 440C vacuum-melt stainless
steels in the unhardened condition.  Equations are presented for
straight lines which represent the data over the range from 80-240
deg F. Data points from several generally available references
are presented for comparison purposes only and to indicate the
type of data previously available. The results are considered
to be accurate o within two percent.

Results

Three experiments were run using an ALST type 416 sample and
six experiments were run using an AISI type 440C vacuum-melt
sample. The results of these experiments are shown in Fig. 1
along with straight lines vepresenting the data. The equation for
the line representing the AISI type 416 is

—0.0336¢ -+ 20.7 (Btu/hr ft deg )

and, for the line representing the AIST type 440C vacuum-melt,

It

—0.0361¢ 4- 23.6 (Btu/hr ft deg F)

It is interesting to note the decrease in thermal conduetivity
with inereasing temperature (in this range) for these two types of
stainless steel.  This appears to be the general trend of the 400
series (no nickel) stainless steels whereas the reverse is true for
the 300 series stainless steels {1].
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Transient Cooling of a Sphere in Space

D. L. AYERS!

A method is presenied for delermining the lransient lemperature
distribution of a solid sphere cooling in space. The sphere s as-
sumed tnitially to be al a uniform lemperature and then instantane-
ously subjected to the radiation sink of space at time zero. This
nonlinear problem was solved by using finite-difference computing
techniques. Results are presenied in dimensionless graphical form
over a wide range of variables. This facilitates calculation of the
iransient temperature history al several poinls in the sphere.

Nomenclature
A = area, ft?

C, = specific heat, Btu/(Ib deg R)
F = radiation exchange factor between surface and en-
vironment, dimensionless
k = thermal conductivity, Btu/(hrft deg R)
Npy = ab/R? = Fourier number, dimensionless
N,, = k/oF2R = radiation number for cooling, dimension-
less i
r = radial coordinate, ft
R = outside radius, ft
T = absolute temperature, deg R
T, = environmental temperature, deg R
T, = original temperature of solid, deg R
Ty = surface temperature, deg R
o = k/pC, = thermal diffusivity, sq ft/hr
p = density, Ib/cuft
o = Steffan-Boltzman counstant = 0.1714 X 1075, Btu/
(hr ft2 deg R*)
f = time, hr
Introduction

Wirn the advent of space exploration and intensified research
in plasmas and high-temperature technology, radiation heat
transfer is becoming more important. There are few papers in
this field, however, that enable the analyst to compute the
transient temperature histories of nonisothermal solids. The
difficulty in handling the nonlinear radiation boundary condition
in the mathematical analysis explains the lack of available
solutions.

There are various papers that deal with radiating semi-infinite
solids or plates [1, 2, 7-14, 16, 18-21, 24, 25, 27, 28].2 Cylin-
drieal geometries are analyzed in [4, 8, 9, 11, 23]. The sphere
is also analyzed in [1-3, 6, 8, 9, 11, 15, 20, 26], but unlike the
plate and cylinder there are no dimensionless curves describing
the thermal cooling of a sphere that arve valid for long periods of
time and a wide range of physical parameters. This paper pre-
sents curves of this nature which will enable the user to easily
determine the temperature history of the spherve.

Statement of Problem
In solving for the transient temperature history of a radiating
sphere, the following assumptions are made:

1 The sphere is composed of a homogeneous, opaque material
whose thermal, physical properties are independent of tem-
perature.

2 Radiation is the only mode of heat transfer between the
surface and the space environment. At time zero the external
surface of the sphere is exposed to a radiation environment of zero
deg R.

t Senior Thermodyvnamic Engineer, Itek Corporation, Palo Alto,
Calif.
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Fig. 1 Thermal conductivity of types 416 and 440c stainless steels
Introduction

A row heat-loss method developed by Williams and Blum [1]3
which employed an almost identical apparatus to that developed
at the National Bureau of Standavds [2] was used to obtain
needed, but not available, thermal conductivities as a function of
temperature of AISI types 416 and 440C vacuum-melt stainless
steels in the unhardened condition.  Equations are presented for
straight lines which represent the data over the range from 80-240
deg F. Data points from several generally available references
are presented for comparison purposes only and to indicate the
type of data previously available. The results are considered
to be accurate o within two percent.

Results

Three experiments were run using an ALST type 416 sample and
six experiments were run using an AISI type 440C vacuum-melt
sample. The results of these experiments are shown in Fig. 1
along with straight lines vepresenting the data. The equation for
the line representing the AISI type 416 is

—0.0336¢ -+ 20.7 (Btu/hr ft deg )

and, for the line representing the AIST type 440C vacuum-melt,

It

—0.0361¢ 4- 23.6 (Btu/hr ft deg F)

It is interesting to note the decrease in thermal conduetivity
with inereasing temperature (in this range) for these two types of
stainless steel.  This appears to be the general trend of the 400
series (no nickel) stainless steels whereas the reverse is true for
the 300 series stainless steels {1].
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Transient Cooling of a Sphere in Space

D. L. AYERS!

A method is presenied for delermining the lransient lemperature
distribution of a solid sphere cooling in space. The sphere s as-
sumed tnitially to be al a uniform lemperature and then instantane-
ously subjected to the radiation sink of space at time zero. This
nonlinear problem was solved by using finite-difference computing
techniques. Results are presenied in dimensionless graphical form
over a wide range of variables. This facilitates calculation of the
iransient temperature history al several poinls in the sphere.

Nomenclature
A = area, ft?

C, = specific heat, Btu/(Ib deg R)
F = radiation exchange factor between surface and en-
vironment, dimensionless
k = thermal conductivity, Btu/(hrft deg R)
Npy = ab/R? = Fourier number, dimensionless
N,, = k/oF2R = radiation number for cooling, dimension-
less i
r = radial coordinate, ft
R = outside radius, ft
T = absolute temperature, deg R
T, = environmental temperature, deg R
T, = original temperature of solid, deg R
Ty = surface temperature, deg R
o = k/pC, = thermal diffusivity, sq ft/hr
p = density, Ib/cuft
o = Steffan-Boltzman counstant = 0.1714 X 1075, Btu/
(hr ft2 deg R*)
f = time, hr
Introduction

Wirn the advent of space exploration and intensified research
in plasmas and high-temperature technology, radiation heat
transfer is becoming more important. There are few papers in
this field, however, that enable the analyst to compute the
transient temperature histories of nonisothermal solids. The
difficulty in handling the nonlinear radiation boundary condition
in the mathematical analysis explains the lack of available
solutions.

There are various papers that deal with radiating semi-infinite
solids or plates [1, 2, 7-14, 16, 18-21, 24, 25, 27, 28].2 Cylin-
drieal geometries are analyzed in [4, 8, 9, 11, 23]. The sphere
is also analyzed in [1-3, 6, 8, 9, 11, 15, 20, 26], but unlike the
plate and cylinder there are no dimensionless curves describing
the thermal cooling of a sphere that arve valid for long periods of
time and a wide range of physical parameters. This paper pre-
sents curves of this nature which will enable the user to easily
determine the temperature history of the spherve.

Statement of Problem
In solving for the transient temperature history of a radiating
sphere, the following assumptions are made:

1 The sphere is composed of a homogeneous, opaque material
whose thermal, physical properties are independent of tem-
perature.

2 Radiation is the only mode of heat transfer between the
surface and the space environment. At time zero the external
surface of the sphere is exposed to a radiation environment of zero
deg R.
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3 Heat flows only in the radial direction (end effects are
negligible).

4 The radiation interchange factor F is independent of the
sphere’s surface temperature.

5 There is no heat generation within the sphere nor is there
any internal cooling.

6 The sphere has a uniform initial temperature.

Mathematically, this problem is formulated as follows. The
trausient temperature distribution in the sphere must solve the
Fourier equation for a sphere.

921‘ 2 oT
or? r

0<r<RO<0 (1)

The solution to (1) must also satisfy the following initial and
boundary conditions:

Ter,0) =T, 0<r<R8=0 (2)
AT
a0 o =0,820 (3)
or
ol'y 5
Th T pa ] e =R O>0 )
or k

Because of boundary condition (4), which includes the tem-
perature to the fowrth power, this problem is nonlinear. For
this reason an analytical solution is not derived. Instead, a
numerical solution is obtained.

Numerical Results

The numerical results were obtained using finite-difference
computing techniques with a digital computer. In this numeri-
sal analysis, the sphere was divided into separate concentric
spherical shells and each shell or node was assumed to be iso-
thermal. The number of shells or nodes needed was determined
by trial and ervor. The sphere was divided into finer and finer
shells (or more and more nodes) until no difference in the com-
puted results could be determined. For the case of the sphere
whose surface is instantaneously reduced to the environmental
temperature, an exact solution does exist, since eliminating the
swface radiation also eliminates the problem of nonlinearity.
A comparison of the digital results with the exact solution for this
extreme case of cooling shows a maximum dimensionless tem-
perature difference of 0.003 at the position of r/R = 0.95. This
accuracy is quite adequate for a graphical presentation of the
results. A comparison was also made wheve possible with the
results of Crosbie [8] and there is agreement to within 0.003 in
the dimensionless temperature.

The numerical results for the temperature distribution in a
sphere ave given in dimensionless form in Figs. 1-3. Five di-
mensionless parameters appear in these charts and are as follows:

Parameter Expression Values
Temperature T/T, Continuous from 0-1.0
Time af/R? Continuous from 0.001-

100.0
Position r/ R 0,0.5,1.0

Radiation N, = k/o5T R 0,0.1,0.5,0.51.0,2.0,
3.0, 5.0, 10.0, 20.0,
30.0

Conclusions

The transient cooling of a sphere initially at a uniform tem-
perature is presented graphically in Figs. 1-3. These charts
cover the wide region of time where approximate solutions are not
valid. These charts will enable the user to easily determine the
temperature history of the cylinder. For cases not presented
divectly in the plots either chart interpolation is used, or ap-
proximate solutions valid for short or long times can be used.
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Fig.3 Transient temperature of center of a sphere subjected to radiation
cooling; T, = O deg R, r/R = 0.0

If Fourier numbers less than Npgy = 0.001 are of interest, then
the solutions presented in [1, 2, 14, 16, 18, 21, 24] will be valid if
applied within the limitations stated. During this time, flat
plate or infinite solid solutions can be applied to a sphere, be-
cause, for these very short times, only the very outermost region
of the sphere has started to rvespond to the environment. If
this response depth is small in comparison with the outer radius,
then the sphere can be assumed to be a flat plate.
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The graphs in this paper encompass a broad range and extend
until the sphere is cooling in an isothermal manner. Cases be-
voud N, = 30 or Ng = 10.0 ave isothermal for all practical pur-
poses.  Once the sphere is cooling in an isothermal manner, the
following exact solution can be used:

T
T,

{

()

The cooling of an isothermal solid is more thoroughly discussed in
(5, 22].
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Approximate Solution of Heat-Conduction Prohlems
in Systems With Nonuniform [nitial
Temperature Distribution

H. H. BENGSTON! and F. KREITH!

AN integral method for the approximate solution of heat-con-
duction problems has been deseribed by Goodman [1].2 He
applied the method to a variety of problems, including nonlinear
ones, and obtained, with great savings in computational effort,
solutions that agree well with exact solutions. It has been sug-
gested [1] that the method of moments [2-4] may be suitable to
solve the heat-conduction equation in systems with nonuniform
initial temperature distribution, but so far it has only been used
for problems with uniform initial conditions [5, 6]. Fujita [3]
solved heat-conduction problems with temperature dependent
thermal properties and Crank [6] solved diffusion problems with
concentration dependent diffusivity. This Note illustrates ap-
plication of the method of moments in the solution of a problem
with nonuniform initial conditions.

The problem considered here is that of one-dimensional heat
conduetion in a finite slab without heat generation. The slab ix
insulated on one side but, on the other side, the heat flux, —f(7',,
t)/k, is specified. The initial temperature distribution, g(x), iz
given. The mathematical statement of the problem to be solved
is, therefore,

oy 1 o7
— = = 0 <e < t>0
ox? o« Ol
subject to
of’ o

— (0, ) =0 = (L, ) = —f(T,!
a.l‘<, ) 1 dx (: ) 1( i )

T(x, 0) = g(x)

The method of solution assumes a profile, 7'(x), which satisfes
the boundary conditions and, in addition, contains n unknown
parameters. Equations (2) and (3) arve then used to determine
these parameters:

Lo <a‘z.'1 1 aT>
Yl =~ — Jde =0,
0 ox? o ot
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The graphs in this paper encompass a broad range and extend
until the sphere is cooling in an isothermal manner. Cases be-
voud N, = 30 or Ng = 10.0 ave isothermal for all practical pur-
poses.  Once the sphere is cooling in an isothermal manner, the
following exact solution can be used:

T
T,

{

()

The cooling of an isothermal solid is more thoroughly discussed in
(5, 22].
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AN integral method for the approximate solution of heat-con-
duction problems has been deseribed by Goodman [1].2 He
applied the method to a variety of problems, including nonlinear
ones, and obtained, with great savings in computational effort,
solutions that agree well with exact solutions. It has been sug-
gested [1] that the method of moments [2-4] may be suitable to
solve the heat-conduction equation in systems with nonuniform
initial temperature distribution, but so far it has only been used
for problems with uniform initial conditions [5, 6]. Fujita [3]
solved heat-conduction problems with temperature dependent
thermal properties and Crank [6] solved diffusion problems with
concentration dependent diffusivity. This Note illustrates ap-
plication of the method of moments in the solution of a problem
with nonuniform initial conditions.

The problem considered here is that of one-dimensional heat
conduetion in a finite slab without heat generation. The slab ix
insulated on one side but, on the other side, the heat flux, —f(7',,
t)/k, is specified. The initial temperature distribution, g(x), iz
given. The mathematical statement of the problem to be solved
is, therefore,

oy 1 o7
— = = 0 <e < t>0
ox? o« Ol
subject to
of’ o

— (0, ) =0 = (L, ) = —f(T,!
a.l‘<, ) 1 dx (: ) 1( i )

T(x, 0) = g(x)

The method of solution assumes a profile, 7'(x), which satisfes
the boundary conditions and, in addition, contains n unknown
parameters. Equations (2) and (3) arve then used to determine
these parameters:

Lo <a‘z.'1 1 aT>
Yl =~ — Jde =0,
0 ox? o ot
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L 1
f 2T (x, 0)dr = f xiglx)de, i=01...n—1 (3
0 0

Choosing a cubic profile, T{z) = A -+ Bx 4 Cz® + Dz?®, where
A, B, 0, and D are functions of {, and applying boundary con-
ditions (1) yields

T(x, t, T)) = A — [f(T, t) + 3DI*|a?/2l 4+ Da? (4)

Substituting equation (4) into equation (2) with 7 = 0 yields an
ordinary differential equation. Solution of the differential equa-
tion subject to the initial conditions generated by equation (3)
withj = O gives

t
AT, 1) = G/l + BD/4 + (T, 1)/6 — %" f I, P (3)

0
{
(l) = f g(x)dx
0

A similar procedure using j = 1, followed by substituting equa-
tion (5) for A(T', ¢), yields

where

t

BDT,, t) + l()alf D(T,, 7)dr

0
= 10Gy(1)/l — 20G:(1)/1* — BUf (T, 6)/6  (6)

where

!
Gh(l) =f ag{x)dx
0

In order to continue the solution, more information must be
given about f(T), ). Three cases will be considered further:

1 f = constant.

2 f=fQ).
3 J=JT).
Case I: f = Const. For this case, equation (6) can be solved

to give D(t), and equation (5) specifies 4 (£). Therefore, equation

(4) becomes
Tx, ) = Go(l)/l + Uf/6 — /2 — aft/l
4+ (5/20[Gy(1) — 26D/l — [12/12]F (w/1)e— 10at/I2 ()

where
Fx/ly = 1 — 6(x/0)* + 4(x/l)®

The exact solution for f = 0is given by Carslaw and Jaeger [7].
The steady-state portion of the exact solution is the same as the
steady-state portion of equation (7) with f = 0. The first eigen-
value of the exact solution is w2 /l* and is approximated in equa-
tion (7) by 10a/2.  In order to compare equation (7) with the
exact solution for a specific case, let g(a) = x. The approximate
solution is then

P, 1) = 12 — (3L/12)F (x/1)e— 10at/l? (8)

The steady-state portion with the first eigenfunction of the exact
solution is

T, 8) = /2 — (4/72) cos (wa/e™ 7 et/l? )

A graphical comparison of the solutions is presented in Fig. 1.
The greatest deviation between the approximate solution and
first, eigenfunction of the exact solution is 12 percent at f = 0 and
z = Qorl. However, for a/I2 > 0.05, they agree to within 2.0
percent over the entire slab, and for 0.2 < z < 0.8, they agree to
within 1.5 percent over the entire range of time. At extremely
small values of time the first eigenfunction may not give a suf-
ficiently close approximation of the complete exact solution. If
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Fig. 1 Comparison of approximate and exact solution with f = const,
g{x) = x

greater accuracy is required during the initial period, the ap-
proximate solution can be improved in that region by adding
more terms to the assumed profile for 7'(x}; approximations for
additional eigenfunctions can then be obtained. For example,
if a quartic profile is assumed for 7'(x) and a similar procedure is
used to evaluate the three undetermined parameters, an ap-
proximation for the second eigenfunction is found in addition to
the solution given by equation (7). The approximation found in
this manner for 4w2a/1% the second eigenvalue of the exact solu-
tion, was 42 /12,

Case 2: f = f(1). In this case equation (6) can be solved readily
to give D(l), but since the actual solution for D(¢) depends upon
the form of f(¢), no further generalizations will be made.

Case 3: f = #(T). In this case equation (6) can be solved to give
D(T, 1), and equation (4) becomes

T, t, T,) = Go(l)/L + (1/6 — x2/2Df(T,)

t
- C;f JT )AL+ (B3/2D[G(ly — 2G.(1)/1
’ 0

= (/T PIF (/e 102 (10)

If 7,(1) 1s then substituted into equation (10), an expression
for T'(x, t) is obtained but, if f = f(T,, t), it may not always be
possible to obtain an analytical solution.

Ames [3, 4] discusses the value of using orthogonal polynomials,
P;(x), rather than 27 as the weighting functions in equations (2)
and (3). The problem under discussion was worked for f = const
using the orthogonal polynomials, Py = 1 and P, = 1 — =z, as
weighting functions instead of 27, The solution found was ex-
actly the same as equation (7), the solution obtained using 27 as
the weighting function. For other applications, there may be an
advantage in using orthogonal polynomials as weighting func-
tions. The main disadvantage of using orthogonal polynomials is
the increased computational effort required.

The method of solution presented in this Note is suitable for
many other heat-conduction problems with nonuniform initial
conditions.
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Flow in the Entrance Region of a Concentric-
Sphere Heat Exchanger

J. D. BOZEMAN! and C. DALTON?

Introduction

RUNDELL, eb al. [1],% have examined the forced-convection
conecentric-sphere heat exchanger and indicate that a better
understanding of the fluid mechanies is essential for a more com-
plete understanding of the heat transfer problem. This Note is
the result of a study to gain more knowledge of the fluid flow in

the entrance rvegion of the concentric spheres used in [1]. The
concentric-sphere heat exchanger is described as follows: The

fluid enters and leaves the annulus through diametrically op-
posed openings in the outer sphere. Fig. 1 describes the basic
configuration and shows a simplified version of the inlet flow.

Ward [2] made a flow visualization study of the flow through
the annular space, concentrating on the rvegion between 60 and
120-deg downstream of the entrance, and drew certain conclusions
from his observations.  Some of Ward’s visualization studies are
contained in {1]. The results of Ward’s study may be summar-
ized as follows: All of the flow patterns indicated a higher
velocity in the outer portion of the annulus than in the region near
the inner sphere. A high degree of irregularity in the decelerat-
ing flow was indicated by the swirling vortical motions.  Sepa-
ration was observed to oceur at approximately 45-deg downstream
of the entrance and seemed to be independent of flow rate.

Ward’s observations indicate that the entrance region (prior to
separation) is the most significant heat transfer region. Separa-
tion of the entering fluid from the inner sphere past 45 deg
causes more or less stagnant fluid to be in contact with the inner
sphere over the region of maximum flow area, while the entrance
region provides higher velocities at the inner sphere.

The flow in the exit region is characterized by a somewhat con-
ventional accelerating velocity profile.  Also, since the exit
region flow should be at a higher bulk temperature than the en-
trance region, the entrance region would be more important as
far as heat transfer rate is concerned.

Observation of Flow

The experimental setup used water as the working fluid.
Fluorescein dye was used as the flow-visualization medium.
The experimental apparatus was isothermal during the observa-
tions.
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Fig. 2 Tracer element enters annulus with incoming fluid, Re = 411

Several phenomena were immediately apparent. TFirst, the
jetting of the entering flow developed an unstable free-shear layer
which caused the development of a pair of toroidal vortices. This
is shown in Fig. 2. Second, the flow is unsteady due to the
downstream movement of the toroidal vortices which form a
counterrotating pair of vortices. The development of the
counterrotating vortices is shown in Fig. 3. These two phe-
nomena were observed over a Reynolds number (of the flow in
the approach pipe) range of 208-4020.

The location of the separation point was observed to be time-
dependent. The entering flow separated from the inner sphere
just upstream of the moving counterrotating vortices and moved
downstream as the vortex pair moved downstream. This process
continued until another vortex was formed at the surface of the
inner sphere back upstream. Separation then oceurred at the
upstream vortex. Ward [2] and Rundell {1] had observed a
fixed separation point.

For all of the Reynolds numbers observed, the regions of high
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conecentric-sphere heat exchanger and indicate that a better
understanding of the fluid mechanies is essential for a more com-
plete understanding of the heat transfer problem. This Note is
the result of a study to gain more knowledge of the fluid flow in
the entrance rvegion of the concentric spheres used in [1]. The
concentric-sphere heat exchanger is described as follows: The
fluid enters and leaves the annulus through diametrically op-
posed openings in the outer sphere. Fig. 1 describes the basic
configuration and shows a simplified version of the inlet flow.

Ward [2] made a flow visualization study of the flow through
the annular space, concentrating on the rvegion between 60 and
120-deg downstream of the entrance, and drew certain conclusions
from his observations.  Some of Ward’s visualization studies are
contained in {1]. The results of Ward’s study may be summar-
ized as follows: All of the flow patterns indicated a higher
velocity in the outer portion of the annulus than in the region near
the inner sphere. A high degree of irregularity in the decelerat-
ing flow was indicated by the swirling vortical motions.  Sepa-
ration was observed to oceur at approximately 45-deg downstream
of the entrance and seemed to be independent of flow rate.

Ward’s observations indicate that the entrance region (prior to
separation) is the most significant heat transfer region. Separa-
tion of the entering fluid from the inner sphere past 45 deg
causes more or less stagnant fluid to be in contact with the inner
sphere over the region of maximum flow area, while the entrance
region provides higher velocities at the inner sphere.

The flow in the exit region is characterized by a somewhat con-
ventional accelerating velocity profile.  Also, since the exit
region flow should be at a higher bulk temperature than the en-
trance region, the entrance region would be more important as
far as heat transfer rate is concerned.

Observation of Flow

The experimental setup used water as the working fluid.
Fluorescein dye was used as the flow-visualization medium.
The experimental apparatus was isothermal during the observa-
tions.
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Fig. 2 Tracer element enters annulus with incoming fluid, Re = 411

Several phenomena were immediately apparent. TFirst, the
jetting of the entering flow developed an unstable free-shear layer
which caused the development of a pair of toroidal vortices. This
is shown in Fig. 2. Second, the flow is unsteady due to the
downstream movement of the toroidal vortices which form a
counterrotating pair of vortices. The development of the
counterrotating vortices is shown in Fig. 3. These two phe-
nomena were observed over a Reynolds number (of the flow in
the approach pipe) range of 208-4020.

The location of the separation point was observed to be time-
dependent. The entering flow separated from the inner sphere
just upstream of the moving counterrotating vortices and moved
downstream as the vortex pair moved downstream. This process
continued until another vortex was formed at the surface of the
inner sphere back upstream. Separation then oceurred at the
upstream vortex. Ward [2] and Rundell {1] had observed a
fixed separation point.

For all of the Reynolds numbers observed, the regions of high
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Fig. 3 Sequence showing entrainment of entering flow in a counter-
rotating vortex pair, Re = 1584. The number appearing beneath
photographs refers to frame number in film sequence to which photo-
graphs correspond (10 frames fsec).

Fig.4 Tracer element enters annulus, Re = 4020

and low-velocity flow remained in the same relative positions as
shown in Fig. 1. Since this basic flow pattern arises due to the
jetting of the entering flow against the inner sphere, it is strongly
suggested that this pattern exists not only for the Reynolds num-
ber range observed, but is repeated at Reynolds numbers outside
the range tested.

The free-shear layer at the boundary separating the high and
low-velocity regions was observed to remain smooth for one or
more annulus widths downstream of the inlet, for low in the low
Reynolds number range. The length of the smooth portion of
the free-shear layer varied inversely with the Reynolds number,
thus the rolling up of the free-shear layer occurred nearer and
nearer to the inlet as the Reynolds number increased.

In the low Reynolds number range the flow was viscosity
dominated, thus allowing the shear layer roll-ups to grow to the
rather large sizes shown in Fig. 2. Also clearly visible in the
flow pattern typified by Fig. 2 are large counterrotating roll-ups
which accompany each of the large free-shear layer roll-ups. In
some cases these roll-up pairs approached the width of the an-
nulus.  Thus large quantities of fluid were caught in the roll-up
pairs such that small scale mixing of the entering flow with fluid
already in the annulus was delayed until these large concentra-~
tions of vorticity were either diffused or broken up.

As the Reynolds number was increased through the lower
range of values, shear-layer roll-ups appeared with increasing fre-
quency, grew to much smaller size, appeared nearer the inlet, and

Journal of Heat Transfer

were quickly transported downstream. This general flow pat-
tern remained the same until observations were made at a
Reynolds number of 1360. Differences in the structure of the
free-shear layer roll-ups were observed at this Reynolds number.
The shear-layer roll-ups no longer grew to the large sizes observed
in the lower Reynolds number range, but quickly became disor-
ganized and mixed with the Auid downstream.

For Reynolds numbers significantly higher than 1360, these
flow pattern changes were intensified. The shear layer became
increasingly irregular and disturbed near the inlet, followed
quickly by the rolling up of the shear layer around the distur-
bances. The frequency of shear-layer roll-up increased with
increasing Reynolds number, along with a corresponding decrease
These energetic roll-ups move

m roll-up smoothness and s
only a short distance downstream before breakup into turbulent
mixing, as shown in Fig. 4. The frequent and irregular rolling up
of the [ree-shear layer followed by a breakdown into turbulent
mixing is expected to characterize the flow at Reynolds numbers

even higher than those tested.

The majority of the low visualization photographs appearing
in [1, 2] were for flow at a Reynolds number of 2020. The re-
maining flow visualization photographs were either at Reynolds
numbers of 4420 and 5350 or unidentified. However, all of the
photographs identified by Reynolds number were of the region
far downstream of the inlet, 45 deg < 8 < 135 deg, therefore no
direct comparison could be made with the present flow visualiza-
tion photographs.

Conclusions
We ean summarize the flow characteristics in the entrance re-
gion as follows:

1 IExistence of an unstable free-shear layer at the boundary
separating the high-velocity and low-velocity regions.

2 TRoll-up of the unstable free-shear layer into regions of con-
centrated vorticity.

3 Formation of vortices adjacent to the inner sphere simul-
taneous with the rolling up of the free-shear layer to form counter-
rotating vortex pairs.

4 Growth of these vortices to large size for Reynolds numbers
less than 1360.

5 Rapid breakdown of the counterrotating vortex pairs into
turbulent mixing at higher Reynolds numbers.

6 Transient nature of the separation point.

Now that a better understanding of the fluid mechanics has
heen obtained, we can comment on its relevance to the high-ex-
changer application of the concentric-sphere geometry. Local
heat transfer coefficients for the experimental configuration
should be high in the region upstream of the separation point
where the entering flow impinges on the inner sphere and then
flows tangentially along the surface. The local heat-transfer
coefficient would then decrease irregularly in the downstream
region studied by Rundell [1], where the local heat-transfer coef-
ficient would be relatively low. Local values of the heat-transfer
coefficient would vavy significantly and transiently, due to the
nature of the flow pattern.

ting bafles could be used to good advantage in improving the
heat transfer coefficient. Select placement of baffles on the in-
side of the outer sphere would influence separation and cause the
velocity near to the inner sphere to be greater. The local heat-
transfer coefficient would be improved and, therefore, the overall
heat transfer coefficient would also be improved.
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Convection in a Closed Rectangular Region:
The Onset of Motion

IVAN CATTON!

Introduction

T first investigator (o consider a fully confined fluid was
Davis [1].2 Davis chose perfectly conducting walls and used the
Galerkin method. In using the Galerkin method, however, he
violated the Weierstrass theorem, and his set of trial functions
were not complete within the region of interest. In the present
work, Davis’s problem {1] of perfectly conducting side walls is
reexamined using a set of trial functions for the Galerkin method
that do not violate the Weierstrass theorem. It is found that the
results are not markedly different; however, in the region of small
aspect ratios where Davis was unable to obtain meaningful re-
sults, the use of valid trial funetions eliminates the problem.
The results are discussed and compared with those of other
investigators,

Analysis

In the initial state, a quasi-incompressible (Boussinesq) fluid
fills a rectangular region. The base of the rectangle is fixed at a
temperature higher than the top and a linear temperature
gradient is established in the fluid in the direction of the body
force (the negative z-axis). The initial velocity, temperature,
and pressure distributions are giveun by

VT = Bk,  Vpo = pg(L — afz)k (1)

Yy = 0,

where p is the mean fluid density, k a unit vector along the z-axis,
B the mean temperature gradient, & the volumetric thermal ex-
pansion coefficient, and g the acceleration of gravity. In this
particular problem, instability sets in via a marginal state and
terms with time derivatives will not appear in the equations
governing the perturbations. In dimensionless forms, the per-
turbation equations are [2]

divvy =0 (2)
Viv 4+ Rbk — gradp = 0 3)
Vi +w =20 (4)

where v, 8, and p are the velocity, temperature, and pressure dis-
turbances measured in units of k/L, SL, and pvk/L? respectively.
The characteristic length L is the height of the rectangular region,
and v and k, the kinematic viscosity and thermal diffusivity, The
horizontal coordinates, @ and y, are measwed in units of the
rectangles height L. The Rayleigh number is defined

agBLA
VK

R = 5)
The boundary conditions for this problem are

ly| = $H. (6)

It
I

v

|
It

Gon ¢ = 4, x| = Lo,
|

# = 0on ]2[ i T| = iH, |1/[ = LH, (7)
Equations (2)-(4) and the boundary conditions given by equa-
tions (6) and (7) constitute an eigenvalue problem for the Ray-
leigh number. The smallest eigenvalue is the desired eritical
Rayleigh number.
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The Galerkin method is readily adapted to problems of this

type. The interior orthogonality relations are written for the
equations of motion [3]
Ry
Z (Vv + ROk — grad p);-vdV = 0 (S}
7 v
N
Z f (V20 + w),0dV = 0 )
7 v

where v;, 0, and p; ave represented by

aj = I);Gj(‘r') Uy Z)y
p; = cH(x,y,2) (100

v; = «;F;(x, y, 2),

When the expressions given by equations (10) are substituted
into equations (8) and (9) and the indicated integration ix
carried out, the pressure will vanish due to the solenoidal charac-
teristic of v; and there results

i\{
SO aF VI + RE,Gk-FdV = 0 (11
i=1 v
N
S| laGikeFy + 5,GVG [V = 0 (12)

i=1
The requirement that equations (11} and (12) have nontrivial
solutions (¢; and b; nonzero) requires that the secular deter-
minant be zero,
My R

xl[n%
i tl i i
OV r,

= () 13
M) (1)

where My, M1, Moy, and Mz and N X N mairices defined as

My = f F.-VF,dV, My = fk~FAG}dV
v v

My = fk-FjG,_.clV, My = kaV“’doV
v v

(14)

By choosing suitable expansions for v and §, it is possible to ob-
tain good approximations for the lowest values of R by truncating
the secular determinant (13) at some finite number of terms.
The 7 and k in equations (14) each indicate some z, y, z de-
pendence of a trial function. The trial functions used are the
heam functions and sine and cosine functions. The method
used in selecting trial functions for the velocity is that of Davis.
Davis takes advantage of the fact that superposing two-dimen-
sional motions (each satisfying continuity) can generate any
three-dimensional motion if enough terms are incorporated into
the expansion. For example, one might choose trial functions

30 that
0 O o) ow;
o ﬂ:0 arl(l~+—'2:
ox 0z dy 0z
This yields
w = w, -+ W, U = U, v =0

which is fully three-dimensional motion and is the sum of two
finite rolls.  The various trial functions used to construct a solu-
tion are given in the Appendix.
The determinant givan by equation (13) can be reduce to
1

!
%Zl'[gf‘z\fﬂﬂln”1;1[12 - T)\I

=0 (15)

i

which is a N X N eigenvalue problem rather than a 2N X 2.V
determinant whose zeros must be found.
The procedure used to solve the problem posed by equation
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Tablei
H, 0.125 0.25 0.5 1.0
0.125 9802960.0 1554480.0 606001.0 469377.0
0.25 1554480.0 6387540 115596.0 64270.8
0.50 606001.0 115596.0 48178.9 14615.3
1.00 469377.0 64270.8 14615.3 6974.0
2.00 444995 .0 53529.7 11374.5 5138.2
3.00 444363 .0 50816 .4 9831.6 3906.0
4.00 457007.0 50136.1 9312.0 3633.6
5.00 473725 .0 50088.7 8099 .4 3446.2
6.00 494741.0 504101 8980.2 3358.0
z ; Y
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Fig. 1 Geomehy and coordinate system of rectangular region

(15) was to use the trial functions given in the Appendix to gen-
erate the matrices, equations (14). The number of trial func-
tions used (N) was increased until six significant figures of
accuracy were obtained in R.  This was done for each of the sets
of funetions given in the Appendix and for various combinations
of sets of functions. The characteristic Rayleigh number being
the minimum one found. This procedure was carried out for
horizontal dimensions H /L from 1/5 to 6 where L is the height of
the perfectly conducting walls. The results are given in tabular
form in Table 1 and in graphical form in Fig. 2.

Discussion of Results

The effect of confining perfectly conducting walls on the onset
of natural convection has been determined for rectangular plan-~
forms of various aspect ratios. The Galerkin method was used
with trial functions constructed from a linear combination of a
complete set of orthogonal coordinate functions. The trial
functions were selected to allow for the possibility of fully three-
dimensional flow coufigurations. The minimum Rayleigh num-
bers were obtained for trial functions representing rolls whose axis
are perpendicular to the longer dimension. The preferred orien-
tation of rolls has been observed by Whitehead and Busse [4],
and predicted by Davis [1].

The results of this analysis are presented in Table 1 for aspect
ratios (H/L) from '/3 to 6. Selective resulis are presented
graphically in Fig. 1. The stability curves, Fig. 1, obtained have
a kink at some value of H;/H, between 1 and 2. This kink is
caused by flow going from a single roll to a multiple roll configura-
tion. This was also observed by Davis [1] and Kurzweg [5].
The curve labeled H, = 6.0 in Fig. 2 is essentially a limit curve
for large Ha.. This would be equivalent to an infinite channel.

The upper-bound estimates of the critical Rayleigh number de-
termined in this work are lower by 15 percent than the estimates
found by Davis when one of the aspect ratios is less than unity
and the kinks are almost nonexistent. If both aspect ratios are
greater than unity, the results compare quite well. Davis used
trial functions that were not a linear combination of a complete
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Critical Rayleigh number for the onset of natural convection for various aspect ratios

H,
2.0 3.0 4.0 5.0 6.0
444995.0 444363.0 457007 .0 473725.0 494742 .0
53529.7 50816.4 50136.1 50088 .6 50410. 1
11374.5 9831.6 9311.9 9099 . 4 8080.2
5137.9 3906.0 3633.6 3446.2 3347.9
3773.6 53.6 2530.5 2359.5 2285.7
2753.6 4 2337.2 2174 .4 2100.9
2530.5 2270.2 2110.9 2037 .2
2359.5 2110.9 2081.7 2007.8
2285.7 2101.0 2037.2 2007 .8 1991.9
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Fig. 2 Critical Rayleigh number for various aspect ratios

orthogonal set. This in itself is not a problem; however, his trial
functions were constructed out of a set of equally spaced rolls.
It is inconceivable that the walls would not affect the adjacent
volls. This, possibly, could be the reason that Davis could not
obtain convergence when the aspect ratios were small. Davis
[6] used these results to look at finite amplitude convection. Itis
suggested herein that his conclusions should be suspect. The
present method does not have this difficulty and convergence is
achieved very easily for small aspect ratios.  As a matter of fact,
the convergence improves the smaller the aspect ratio to the ex-
tent that a one-term approximation does a reasonable job in
predicting the minimum Rayleigh number.
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APPENDIX

Trial Functions
The velocity components u, v, and w are expanded in terms of
beam functions to satisfy two boundary conditions at each solid

surface.  The beam functions ave
¢, (c) = cosh (\,x) _cos (N, (16)
cosh (N,,/2)  cos /\,,L/ )
and
S (o) = sinh (\,,l B sin (\,z) ()
"0 sinh (N, /2 sin (A,,/2) ’
with
C(3)=C (%) =8, =8, =0 (18)

where the prime denotes differentiation with respect to the in-
dependent variable. These functions and integrals of various
combinations of them are found in Harris and Reid [7].

The various sets of funections used are as follows:

1 Odd number of z rolls

o <1>
Wy = ;:——{[-I—V cos | (2¢ — L)m e (2) (19)
pyr I\p A I’I‘: 1
Hi\, @ Cz
- =) eos (@ -1 )
Uy e <Hl> co (( ¢ — Dr H> e

z
i ™ 3 — YR *
T, = sin <.2pvr H!> cos <(2

v > cos ((2r — l)mwz)

(21)
2 Even number of y rolls
(i)
H,
Wyyr =~ COS <(’g — Lyr = > C.(z) (22)
My
H\ _ (= . y \ C',.(2) N
Uy = —‘,up— S, <}71> cos ((’q — i{__g 'Mx—r“— (23)
T, = cos( (2p — Dr —
e = €08 | (Zp ) 72
X cos ((‘2([ — 1y I-ZT/> cos ((2r — 1L)mwz) (24)
3 Odd number of y rolls
)
a\ T \H.
Wy = COS (( p — Lyr }—;) T; C.(z) (25)
H\, ) x v\ Oz
Upgr = ~—~/\~q- [ ((.Zp — 7 171) C, <}7,> N, (26)
T = cos | 2p — Um = sin | 2qm s cos ((2r — L)mwz)
e ©H,y H,
(27)
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4  Fven number of y rolls
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Upgr = cos <(’1) — Dr ]],) Sq <H (29

T, = cos <(7p — Ir E)

X cos <( 2¢ — aa

> cos ({(2r — Dmwz) (3

Conduction to an Insulated Cylinder
From a Semi-Infinite Region

S. W. CHURCHILL!

A complete analytical or numerical solution for conduction in
the region outside an infinitely long, isothermal, insulated cylinder
does not appear to have been developed.  Furthermore, examina-
tion of the analytical solutions for the region outside an insulated
sphere {1 and for the limiting cases of the eyvlinder deseribed
later suggests that a complete analytical solution would be =0
complex as to be impractical for computational purposes. The
number of parameters in the problem magnifies the task of de-
veloping and presenting a sufficiently complete numerical solu-
tion. The general problem is, however, of considerable practical
interest in the underground storage of eryogenic fluids, in buried
pipelines, ete.

It is possible through the techniques deseribed in [2, 3] to
construct a complete solution of sufficient aceuracy for all prac-
tical purposes from the available solutions for limiting cases.
The construction of this solution is described herein and illustra-~
tive results are presented.

The solution for the transient heat flux density, ¢, from in-
finitely thick insulation at a uniform initial temperature, 7,
to an infinitely long eylinder of radius ¢, at constant temperatre,

T, is
qa 4 «
E(Ty — T 7w ),

where ( is time, k' and K’ are the thermal conductivity and
thermal diffusivity, respectively, of the insulation, and Jy(u) and
Yo(w) arve Bessel functions of the first kind and zero order, and
second and zero order, respectively.

Approximations for this integral for both large and small
values of K'l/a* ave given on page 336 of [4] and numerical values
are tabulated in [5]. The logarithm of the right side of equation
(1) is plotted as the ordinate in Fig. 42, page 338 of {4] with the
logarithm of K't/a® as the abscissa.

Substitution of thermal conductivity, &, and thermal diffusivity,
K, of the external region for &’ and K’ in equation (1) produces a
solution for no insulation.

For insulation of finite thickness, §; aun initial uniform tem-
perature, T, in both the insulation and surroundings; and an in-
finite conductivity in the surroundings

— K'tu?/a?
e Kitw/a’q,

W) + Vo)l

(1)
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The velocity components u, v, and w are expanded in terms of
beam functions to satisfy two boundary conditions at each solid

surface.  The beam functions ave
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where the prime denotes differentiation with respect to the in-
dependent variable. These functions and integrals of various
combinations of them are found in Harris and Reid [7].

The various sets of funections used are as follows:
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Conduction to an Insulated Cylinder
From a Semi-Infinite Region

S. W. CHURCHILL!

A complete analytical or numerical solution for conduction in
the region outside an infinitely long, isothermal, insulated cylinder
does not appear to have been developed.  Furthermore, examina-
tion of the analytical solutions for the region outside an insulated
sphere {1 and for the limiting cases of the eyvlinder deseribed
later suggests that a complete analytical solution would be =0
complex as to be impractical for computational purposes. The
number of parameters in the problem magnifies the task of de-
veloping and presenting a sufficiently complete numerical solu-
tion. The general problem is, however, of considerable practical
interest in the underground storage of eryogenic fluids, in buried
pipelines, ete.

It is possible through the techniques deseribed in [2, 3] to
construct a complete solution of sufficient aceuracy for all prac-
tical purposes from the available solutions for limiting cases.
The construction of this solution is described herein and illustra-~
tive results are presented.

The solution for the transient heat flux density, ¢, from in-
finitely thick insulation at a uniform initial temperature, 7,
to an infinitely long eylinder of radius ¢, at constant temperatre,
T, is

— K'tu?/a?
e Kitw/a’q,

qa . 4
BTy =

(1)

) fo wldo2(w) + Yo2(u)]

where ( is time, k' and K’ are the thermal conductivity and
thermal diffusivity, respectively, of the insulation, and Jy(u) and
Yo(w) arve Bessel functions of the first kind and zero order, and
second and zero order, respectively.

Approximations for this integral for both large and small
values of K'l/a* ave given on page 336 of [4] and numerical values
are tabulated in [5].  The logarithm of the right side of equation
(1) is plotted as the ordinate in Fig. 42, page 338 of {4] with the
logarithm of K't/a® as the abscissa.

Substitution of thermal conductivity, &, and thermal diffusivity,
K, of the external region for &’ and K’ in equation (1) produces a
solution for no insulation.

For insulation of finite thickness, §; aun initial uniform tem-
perature, T, in both the insulation and surroundings; and an in-
finite conductivity in the surroundings
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where b = a 4 0 is the outer radius of the insulation and «, are
the positive roots of

qaln (b/a)
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A few numerical values of the roots of equation (3) are given in
Table IV of [4].

The solution for the general case, except for the assumption
that the heat capacity of the insulation is negligible, is

BTy — T, ‘ @

ga In (b/a) 2 ("™ Pu, H)e™ Ktu?/o? .
o oy o — d
Yy T Jo u
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conduction to an insulated cylinder

where H = k'/k In (b/a),

Yo w/i(u) + HJo(w)] — Jol)[uY1(w) + HY,(u)]
[ i(w)y + HJo(u))? + [uY1{u) + HY ()2

(}S(’LL, H) =

(8)

and J1(u) and Yi(u) are Bessel functions of the first kind and first
order and second kind and first ovder, respectively. Values of
the right side of equation (4) are plotted as the ordinate in Fig. 43
of [4], with Kt/b? as the abscissa and H as the parameter.

These four limiting solutions ave plotted in Fig. 1 for particular
values of the three dimensionless parameters. From either
physical or mathematical reasoning it is apparent that the heat-
flux density must always be greater than that given by equation
(1)yand (4), and less than that given by equation (1) with k and K
substituted for &' and K’, and by equation (2). Furthermore,
the difference between the general solution and equations (4)
and (2) must decrease with increasing and decreasing times, re-
spectively. Since equations (2) and (4) differ negligibly for in-
termediate times the general solution must differ negligibly from
equation (2) for short and intermediate times and from equation
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(4) for long and intermediate times. The simpler equation (1)
is evidently a satisfactory approximation for short times. These
conclusions are valid for other finite values of the three parame-
ters. For the limiting values of the parameters, one of the limit-
ing solutions becomes exact.

It might be presumed that the heat capacity of the insulation
is always negligible and hence that equation (4) is sufficient for all
practical purposes. The heat capacity of the insulation indeed
does not affect the heat flux significantly after { = 82/7K’, but
approximately one half of the accumulative heat transfer up to
that time is due to the sensible heat of the insulation.

Although a minimum of five dimensionless groups ave required
to deseribe the general solution, ga In (b/a)k'(Ty — T',) is a sig-
nificant function only of b/a and K’{/a® for short times, es-
sentially unity for intermediate times, and a significant funetion
ounly of &'/k In (b/a) and Kt/b* for the long times. Hence a com-
plete graphical solution can be coustructed, as illustrated in Fig. 2,
with a split abscissa and a single parameter in each segment.

A complete solution for the transient temperature field in the
insulation and outer region can he construeted by the technique
just described above, although one additional independent
variable is involved.
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Stahility of Natural Convection Within an
Inclined Channel

U. H. KURZWEG!

Introduction

The authors, De Graaf and van der Held [1],2 have found
experimentally that the onset of convective heat transfer across
an inclined air layer heated from below is characterized by the
appearance of longitudinal convection rolls whose axes are parallel
to the existing steadv-state convection. We will show in the
present Note that these longitudinal rolls are closely related to
the well-known problem of convective instability between dif-
ferentially heated horizontal surfaces and that the eritical
Grashof number at the onset of roll instability is directly ob-
tainable from the known results of that problem. The resultant
analytical relation between the eritical Grashof number and the
layer inclination to the vertical will be compared with our own
observations on convection within a differentially heated in-
clined chaunnel.
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Analysis

Consider natural convection within a plane channel of widih
6 inclined at angle 8 with respect to the vertical. Let the lower
and upper walls be maintained at temperature 7 and 7%, re-
spectively, and introduce a Cartesian coordinate system (x, y, 2)
such that the x-axis lies along the lower wall in direction of the
flow and the z-axis is normal to the walls with the upward direc-
tion being positive. In terms of these coordinates, the stationary
velocity and femperature profiles within the enclosed fluid
layer are

V. = Udf(z)(x), T =T — ATh(z)(x), (1

where Us is a representative velocity and A7 = 7, — 75 The
lengths x, y, and z are expressed in units of § and the dimension-
less functions f(z) and h(z) remain unspecified for the time being.
Equations governing the stability of these solutions are readily
obtainable by the usual method of small disturbances. Without
going into details of the derivation, we find that the growth rate
for arbitrary infinitesimal, three-dimensional disturbances is
governed (within the framework of the Boussinesq approxima-
tion) by the linear equations

0
[(V2 — L)V2 4 Re (D) *] v,
ox
G 4 o ng(ve — D2 2)
= al 208 - S ;o — = .
ar | cos 208 sin 6( D2y | (2

1
[L ~ P V{l 7 = (Dh, ¢

where 2, is the nondimensional normal component of the velocity
perturbation and 7 the nondimensional temperature perturbation
with

. ) AT d
Re = wd/v, Gr = g8 — &, Pr = -i, D= —,
p? o Az
0? 0 o? 0 o
V2= — —, and L = — Ref- .
ox? oy? + 0z* L ot + Res o

The quantities ¢, », e, 8, and { represent, respectively, the gravi-
tational constant, kinematic viscosity, thermal diffusivity, coef-
ficient of volume expansion, and the nondimensional time.

The secular relation corresponding to the onset of instability
follows by solving equations (2) and (3) for an appropriate set of
boundary conditions after introducing the normal mode relations
0/ox = ik,, 0/oy = ik, and 0/d = w, + iw; and equating the
real part of the time variation to zero. The actual procedure of
evaluating the resultant secular relation is quite involved unless
certain simplifying assumptions concerning the form of the dis-
turbances are made. One such simplification is to assume that
the disturbances are transverse waves, in which case the foregoing
equations reduce to the modified Orr-Sommerfeld form obtained
by Plapp [2]. Here we consider a second limiting case, namely,
that of longitudinal convection rolls as observed experimentally
in reference [1]. These disturbances are independent of z and
spatially periodic in y, with nondimensional wave number k. It
follows from equations (2) and (3) that the growth rate of such
disturbances is independent of f(z) and that the equation govern-
ing the onset of nonoscillatory rolls is simply

(D* — k2PW = —k,2 Gr Prsin (D), ()

where TV represents the z dependence of »,.  This equation will be
recognized to be identical with that governing convective in-
stability in a horizontal fluid layer with nonlinear vertical tem-
perature distribution [3], provided the effective gravitational
constant g sin 6 in equation (4) is replaced by g. The corre-
sponding secular relation for the critical Grashof number is

Greer = (const/Pr) ese 6, 6}
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(4) for long and intermediate times. The simpler equation (1)
is evidently a satisfactory approximation for short times. These
conclusions are valid for other finite values of the three parame-
ters. For the limiting values of the parameters, one of the limit-
ing solutions becomes exact.

It might be presumed that the heat capacity of the insulation
is always negligible and hence that equation (4) is sufficient for all
practical purposes. The heat capacity of the insulation indeed
does not affect the heat flux significantly after { = 82/7K’, but
approximately one half of the accumulative heat transfer up to
that time is due to the sensible heat of the insulation.

Although a minimum of five dimensionless groups ave required
to deseribe the general solution, ga In (b/a)k'(Ty — T',) is a sig-
nificant function only of b/a and K’{/a® for short times, es-
sentially unity for intermediate times, and a significant funetion
ounly of &'/k In (b/a) and Kt/b* for the long times. Hence a com-
plete graphical solution can be coustructed, as illustrated in Fig. 2,
with a split abscissa and a single parameter in each segment.

A complete solution for the transient temperature field in the
insulation and outer region can he construeted by the technique
just described above, although one additional independent
variable is involved.
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Analysis

Consider natural convection within a plane channel of widih
6 inclined at angle 8 with respect to the vertical. Let the lower
and upper walls be maintained at temperature 7 and 7%, re-
spectively, and introduce a Cartesian coordinate system (x, y, 2)
such that the x-axis lies along the lower wall in direction of the
flow and the z-axis is normal to the walls with the upward direc-
tion being positive. In terms of these coordinates, the stationary
velocity and femperature profiles within the enclosed fluid
layer are

V. = Udf(z)(x), T =T — ATh(z)(x), (1

where Us is a representative velocity and A7 = 7, — 75 The
lengths x, y, and z are expressed in units of § and the dimension-
less functions f(z) and h(z) remain unspecified for the time being.
Equations governing the stability of these solutions are readily
obtainable by the usual method of small disturbances. Without
going into details of the derivation, we find that the growth rate
for arbitrary infinitesimal, three-dimensional disturbances is
governed (within the framework of the Boussinesq approxima-
tion) by the linear equations

0
[(V2 — L)V2 4 Re (D) *] v,
ox
G 4 o ng(ve — D2 2)
= al 208 - S ;o — = .
ar | cos 208 sin 6( D2y | (2

1
[L ~ P V{l 7 = (Dh, ¢

where 2, is the nondimensional normal component of the velocity
perturbation and 7 the nondimensional temperature perturbation
with

. ) AT d
Re = wd/v, Gr = g8 — &, Pr = -i, D= —,
p? o Az
0? 0 o? 0 o
V2= — —, and L = — Ref- .
ox? oy? + 0z* L ot + Res o

The quantities ¢, », e, 8, and { represent, respectively, the gravi-
tational constant, kinematic viscosity, thermal diffusivity, coef-
ficient of volume expansion, and the nondimensional time.

The secular relation corresponding to the onset of instability
follows by solving equations (2) and (3) for an appropriate set of
boundary conditions after introducing the normal mode relations
0/ox = ik,, 0/oy = ik, and 0/d = w, + iw; and equating the
real part of the time variation to zero. The actual procedure of
evaluating the resultant secular relation is quite involved unless
certain simplifying assumptions concerning the form of the dis-
turbances are made. One such simplification is to assume that
the disturbances are transverse waves, in which case the foregoing
equations reduce to the modified Orr-Sommerfeld form obtained
by Plapp [2]. Here we consider a second limiting case, namely,
that of longitudinal convection rolls as observed experimentally
in reference [1]. These disturbances are independent of z and
spatially periodic in y, with nondimensional wave number k. It
follows from equations (2) and (3) that the growth rate of such
disturbances is independent of f(z) and that the equation govern-
ing the onset of nonoscillatory rolls is simply

(D* — k2PW = —k,2 Gr Prsin (D), ()

where TV represents the z dependence of »,.  This equation will be
recognized to be identical with that governing convective in-
stability in a horizontal fluid layer with nonlinear vertical tem-
perature distribution [3], provided the effective gravitational
constant g sin 6 in equation (4) is replaced by g. The corre-
sponding secular relation for the critical Grashof number is

Greer = (const/Pr) ese 6, 6}
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Fig. 1 Onset of longitudinal roll instability as function of layer inclina-
tion to vertical

where the value of the constant in this expression depends upon
the temperature profile ~(z) and upon the boundary counditions,
For the case of a linear temperature profile h(z) = zin a channel
whose walls are good thermal conductors, the value of this con-
stant is 1707.8 and the associated critical wave number is k, =
3.12.

Experiment

A series of experiments similar to those of reference [1] were
undertaken to verify equation (5) for natural convection within
an enclosed fluid layer. The apparatus consisted of an inelined
plane channel of width 6 = 0.61 e formed by two differentially
heated copper plates. The mean temperature within the channel
was maintained at 21 deg C, while the temperature difference A7
between the heated lower and the cooled upper plate was ad-
justable from 0-20 deg C. Silicone oil (Dow-Corning 704),
having the properties v = 045 em?/sec, @ = 9.35 X 1074
em?/sec, and 8 = 0.799 X 10~% (deg C)' at 21 deg C, was chosen
as the working fluid and convection within the fluid layer de-
tected by the motion of suspended graphite particles. Results of
the experimental observations are recorded in Fig. 1, together
with the theoretical relation A7 = (4.04 deg C) ese § obtained
from equation (5) upon substitution of the foregoing fluid proper-
ties and channel width. Agreement between theoretical pre-
dictions and the experimental results is seen to be excellent.

Concluding Remarks

The longitudinal roll disturbances considered here are also ex-
pected to oceur in free convection along heated swrfaces, such as
inclined plates and horizontal cylinders. In these latter in-
stances, equation (5) will no longer be a simple cosecant law since
h{z) is now a function of the surface inclination to the vertical.
[t would be of interest to solve the complete equations (2) and (3)
for free convection along a nearly vertical plate, thereby deter-
mining how a slight fluid stratification affects Plapp’s [2] theoreti-
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al results based upon the assumption of transverse disturbances
of the Tollmien-Schlichting type.
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The boundary-layer analysis of free-convection heat transfer from a
vertical cylinder with uniform heat flux at its surface is made.  The
transfornmed ordinary coupled equations form a two-paramelter
system (qwand Pr).  The two search type of equations is solved using
an iterative scheme developed for lhe isothermal case. Numerical
solutions obtained for parametric values of Pr and ne indicete that
the cylinders can be classified as short cylinders, long cylinders, and
wires. Heat lransfer correlations are presented and compared with
experimenial data. The results suggest that correlations for the
isothermal case may be used for the present case also if a discre

of aboul 6 percent can be tolerated.
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where the value of the constant in this expression depends upon
the temperature profile ~(z) and upon the boundary counditions,
For the case of a linear temperature profile h(z) = zin a channel
whose walls are good thermal conductors, the value of this con-
stant is 1707.8 and the associated critical wave number is k, =
3.12.

Experiment

A series of experiments similar to those of reference [1] were
undertaken to verify equation (5) for natural convection within
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as the working fluid and convection within the fluid layer de-
tected by the motion of suspended graphite particles. Results of
the experimental observations are recorded in Fig. 1, together
with the theoretical relation A7 = (4.04 deg C) ese § obtained
from equation (5) upon substitution of the foregoing fluid proper-
ties and channel width. Agreement between theoretical pre-
dictions and the experimental results is seen to be excellent.

Concluding Remarks

The longitudinal roll disturbances considered here are also ex-
pected to oceur in free convection along heated swrfaces, such as
inclined plates and horizontal cylinders. In these latter in-
stances, equation (5) will no longer be a simple cosecant law since
h{z) is now a function of the surface inclination to the vertical.
[t would be of interest to solve the complete equations (2) and (3)
for free convection along a nearly vertical plate, thereby deter-
mining how a slight fluid stratification affects Plapp’s [2] theoreti-
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al results based upon the assumption of transverse disturbances
of the Tollmien-Schlichting type.
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Superscripts

Prime = ordinary differentiation with respect to 5
* = value based onql/k
— = integrated mean value
Subscripts
D = value based on diameter of cvlinder
L = wvalue based on length of evlinder
o = value at a distance far away from cylinder
z = local value
Introduction

Free convection from vertieal plates has been analyzed by
several investigators under different boundary conditions [1-4].4
The series solution of Sparrow and Gregg [5] for isothermal verti-
al eyvlinders, extension of the series solution by singular pertur-
bation techniques by Kuiken [4], and similarity solution for a
linearly varying surface temperature [6] ave some of the investiga-
tions connected with vertical evlinders. Hama, Recesso, and
Christiaens [7] rveport the results of the integral analysis and
interferometric study of free convection from thin wires to air.
The present authors used a new method of solution [8] which
enabled to elassify the complete family of evlinders into three
categories—short evlinders, long cyvlinders, and wires. The
foregoing method has been extended to the present ease of vertical
cylinders with uniform heat flux at the surface. The importance
of this study lies in the fact that this type of boundary condition
is commonly met with in practice.  Electrical heating of evlinders
and wires may be eited as examples.

Analysis

A vertical eylinder swrrounded by a quiescent bulk fluid at a
constant temperature 7%, is heated such that the unit surface heat
flux is constant.  The assumptions made in the analysis and the
basic boundary-layer equations are the same as those used by
the authors in [8]. The transformation variables used in the

present case to nondimensionalize the equations are
= N/L;r=R/L;w=UL/v;v = VL/y,
(1w — T/ (qL/k) (1)

Pr = v/a; Gr * = gBLY/kv?
Further, introducing the stream function ¢ as

Q
= (1/r) l v = —(1/r )7‘/f (2)
or
and using the following transformation variables,

1y

7 = (Grp/5) /o' b= (5/Cr ) 52 5 00, 2); ¥ = Saf(n, 2)
(3)

the following set of nonlinear partial differential equations are
obtained:

2oy + W(5f — 1) — 30y + 5 — 1) — %0

= Ny fone + SfgnTne).  (4a)
7]67)77 + 671(1 + ;—)Afl)l'> - 0.11711)1' = le(,rvuﬂﬂw - eﬂfﬂw)l)l‘ (41))

where the subscripts denote pavtial differentiation with respect
to the respective independent variables n and n,. For the first
approximation the RHS of equations (4a) and (4b) were neglected
since they involve the unknown terms f,, and fy,,. This simpli-
fication leads to a set of ordinary differential equations, viz.,

5‘,‘7 fﬂ w

A S TAM GV AR D IR M1/ YA S AR DI KA (5a)
20 + 6'(L + 5/Pr) — @'Pr = 0 (5b)

with boundary conditions,
f=f =0 and 8 = latyn = (5e)

0—0asn—

/=0 and

4 Numbers in brackets designate References at end of Note.
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where 7, 18 defined as,
70 = (Gr,*D/160X )/ hH

These set of ordinary differential equations (da) and (3b) with
boundary conditions, equation (5¢), were solved numerically on
a C.D.C. 3600 computer for parametric values of 5,(107% to 1
to cover the entire range of cylinders and Pr(0.01, 0.1, 0.733 and
5) to encompass liquid metals gases and water using thg iterative
scheme developed by the authors [S].

On obtaining the solutions of the approximated equations,
g, 5, the quantities on the RHS of equations (4) were calcu-
lated. 1t was found at this stage that introduction of RIIR
would bring in a variation of only 3% in the caleulation of f,,,
and Oy, in the second approximation. It is to be noted that the
quantity on RHS will vary with  and the variation mentioned
was the maximum value.  Substituting the values of RHS the
set of equations (4a) and (4b) were solved to obtain the second
approximation. It was observed that the final results with
second approximation was only 2 per cent less than those with
RIS neglected in equations (4a) and (4b). Hence only the
first approximation will be used in the following ealculations and
diseussions,

Heat Transfer and Fluid Flow Parameters
The temperature distribution at the wall can be found by the

expression,

(T — T/ (gL /k) = (Gr*/5)" (X /L) 0(n) (T

If an average temperature ditference is defined as

L

To = (1/L) (T'y — Tu)dX (S)

and the corresponding average Nusselt number as
Nup = (¢D/B)/(Tyy — T) M

then the final expression for Nu, will be

i L b /s
Nuy = (Gr *L/5D) Lf <7> O(ny)dX (m
0 o
A similar analysis can also be done for fluid flow results.  Under
boundary-layer assumptions, the shear stress 7 is given by
(11

T.

= ()
o

<}7>

When an average shear stress is defined, equation (11) gives

L 1 L
rdX = (‘”’ > e dN (12
0 L2 L 4]

It is to be noted that 8(ny ) and /() are functions of z and
hence their functional dependence with z is to be determined (o
evaluate the integrals in equations (10) and (12).

(1/L)

Results

Velocity and temperature distributions were obtained as the
solution of equations (4) and (5) for parametric values of 7, and
Pr. Table 1 gives the value of 8(ny) for various values of Pr
when 7y = 1 and the maximum value of [’ attained with air
(Pr = 0.733) fm different 7y values to bring out the important
features of tha solution. It can be seen from the table that the
values of fiar’ decreases fast with decreasing values of .

Table 1 Variation of 8(yi-) and fuax (91r)
Pr O(nw) my Somax(mv)
0.01 -—0.9771 1.0 0.0926
0.10 —{.9414 0.1 1.061 X 10-¢
0.733 —0.8260 0.01 1.045 X 1078
5.000 —0.6718 0.001 1.045 X 10712
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Fig. 1 Variation of (n,) versus 1.,

To develop heat transfer correlations, Figs. 1 and 2 are drawn.
InFig. 1 as 7y increases the value of —8(ny) increases reaching
an asymptotic value of 1 for u,, greater than about 3. As seen
from the figure, the results can be represented by

Olnw) = —Fgu)e (13
for the 3 regimes where ¢ and F are constants with respect to 7

but vary in different regimes. For g, 2 3, the regime is desig-

nated as shovt eylinders since the results in this region do not
vary by more than 8 percent of the values for flat plates. Fur-
ther, the two regimes represented by 0.2 < 7 < 3 and 7y less
than 0.2 belong to the categories of long eylinders and wires. [t
may also be noted that the value of 7, = 3 in the uniform heat-
flux case corresponds to a value of 5y = 5 in the isothermal case.
It may be noted that the criterion that demarcates the short
cylinders from the long ones in the isothermal case is 5, = 3.

For different Prandtl numbers the plots of —0(ny) versus 7y
were similar to Fig. 1. It was observed from the study of these
plots that the slopes of the straight lines in each regime were in-
dependent of Pr. However, F' in equation (13) depends on Pr
and is evaluated from the plot of —8(n,) versus Pr (see Fig. 2).
Thus the final correlations can be simplified from equation (10) as

Nuy = Ci(Rap*D/L)¢2 (14)

If, in the definition of Gre,* (equation (1)), ¢L/k is replaced by
"/';’, — ’]’;, then equation (14) simplifies to

Nuy, = Cy(RapD /L) (155

The values of these constants are given in Table 2. Tt can be ob-

served in Table 2 that the final values of Ra,D/L which de-
marcate the different categories of eylinders arve as follows:

1 Short  eylinders: RapD/L greater than 104

2 Long eylinders: RapD /1L 0.05 to 104
3 Wires: Ra,D /L less than 0.05.

In the isothermal case, the values of Ra,D /L were the same as in
the foregoing for the respective categories [8].

The present analytical results are shown in Fig. 3, together with
those for the isothermal case {or comparison. The experimental
results of the authors [9] are also plotted. In the regime of short
cylinders, the straight line is above that for the isothermal case by
about 5 percent. Thus the observation of Sparrow and Gregg

10 -
o — Present Investigations (Analytical)
Nw=3-0 (Short Cylinders)
1.0
3 1.0 ( Long Cylinders)
£
o
{
-1
10—
W<WireS>
160 [ 1 L |
o 10" 1.0 10
Pr
Fig. 2 Variation of —08(y,) wtih Pr for different 3,
Table 2
] Range of
Category (oh s Cs Cy RapD/L
Short cylinders 0.55 0.20 0.60 0.25 above 10*
Long cylinders 1.33 0.14 1.37 0.16 0.05 to 10*
Wires 0.90 0.048 0.93 0.05 below 0.05
A1 A‘&«z A;} f&; Aq, A5
Short cylinders 1.36 0.60 —0.12 0.56 0.75 -{.10 Above 104
Long cylinders 1.52 0.63 —0.08 0.92 0.73 —0.14 0.05 to 104
Wires 1.26 0.66 —0.04 0.36 0.60 —0.19 below 0.05
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Fig. 3 Heat transfer correlations

{2], for flat plates that the results of uniform heat flux case do not
vary by more than 10 percent of the isothermal case, seems justi-
fied. In fact, by the definition of modified Grashof number, the
variation is still reduced.

When equation (7) is simplified, it gives the result that (T'y —
T.) is proportional to 2(1=@/5 " Tn the regime of short eylinders
(also flat plates) @ = 0 (see Fig. 1 where slope a = ) and hence
(TI'y — T4) is proportional to 292, which is in conformity with
the results of Sparrow and Gregg [2]. For long cylinders, the
exponent of @ reduces to 0.138 and for wires the exponent is 0.04.
Thus, in the region of wires, the results of uniform heat flux and
isothermal cases should be very nearly the same. The foregoing
trend can be observed in Fig. 3; the results in the region of wires
do not vary by more than 3 percent,

The analysis for fluid-flow results give the final correlations as

Nsp = v/(uel/D?) = 4,(Pr)y4(Grp*D/L)4s (16)
or

Nsp = APr)*s(GrpD/L)4s (17)

The values of these constants are also shown in Table 2.

Conclusions

1 The values of Ra,D/L which demarcate the different cate-
gory of cylinders in the isothermal case hold good for the present
case also.

2 Heat transfer and fluid flow correlations are developed.
Heat transfer correlations based on average surface temperature
are developed to show that they do not vary by more than 5 per-
cent of those for the isothermal case as one proceeds from short
cylinders to wires, In general, higher heat transfer rates ave
counteved.

3 TFor low Pr, the heat transfer correlations differ by about
10 percent.

4  Lxperimental results reported in {9] are in good agreement
with the present results.
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Combined Convective Heat Transfer From
Horizontal Cylinders in Air

P. H. OOSTHUIZEN!® and 5. MADAN®

Introduction

Avrnovan many thorough investigations of the heat transfer
rates from horizontal, circular cylinders by free convection
(R, — 0) alone and forced convection (G, — 0) alone have been
undertaken, comparatively little attention has been given to the
combined free and forced-convection region. The effect of the
buovancy forces on the heat transfer rate has, of cowwse, becn
noted in a number of investigations, e.g., references (1, 2],% but
the only specific investigations of the combined convection region
for the horizontal eylinder case appear to be those of references
[3, 4]. In both these investigations, however, only the ca<e
where the buoyancy forces were at right angles to the forced flow
was studied.

In the present study, the heat transfer rates from a series of
circular cylinders, so arranged that the forced flow and buoyaney
forces were in the same direction, i.e., the forced flow was vertical,
have been measured. In these tests the Reynolds number {13,)
varied, approximately, between 100 and 3000, and the Grashof
number (G,) approximately between 25,000 and 300,000.
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{2], for flat plates that the results of uniform heat flux case do not
vary by more than 10 percent of the isothermal case, seems justi-
fied. In fact, by the definition of modified Grashof number, the
variation is still reduced.

When equation (7) is simplified, it gives the result that (T'y —
T.) is proportional to 2(1=@/5 " Tn the regime of short eylinders
(also flat plates) @ = 0 (see Fig. 1 where slope a = ) and hence
(TI'y — T4) is proportional to 292, which is in conformity with
the results of Sparrow and Gregg [2]. For long cylinders, the
exponent of @ reduces to 0.138 and for wires the exponent is 0.04.
Thus, in the region of wires, the results of uniform heat flux and
isothermal cases should be very nearly the same. The foregoing
trend can be observed in Fig. 3; the results in the region of wires
do not vary by more than 3 percent,

The analysis for fluid-flow results give the final correlations as

Nsp = v/(uel/D?) = 4,(Pr)y4(Grp*D/L)4s (16)
or

Nsp = APr)*s(GrpD/L)4s (17)

The values of these constants are also shown in Table 2.

Conclusions

1 The values of Ra,D/L which demarcate the different cate-
gory of cylinders in the isothermal case hold good for the present
case also.

2 Heat transfer and fluid flow correlations are developed.
Heat transfer correlations based on average surface temperature
are developed to show that they do not vary by more than 5 per-
cent of those for the isothermal case as one proceeds from short
cylinders to wires, In general, higher heat transfer rates ave
counteved.

3 TFor low Pr, the heat transfer correlations differ by about
10 percent.

4  Lxperimental results reported in {9] are in good agreement
with the present results.
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Combined Convective Heat Transfer From
Horizontal Cylinders in Air

Copyright © 1970 by ASME

P. H. OOSTHUIZEN!® and 5. MADAN®

Introduction

Avrnovan many thorough investigations of the heat transfer
rates from horizontal, circular cylinders by free convection
(R, — 0) alone and forced convection (G, — 0) alone have been
undertaken, comparatively little attention has been given to the
combined free and forced-convection region. The effect of the
buovancy forces on the heat transfer rate has, of cowwse, becn
noted in a number of investigations, e.g., references (1, 2],% but
the only specific investigations of the combined convection region
for the horizontal eylinder case appear to be those of references
[3, 4]. In both these investigations, however, only the ca<e
where the buoyancy forces were at right angles to the forced flow
was studied.

In the present study, the heat transfer rates from a series of
circular cylinders, so arranged that the forced flow and buoyaney
forces were in the same direction, i.e., the forced flow was vertical,
have been measured. In these tests the Reynolds number {13,)
varied, approximately, between 100 and 3000, and the Grashof
number (G,) approximately between 25,000 and 300,000.
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Apparatus

Four models having diameters of 0.75, 1.00, 1.25, and 1.50 in.
were used in the study. These models were mounted in a vertical,
low-speed wind tunnel having a 16 in. X 16 in. working section.
The velocities used ranged between approximately 0.4 and 3 fps,
these velocities being measured by means of a Pitot tube at the
higher values and a Disa low velocity anemometer at the lower
values. The turbulence level in the tunnel was less than 0.7
percent.

The models were made of solid aluminum and were 12-in. long
with a 2-in-long nylon insulating cap of the same diameter as the
model on each end. The velocity in the tunnel was uniform
across the model and, as {ar as could be determined, end effects
were negligible.

Before a test, a model was uniformly heated to a temperature
of about 300 deg F and then placed in the tunnel and the varia-
tion of temperature with time measured using a thermocouple,
the test being terminated when the temperature had dropped to
about 150 deg F. TFrom this measured temperature-time his-
tory the heat transfer rate was determined, assuming, because of
the extremely small Biot numbers, a uniform model temperature,
in the following way. The total heat loss rate from the model is
given by

ATy

Q = —MC
di

1)

where M is the mass of the cylinder, Cits specific heat, and 7'y its
temperature. The heat transfer coefficient at any instant of
time is, therefore, given in terms of the rate of temperature
change, by

dTy

hA(Tyw — Ty) = —MC —— 2)
dt

The function A being the surface area of the cylinder and T,
the free-stream air temperature. Thus using the measured
variation of 7'y with time ¢, & could be determined at any instant
of time. The convective heat transfer coefficient was then de-
termined by subtracting the relatively very small, radiant heat-
loss coeflicient.

The heat transfer rate from each model was also measured in
the same way with zero forced velocity.

Results

In the present investigation, the ratio of model diameter to
test section height (d/H) varied between 0.047 and 0.094 and
thus some blockage effect was to be expected {2}. This effect
resulted in the measured Nusselt numbers (N,) for the four
models at a given Reynolds number in the purely forced-convec-
tion region differing from each other, the Nusselt numbers for the
1.5-in-dia model being approximately 8 percent higher than those
for the 0.75-in-dia model in this range. A Reynolds number cor-
vection factor was therefore determined by selecting a Nusselt
number in the purely forced convection vegion, determining the

teynolds, number corresponding to this Nusselt number for each

model, and then plotting the variation of this Reynolds number
with d/H and extrapolating to find an equivalent Reynolds num-
ber corresponding to zevo d/H. This correction factor remained
approximately constant for each model over the entire Reynolds
number range corresponding to purely forced convection and was
thus assumed to be independent of Revnolds number for the
values covered by the present tests, and the covection factors
determined in this way were applied to all results,

The values of these blockage correction factors are shown in
Table 1. They will be seen to be between the curves for blockage
correction factor given in reference [2] and are also consistent
with the results of veference [3].

Typical results for the four models, with the correction factor
just discussed, applied are shown in Fig. 1. Since the model
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Fig. 1 Variation of Nusselt number with Reynolds number, corrected

for blockage, for typical Grashof numbers

Table 1
Model Blockage Reynolds number
diameter (d/H) correction factor
0.75 in. 0.047 1.03
1.00 in. 0.063 1.07
1.251 0.078 1.10
0.094 1.16

temperature varied during each run and since the fluid properties
were evaluated at the film temperature, the Nusselt, Reynolds,
and Grashof numbers all varied during a run. The results
shown in Fig. 1 were thus obtained by interpolating to find the
Nusselt and Reynolds numbers corresponding to the selected
Grashof numbers.  Also shown in Fig. 1 are some of the values
of N, corresponding to the selected values of G4, determined with
zero forced velocity.

The results in the forced-convection region can be closely fitted
by the equation

Nator = 0.464 Ry%3 - 0.0004 R, (3)

which is an equation of the type proposed by Douglas and
Churchill [2] and in good agreement with other forced flow re-
sults.  The values of N, given by this equation are indicated by
the forced convection line in Fig. 1.

Now, for the unseparated portion of the flow over the cylinder,
it can be analytically shown that the ratio of the actual local
Nusselt number to the local Nusselt number that would exist
with purely forced convection at the same position at the same
Reynolds number will depend only on the parameter (G, /R ).
Therefore, while it does not seem possible to analytically deduce
this relation for the separated portion of the flow, it seems logical
to attempt to correlate the measured mean Nusselt numbers in
terms of this parameter, L.e., to assume

N /N ator = function (Gg/Ra?) (4)

where Ny, Is given by equation (3). The experimental results
are therefore plotted in this form in Fig. 2 from which it will be
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Fig. 2 Correlation of Nusselt numbers in terms of combined convection
parameter

seen that the results can, indeed, be correlated in this manner,
Over the range of variables covered by the present tests, theve-
fore, the heat transfer rates can be approximately expressed by

Nu/Nator = 1 4+ 018 (Gy/Ry?) — 0.011 {Gy/R%)? 5)

If forced convection is assumed to exist if N, is within 5 percent
of Nuror, then this relation indicates that for forced convection
G, /R 2 < 0.28.
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Transient Response of Fin-Tube Space Radiators'

R. W. PALMQUIST,2 L. J. MORIARTY,? and
W. A. BECKMAN:

Nomenclature
¢, = specific heat of fin material
¢, = average specific heat of tube and coolant
26 = fin thickness
E; = finenergy storage rate per unit width of radiator
Fues = view [actor from element of fin to base {
k= thermal conductivity
2L = distance between tubes
m = mass of base per unit width of radiator
M = Lbpc,(me,)~Y, capacitance ratio
N = al.2T#/k6, conductance parameter
@, = net radiant energy leaving surface of base per unit
width of radiator
Q. = energy conducted from base into fin per unit width of
radiator
Q, = netradiant energy leaving surface of fin per unit width
of radiator
Q* = Q/cl 1w dimensionless heat flux
ro= radius of tube
p = density of fin material
o = Stefan-Boltzmann constant
T = absolute temperature of fin
T, = absolute temperature of base
Tw = initial temperature of base
7% = T /Ty, dimensionless temperature
L = time
7 = (/(mg,/cLTyw"), dimensionless time
x = distance along fin from tube
N = z/L, dimensionless length

Desian parameters for steady-state operation of minimum
weight fin-tube radiators have been given in reference [1]% and
the transient response of minimum weight fin-tube radiators in
veference [2]. The designer must consider the transient response
of space radiators, since the liquid coolant may freeze if the power
supply is temporarily cut off. This study considers the case
where steady-state operation is suddenly halted and the system
is allowed to cool. As in previous studies, all swrfaces are as-
sumed black and radiant interchange between tube and fin is
taken into account, although radiation from an external source is
not considered. The temperatures of the tubes and coolant are
taken to be equal and uniform.  Consecpuently, the results can be
used by the designer to give a lower bound on the time which may
elapse before freezing of the coolant begins.

As seen from Fig. 1, the symmetry of the fin-tube radiator

allows analysis of a single base and fin system. The base is
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seen that the results can, indeed, be correlated in this manner,
Over the range of variables covered by the present tests, theve-
fore, the heat transfer rates can be approximately expressed by
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veference [2]. The designer must consider the transient response
of space radiators, since the liquid coolant may freeze if the power
supply is temporarily cut off. This study considers the case
where steady-state operation is suddenly halted and the system
is allowed to cool. As in previous studies, all swrfaces are as-
sumed black and radiant interchange between tube and fin is
taken into account, although radiation from an external source is
not considered. The temperatures of the tubes and coolant are
taken to be equal and uniform.  Consecpuently, the results can be
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taken to be a 90-deg arc of tube and the enclosed fluid, while the
fin is of length I, and thickness 6. The following analysis ix
based on a tube and fin of unit width.

An energy balance ou the base vields

7
b

4z, ©, + Q) 1)
T (Qy + Q. (1)

me, -~ =

Since @, = @, + E,, the equation may be written as

dr,* ] .
e = —(Q,* + Q,F + E;*) (2)
dr

where the dimensionless variables ave

T = 1T,/Tw T o= U/(me, /o LTw)

@ = Q/oLTw 5=

;o= ]Ef/r"/o'[/’['],(ﬁ

Noting that the fin receives radiant energy from both tube 1 and
tube 2, the net energy radiated from the fin is

1
Q= f (1% — 15 (F ey + Fara)ldX @)
0

where

T = T/T, X = /L.
As derived in veference [1], the net energy radiated from the base
is
1
* = (/L)T,* + f RT3 — T*)(F et + Far2dX (4)

0

and the view factors ave

i {1 AL+ Xy = (/0|

Fory = 5 (r/L) 4+ X J
P V/L+2 = XP — (/L3 )
T L (/L) +2 - X

The energy storage rate for the fin is given by

Lo+
E* = Mf dX (6)
0o OF

where M = Llpc,/me,. The parameter M is called the ca-
pacitance ratio since it is a ratio of the heat capacity of the fin to
the heat capacity of the base.

Substituting equations (3), (4), and (6) iuto (2) yields the
equation

dly* T . ! -
e = LYTF A TR (F et A Faeo)dX
dr 0

1 T onrprn
. N

+ f TR = (Fapsy + Fara)]dN + M f oy o
0 g o7

which has the initial condition 7,*(0) = 1.
The fin temperature profile is found by solving the equation
o oT*

- — N[T* — T ¥ (F .. Foo)) = MN —
o { VA ey A Faea)) 5
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Fig. 3 Base temperature versus fime for r/L = 0.25
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where N = L2775, 10 ix the conductance parameter. The
initial and boundary conditions ave

NPT

¥4
PO, T) = T, o (1, 7) = 0, T, 0) = 1L

where the steady-state solution 7',* is found from equation (8

o7* /o = 0 and the boundary conditions 7 *(0) = 1 and
T *(1)/0X = 0.
When N = 0 the fin is isothermal and transient is given

simply by the following equation:
Ty = (1 + 3701 + #/L)/(1 + M)~ )

Equations (7) and (8) were solved by finite-diffevence tech-
nigues on a digital computer. The base temperature, as a fune-
tion of time, is given in Figs. 2-5 for »/L = 0, 0.25, 0.5, 1.0;
N = 1,5, 20; and M = 0, 1, 3. Equation (9) can be used to
provide information for N = 0.

Sinee N is inversely proportional to the conductivity, one
associates small values of N with efficient fins and hence it is ex-
pected that the base would cool more rapidly when N is small.
This iz always the case for M = 0, but not fov 3 > 0. In Figs. |
and 5, the curves for M = 1 and M = 3 show that the base cools
more rapidly as N becomes larger.  The reason for such anoma-
lous behavior lies in the fact that the total amount of energy in
the system is greater if the fin has a more uniform temperatie
distribution, as it does when N is small. When a small N ix
coupled with a large M, the energy stoved in the fin is large com-
pared to the energy in the base and the amount of energy con-
ducted into the fin may be small or even negative.
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Nomenclature
A, B, ¢, o = assumed constants in equation (12)
dF aa-aan, = total view {actor between area elements d.l;
and d4 ;
Jo fi, foy ... = factors giving contributions of specular

images in total view factor dF (g4 _a4n
F i —cicentaropening = diffuse view factor between element d4 ; and
cireular opening of cavity

H = diffuse nradiation streaming Into cavily
opening

R = radius of curvature of hemispherical cavity

S, = specular hemispherical coeflicient, given hy

equation (5)
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where N = L2775, 10 ix the conductance parameter. The
initial and boundary conditions ave

NPT
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PO, T) = T, o (1, 7) = 0, T, 0) = 1L

where the steady-state solution 7',* is found from equation (8

o7* /o = 0 and the boundary conditions 7 *(0) = 1 and
T *(1)/0X = 0.
When N = 0 the fin is isothermal and transient is given

simply by the following equation:
Ty = (1 + 3701 + #/L)/(1 + M)~ )

Equations (7) and (8) were solved by finite-diffevence tech-
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tion of time, is given in Figs. 2-5 for »/L = 0, 0.25, 0.5, 1.0;
N = 1,5, 20; and M = 0, 1, 3. Equation (9) can be used to
provide information for N = 0.

Sinee N is inversely proportional to the conductivity, one
associates small values of N with efficient fins and hence it is ex-
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This iz always the case for M = 0, but not fov 3 > 0. In Figs. |
and 5, the curves for M = 1 and M = 3 show that the base cools
more rapidly as N becomes larger.  The reason for such anoma-
lous behavior lies in the fact that the total amount of energy in
the system is greater if the fin has a more uniform temperatie
distribution, as it does when N is small. When a small N ix
coupled with a large M, the energy stoved in the fin is large com-
pared to the energy in the base and the amount of energy con-
ducted into the fin may be small or even negative.

References

1 Sparrow, E. M., and Eckert, . R. (3., “Radiant Interaction
Between Fin and Base Suwrfaces,” Jouryan or Hear Transron,
Trans, ASME, Vol, 84, Series C, Feh. 1962, pp. 12-18.

2 Moriarty, L. J., “Transient Analysis of Fin-Tube Space Radia-
tor Systems,”” Master's thesis, Department of Mechanical Enginecr-
ing, University of Wisconsin, Madison, Wis., 1966,

Absorption of Thermal Radiation in a
Hemispherical Cavity

H. H. SAFWAT!

Nomenclature
A, B, ¢, o = assumed constants in equation (12)
dF aa-aan, = total view {actor between area elements d.l;
and d4 ;
Jo fi, foy ... = factors giving contributions of specular

images in total view factor dF (g4 _a4n
F i —cicentaropening = diffuse view factor between element d4 ; and
cireular opening of cavity

H = diffuse nradiation streaming Into cavily
opening

R = radius of curvature of hemispherical cavity

S, = specular hemispherical coeflicient, given hy

equation (5)
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S = power of incoming beam per unit area normal \oa
to it (in case of parallel bundle of rays in- )
cident on cavity opening)
W, = diffuse radiosity of an elemental avea
a = absorptance of swface material of the 8
hemispherieal cavity (e = 1 = p)
«, = apparent absorptivity of the hemispherical
avily
p = directional hemispherical reflectance 6 b . L
py, = diffuse component of mixed reflectance
p, = specular component of mixed reflectance
¢, = angle shown in Fig. 4
Yand { = angles shown in Fig. 3 P — [
Tuis Note is concerned with the energy absorbed when radia~
1ion from an external source enters a hemispherical cavity., The ///
apparent absorptivity of the hemispherical cavity «,, defined as 2 A o
the ratio of the energy absorbed in the cavity to the energy enter- /7
ing the cavity, is found for two types of irvadiation: 4
1 Diffuse irradiation streaming through the cavity opening.
2 Bundle of parallel beams entering the cavity in a direction 9
i s 2 4 .6 8 10 a

normal to its opening plane.
The hemispherical cavity surface has a mixed reflectance p such ~ Fig. 1 Apparent absorpfivity of o diffusely irradiated hemispherical
that (p = p, + po) [1]1.2 p, and p, are the specular and diffuse cavity versus absorptance of cavity surface material (x = p./p.)
reflectance components, vespectively. p, and p, are assumed to

be independent of the directional distribution of the incident ra-

diant flux and the swrface temperature.

A Hemispherical Cavity Whose Opening Is Irradiated With
Diffuse hrradiation H

With reference to Fig. 1, the integral equation describing the
radiation exchange in the eavity [2-4] is given by

Wi = (pa + pIHF aa,_cireutar opening + pdf Wl ia—aan, (1)
Ai

where

W;

; diffuse radiosity of an elemental dA;

diffuse view factor between element d4;
and circular opening of cavity

AF (44,_a19, = total view factor between elements d4;

and dA,; (including all specular images

effect)

I

i

)
; . .
! ddj~cireular opening

and

’ N -
I ddj—cireular opening = ["/L‘{j—t(npping hemisphere = l/z, reference {")]

and
AF aj-aan, = fo + pJ1 4+ o2+ pfs + oo (3)

1y coincides with diffuse view factor between dd; and dd;; p.J
corresponds to radiant transport between d4 ; and dA4; with one
intervening specular veflection; p/ff, corresponds to radiant
teansport between dd ; and dd4; with k intervening specular re-
flections. With reference to Fig. 2,

I dAd; | Pe dd ;
o J ey, T e o — =
(e = + o2 + . R
4)
where [ is the radius of curvature of the hemisphere and
© k
S,=14 3 —2 »)

= k4 L2

By substituting equations (2) and (4) into (1), W; can be ex-
pressed as

2 Numbers in brackets designate References at end of paper. Fig.2 Specylar images of dA; as seen by dA;
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a
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A
.8 . — _— d

-0 .2 -4 .6 .8 o a

Fig. 3 Apparent absorptivity of a hemispherical cavity as irradiated
with o porallel bundie of rays versus absorplance of cavity surface
(x = pfpa)

S

H .
W= (o + p) = + pa— | WA, 6
;= (p, + pa) 5 P147‘_RQ fmi dA; (6)

and the solution of the foregoing equation is given by

; (pa+p;) H

W, =— . 7
. pdss 2 (/)
1B
2
Thus, for this case,
PS,
1
(1) ’
Q, = 57— o (
1 — pd‘Ss
2

Trig. 1 shows plots of a, versus « for different values of (z =
p./pa) as calculated from equation (8).

A Hemispherical Cavity Irradiated With a Bundle of Parallel
Beams Incident Normal to Cavity’s Opening

Let S be the power of the incoming beam per unit area normal
to the beam. With reference to Fig. 3, the integral equation
[2-4] describing the radiant exchange in the cavity is given by

W) = p, [S cos ¥ + f W(EWF (qaz—aan,

hd 14 ;
+ 30 pS cos m‘—‘k’] ()

= d4,
where
W, = diffuse radiosity of an elemental avea dd ;, Fig. 3
dA, = an elemental area of spherical surface which is

located at an angle ¢, considering specular
reflections only, (a beam incident on dd,
would reach dd ; after n specular reflections,
Fig. 4)

total view factor between elements dd;

; and
dA ;, given by equation (4)

Al qsj-day, =

Yand ¢ = anglesshownin Fig. 3
¢, = an angle shown in Fig. 4

The first term in between the square brackets in equation (9)
represents the radiation directly arriving at d4 ; from outside the
cavity through its opening. The second integral term gives
the diffuse irradiation received by d4 ; from all the surface of the
cavity., The last summation term is the energy received

200 / FeBRUARY 1970

dA,

dA.

Fig. 4 Energy received by element dA; which has undergone only
specular reflections on hemisphere's wall before reaching dA;

by the element dA ; which has undergone only specular reflections
on the hemisphere’s surface before reaching d4 ;. With reference
to Fig. 4, this energy reaches dd ; after one reflection from /.4,
and after n reflection from dA ,, where

nr —
2n 4 1

Using spherical geometry expressions for d4; and dd, together
with equations (5) and (10), equation (9) can be written as

¢, = (10}

A

S, 2 T
Wiy = pa) Scos ¥+ o j W) sin {d¢

0

. <n7r - ¢>
o sin { ————
IS nw — 2n + 1 )
+Z Lcos( ‘ ‘ﬁ> - (11
am1 (2n 1) N 2n 4+ 1 sin Y
To obtain a solution to equation (11), assume that
W) = ps] 4 + Boos ¢
. <n7r - 1[/>
® sin { ————
nw — 2n + 1
S . - 12)
+ nzzzl €08 < 2n 4 1 ) sin (
where 4, B, ¢, ¢4, .. ., ¢, . . . are constants.
Substituting from equation (12) into (11), gives
B =348 (13)
ps'S (14)

= 2 £ 1)

pS: S ] = 2n — 1\ w nr >>1
—51 S a2 JUS—— [USR— COS2 O —
2 2\+7§1p” o3 2n + 1/ 2 2n + 1 f
=
2
The energy absorbed inside the cavity is given by

w/2 1
@ f - W()-2eR? sin Wdy
0

Pd

(15)

Thus, for this case,

o, =

= 2n — L\ ™ nw l
iy n arya? e ¥ o a2 -
{l -+ 721 Ds (U)s <2n n l) - oS (Zn T l))J
o e
<] - pdss>
2
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Tig. 3 shows plots of a, versus a for different values of (z =
p,/pe) as ealeulated from equation (16).

For either the diffuse and parallel readiation the apparent
absorptivity of the hemispherical cavity is virtually insensitive
to the relative amount of reflection that is specular, i.e. x from 0
to 100, This can be explained by the minimum surface to volume
ratio characterizing spherteal configurations,

I case of diffuse irradiation, a purely diffuse reflecting surface
exhibits larger apparent absorptivity than a reflecting surface
with large 2. This is due to the eseape of a large portion of the
incoming irradiation upon the first specular reflections through
the opening of the cavity.

On the other hand, in the case of the parallel bundle of rays
the apparent absorptivity of a specular swrface cavity is lavger
than that of a cavity having a diffuse suwrface but a eavity with a
gurface whose @ = 1 still has smaller apparent absorptivity.
This can be seen in view of the two counteracting factors of the
multiple reflections of rays arriving near the outside edges of the
cavity and the escape of specularly reflected rays arviving to the
central part of the cavity.

The results show different effects for the value of & of the sur-
face material of the cavity for the diffuse irradiation and the di-
rectional irradiation.
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Heat Flux Through a Strip-Heated Flat Plate

R. A. SCHMITZ!

introduction

Ters Note concerns the problem of predicting the rate of heat
conduction through a solid slab maintained at a constant tem-
perature on one surface and heated (or cooled) by equally spaced
strips which are at a constant temperature on the other. The
space between the strips is assumed to be perfectly insulated.
The situation is depicted in Fig. 1, which serves to define much
of the notation to be used. The problem is closely akin to one
recently studied by Van Sant [1].2 In that study one side of
the slab was supposed to be cooled by convection, and the focus
was on the extent of the temperature variation on that swface
when the other side was strip-heated. The case of a constant
strip temperature was solved by a finite-difference scheme. No
heat flux results were reported.

The present version of the problem came to my attention when
it was required, in a certain application, to determine the condi-
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tions in terms of the geometric pavameters of slab thickness, strip
size, and strip spacing under which one could assume for practical
purposes that the heat flux is given by one of the two simple ex-
tremes, namely:

1 Treating the strip-heated surface as being uniformly heated
g0 that the heat flux ¢, termed ¢, for thig case, based on the total
slab surface is given by ¢, = (1", — T%)/6, where k is the thermal
conduetivity of the slab material.

2 Considering the heat flux to be channeled through that
portion of the solid lying above the strips so that ¢/q,, = /(¢ +
b}, where ¢ again is based on the total slab surface avea.

Method of Solution

The solution method employed here would seem Lo be applicable
to a wide variety of heat-conduection problems for which the
classical separation of variables approach cannot be used and
apparently offers considerable compuiational advantage over
finite-difference approaches. It has been employed previously
[2-6] for problems deseribed mathematically by Laplace’s equa-
tion aud applied in one of these cases [7] to a heat-conduction
problem. Thus only a brief deseription is called for heve.

The method is based on the observation that in each of regions
I and 11, shown in the sketch in Fig. 1, the solution for two-
dimensional steady heat conduction ean be expressed in terms of
an infinite series by way of the usual separation of variables

approach. Thus
= . Ty e )
Z A, sin </> cosh <' > ()
n=1 b )

I+ Z B, cos

=1

b =

Lrp =

w20 — 1) ]
X ocosh| ———— (e +b— 2w)| (2)
™%
where t = (1" — T)/(Ts — T,), and subscripts I and 11 refer to
the regions in the slab identified in Fig. 1. A system of linear
equations, infinite in number, for the unknown coeflicients 4, and
B, results by matching the temperatures and heat fluxes at the
boundary at @ = «/2 and invoking the orthogouality property of
the sine and cosine functions in the preceding equations.  With

RN S S L B e n i s Ry AR AR
- a= 1
I,OE ’7 1
;/20 ]
S ]
o7 :
; 2 3
Yo, 06 E
- | :
T a=28/{a+b) J
0.6 °/ B=o/la+b) ]
T T 1
0.4 IS yilini i 3
02 L, - E
Heated e @ e b ] ]
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a=0 .
ol vt o b o
o} 0.2 0.4 0.6 0.8 1O
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Fig. T Heat flux through slabs held at a uniform femperature on one

surface and having equally spaced constant temperature strips on the
other
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Tig. 3 shows plots of a, versus a for different values of (z =
p,/pe) as ealeulated from equation (16).

For either the diffuse and parallel readiation the apparent
absorptivity of the hemispherical cavity is virtually insensitive
to the relative amount of reflection that is specular, i.e. x from 0
to 100, This can be explained by the minimum surface to volume
ratio characterizing spherteal configurations,

I case of diffuse irradiation, a purely diffuse reflecting surface
exhibits larger apparent absorptivity than a reflecting surface
with large 2. This is due to the eseape of a large portion of the
incoming irradiation upon the first specular reflections through
the opening of the cavity.

On the other hand, in the case of the parallel bundle of rays
the apparent absorptivity of a specular swrface cavity is lavger
than that of a cavity having a diffuse suwrface but a eavity with a
gurface whose @ = 1 still has smaller apparent absorptivity.
This can be seen in view of the two counteracting factors of the
multiple reflections of rays arriving near the outside edges of the
cavity and the escape of specularly reflected rays arviving to the
central part of the cavity.

The results show different effects for the value of & of the sur-
face material of the cavity for the diffuse irradiation and the di-
rectional irradiation.
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strips which are at a constant temperature on the other. The
space between the strips is assumed to be perfectly insulated.
The situation is depicted in Fig. 1, which serves to define much
of the notation to be used. The problem is closely akin to one
recently studied by Van Sant [1].2 In that study one side of
the slab was supposed to be cooled by convection, and the focus
was on the extent of the temperature variation on that swface
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tions in terms of the geometric pavameters of slab thickness, strip
size, and strip spacing under which one could assume for practical
purposes that the heat flux is given by one of the two simple ex-
tremes, namely:

1 Treating the strip-heated surface as being uniformly heated
g0 that the heat flux ¢, termed ¢, for thig case, based on the total
slab surface is given by ¢, = (1", — T%)/6, where k is the thermal
conduetivity of the slab material.

2 Considering the heat flux to be channeled through that
portion of the solid lying above the strips so that ¢/q,, = /(¢ +
b}, where ¢ again is based on the total slab surface avea.

Method of Solution

The solution method employed here would seem Lo be applicable
to a wide variety of heat-conduection problems for which the
classical separation of variables approach cannot be used and
apparently offers considerable compuiational advantage over
finite-difference approaches. It has been employed previously
[2-6] for problems deseribed mathematically by Laplace’s equa-
tion aud applied in one of these cases [7] to a heat-conduction
problem. Thus only a brief deseription is called for heve.

The method is based on the observation that in each of regions
I and 11, shown in the sketch in Fig. 1, the solution for two-
dimensional steady heat conduction ean be expressed in terms of
an infinite series by way of the usual separation of variables

approach. Thus
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Z A, sin </> cosh <' > ()
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b =
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where t = (1" — T)/(Ts — T,), and subscripts I and 11 refer to
the regions in the slab identified in Fig. 1. A system of linear
equations, infinite in number, for the unknown coeflicients 4, and
B, results by matching the temperatures and heat fluxes at the
boundary at @ = «/2 and invoking the orthogouality property of
the sine and cosine functions in the preceding equations.  With
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Fig. T Heat flux through slabs held at a uniform femperature on one

surface and having equally spaced constant temperature strips on the
other
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each of the foregoing series truncated at N terms, this system
may be written as follows:

‘ZV: n 1
i el 2 tanh <M>
26
n A,
4

7 k- -.1; b
(k — %) tanh [Z(M*QT—')):]

. ™na 1
X sinh <M2‘57> = ;r(k S 3)

tn? sinh A T™a
N dn- s A —
N n®sinh 4, | 5

]}/: = Z

=@k = DIk — 32— nY) sinh|:

wh(2k — 1)]
40

E=1,2..,N (4

Finally, the heat flux through the slab, expressed as ¢/q,, 1s given

hy
25 al/2 { ot
N Z,‘ "
a+bf0 (ay>yzo” @

which by means of equation (1) may be written as follows in
terms of two parameter groups « and 3:

N :
=04+ a Y A,sinh (W—Z§> (6)

U =

q/q =

where a = 26/(a + b), and 8 = a/(a + b). Thus, for given
values of « and 3, the computation of ¢/q,, essentially involves
the solution of N simultaneous linear equations for N values of
4 from equation (3). Through subsequent solution of equation
(4) for N values of B, one may compute the entire temperature
field from equations (1) and (2). Presumably any desired
aceuracy cau be achieved by taking N appropriately large. Fov
all of the results to be presented here, an extrapolated value
q( = )/q,, was estimated from

q(N) (o a b
o a. N

The estimation required the computation of ¢(N)/qg,, for three
values of N. Successively larger values of N were employed
until two consecutive extrapolated answers were in agreement
through the fourth decimal place. The number of terms in the
eries required to reach this level of accuracy varied from 4-56,
depending on the parameter values.

Results

Results, shown in Fig. 1 illustrate the effect of the geometric
parameters « and 3. In the figure, ¢/q, of cowrse approaches
zero as 8 approaches zevo for all valuesof a.  Computations were
carried out only for 8 > 0.025. The results show that for o <
0.05 the heat flow is channeled for the most part through that
portion of the slab directly above the heated strips so that ¢/q¢,,
approaches a/{a + b). On the other hand, for a > 20, ¢/q,, =
1.0 for most values of 8, so that the heat flux is nearly that for the
rase of a uniform temperature over the entire slab swface at y = 0.

One possible utilization of the results may be conveniently
illustrated. Suppose that in a given application the total slab
area and strip arvea ave fixed at values such that 8 = 0.6, Then,
aceording to Fig. 1, at least 95 percent of the maximum flux ¢,,
may be achieved by sizing and spacing the strips uniformly in such
away that a > 4.0.

FEBRUARY 1970

202 :

It is worthwhile pointing out that the results also have meaning
in certain diffusion problems. In these problems, the slab may
represent a stagnant fluid or it may typify the so-called “diffusion
layer” in simplified models of boundary-layer problems. If o
diffusion-controlled chemical reaction occurs at the surface on
0 < @ < a/2 and if the surface 1s impervious and inactive for
a/2 <z < (a+ b)/2, then ¢/q,, in Fig. 1 gives the ratio of the
actual mass flux to that which would be realized if the entiye
surface at y = 0 were active. The diffusion-controlled reaction
may be caused either by highly active catalytic sites or by g
polarized condition in electrolysis.
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A Schlieren Interferometer Method for Heat
Transfer Studies:

V. SERNAS? and L. S. FLETCHER?®

THE main interferometric tool used in heat transfer studies has
been the Mach-Zehnder interferometer, an instrument which
produces fringe shifts proportional to the local temperature. The
temperature profiles in thermal boundary layers may be obtained
easily with this interferometer; however, local heat fluxes may be
obtained only from extrapolated temperature profiles at the wall.
A schlieren interferometer of the type reported by Merzkirch
[1]¢ produces fringe shifts proportional to the local temperature
gradient. This instrument previously has been used in super-
sonice flow studies, but it will be shown that it can also be very
useful in heat transfer studies. The local heat flux at a heated
wall may be obtained with this instrument by a single measure-
ment of a fringe shift at the wall, but the temperature profile
need not be determined.

A standavd single pass schlieren system can be converted intn
a schlieren interferometer by replacing the knife edge with a
Wollaston prism which has polarvizers on each side, as shown in
Fig. 1. The polarizers must be oriented at 90 deg to each other
and at 45 deg to the apex of the prism wedges. The fringe pai-
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each of the foregoing series truncated at N terms, this system
may be written as follows:
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Finally, the heat flux through the slab, expressed as ¢/q,, 1s given

hy
25 al/2 { ot
N Z,‘ "
a+bf0 (ay>yzo” @

which by means of equation (1) may be written as follows in
terms of two parameter groups « and 3:

N :
=04+ a Y A,sinh (W—Z§> (6)

U =

q/q =

where a = 26/(a + b), and 8 = a/(a + b). Thus, for given
values of « and 3, the computation of ¢/q,, essentially involves
the solution of N simultaneous linear equations for N values of
4 from equation (3). Through subsequent solution of equation
(4) for N values of B, one may compute the entire temperature
field from equations (1) and (2). Presumably any desired
aceuracy cau be achieved by taking N appropriately large. Fov
all of the results to be presented here, an extrapolated value
q( = )/q,, was estimated from

q(N) (o a b
o a. N

The estimation required the computation of ¢(N)/qg,, for three
values of N. Successively larger values of N were employed
until two consecutive extrapolated answers were in agreement
through the fourth decimal place. The number of terms in the
eries required to reach this level of accuracy varied from 4-56,
depending on the parameter values.

Results

Results, shown in Fig. 1 illustrate the effect of the geometric
parameters « and 3. In the figure, ¢/q, of cowrse approaches
zero as 8 approaches zevo for all valuesof a.  Computations were
carried out only for 8 > 0.025. The results show that for o <
0.05 the heat flow is channeled for the most part through that
portion of the slab directly above the heated strips so that ¢/q¢,,
approaches a/{a + b). On the other hand, for a > 20, ¢/q,, =
1.0 for most values of 8, so that the heat flux is nearly that for the
rase of a uniform temperature over the entire slab swface at y = 0.

One possible utilization of the results may be conveniently
illustrated. Suppose that in a given application the total slab
area and strip arvea ave fixed at values such that 8 = 0.6, Then,
aceording to Fig. 1, at least 95 percent of the maximum flux ¢,,
may be achieved by sizing and spacing the strips uniformly in such
away that a > 4.0.
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It is worthwhile pointing out that the results also have meaning
in certain diffusion problems. In these problems, the slab may
represent a stagnant fluid or it may typify the so-called “diffusion
layer” in simplified models of boundary-layer problems. If o
diffusion-controlled chemical reaction occurs at the surface on
0 < @ < a/2 and if the surface 1s impervious and inactive for
a/2 <z < (a+ b)/2, then ¢/q,, in Fig. 1 gives the ratio of the
actual mass flux to that which would be realized if the entiye
surface at y = 0 were active. The diffusion-controlled reaction
may be caused either by highly active catalytic sites or by g
polarized condition in electrolysis.
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A Schlieren Interferometer Method for Heat
Transfer Studies:

V. SERNAS? and L. S. FLETCHER?®

THE main interferometric tool used in heat transfer studies has
been the Mach-Zehnder interferometer, an instrument which
produces fringe shifts proportional to the local temperature. The
temperature profiles in thermal boundary layers may be obtained
easily with this interferometer; however, local heat fluxes may be
obtained only from extrapolated temperature profiles at the wall.
A schlieren interferometer of the type reported by Merzkirch
[1]¢ produces fringe shifts proportional to the local temperature
gradient. This instrument previously has been used in super-
sonice flow studies, but it will be shown that it can also be very
useful in heat transfer studies. The local heat flux at a heated
wall may be obtained with this instrument by a single measure-
ment of a fringe shift at the wall, but the temperature profile
need not be determined.

A standavd single pass schlieren system can be converted intn
a schlieren interferometer by replacing the knife edge with a
Wollaston prism which has polarvizers on each side, as shown in
Fig. 1. The polarizers must be oriented at 90 deg to each other
and at 45 deg to the apex of the prism wedges. The fringe pai-
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Schlieren interferometer oplical arrangement

terns obtained may be interpreted with the relationship presented
by Sernas and Carlson {2], which is:

(RT\[ A :\§>
» U 1) S

2KZ{ny — n,) tan o <f + W - “,

of _
of

(1)
where
or Lo L
3 = the local temperature gradient in the £ direction
s (the direction normal to the fringes in any re-
gion in the test section where no deusity
gradients exist)
<= the fringe shift as defined in Fig. 2
? = the gas constant
T = the absolute temperature
p = the absolute pressure
A = the wavelength of the monochromatic light used
K = the Gladstone-Dale constant
{ny — n,) = thedifference in refractive index of an ordinary and
extraordinary ray within the Wollaston prism
a = the wedge angle of the Wollaston prism
I = the focal length of the parabolic mirror on the
Wollaston prism side of the test section
W = the distance between the centerline of the Wollas-
ton prism and the focal point of the parabolic
mirror closest to the prism, and
u = the distance between the center of the test section

and the parabolic mirror closest to the Wollaston
prism.

This expression differs from the one reported by Merzkivch (if
his expression were written in terms of temperature instead of
density) in that the temperature gradient is used instead of
a temperature difference, and the proportionality constant ap-
pearing in the square brackets 1s slightly different.

An application for which the Wollaston prism schlieren inter-
ferometer is particularly suited is that of determining the local
heat flux and the loeal heat transfer coefficient in two-dimensional
thermal boundary layers. Experiments were conducted using a
heated, constant temperature, vertical plate under atmospheric
conditions to illustrate the use of the schlieren interferometer sys-
tem in heat transfer studies.

A 7 in. by 7 in. vertical plate was construeted of 1/2 in. thick
aluminum and instrumented with twelve 30 AWG copper con-
stantan thermocouples imbedded from the back side. The plate
was heated by a hot water pool in direct contact with the back
side (Fig. 2).  Measurements of the plate temperature on the {ree
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Fig. 2 Cross section of constant temperature plate and fringe shift
interpretation

convection side could be made to within £0.2 deg F, and it was
found that the entire plate could easily be kept at a constant tem-~
perature within 0.5 deg F. The major variation of tempera-
ture was ohserved in the vertical direction, while the temperature
in the transverse direction was constant to within the tempera-
ture-measuring aceuracy.

The heated plate was placed in the parallel beam of the
schlieren system and aligned such that the plate surface was
parallel to the light rays. A large cardboard shield was placed
around four sides of the plate to reduce room air currents at the
plate. A monochromatic filter of 5461A with a band width of
70A was placed in front of a mercury light source to produce
monochromatic light, and a paiv of calipers was suspended in front,
of the plate and in view of the camera to facilitate distance
measuring on a photograph. The Wollaston prism was rotated
to produce fringes in still air at about 45 deg to the plate surface
normal, and photographs of the interference pattern were taken.
Fig. 3 is a typical fringe pattern obtained when the fringes are
oriented at about 70 deg to the surface normal.

When the prism is rotated to produce still air fringes normal to
the plate, the fringe shifts in the thermal boundary layer are
almost nonexistent because very little temperature gradient
exists in a direction parallel to the wall. Interferograms taken
with the still air fringes parallel to the plate generally do not show
any fringes hitting the wall.  As a consequence, it is difficult to
measure the temperature gradient very close to the wall, but a
temperature gradient profile in the thermal boundary layer away
from the wall can be made readily with this orientation of the
fringes. A 45 to 70 deg orientation of the fringes was found to
be satisfactory for this study in that substantial fringe shifts
could be observed, and the fringes terminated at the wall.

The heat dissipated by the heated plate in natural convection
must first be transmitted to the air by conduction at the wall.
The heat flux at the wall is thus a vector whose component in the

E-dirvection ix:
or
q" sin 0 = ky; <~ (2)
q = vair - . 2
0¢ /want

The local heat transfer coefficient is then:
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Fig. 3 Representative interferogram of heated vertical plate. Calipers
are set at 1,0 in.
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Fig. 4 Comparison of experimental heat transfer coefficients with those
predicted by Ostrach [3]

ke (for
T~y sin 0 \OE J v ©)

"
where <*> is obtained from equation (1) with all variables
ot Jwunt

evaluated at the wall.  Only one fringe shift reading at the wall
is required to obtain the local heat transfer coefficient. Fig. 4
shows a comparison between the heat transfer coefficients ob-
tained from three different interferograms and the widely accepted
corvelation for h, due to Ostrach [3]. The agreement is quite
good even though the fringe deflections and fringe spacings were
read by eve on an optical comparitor.  Greater accuracy can be
obtained by more sophisticated film reading devices and methods.

This method of measuring h, can also be applied to heated
walls whose temperature is unknown. The density of the air at
the wall can be obtained from interferograms by numerieal inte-
gration of the fringe shifts along & between the wall and a ref-
erence location where the density is known. The integration is
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best performed in terms of the deusity because when equation (1)
is rewritten in terms of the density gradient, the right hand side
is independent of the local temperature within the thermad
boundary layer. By means of the perfect gas law, the density a1
the wall can be converted to the wall temperature which in twrn
can be used with equations (1) and (3) to find the local hem
transfer coefficient at the wall.
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Temperature Depression at the Base of a Fin

E. M. SPARROW! and D. K. HENNECKE!

Introduction

InsourNan and textbook articles dealing with fins, the tempera-
ture at the fin base is generally treated as a known, spatially uni-
form quantity. This point of view is common to both one-
dimensional and multidimensional analyses [1, 2].* Further-
more, the conventional definitions of effectiveness and efliciency
imply that the base temperature is not affected by the presence
of the fin, with the added inference that the temperature is the
same as that which the base surface would have if it were withowt
fins.  On the other hand, physical reasoning suggests that the
presence of the fin will act both to depress the level of the base
temperature and to create spatial nonuniformities. This paper
is concerned with a quantitative exploration of these effects which,
to the best knowledge of the authors, have not been previously
analyzed in the published literature.

Analysis, Solutions, and Results

The physical situation analyzed here is pictured schematically
in Fig. 1, which shows an isolated fin of rectangular profile af-
fixed to a thick wall. The exposed swrfaces of the fin and of the
wall lose heat by convection to the fluid environment. Specific
consideration is given to the case in which the fin and the wall
have the same thermal conductivity. Furthermove, it is ax-
sumed that the suvface heat transfer coeflicient is uniform and
equal on all swfaces, and that 7' = T(z, y). These conditions,
as well as the geometry itself, were chosen with a view to minimiz-
ing the number of parameters while maintaining the essential
features of the problem.

The temperature distribution along the fin base (¢ = 0, =1,

< y/t < /) remains unspecified, its determination awaiting the
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is required to obtain the local heat transfer coefficient. Fig. 4
shows a comparison between the heat transfer coefficients ob-
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best performed in terms of the deusity because when equation (1)
is rewritten in terms of the density gradient, the right hand side
is independent of the local temperature within the thermad
boundary layer. By means of the perfect gas law, the density a1
the wall can be converted to the wall temperature which in twrn
can be used with equations (1) and (3) to find the local hem
transfer coefficient at the wall.
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temperature and to create spatial nonuniformities. This paper
is concerned with a quantitative exploration of these effects which,
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fixed to a thick wall. The exposed swrfaces of the fin and of the
wall lose heat by convection to the fluid environment. Specific
consideration is given to the case in which the fin and the wall
have the same thermal conductivity. Furthermove, it is ax-
sumed that the suvface heat transfer coeflicient is uniform and
equal on all swfaces, and that 7' = T(z, y). These conditions,
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simultaneous solution of the temperature fields in the fin and in
the wall.

Turning now to the analysis, it is convenient to introduce di-
mensionless variables tn accordance with the definitions

tral o ol r
0 = - {?’_,] X = fl;y V=2 Bi=-— (1)
T, — Ts t t

in which 7', is the temperature of the exposed surface of the wall in
the absence of the find and T, is the fluid temperature. The
temperature field in the fin and in the wall is governed by La-
place’s equation 0%0/0X?% + 020/0Y? = 0 subject to convective
boundary conditions 98/0n + Bi § = 0 on all exposed surfaces.
Additionally, in the wall, at sufficiently large distances from the
fin, the disturbance of the temperature field due to the fin must
die away, so that§ = 1 — Bi X.

Solutions of the just-outlined problem depend on the values of
two parameters, the fin aspect ratio L/t and the Biot number Bi.
In fin design, it is customary to employ as a guideline the optimiz-
ing condition (1]

Bi (L/ty =1 (2)

Correspondingly, for the present solutions, the Biot numbers for
preassigned values of L/t were evaluated from equation (2).

Solutions of the coupled two-dimensional heat-conduction
problem encompassing the fin and the wall were carried out by
finite differences, with due account taken of thermal symmetry
about the line y = 0. A total of 777 nodal points were dispersed
throughout the solid in the region y > 0, the distribution of the
points being made to accommodate the rapidity of the tempera-
ture variations. The closure condition § = 1 — Bi X was im-
posed along the lines y/t = 64 and 2/l = —64. Solutions were
obtained with the aid of a CDC 6600 computer. The parameter
L./t was assigned values of 2, 5, 10, and 20, with the corresponding
Bi values from equation (2).

Fin temperature profiles taken from the numerical solutions are
presented in Fig. 2. The figure contains four graphs correspond-
ing, respectively, to the four values of the aspect ratio L/t. In
sach graph, the dimensionless temperature (77 — T) /(T — T.,)
is plotted as a funetion of the dimensionless transverse coordinate
y/tfor parametric values of the axial position varviable z /L.

Attention will first be focused on the temperature at the fin
base; i.e.,, at /L = 0. In the absence of the fin, the base tem-
perature would be 7', so that (T — T)/(T, — Tw) = 1. Fig. 2
shows that the presence of the fin significantly reduces the base

3 With the fin in place, the wall surface temperature approaches T
ut Jarge distances from the fin.
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Fig. 2 Fin-temperature profiles

temperature.  For instance, for L/ = 2, (T — T )/(T, — 1)
= (1.77. Since the fin heat transfer is proportional to the base-
to-fluid temperature difference, the base temperature depression
for this case results in a heat transfer rate that is about 23 pereent
less than that reckoned using 7', — 7. as the thermal driving
foree. Lesser base temperature depressions are in evidence as
L/tincreases.

The existence of the base temperature depression is physically
plausible.  That is, if the presence of the fin augments the heat
transfer, then heat must be brought by conduction to the base
from more remote regions of the wall, and this conductive trans-
port necessitates a temperatuve drop.

Further inspection of Fig. 2 indicates that the base tempera-
ture varies somewhat with transverse position, being lowest at
the center and highest at the edges. This implies that the lines
of heat flow (normal to the isotherms) tend to couverge as they
enter the fin.  On the other hand, at cross sections characterized
by larger values of z/L, the transverse temperature variation is
opposite to that at the base, implying a divergence of the heat
flow lines. Thus, as in the analogous fluid flow case, there is a
vena contracta effect with respect to heat flow lines entering a
fin.

Fig. 2 shows that the transverse temperature variations are not,
very large and become almost nonexistent at large values of L/t.
This suggests that if the base temperature were known, then the
fin heat transfer could be calculated by applying the one-dimen-
sional theory, for instance, equation (3-26) of [1]. To ex-
amine this matter, heat transfer rates were evaluated from the
just-mentioned equation using the base-to-fluid temperature dif-
ferences of Fig. 2. 1In all cases, these heat transfer rates weve
within a few percent of those given by the finite-difference solu-
tion.

The presence of the fin, in addition to depressing its own base
temperature, also depresses the temperature of the adjacent
wall swrface, thereby reducing the heat traunsfer from the wall.
Distributions of wall surface temperature arve shown in Fig. 1
for parametric values of L/t. In the immediate neighborhood of
the fin, the greatest depression of the wall surface temperatuve
occurs at smaller values of L/l which, in accordance with equa-
tion (2), corvespond to larger values of the Biot number and,
therefore, to high rates of heat transfer through the fin. On the
other hand, at wall surface locations relatively remote from the
fin, the temperature depression is least at the smaller 7./t values,
as 1s reasonable inasmuch as the swrface Biot number is higher for
these cases.

The results of this investigation demonstrate that fins cannot
be properly designed without due consideration of the thermal
interaction between the fin and the wall to which it is aflixed.
That is, consideration must be given to the depression of the
temperature of the fin base and of the adjacent wall surface.
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Furthermore, it is expected that the base temperature depression
associated with an ensemble of fins would be greater than that
salenlated hevein for the case of an isolated fin.,
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Heat Transfer From the Rear of a Cylinder in
Transverse Flow

P. S. VIRK!
Nomenclature
d = cylinder outside diameter, em
D = diffusivity, em?/sec
[ = shedding frequency, herts
h = heat transfer coeflicient, watts/ecm? C
k= thermal conductivity, watts/em C

== mass transfer coeflicient, em/sec

= Nussell number: (hd/k) for heat, (md/D) for mass
= Peclet number: (Ud/a) for heat, (Ud/D) for mass
= Prandtl number, (v/a)

= Reynolds number, (Ud/v)

= Schmidt number, (v/D)

= Strouhal number, (fd/U)

= heat flux, watts/ecm?

= shedding time petiod, (= 1/f) sec

= {ree stream velocity, cm/see

kinematie viscosity, em?/sec

= thermal diffusivity, em?/sec

= temperature excess, ('

azimuthal angle from forward stagnation point,

= 3.14159 ...

Subscript

M = indicates average over rear face of cylinder 90 deg < ¢ <

180 deg

Tuk object of this note is to present a model, hitherto un-
available, for the heat transfer from the trailing face of a cylinder.
It has, of course, long been recognized [1]2 that this transfer de-
pends upon the eddying flow that prevails aft of the separation
point. A more direct connection between shedding and rear face
heat transfer can be inferred from a problem encountered in hot
wire anemometry when a hot wire is operated at Ny, > 40. In
this case spectral analysis of the wire (electrical) signal shows a
distinct “spike,”” unrelated to the free stream turbulence, at pre-
cisely the shedding frequency. Since the local heat transfer
from the leading face of a cylinder is unlikely to be periodic, the
spike most probably stems from the transfer in the rear.

The nature of eddy shedding, whereby discrete amounts of
fluid break away periodically from the cylinder, and the indica-
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tion that the heat transfer from the rear has the periodicity of the
shedding suggest the “eddy penetration” model outlined next,

Consider a long cylinder maintained at a uniform temperature
excess, #, above a laminar, isothermal stream flowing transverse
to it.  Attention is limited to the suberitical, eddy shedding re-
gime, 40 < Nye < 2 X 10%, in which the shedding behavioris well
documented [2, 3] and separation occurs at ¢ = 90 deg so that
the shedding can be associated with the entive rear face, 90 deg <
¢ < 1S0deg. Itisnow assumed that an eddy remains “attached”
to the rear of a eylinder for a period of time equal to the reciprocal
of the shedding frequency. During this period the eddy grows
by the entrainment of fluid from the free stream while heat trans-
fer from the eylinder oceurs by the penetration of heat into the
eddy. Thereafter the eddy sheds and moves downstream while
the eycle is repeated with succeeding eddies.  The time average
heat fux from the rear face is, therefore, the average value ob-
tained during a single shedding time period. Further, if this
period is short enough for the penetration of heat into an eddy
to be limited to distances small relative to eddy size, then the
temperature of the eddy will remain essentially at the free stream
value and the heat flux during a eycle might be calculated assum-
ing conduction from the eylinder surface into an effectively in-
finite eddy.

From penetration theory, the time average heat Hux per unit
area in the time period from 0 to 7 is

q = 200/ (ral)/ (1

Using the usual
(q/8), the time

which is twice the instantancous value at 7.
definition of a heat transfer coeflicient, h =
average Nusselt number for the rear face becomes

Nxwn = 2d/(raf)V (2

where the time period, 7', is the reciprocal of the shedding fre-
quency f.  The latter is available from a nondimensional Strou-
hal-Reynolds number relation (e.g. [2]); for our range, Ng ix
about 0.11 at Nge o2 40, increases to 0.20 by Nge ™ 200 and
remains constant at higher Npe.  Thus, while the complete Nge-
Nge relation is known, little error is incurred by using

Nge = (fd/U) = (d/TU) = 0.20 3

Substitution for 77 in (2) then yields the final nondimensional
Nusselt-Peclet relation for the time average heat transfer from
the rear face:

Nyxar = 0.30Np /2 (4)

It is evident that the arguments presented for heat transfer
would apply equally to mass transfer.

The major assumptions involved in the foregoing are con-
sidered briefly.

Fivst, the use of penetration theory implies purely molecular
transport. This assumption is, clearly, somewhat in error since
the eddies shed possess an internal cireulation and, for Nre > 500,
also contain portions of turbulent fuid. Thus some convective
transport undoubtedly occurs and this would tend to make the
transfer higher than that predicted by (4). By conventional
reasoning, the actual ratio of convection to conduction from the
rear face should be of order [du/a], where u is a velocity charac-
teristic of the region, thickness 6, penetrated in one shedding time
period, Though one cannot be quantitative about this ratio
(primarily for lack of information about the relevant velocity
field), it should be noted that the velocity, w, in this recireulating
“deadwater’” region is much lower than free stream, U. Also, ax
shown below, the penetration distance, 8, is small compared tn
cylinder diameter, d.  Therefore conduction is likely to dominate
the transfer from the rear face upto values of the usual Peclet
number, (dU /), much greater than unity.

Second, penetration theory will apply when the ratio of eddy
diameter, say (d/2), to penetration distance, say (4v/aT) is
large. Elimination of 7' via (3) shows that this will be so 1f
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Furthermore, it is expected that the base temperature depression
associated with an ensemble of fins would be greater than that
salenlated hevein for the case of an isolated fin.,
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Heat Transfer From the Rear of a Cylinder in
Transverse Flow

P. S. VIRK!
Nomenclature
d = cylinder outside diameter, em
D = diffusivity, em?/sec
[ = shedding frequency, herts
h = heat transfer coeflicient, watts/ecm? C
k= thermal conductivity, watts/em C

== mass transfer coeflicient, em/sec

= Nussell number: (hd/k) for heat, (md/D) for mass
= Peclet number: (Ud/a) for heat, (Ud/D) for mass
= Prandtl number, (v/a)

= Reynolds number, (Ud/v)

= Schmidt number, (v/D)

= Strouhal number, (fd/U)

= heat flux, watts/ecm?

= shedding time petiod, (= 1/f) sec

= {ree stream velocity, cm/see

kinematie viscosity, em?/sec

= thermal diffusivity, em?/sec

= temperature excess, ('

azimuthal angle from forward stagnation point,

= 3.14159 ...

Subscript

M = indicates average over rear face of cylinder 90 deg < ¢ <

180 deg

Tuk object of this note is to present a model, hitherto un-
available, for the heat transfer from the trailing face of a cylinder.
It has, of course, long been recognized [1]2 that this transfer de-
pends upon the eddying flow that prevails aft of the separation
point. A more direct connection between shedding and rear face
heat transfer can be inferred from a problem encountered in hot
wire anemometry when a hot wire is operated at Ny, > 40. In
this case spectral analysis of the wire (electrical) signal shows a
distinct “spike,”” unrelated to the free stream turbulence, at pre-
cisely the shedding frequency. Since the local heat transfer
from the leading face of a cylinder is unlikely to be periodic, the
spike most probably stems from the transfer in the rear.

The nature of eddy shedding, whereby discrete amounts of
fluid break away periodically from the cylinder, and the indica-
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tion that the heat transfer from the rear has the periodicity of the
shedding suggest the “eddy penetration” model outlined next,

Consider a long cylinder maintained at a uniform temperature
excess, #, above a laminar, isothermal stream flowing transverse
to it.  Attention is limited to the suberitical, eddy shedding re-
gime, 40 < Nye < 2 X 10%, in which the shedding behavioris well
documented [2, 3] and separation occurs at ¢ = 90 deg so that
the shedding can be associated with the entive rear face, 90 deg <
¢ < 1S0deg. Itisnow assumed that an eddy remains “attached”
to the rear of a eylinder for a period of time equal to the reciprocal
of the shedding frequency. During this period the eddy grows
by the entrainment of fluid from the free stream while heat trans-
fer from the eylinder oceurs by the penetration of heat into the
eddy. Thereafter the eddy sheds and moves downstream while
the eycle is repeated with succeeding eddies.  The time average
heat fux from the rear face is, therefore, the average value ob-
tained during a single shedding time period. Further, if this
period is short enough for the penetration of heat into an eddy
to be limited to distances small relative to eddy size, then the
temperature of the eddy will remain essentially at the free stream
value and the heat flux during a eycle might be calculated assum-
ing conduction from the eylinder surface into an effectively in-
finite eddy.

From penetration theory, the time average heat Hux per unit
area in the time period from 0 to 7 is

q = 200/ (ral)/ (1

Using the usual
(q/8), the time

which is twice the instantancous value at 7.
definition of a heat transfer coeflicient, h =
average Nusselt number for the rear face becomes

Nxwn = 2d/(raf)V (2

where the time period, 7', is the reciprocal of the shedding fre-
quency f.  The latter is available from a nondimensional Strou-
hal-Reynolds number relation (e.g. [2]); for our range, Ng ix
about 0.11 at Nge o2 40, increases to 0.20 by Nge ™ 200 and
remains constant at higher Npe.  Thus, while the complete Nge-
Nge relation is known, little error is incurred by using

Nge = (fd/U) = (d/TU) = 0.20 3

Substitution for 77 in (2) then yields the final nondimensional
Nusselt-Peclet relation for the time average heat transfer from
the rear face:

Nyxar = 0.30Np /2 (4)

It is evident that the arguments presented for heat transfer
would apply equally to mass transfer.

The major assumptions involved in the foregoing are con-
sidered briefly.

Fivst, the use of penetration theory implies purely molecular
transport. This assumption is, clearly, somewhat in error since
the eddies shed possess an internal cireulation and, for Nre > 500,
also contain portions of turbulent fuid. Thus some convective
transport undoubtedly occurs and this would tend to make the
transfer higher than that predicted by (4). By conventional
reasoning, the actual ratio of convection to conduction from the
rear face should be of order [du/a], where u is a velocity charac-
teristic of the region, thickness 6, penetrated in one shedding time
period, Though one cannot be quantitative about this ratio
(primarily for lack of information about the relevant velocity
field), it should be noted that the velocity, w, in this recireulating
“deadwater’” region is much lower than free stream, U. Also, ax
shown below, the penetration distance, 8, is small compared tn
cylinder diameter, d.  Therefore conduction is likely to dominate
the transfer from the rear face upto values of the usual Peclet
number, (dU /), much greater than unity.

Second, penetration theory will apply when the ratio of eddy
diameter, say (d/2), to penetration distance, say (4v/aT) is
large. Elimination of 7' via (3) shows that this will be so 1f
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Fig. 1 Comparison of eddy penctration model with experimental data

Nrpe > 300 )

Failure to satisfy (5) will result, physically, in a final eddy tem-
perature that is significantly different from free stream; in which
case the actual heat transfer will be poorer than predicted by
equation (4).

Third, it should be pointed out that in equation (1) the ex-
pression for the time average heat flux from a plane surface into a
semi-infinite medium was used directly for the eylinder surface.
This causes negligible error at the short penetration times rele-
vant to the present case.

Fourth, an eddy was assumed to shed without leaving any
residual fluid adhering to the rear face; adhering fluid would re-
sult, in effect, in a stagnant film over the face, making the transfer
poorer than predicted. Finally, it should be noted that the heat
transfer from the rear of a cyvlinder is a funetion both of time and
location, ¢. The present model yields the time average transfer
over the entire rear face but is unable to predict local variations.

Experimental measurements of heat and mass transfer coef-
ficients around the periphery of cylinders in eross flow have been
widely reported (e.g., [4-10]). Average rear face Nusselt num-
bers obtained from these are compared with the present theory in
Fig. 1. The ordinate, (Nxu.1/Npe?), is suggested by the form of
equation (4). The theory is within a factor of two of the experi-
mental data over the entire range—nemrly four decades—of
Reynolds numbers.  The physical property dependence cannot
be tested adequately since (see legend of Fig. 1) all but one of the
measurements involved transfer to air with Prandtl (or Schmidt)
numbers of order unity.

The systematic trend of the data with respeet to the theory is
crudely consistent with the simplifying assumptions discussed
earlier. Thus the air data meet the penetration criterion, (5), at
Nie 3000; at lower Reynolds numbers the experimentally
measured transport is poorer than predicted. At the highest
Reynolds numbers the actual transport is higher than predicted,
presumably because of a significant convective contribution.

In summary, a mechanism has been proposed for the heat
transfer from the rear of a cylinder in transverse flow. Accord-
ing to this the transfer occurs during the shedding process by the
penetration of heat from the cylinder surface into an eddy during
the time that the eddy stays attached. Thereafter the eddy
sheds and the eycle is repeated with the frequency of shedding,
The model vields the correct order of magnitude of the transfer—
its predictions are within a factor of two of experimental data over
the entire Reyunolds number range, 40 < Ny, < 2 X 105, encom~
passed.

~

Journal of Heat Transfer

References

1 Lohrisch, W., “Bestimmung von Warmeubergangszahlen
durch Diffusionversuche,” Milt. Forsclungsarb, Vol. 322, 1929, p. 46.

2 Roshko, A., “On the Development of Turbulent Wakes from
Vortex Streets,” NACA Tech. Rept. No. 1191, 1955.

3 Roshko, A., “Experiments on the Flow Past a Circular Cylin-
der at Very High Reynolds Numbers,” Journal of Fluid Mechanics,
Vol. 10, 1961, pp. 345-356.

4 Eckert, . R. G., and Soehngen, ., “Distribution of Heat-
Transfer Coeflicients Around Circular Cylinders in Crossflow at
Reynolds Number from 20 to 550,” Trans, ASME, Vol. 74, 1952, pp.
343-347.

5 van Meel, D. A., “A Method for the Determination of Local
Convective Heat Transfer from a Cylinder Placed Normal to an Air
Stream,” I'nternalional Jowrnal of Heat and Mass Transfer, Vol. 5,
1962, pp. 715~722,

6  Schmidt, I, and Wenner, K., “Heat Transfer Over the Cir-
cumference of a Heated Cylinder in Transverse Flow,” NACA Tech.
Mem. 1050, 1943.

7 Giedt, W. H., “Investigation of Variation of Point Unit Heat
Transfer Coefficient Around a Cylinder Normal to an Air Stream,”
Trans. ASME, Vol. 71, 1949, pp. 375-381.

8 Winding, C. C., and Cheney, A. J., “Mass and Heat Transfer
in Tube Banks,” I'ndustrial Engineering Chemistry, Vol. 40, No. 6,
1948, pp. 1087-1093.

9 Sogin, H. H., and Subramanium, V. 8., “Local Mass Transfer
from Circular Cylinders in Cross Flow,” Jour~Nat or Heat TRANSFER,
Trans. ASMIE, Series C, Vol. 83, 1961, pp. 483-493.

10 Perkins, H. C., and Leppert, A., “Local Heat Transfer Coef-
ficients on a Uniformly Heated Cylinder,” International Jowrnal of
Heat and Mass Transfer, Vol. 7, 1864, pp. 143-158.

Time-Temperature Charts for One-Dimensional
Conduction With Uniform Internal Heat Generation

F. M. YOUNG!' and C. R. SAVINO?

Cuanrs are presented here for the case of one-dimensional, un-
steady conduetion with suddenly applied, uniform internal heat

! Associate Professor of Mechanical Engineering, Lamar State
College of Technology, Beaumont, Texas. Assoc. Mem. ASME,

? Propulsion Iingineer, NASA-MSC, Houston, Texas. Assoc.
Mem. ASME,

Contributed by the Heat Transfer Division of Tur AMERICAN
Sociery oF MpcHaNicaL Excingers. Manuscript received at
ASME Headguarters, June 13, 1969; revised manuscript received,
September 9, 1969.

FEBRUARY 1970 / 207

Downloaded 04 Jan 2011 to 194.27.225.72. Redistribution subject to ASME license or copyright; see http://www.asme.org/terms/Terms_Use.cfm



1 |"_T“|1, T T l!)ll[] 1 7 lllll\, T T lll!lll T T
Ref. NP’_ Neo ]
10 * 0.65 E
- A 4 070 .
L o 5 070 -
- o 6 070 4
L ¢ 7 010 n
A 8 2.5
o 8 9 2.5 -
o 10 5. o
LOE- ~—  Theory 0o OB
E f"% v ? 3
N, s [ o & 4 fw ]
/2 A [3) y
NPe + a® Y- SN |
0. i i Illlili | L llilll{ 1 llllllll 1 1 IllLLLL 1 1
2 3 4 ‘QS
10 10 10 N 10’
Re
Fig. 1 Comparison of eddy penctration model with experimental data
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Failure to satisfy (5) will result, physically, in a final eddy tem-
perature that is significantly different from free stream; in which
case the actual heat transfer will be poorer than predicted by
equation (4).

Third, it should be pointed out that in equation (1) the ex-
pression for the time average heat flux from a plane surface into a
semi-infinite medium was used directly for the eylinder surface.
This causes negligible error at the short penetration times rele-
vant to the present case.

Fourth, an eddy was assumed to shed without leaving any
residual fluid adhering to the rear face; adhering fluid would re-
sult, in effect, in a stagnant film over the face, making the transfer
poorer than predicted. Finally, it should be noted that the heat
transfer from the rear of a cyvlinder is a funetion both of time and
location, ¢. The present model yields the time average transfer
over the entire rear face but is unable to predict local variations.

Experimental measurements of heat and mass transfer coef-
ficients around the periphery of cylinders in eross flow have been
widely reported (e.g., [4-10]). Average rear face Nusselt num-
bers obtained from these are compared with the present theory in
Fig. 1. The ordinate, (Nxu.1/Npe?), is suggested by the form of
equation (4). The theory is within a factor of two of the experi-
mental data over the entire range—nemrly four decades—of
Reynolds numbers.  The physical property dependence cannot
be tested adequately since (see legend of Fig. 1) all but one of the
measurements involved transfer to air with Prandtl (or Schmidt)
numbers of order unity.

The systematic trend of the data with respeet to the theory is
crudely consistent with the simplifying assumptions discussed
earlier. Thus the air data meet the penetration criterion, (5), at
Nie 3000; at lower Reynolds numbers the experimentally
measured transport is poorer than predicted. At the highest
Reynolds numbers the actual transport is higher than predicted,
presumably because of a significant convective contribution.

In summary, a mechanism has been proposed for the heat
transfer from the rear of a cylinder in transverse flow. Accord-
ing to this the transfer occurs during the shedding process by the
penetration of heat from the cylinder surface into an eddy during
the time that the eddy stays attached. Thereafter the eddy
sheds and the eycle is repeated with the frequency of shedding,
The model vields the correct order of magnitude of the transfer—
its predictions are within a factor of two of experimental data over
the entire Reyunolds number range, 40 < Ny, < 2 X 105, encom~
passed.
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generation ¢ and convective boundary conditions. Carslaw and
Jaeger [1]° present similar charts for the special case of an infinite
Biot number. A range of Biot numbers of zero to infinity will be
presented here for geometries of infinite plate, infinite cylinder,
and sphere.

The boundary conditions for all cases are at time 7 = 0, for
any position 8, the initial temperatureis 7' = 7'; for§ = 0, at any
o o

0
T, % = 0; at the boundary é = B, at any 7, —k 3% T — T2
where B is the half thickness L of the plate and the radius R of
the eylinder or sphere.  The solutions are found to be

Infinite Plate
iL*
I'=17;=(Te—THll — Ple,7)] — % QP 7y (1)

Infinite Cylinder
-
= Ty = (Lo = Tl = Coym) 4+ 55 QG0 m) @)

Sphere

) , gR?

T= 1= (T = T = SO, 0]+ 15 Q80 T), ()
where Pz, 1), C(r, 7), and S(r, 7) are the solutions of the sud-
denly changed environmental temperature problem given by
Heisler [2] and

QP(x,7) = jT [l — Plx, 9)]d0 — T
Q

QC, 7) = fr L —Ci, Hldd — r
0

QS(I‘, T) = f [] - S(/‘, 0”(/0 - T.
0

The solutions represented by equations (1)-(3) may be thought
of as the sum of two temperature differences: («) the tempera-
ture difference due to the suddenly changed environmental tem-
perature 7', — T, and (b) the temperature difference due to the
suddenly applied internal heat generation 7y — 1. The first
temperature difference is found by looking up the appropriate
value of Pa, 7), C(r, 1), or S(r, 7) from Heisler's charts and,
since these functions are the ratio

the multiplication indieated in equations (1)-(3) give ulge-
braically
. e (T, = 1)
um—f,-)[h rrrrr — s
i L

where 7', is the environmental temperature. The second o
perature difference 7'y — 7', is given by Tligs. 1-3 for an a/f, or
r/R of 0.0 and Fourier numbers from 0.1 to 1000, For positions
other than 0.0 this temperature difference is found by looking up
the central difference as given by Figs. 1-3 and the multiplicative
position correction as employed by Heisler [2] could be used here
in a more approximate sense.  Since the position correction would
be numerically the same as that plotted by Heisler it is not in-
cluded here.

Example Calculation

A 0.1-in-dia, type 304 stainless-steel wire is suddenly subjected
to uniform internal heat generation due to resistance healing. If
the initial temperature of the wire were 32 deg F, the internal
heat generation was found to be 10° Btu/hr ft%, and the average
heat transfer coeflicient was estimated to be 192 Btu/hr {12 deg .
Find the temperature at the center of the wive after 9.25 X (05
hr.

The properties are taken as
8.0 Btu/hy ft deg F

ko=

0.15 ft2/hr

R
I

The Biot and Fourier numbers may be caleulated.

hR 923(0.05
Bo - M _ (9205
k (8.0)(12)

1/Bo = 10

ar (0.15)(144)(9.25 X 107%)

T ) . ) ) = o = (.50
3 Numbers in brackets designate References at end of Note. 2 (0.05)*
I T e e -
. !
. ~— SPHERE :
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Fig. 1 Temperature difference in an infinite plate at x/L = 0.0 due to internal heat
generation
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Irom Fig. 2, (T — T ) /4R*/k is found to be 0.76 which gives, by forward differences was 47.4 deg F. The entive line for 1/Bo
(109)(0.05)2 = 10 was checked numerically with the 1'(e51‘11t., Hm‘tnthe ANsSWers

To — T = ——"""""21(0.76) agreed as well as could be expected of the finite-difference tech-

(144)(8.0) nique used.  Caleulations were also made using similar examples
for the 1/Bo = 10 line for both the plate and sphere with good

T
@ agreement. The graphs were also checked against the plots of

{

= 16.5 deg I

since there was nol an environmental temperature change, Carslaw and Jaeger {1] for 1/Bo = 0 with good agreement also.

The accuracy of the line for 1/Bo = infinity is obvious.
T'=T =T~ T;=165deg I’ Suppose we now desired to estimate the temperature at a radius

or ratio of 1.0 for the original problem. Irom Heisler [2], the posi-

tion correction at /R = 1.0 15 found 1o be 0.955.
T = 48.5 deg F.
(1 — T = (0.953)(16.5) = 15.8 deg F
A Hnite-difference technique was used to check the graphical

results. Using 19 radius divisions, the temperature ealeulated Ty = 47.8 deg
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If the environmental temperature had been changed to 0 deg F
simultaneously with the application of internal heat generation,
the central temperature change due to the sudden environmental
temperature change may be found from Heisler [2] as:

C(0,9.25 X 107°) = 0.88

(Te = Ti)

(T — TH( — 0.88) = —3.8deg I’

(T =T

i

(Te = T+ (Tg — T

It

(I — Ti) = —3.8 X 16.5 = 12.7 deg I
Ty = 44.7 deg T.

The surface temperature may also be found in a similar manner.,
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C{1.0, 9.25 X 107%) = (0, 9.25 X 107%)(0.955) = 0.84
Ty —Tih = (T, — Ti)(1 — 0.84) = —5.1deg F
(T =Ty = (Te—Tih + Tg — Tik
(T — T = —5.1 + 15.8 = 10.7 deg F
T = 42.7 deg F
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I On Some Aspects of Steam Buhhle Gollapse!

T. G. Theofanous,?> H. K. Fauske,® and H. S. Isbin.! Two faclors
stressed by the authors are the questioning of the thin thermal
houndary-layer assumption previously used in other solutions
and the effect of the vapor velocity. The authors are to be
commended for their courageous attempt to resolve these factors
by attempting to solve the heat diffusion equations numerically.
In our independent treatment we have considered bubble growth
nd collapse under constant and time-dependent pressure
elds [7-9].% We have assumed a spatially uniform vapor, but
with a time-dependent density which, with an overall mass and
energy balance, yields an equation equivalent to (12), having the
last term expressed on the basis of molecular kinetic considera-
tions. A system of ordinary differential equations is obtained
which is economical in use of computer time. We, too, have
questioned the thin boundary-layer assumption (as used in the
Plesset-Zwick analysis) and note that at a certain stage in
the collapse case such an assumption breaks down. In our
studies we have assumed a finite, but not necessarily a thin ther-
mal boundary-layer, along with an appropriately defined, simple
temperature distribution which is used to satisfy the overall
energy balance.

For the heat transfer controlled experiments of Florschuetz
and Chao, we illustrate an improved prediction as compared with
the one achieved from their heat transfer solution. The im-
provement was uniform over all their experimental data ob-
tained for both liquids (water, ethyl alecohol) and, in Fig. 5, we
exhibit the three theoretical solutions and the experimental data
for their bubble SWA. No oscillations were observed in our solu-
tion and detailed information obtained from our solution shows
that the bubble was very close to the saturation state and at a
pressure very close to p.. No effect of vaporization coefficient
on our solution was noted at this low subcooled condition. From
this comparison we suggest that the oscillations observed in ap-
proach B of the authors are not peculiar to the inclusion of the
“velocity of vapor,” but that their source should probably be
sought in numerical instabilities. The near adiabatic high-
frequency oscillations are not surprising since in a sense they are
forced through equation (12) and the uncertainties in guessing
the heat transfer part in this equation.

At higher Jacob numbers, numerical solutions yield rebounding
bubbles. We do not recommend extending our present solu-
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Discussion.
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tions beyond the rebound point.  Our solutions for rebounding
bubbles gave in general much smaller rebound radii than those
in the corresponding caleulations of Florschuetz and Chao, thus
agreeing with the trends of the authors’ theory. This trend is
illustrated in Fig. 6, a case similav to Fig. 2 of the authors’ paper.
A vaporization coefficient of ¢ = 1072 was used in order to predict
the data. If a value ¢ = 1 were used, a case that would corre-
spond to essentially the authors’ equilibrium solution, an even
smaller rebound radius would be obtained. We have shown
that the effect of neglecting the variation of density of the vapor
with time to be important near the rebound point, and this de-
pendency is not included in the Florschuetz-Chao solutions.

Finally, we wish to point out that the character of the spatial
temperature distribution (in both the liquid and in the vapor),
presumably obtained by the authors as part of their caleulations,
at the growing portion of a rebounding bubble (for example, after
the first rebound) would add information in evaluating numerical
and other approximations.

Avg=iz.2 oK
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Fig. 5 Comparison of various theoretical solutions with experimental
data of Florschuetz and Chao
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Fig. 6 Comparison of various theoretical solutions with experimental
data of Fiorschuetz and Chao
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Authors’ Closure

The authors appreciate the comments of the discussers. W
would like to point out that runs with reduced increment xize
gave no indication of instability in the numerical solution.  And
we regret that we did not print out the spatial temperature dis.
tribution, so that this information cannot be provided.

Further theoretical studies as well as more experimental jn-
vestigations are needed to better understand the behavior of
collapsing bubbles.
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